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Le probleme de conditions au bord dans un
domaine a frontiere rapidement oscillante

Résumé : Nous nous intéressons au comportement asymptotique des so-
lutions d’un probleme de conditions aux bords dans un domaine & frontiere
localement rapidement oscillante. Pour différents types de conditions aux
bords, nous déterminons le probléme limite et proposons des estimées des
résidus. Nous construisons également un terme asymptotique supplémentaire
afin d’améliorer les estimées des résidus.

Mots-clé : Homogénéisation des conditions au bords, frontieres rapidement
oscillantes
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1 Introduction

The paper is devoted to the boundary-value problems in domains with rapidly
oscillating boundary. Recent years the interest to this kind of problems appears
in connection with the development of technologies of porous, composite and
other micro-inhomogeneous materials, and also as a result of various physical
experiments. For example, the morphology of contacting surfaces plays the
important role in the frictional behavior of deformable bodies. The roughness
of the contact surface and the material properties near this surface are micro
characteristics which influence the large scale behavior. The mathematical
analysis of these problems based on boundary homogenization, was presented
in [SS], [BLS|, |BLMS|, |[SPE| and others. Different boundary homogenization
problems were considered in [SP|, [B1], [B2|, [NM], |O], [BMS].

In the present paper the authors study an elliptic problem with the inhomo-
geneous Fourier boundary condition in domains with very rapidly oscillating
locally periodic boundary, depending on a small parameter. The peculiarity of
the problems considered is the unlimited growth of (n— 1)-dimensional volume
of the boundary as the small parameter tends to zero, while in the cases studied
earlier [B2|, |[BLMS]|, [SPE], the (n — 1)-dimensional volume of the oscillating
part of the boundary remained uniformly bounded. Thus, in the case under
consideration the height of the "cogs" forming the boundary, is much greater
than the size of their bases. This leads to the appearance of special norma-
lizing factors both in the coefficients and in the right hand side of boundary
operators. Depending on these normalizing factors different limiting boundary
conditions can be obtained.

Also, an additional term of the asymptotic expansion which allows to pre-
cise the limiting behavior of solution and improve the estimate of the residual,
is constructed. This term is defined with the help of a family of auxiliary
problems posed in a fixed domain, with non-oscillating boundary conditions.
In this connection we call it smooth corrector. Earlier, in different framework
the corrector and the asymptotic expansion questions were considered in [B2],
[NM].

For simplicity we suppose the oscillating part of the boundary to lie in
a small neighborhood of a hyperplane. Without loss of generality one can
consider the coordinate hyperplane {z |z, = 0}.

RR n " 3062



6 G.A.Chechkin, A.Friedman, A.L.Piatnitski

2 Setting of the problem

Let © be a bounded domain in R", n > 2, with a smooth boundary 092 =
['; Uy, where (2 lies in the half-space z, > 0 and I'y C {z : z, = 0}.

Given smooth non-positive 1-periodic in § function F'(%,£), & = (21, +,Tn-1),
€ = (&, +,&n1), define the domain €, as follows: 9, = I'¢ U 'y, where
we set IS = {z : 2 € ', z, = ¢F(&, %)}, @ > 1. Usually, we will assume
F(&,€) to be compactly supported on I'y uniformly in €. Consider the following
boundary-value problem

—Au, = f(z) in €,
ou, T

ov,

u. =0 on I,

A

A X a— L L €
+€ﬁp(x,€—a)u5=5 1g(aj,g—a) on TY, (1)

A

where v, is an outer normal to I'{ and p(z, §), g(Z, é) are 1-periodic in &.

Definition 1. The function u, € H'(Q.,T3) is a solution of problem (1) if the
following integral identity

[ Vue@) Vo) de +<° [ pe, g)ug(x)v(x) ds =

Qe re

holds for allv € H'(Q,Ty). Here we use the standard notation H'(Q.,Ty) for
the closure by the H'(Q.) norm of the set C°°(Q.)-functions vanishing in a
neighborhood of I's.

In what follows we study the limiting behavior of solution u, of (1) ase — 0.
It will be shown that the boundary condition of the limit problem depends on
the relation between o and (3. In particular, the Dirichlet boundary condition
as well as the Neumann and the Fourier boundary conditions can be obtained.

INRIA



Problem in Domain with Rapidly Oscillating Boundary 7

3 Thecase f>a—1

In this section we consider the case 5 > a — 1. The main result here is the
following theorem.

Theorem 1. Let 8 > a—1, f € Ly(R") and F(%, §), 9(z,€), p(z,€) be
periodic in § smooth functions. Suppose that F (&, f) 18 compactly supported in
x € T'y uniformly in &. Then, for all sufficiently small € problem (1) does have
unique solution and the inequality holds

luo — uel a1y < Ky (max (697071, 6271, V), 2)

where K does not depend on €, ugy satisfies the following limiting equation

—Aug=f in Q,
ou R
axzza(x) on Ty, (3)

ug=0 on I,

A=jj ZMWF P g(,8) dé

Remark 1. The definition of solution to problem (3) is analogous to that given
for problem (1).

Denote by V' a n-dimensional open neighborhood of (supp F) such that
dist((V NTy),0T) > 0, here 0 means (n — 2)-dimensional boundary of T';. Tt
is clear that for sufficiently small ¢ the oscillating part of I'{ belongs to V. Due
to the smoothness of the boundary 99 the solution ug belongs to H2(2N V)
[L], and, hence, can be continued on V to belong to H*(V') [MV].

and

Preliminary lemma

Lemma 1. There exist such constants Cy,Cy that for any v € H(Q,Ts) the
imequalities

A

A . X A
lo(2, eF (2, ) = v(@ Ol yyy < Crvellollmn ey, (4)

RR n"3062



8 G.A.Chechkin, A.Friedman, A.L.Piatnitski

[ollzaa\0) < Covellv]lma.) (5)
take place.

Proof. Without loss of generality we assume v € C°°(£).). Note that

t 0v(3, 1)

- o0x
0 n

dt

v(Z,y) — v(Z,0)

for any (z,y) € Q.\Q. Then, we have

0(,y) — v(@, 0) = / LD ! /

Substituting y = e F(Z, E%) and integrating over I';, we obtain (4).

Further, for (z,y) € Q.\$ the following inequality

 ov(d,t)

v (2,y) < 21}2(23,0)4—2( o dt)2 <
. eFa)

< 2%(#,0) + 2:F (i, —) / 9V g

= ) ’ga J 8$n

holds. Consequently,
F(2,%)

[di [ vy)dy < 26 maxF ulld,e,+
0

eF (3,4 )
+&2 max F? / dz /
I't 0

This implies (5). The lemma is proved.

INRIA



Problem in Domain with Rapidly Oscillating Boundary 9

Lemma 2. Let (ds) be an element of (n — 1)-dimensional volume of T'S. Then

is= (freemwr @O ) aa+oe) -

==

=gl @ ( VeF(3,8) + 0(ga—1)> di. (6)

Z_
=

Proof. Due to our assumptions I'{ is defined by the equation

T
n—eF(z, 2y = 0.
z eF (& ga)

Therefore,

ds = \/(ngll + el FL )2 4+ (eF! _ +el=oF )2+ 1da,

1

where é = 5% The direct calculations show that

\/52\ij\2 +2620(V3F, VeF) + e2722| VF|[* + 1 — \/1 +&27%|VF|* =

2|V, F[* 4 2627%(V, F, V¢F)

- 2 2 9 = O(‘S)
VeIV F [P +262-0 (Vo F, VF) 42272 |V F[ +1 4+ /14272 V4 F|

and

\/52|V56F|2 + 2620V, F, VeF) +62-20| Ve F|” + 1 — &7 |V F (&, €)* =

B e2|V,F[* + 2627%(V; F, V¢F) + 1
Va2V F[® +262-0(V;F, VF) + €272V, F[* + 1 4 £1-2 /| V,F (i, ) |°
<C(1+0(e) =e70(e™ ),

where the constant C is independent of €.
These inequalities imply (6). The lemma is proved.

RR n" 3062



10 G.A.Chechkin, A.Friedman, A.L.Piatnitsk:

Proposition 3. Uniformly in u,v € Hz(I';)

\ /wdx| < Cllull g gy Tolt - ™)

Proof. This inequality is a direct consequence of the Cauchy-Schwartz-Bu-
1
nyakovskii inequality and the compactness of embedding Lo(T'y) in H2(T';).

Lemma 4. There exists such a positive constant M, independent of €, that

T
[ 190fds 4+ [ p(@, 5 tds > Milolldga,

Qe rs

for any v € H'(Q,).
Proof. In view of (4) and Lemma 2

e F@,2))ds < Peat [ 42 F@,2))di <
/p a:a (a:6 )) s ce v(x,s (x,ga)) T <

1“6

< (@ MNllf, o + 2l 0,) < 0 0l

Then, the assertion of the lemma is a consequence of the Friedrichs type in-
equality (see [M]).

Lemma 5. Let h(z, E,A) be 1-periodic in & Lipschitz function such that

oo

Then, an inequality

|/h Yu(z) di| < 04\/5_“““”;1%@1) ”U“H%(rl) )

15 satisfied, Cy depending only on the Lipschitz constant of h.

INRIA



Problem in Domain with Rapidly Oscillating Boundary 11

Remark 2. This statement for smooth h(&, %) and n = 2 was proved in [B2]
and, independently, in |Br|. See also |BM|. Here we use the technique developed
in [B2].

Proof. In view of (8) an equation
AgW(,€) = h(#,¢)

is solvable in the space of 1-periodic in é functions. The solution is unique up
to an additive constant. .

Suppose, initially, that v(&,0) and u(#,0) belong to H' (I'y) and h(,€) is
C'-function. Then, substituting h(i,é) = Aé\ll(i,g), integrating by parts,
and using the Cauchy-Schwartz-Bunyakovskii inequality, we have

‘ [, g%)u(:f;)u(gz) di

- ‘/(Aé‘ll(:%,é))|é:£u(i)u(i) di

L | e (V2 V) U(,6) .

e &= e

- ‘ / (gavi [veu(a, ),

<e®

/ (vé\p(:z,g)\é:%,v@(uu)) di| + e°

Fl 1—‘1

/((vi,vé)\p(:z,é))y wwdi

=&

< 065a||u||H1(T1) ||’U||H1(1"1)-

Now, approximating arbitrary Lipschitz function h(Z,€) by a sequence of
C'-functions we extend the last inequality to the space of Lipschitz functions.
Clearly, C's depends only on Lipschitz constant.

Let p € [0,1]. On the base of a bilinear form

/h,(gz, By (@) (@) di, wv e HY(TY)

we define an operator T, : H?(I'y) — H~?(T';) by the formula

< Tou,v>,= / h(z, Eﬁa) u(@,0) v(z,0) di.
T1

RR n"3062



12 G.A.Chechkin, A.Friedman, A.L.Piatnitsk:

From (10) it follows

)) SCGS .

Then, clearly

IT:ll¢ <c;

L(L2(69),L2(69))

with the constant, independent of .
Using the space interpolation technique ([LM], [RS]) we derive from the above
estimates

T2l < crreger. (1)

L(HP(09),H-7(50))

Setting p = £ in (11), we obtain (9). The lemma is proved.

Lemma 6. There exists Cs > 0, such that for all v e H' ()

i £ £ d (12)
Cs(e*™ + Vo) |[vllman)-
Proof. According to Lemma 2 we have
\/ g3, Yo, e F (&, — ) ds—/G(i)v(i,()) di| =
g d
= ‘/go‘_lg(x,%)v(i,aF z,— \V F(% 2 £ 0@E
Iy €
[ Gay(a,0) di| <| [ (905 S)o(aeF (@, )1 IVeP (@, )" = (13)
d 4 £ £ £
L& . .
—9(, 5)v(@, 0/ [VeF (2, )I*) di|+

AN .z N a . o
+‘/<g(ax,€—a)v(:ﬂ,0) \VEF(m,E—a)F —G(:E)U(x,())) d:r‘—kC’gs ol g.)-

INRIA



Problem in Domain with Rapidly Oscillating Boundary 13

A~

Set h(#,€) = \/|VeF(&,8)[’g(#,€) — G(&). Then, by the definition of G(%)

11 1
[ [ [n@.é de=o.
00 0
Hence, the inequality (12) follows if we estimate the first integral in the
right-hand side by means of Lemma 1 and the second one by means of Lemma 5.

Proof of Theorem 1

Due to Lemma 4 the existence and the uniqueness of solution to problem (1)
can be obtained on the base of the Lax-Milgram lemma [Y].
Then, after simple transformations we find

/V uy — ue) Vo de + €° /p Uy — U )vds = /VUOVvdac—

—/fvd:v e*” l/gvds—i-sﬁ /puovds—/VuOVvdx—/fvdx—

(14)
g%~ 1/gvds+ / VuOVvda:+sﬂ /puovds— / VuoVo dr—
Q.\Q Q:\Q
—e"‘_lfgvds—i—/Gvdx — / fUd.’L‘—i—Eﬂ /puovds.
rs I Q:\Q r's

According to Lemma 2 and Proposition 3 the last integral in the right-hand
side of (14) is estimated as follows

aﬂ‘ /puovds‘ = <
s

[ a2 ([ IVeP @ S +0) ds

< ef~ 0‘+1C’10\/puovda:| < P71 ||v]| a
I't

whey < Cullelln ),

By (5) considering the uniform boundedness of ||ug||g2(q.), we have

[ Voo o] < [ Vuollzawne lollmia, < CovE lluollmn vlme,)

2:\0

RR n"3062



14 G.A.Chechkin, A.Friedman, A.L.Piatnitsk:

and

| / fv dz|] < || flla@a) 10l za@ae) < Cove || fllrawe vl are.)-
Q\Q

Then, Lemma 6 implies

‘Ea_l /gvds — /GU da?‘ < Cg(ea_l + \/E) 0] 1 020)-
I r

Combining these inequalities with (14) we deduce

‘/V(’UIO_UE)V’U d.I"f‘Eﬂ /p(uo—ug)’l)ds S K1”U”H1(QE)(\/g-i-ga_l-}—gﬁ_a"'l)_
Qe I

It remains to substitute v = ug — u.. Then, (2) follows from Lemma 4 and the
Friedrichs type inequality (see, for example, [M]). The theorem is proved.

INRIA



Problem in Domain with Rapidly Oscillating Boundary 15

4 Thecase 6=a—1

In the section we study problem (1) in the case f = o — 1. We show that the
limit problem has an inhomogeneous Fourier boundary condition.

Theorem 2. Let f = a—1, f belong to Lo(R") and F(&,6), p(&,€), g(z,€)
be periodic in & smooth functions. Suppose that F(Z,&) is compactly supported
m x € 'y ungformly in & and that the function

) :/1/1/1 VeF (3, )" p(a, €) dé
0 0 0

1s nonnegative. Then, for all sufficiently small ¢ > 0 the existence and the
uniqueness of solution to problem (1) follow and

luo — well g,y < Ko (Ve +¢e*7h), (15)

where Ky does not depend on €, ug(x) satisfies the following limiting equation

—Aug = f in €,
aUO N ~
pe + P(Z)up = G(z) on Ty, (16)

Ug =0 on FQ,
and G(z) was defined in Theorem 1.

Remark 3. The definition of solution to problem (16) is analogous to that
given for problem (1). Problem (16) is well-posed because of the assumptions
of the theorem.

Due to the smoothness of the boundary 9 the solution 1, belongs to H?(QNV)
[L], and, hence, can be continued on V to belong to H*(V') [MV].

Lemma 7. There exists Cio > 0, such that

\/"‘1 x;)uo(ac eF(z, :a)) v(z,eF (2, —)) ds— /P Juo(Z,0)v(,0) dz| <
< Cia(e®™! + Vo) |luoll o 10l (o). (17)

RR n"3062



16 G.A.Chechkin, A.Friedman, A.L.Piatnitsk:

for all u,v € H'(S,).
The proof is similar to that of Lemma 6.

Proof of Theorem 2. The existence and uniqueness of u, are due to the
positiveness of P(z), Lemma 7 and the Lax-Milgram lemma.
Then, according to (1) and (16)

/V(uo —u,)Vodz +e*7! /p(uo —ug)vds =
Q. re

= /VUOVU d:c—/fv dx —eafl/gvds—i-a“*l /puov ds =
Q. Q. s s

=/VUOVvd:U—/fvdac—sa_l/gvds—i- / VugVods 4+ 27! /puOUdSI
Q

Qe e 2:\0 5

= / VUOVUdac—eafl/gvds-l-/G(:ft)vdﬁc— / fodz +
re Iy

Q:\Q Q:\Q

Let us estimate all the terms in the right hand side of the last relation. By (5)
considering the smoothness of ug, we have

[ VueVu da] < [Vugllzaman Ivllm,) < CavE ol Ivllme.y
Q:\Q

and

| / fv dz| <[ flla@ae) 10l za@ae) < Cavellflla@e) 1ol ae.)-
Q:\Q

Then, according to Lemma 6 and 7 the inequalities

et [guds - [ Gudi] < Ca(e +VE) ol
re Iy

INRIA



Problem in Domain with Rapidly Oscillating Boundary 17

and

\aafl/puou ds — /Puov d| < Cra(e® " + V) lluoll a0l )
rs r

hold. With the help of these inequalities we obtain

|/V(Uo — u:)Vu dz + /p(uo — UV dé“ < Kool g (Ve +e470).
e s

Substituting v = uy —u. and using Lemma 7 and the Friedrichs type inequality
(see [M]), we obtain (15). The theorem is proved.

RR n"3062



18 G.A.Chechkin, A.Friedman, A.L.Piatnitski

5 Thecase f<a—1

This section is devoted to the case of the Dirichlet limiting problem. Here
we suppose the function P(%) to be uniformly positive on I';. This means, in
particular, that F(,&) is not compactly supported in x € T';.

Theorem 3. Let f < a—1, f belong to Lo(R™) and F(i“,é), p(i,f), g(i,f)
be periodic in & smooth functions. Assume P(Z) > Cy > 0 on I'y and, also, at
least one of the following conditions: p(ic,f) >0 or 8> a—2 to be satisfied.
Then, for each sufficiently small € > 0 problem (1) does have unique solution,
the family of solutions is uniformly bounded in H'(Q,)-norm and an estimate

|Jue — uol|22(0.y < K3(€a_ﬂ_1 + \/5)1/2 (18)

holds, where uqy satisfies the following Dirichlet problem

—Aug=f in
{ uy =0 on 0. (19)
If B > a— 2 then, in addition,
o ap 1/2
||lue — uol| g1 () < K3<5ﬂ—2+2 455 +gi) / , (20)

In both inequalities above the constant K3 is independent of €.
Remark 4. In general one has only weak convergence of u. in H(Q,).

Due to the smoothness of the boundary 02 the solution wug belongs to
H?(Q) [L], and, hence, can be continued on R" to belong to H*(R") [MV].

Proof of Theorem 3. In case of positive p(z, é) the existence, uniqueness and
the uniform boundedness of u. follow directly from standard energy estimates
and Lax-Milgram lemma (see [Mi]). Otherwise, they are based on the following
statement. Denote

~

Pi(e, %) = /1/1---/1\/62‘1—2—0-IVEF(£,§)|2p(:%, ‘) dE.
00 0

INRIA



Problem in Domain with Rapidly Oscillating Boundary 19

Lemma 8. For all u, v € H'(£2,)

‘/Pl(a, P)u(x)v(z)ds — 6"‘_1/p(:%,€%)u(a:)v(x) ds| <

Iy

< Owelllullar@ollvll o) + Nl ol a1 e.)) + ellullar@ollvllaa) <

< Ciwellull g vl g .

where C does not depend on €.
Proof. The lemma can be proved in the same way as Lemma 6.

Now, let us transform the integral identity for the solution of problem (1)
as follows

/VUE(:E)VU(J:) de + gPot! /Pl(a,i')ug(x)v(x) di =

= [s@p@dr+ (= [ g(:f:,g%)v(a:)ds - [GapEar) + (@)

+ / G(#)v(z) di+ (sﬂaﬂ / Pi(e, #)ue (z)v(z) di—e / p(fc,g%)ug(x)v(x) ds)

Substituting here v = u, and estimating all the terms in the right hand side
with the help of Lemma 6, Lemma 8 and Cauchy-Schwartz-Bunyakovskii in-
equality we find

/ IV (z)[2 dz + eP-ot! / Pi(e, #)ul(z) di <

Q. Iy

< N llza@olltellza@n + C((€* 7 + Vo) luellme@n + lucllm@)+  (22)
Eﬁ—a+3/2|

e o) |2 oy + €% 702 e 31 sy ) -

RR n"3062



20 G.A.Chechkin, A.Friedman, A.L.Piatnitsk:

Next, considering an evident estimate | P (g, %) — P(2)| < Ce®™! it is easy to
see that under conditions of the theorem

Pi(e,z) > Cy > 0. (23)
Thus, under the assumption 8 > « — 2 we have for all sufficiently small

C(gﬂ_a+3/2||u6”H1(Qs) ||us||L2(F1) + ‘gﬂ_a+2”u5”§11(95)) <

1
<5 / V()2 de + &Pt / Pi(e, 2)ul(x) di;

the constant C here is taken from (22). Then, the existence and the uniqueness
of solution to problem (1) as well as its uniform boundedness in H'((.)-norm
follow from (21), (22) and (23) by standard arguments |Mi].

In order to prove (18) let us divide (22) by e#~a*1:

< e P oo luell oo + C((€2a7ﬂ72 + e ) lul o+ (24)

+6° 0 el e,y + Vel e,)):

From this relation taking into account (23) and the uniform boundedness of
||te | a1 (0., We derive

lucllzaryy < (P71 +vE)2 (25)

Since the family {u.} is uniformly bounded in H(£,) it is compact in H ().
Consider arbitrary convergent subsequence u,,, € — 0. It is evident that the
limiting function v'(z) satisfies the equation Au' = f and, in view of (25), the
boundary condition '|, = 0. Hence, u'(z) = ug(z). Then, the whole family
{u.} does converge and the estimate (18) holds.

The estimate (20) is based on the following transformations

/\V . — ) dx = /Vug e — Up) dx—

Qe

INRIA



Problem in Domain with Rapidly Oscillating Boundary 21

— / VuoV(us — ug) dz — / VuoeV (ue — ug) dz =
Q

Q:\0

— [ f(u. —uo)dw — &° [ pla, S)u.(u. - uo)ds — [ f(u. - ug)dw+  (26)
({ 0 1ﬂ/ : 0 Q/ 0

+/
Iy

5 N
e uo(Ue —up) dT — / VuoV (ue —1up) dx—i—so‘_l/g(a:,g%)(us—uo)ds =
" Q\0 re

= / fue —ug) dz — / VuoV (ue — ug) dz — &P /p(x, E%)ug ds+
I

Q:\0 Q:\0

In the further considerations we use the following statement that can be proved
in the same way as Lemma 1.

Proposition 9. Let u(x) belong to H*(R"). Then,

- . T “
[, eF(Z, =) = u(®, 0)l| o,y < Coellull many.

Now, in case of nonnegative p(%,€) we deduce from (26) by means of (18),
Lemma 1, Lemma 2 and Proposition 9

< O(Vellfllzagonllue = toll .y + VElluollmgmn llue = uollwia)+

_ a=p-1 1
+€ﬂ a+16||u0||H2(Rn)(€ 2 +54)||u5||H1(QE)+

a—B-—-1 1
(€ +ed)||ucll o) + elluoll 2@ ) -

_|_
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Since ||te g1(q.) is uniformly bounded, this implies

B—1 B—a+3

/|V(u5 —up)Pdr < C(ei+e™ 5 475 4 gfmato/ty
Q.

and (20) follows.
In the case 8 > a — 2 we start with the following identity

/ IV (uo — )| dz + P+t /Pl(e, #)(up — u.)? di =
Q. IS

= /Vro(uo — u.) dx — /f(uo —u.) dr— (27)

—got /g(uo —ug)ds + P /puo(uo — ue) ds+
Ire Ire

1 1

+gf-ett /Pl(s, ) (ug — u.)? di — &P /p(uo —u.)? ds.
I I

Then, taking into account the assumption § > a — 2 we obtain by (23) and
Lemma 8

Eﬁ—a—}-l /Pl(g,.%)(UO _ u€)2 dr — gﬂ /p(’U,O - U/E)2 ds <
I Fi

< 5ﬂ_a+10<\/‘§||us - U0||L2(F1)||u€ - UOHHI(QE) + 8“”5 - uOH%{l(QE)) <

1 . A
< 5 (7/ |V(u0 - u5)|2da: + 5ﬁ_a+11/P1(57$)(u0 - u5)2 dl‘)

for all sufficiently small € > 0. Combining this with (27) we find

/ IV (ug — ue)[* dz + ¥ +! /Pl(e, 2)(ug — u,)’di <
Q. IN]
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< 2‘ / VuoV (ug — ue) dz — /f(uo — ug) dx—
Q. Qe

—eot /g(uo —u.)ds + &P /puo(uo — ue)ds
I I

Now, (20) can be obtained in the same way as above. The theorem is proved.
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6 The “smooth” corrector

In this section we find more precise asymptotics of u° all over the domain €2,
in the case # > a—1. For this aim we introduce a family of auxiliary problems
posed in the fixed domain €2, with non-oscillating boundary conditions depen-
ding on . With the help of these auxiliary problems we define the corrector
term which is regular in € and allows to improve the estimate of the residual.
For simplicity we suppose p(Z, {;t) = 0. One can easily generalize the results to
the case of arbitrary smooth p(z, é) and 8> a — 1.

Theorem 4. Let all the conditions of Theorem 1 be satisfied and p(:ﬁ,é) =0.
Then,

1Uo — well (o, < Kav/e (28)

where K4 does not depend on ¢, Uy(e, z) is the solution of a problem

—AUs=f 1in Q,

oU, .

83:: =G1(e,z) on Ty, (29)
Up=0 on Iy,

and

G (e, ) =/1/1---/1\/52‘1—2+\V§F(i,$)|29(:ﬁ,§) de.
00 0

The relation

1Us(e, ) = uo(z) || 1) = O(e* ) (30)
holds.

Proof of Theorem 4. We start with the following statement that can be
proved in the same way as Lemma 6.

Proposition 10. For any v € H*(,)

| [e* (@, 2)ole,eF (3, 2) ds — [ Gile,8)u(,0) di| < OVEolla,
e e
rs N1
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Due to the smoothness of the boundary 99 the solution Uy belongs to H*(Q2N
V) |L|, and, hence, can be continued on V to belong to H*(V') [MV].
Let us write the integral identity for problem (29)

_ _ _ _ a1 _
/V(UO ue) Vo dx Q[VUOVvdx Q[fvd:v £ F[gvds

Qe

= — — gl —
Q/VUOV'de lfvdx € I{gvds—i— / VUV dx

Q:\0

= / VUOVde—Ea_l/gvds—i—/Gwda?— / fuvdz.
re ry

Q:\Q Q:\Q

By Lemma 1
[ VUV da) < [VUsllramany [ollmen < CovE [Uollmn 0],
Q:\Q

and

| / fo dz| < |[fllza@ae) 1V o) < Covell fllra@e 1ol a@.)-
Q\0

Then, due to Proposition 10
‘60171 /gUdS — /Gl’l)d.f‘ < O\/EHUHHI(QE)
I's I
From these inequalities we deduce
|/V(U0 — u) Vv da| < Kav/2llvll i o).
Qe

Substituting v = Uy —u. and applying the Friedrichs type inequality, we obtain
(28). The theorem is proved.
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In the remaining part of this section we analyze in more detail the asymptotics
of corrector term (uy—Up) depending on the structure of function F'(z,€). It is
clear that the principal term of this asymptotics depends only on the behavior
of F' in a small neighborhood of the singular points of F' (zero-points of VF).
For simplicity we consider the case n = 2. Multidimensional case can be
studied in analogous way.

The following assertion takes place.

Proposition 11. Suppose that n = 2, (o — 1) s sufficiently small and

dist (suppz 9(%, f), Iy \ supp, F(z, é)) > 0.
Then,

(i) If F is a Morse function of £ uniformly in x € supp,g and all its singular
points are quadratically nondegenerate, then

||U0 - U()”HI(Q) S M182(a71) |lns|

(1) If F has a finite number of singular points and the degeneracy of |V F|?
at these points is of order 2k, then

||U0 —_ U(]”HI(Q) S M2€(1+%)(a_1).

Remark 6. In general estimate (30) cannot be improved.

Proof. Let us introduce a new small parameter w = £*~! and estimate the
derivative in w of the function G1(w, Z) for small w. We have

Now,

(4) If F(&,€) is a Morse function one can easily verify that the main contri-

bution to the derivative W

is given by the small neighborhood of the
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singular points. Let us estimate the contribution of one of them. We denote
it by &. By our assumption |V¢F|?> = C|¢ — 60\2(1 + 0(1)) as £ — & — 0;
therefore,

‘ / g(w,T) w d ‘ / g(w, ) wd§ Ow)
w2+ [VeFPI T Jw? +Cle — &2
s
< w ds Csw |Inwl|

Hence,
IGi(w, ) — G(2)] < C4 w? |Inw|,

and by standard energy estimate

||U,0 - U0||H1(Q) S M1€2(a_1) \lna\

(i4) By the same reason as in 1 we will estimate the contribution of one of the
singular points. If |V F|? = C|€ — &/* (1 + 0(1)) as £ — & — 0, then

‘ / 9(w,T) w d 676 w d€ <
<O <
w? + |VeF|? J 5 \Jw? + ClE — &l
//k wk ds < Cuk
VitCsk = °

Thus, in this case )
|Gl(w,:ﬁ) — G(i’)| < 04 wHE.

The proposition is proved.
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