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Abstract: At low Mach number, the Roe scheme presents an excess of artificial viscosity. A
correction of this scheme, which uses the preconditioning of Turkel, leads to an improvement
of the solution. We refer to this new scheme as the Roe-Turkel scheme. We show that for
the Roe-Turkel scheme the convergence of the numerical solution towards the exact solution
depends only on the mesh size parameter whereas that of the Roe scheme depends on the
ratio between mesh size parameter and Mach number. We also show that for the computation
of steady state solutions, when the Roe-Turkel scheme is introduced in the physical phase
and in the mathematical phase, the iterative convergence of the implicit Defect-Correction
method is only moderately affected at low Mach number as compared with the transonic
regime. The proposed formulation is consistent in time (applicable to unsteady flows). It
enables a solution at Mach 109 of the same quality on a same mesh as that obtained at
Mach 10! for flow around a NACA0012 airfoil. The results obtained at Mach 1073 are close
to those given by an incompressible Navier-Stokes code on comparable mesh for shear-driven
cavity flow.

Key-words: low Mach number flow, Roe scheme, upwind scheme, compressible flow,
iterative implicit method, Defect-Correction method
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Schémas décentrés implicites
pour les écoulements a petit nombre de Mach

Résumé : A petit nombre de Mach, le schéma de Roe présente un exces de viscosité
numérique. Une correction de ce schéma utilisant le préconditionnement de Turkel permet
de supprimer cet exces et entraine une amélioration de la précision de la solution. Nous
nommons ce nouveau schéma le schéma de Roe-Turkel. Nous montrons que pour le schéma
de Roe-Turkel la convergence de la solution numérique vers la solution exacte ne dépend
que de la finesse du maillage alors que celle du schéma de Roe dépend du rapport entre
finesse du maillage et nombre de Mach. Nous montrons également que pour le calcul de
solutions stationnaires la convergence itérative de la méthode implicite Defect-Correction
devient pratiquement aussi bonne & Mach petit qu’en transsonique lorsque le schéma de Roe-
Turkel est introduit dans la phase physique et dans la phase mathématique. La formulation
proposée est consistante en temps (applicable & de I'instationnaire). Elle permet d’obtenir
une solution & Mach 107% de méme qualité sur un méme maillage que celle obtenue & Mach
107! pour le cas test d'un profil d’aile NACA0012. Les résultats pour Mach 10~ sont proches
de ceux donnés par un code pour les écoulements incompressibles & maillage comparable pour
le cas test de la cavité carrée.

Mots-clé : écoulement & petit nombre de Mach, schéma de Roe, schéma décentré, écoule-
ment compressible, méthode itérative implicite, méthode Defect-Correction
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Nomenclature

Speed of sound

Inviscid flux Jacobians

Total energy per unit volume for a perfect gas
Inviscid flux vector
Total enthalpy per unit volume for a perfect gas

Space step
Mach number

Pressure
Preconditioning matrix for entropic variables
Preconditioning matrix for conservative variables

Magnitude of velocity

Jacobian matrix
Reynolds number

Entropic variable

Temperature

Velocity components

Velocity vector

Conservative variables (p, pu, pv, pw, E)
Preconditioning parameter

Upwinding parameter for spatial second order accuracy
Ratio of specific heats

;th eigenvalue of Av, + By, +Cv,

Propagation directions

Density
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1 Introduction

The performance of many existing compressible codes, originally built for transonic or super-
sonic problems, degrades as the Mach number of the computed flow vanishes; the lower the
Mach number is, the more the accuracy of the solution and the more the iterative convergence
degrades. However, the need of computing low Mach number flows or locally compressible
flows is more and more frequently encountered in engineering. This is the case for cryogenic
rocket engines including supersonic jets and slower recirculations, for powder rocket engines
and also for piston engines especially at the beginning of the exhaust stroke or at the ignition
phase.

The obvious physical difficulty of low Mach number compressible flow computations is
the presence of two very different time scales associated with acoustics and gas motion. Prior
a low Mach number gas flow is established, the acoustic waves travel many times through
the computational domain. The representation of these transitory states being of no interest
for steady state computations, the first works on this topic aimed at changing the ratio of
wave speeds: preconditioning methods have been developed to accelerate the iterative time
convergence. These methods enable computation of steady flows at low Mach number in
conditions almost as good (accuracy, efficiency) as for transonic flows.

We study a method which is consistent in time, having in mind unsteady flow applications.
We show how a simple modification of the upwind scheme enables us to obtain an accurate
solution, while preserving a good behaviour of the implicit algorithm for arbitrary Mach
number provided it is positive.

We consider a flow governed by the compressible Navier-Stokes equations for a perfect
gas. An upwind discretisation relying on the flux splitting of Roe is employed for the inviscid
terms and a centred approximation is employed for the viscous terms. We use a mixed finite
volume/finite element method for the spatial approximation of the convective and diffusive
fluxes.

After recalling various models for the low Mach number flows, we present a short review of
the iterative preconditioning methods. Then, we present the preconditioning of the explicit
Euler equations and we propose a formulation which is consistent in time and involves only
a modification of the upwind scheme. We study next the uniform consistence with regard
to the Mach number of the Roe scheme with and without preconditioning of Turkel. We
also study the iterative convergence of the implicit Defect-Correction method at low Mach
number. Finally, we examine the accuracy of the results obtained with the new scheme at
low Mach number for a shear-driven cavity flow.

INRIA



Implicit Upwind Schemes for Low Mach Number Compressible Flows 3

2 Review of various models for the low Mach number
regime
We first recall some definitions.
A compressible flow is a flow whose density changes with pressure and temperature.

A dilatable flow is a flow whose density changes with temperature.

In the literature two definitions are found for an incompressible flow.
The first one is that it is a flow whose density does not change with pressure [1] [27]. It is
thus a fluid which may be dilatable.
The second definition is that it is a flow whose density is constant [17] [3].
In this report, we use the latter definition because as one refers to the incompressible flow
equations one usually thinks of the condition V - V = 0 which holds when the density is
constant.

To compute low Mach number flows several possibilities arise. One can solve the com-
pressible flow equations. One can solve the dilatable flow equations, also called low Mach
number equations. In some cases, another alternative consists of solving the incompressible
flow equations. In this section, we briefly present these various models.

2.1 The compressible Navier-Stokes equations

In the general case where one wishes to compute the flow of a compressible fluid, like for
example the flow around an aircraft, one uses the compressible Navier-Stokes equations.
These equations in their nondimensional form are given by,

( pe+V-(pV) = 0
Vp 1
p(Vt+(VV)V)+WW2 = VT 0
4
v—1 1 M? (y—1)
T, .VT) - L —= . = IAVT + 2 T
p(T, +V -VT) . (pe+V - Vp) 7o prV AVT + ———— (7 VV)
\ p = pT,

where Re, Pr, A\ and p are respectively the Reynolds number, the Prandtl number, the
thermic conductivity and the dynamic viscosity of the fluid.

The stress tensor is (I denoting the identity matrix)

7= p(VV + (VV)! = 2/3(V - V)I).

RR n- 3084
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These equations become stiff and difficult to solve at low Mach number, because of the

1
term Ve present in the momentum equation.

2.2 The low Mach Navier-Stokes equations

Majda [19] (among others) showed that as the Mach number goes to zero, the compressible
Navier-Stokes equations tend to the incompressible flow equations. When the variations of
the temperature cannot be neglected the incompressible flow equations can no longer be
used even if the Mach number is low. However, a model derived from the compressible
equations by assuming that the Mach number is low can be built. This model called the
low Mach number model is easier to solve than the full Navier-Stokes equations. It is often
used in combustion problems. Asymptotic expansions of the unknowns of the Navier-Stokes
equations in terms of the Mach number [20] [16] are performed

3
po= pO M0+ (M) + O (v M?)’) ‘)
p o= PO+ M+ (M) + 0 ((y M2)°),

where the unknowns of each order are assumed to be of order unity and v M?* < 1.
These asymptotic expansions are substituted into the compressible Navier-Stokes equa-
tions and the powers of M are equated. The terms of order M ~2 in the momentum equation

imply Vp(® = 0. The quantity p(» is thus constant in space.

At the zero order, the low Mach number Navier-Stokes equations are obtained

' o+ V- (pOVO) = 0
SOV 4 (VO )0y = _vp<1>+év.7(o>
) v —1dp® 1 3)
PO T+ VO VTO) = =20 = oV AVTO
\ PO = 070

where it is assumed that v M? <« Re and v M? < Re Pr, and where p(®) is computed using
the boundary conditions [12].

The quantity p(V) is called dynamic pressure because it is directly linked to the speed of
the fluid and the quantity p(® is called thermodynamic pressure because it appears in the
temperature equation and in the state law. We note then that in the low Mach number
Navier-Stokes equations the density p(®) does not change with the dynamic pressure p(*), but
it depends on the thermodynamic pressure p(®).

INRIA
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2.3 The incompressible Navier-Stokes equations

In the absence of temperature and density variations, the flow can be solved with the in-
compressible equations which are given by,

V.- V=0
1 (4)
Vi+V-VV = —Vp+—-V-71
Re
where the stress tensor is given by
T = uV>3V. (5)

These equations are usually employed to simulate low Mach number flows at constant
temperature, like for example flows around a car or a building. They are also used for liquids.

2.4 Motivation for this study

Because of the difficulty of solving directly the compressible Navier-Stokes equations for
low Mach number flows, one usually simplifies these equations with the assumption that
the Mach number is low or that no variation of the temperature occurs. Depending on
the envisaged application, different equations are solved with different codes. It would be
interesting to be able to handle with only one code all these applications. Moreover, this
code would also enable computation of lows involving supersonic parts and low Mach number
parts. This is why certain authors have recently evaluated the performance of compressible
Navier-Stokes codes at low Mach number [36] [15]. This performance is poorer than with
incompressible flows. The problems arise mainly from the fact that at low Mach number
some variables or their fluctuations are very small and others very large. In this report, we
study a problem which arises in certain upwind schemes. These schemes blend the wave
speeds in the artificial viscosity term. When the Mach number is of order unity this is
without serious consequence. On the other hand, when the Mach number is low, the wave
speeds are of different magnitudes; this has dramatic consequences as we shall see.

RR n- 3084
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3 Review of the pseudo-unsteady methods with iterative
preconditioning

The scheme that we analyse in this report originates from preconditioning methods. In
this section, we briefly present the evolution of these methods. A detailed review has been
recently given by Turkel in [29] and by Radespiel-Turkel in [24].

3.1 The method of artificial compressibility to solve the incompres-
sible equations

In the inviscid case, the incompressible Euler equations can be written as

0 00 p 010 p 0 01 p
010 Ul + 11 u O u + 10 v O u =0 (6)
0 01 v 0 0 u v 1 0 w v
t x Y
whereas the compressible Euler equations can be written as
p u pa® 0 0 p v 0 pa® 0
u pt w0 0 u 0 v 0 0
+ + =0 (7)
v 0 0 u 0 v pt 0 v 0 v
S, 0 0 0 u S, 0 0 0 w S v

and the state equation p = p(p, S) closes the system, S being an entropic variable.
In these equations p, u, v, t, z, y, p and a refer respectively to pressure, velocity components,
time, spatial coordinates, density and speed of sound.

Chorin in 1967 [6] proposed the method of artificial compressibility to solve the incom-
pressible Navier-Stokes equations when a steady state solution is sought. This method
consists of adding a density time derivative to the continuity equation in order to restore the
hyperbolic type in this equation and thus to convert a system of mixed elliptic/hyperbolic
type to a totally hyperbolic system. Thus, the continuity equation

uy + vy = 0, (8)

is replaced by
pr + Uy + vy = 0, 9
{ p=0p ®)

where the relation p = dp plays the role of the state equation. The parameter § is called
the artificial compressibility.

INRIA
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Equation (9) can be written as
Opt + Uy + vy = 0.
Thus, the time derivative is multiplied by the following preconditioning matriz

§ 00
P'=]1010]. (10)
001

This method is not consistent in time, but this has no consequences when one is inter-
ested in the steady state solution only. The equation is advanced in time until a steady
limit solution of the incompressible equations is reached. The steady state solution of the
preconditioned system is the same as the solution of the original system. The parameter ¢
and the time steps are chosen so that the scheme is stable and that the convergence towards
the steady state is as rapid as possible. Chorin solved this system with an explicit scheme
using a centred finite difference discretisation for time and space derivatives. He applied this
method to a thermal convection problem.

3.2 Preconditioning of the equations for low Mach number

The idea of multiplying the time derivative by an artificial term in order to accelerate the
convergence to the steady state has been studied by several authors not only for the in-
compressible equations, but also for the compressible equations. Indeed, the system of the
incompressible Euler equations in which terms have been introduced as factors of the time
derivative form a totally hyperbolic system, i.e. it is of the same type as the system of the
compressible equations. Thus, the problem of solving the incompressible equations and the
one of solving the compressible equations at low Mach number meet and can be solved with
the same method when a steady state solution is sought. In the mid '80s, these methods
were developed among others by Viviand [35], for the compressible Euler equations in the
isoenergetic case. For more details about the origin of the pseudo-unsteady methods for
the Euler and Navier-stokes equations the reader should consult the book by Peyret and
Taylor |22].

There is not just one preconditioner (preconditioning matrix), but several families of
preconditioners improving the condition of the fluid mechanic equations because the precon-
ditioner can be derived using different variables and in different ways. The preconditioners
are usually derived in primitive variables, p, u, v, plus another variable, because this choice
simplifies the equations.

RR n- 3084
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For example, Choi and Merkle [4] proposed the following diagonal preconditioner in a
formulation with primitive variables [p, u, v, p|

100 0
010 0

Pt = : (11)
001 0
000 B2

where 3 is taken equal to the Mach number.

With an implicit Euler algorithm this preconditioner allows one of the error terms in the
momentum equation to remain bounded. This term was originally proportional to the square
of the speed of sound and thus became excessively large as the Mach goes to zero. Choi and
Merkle have numerically compared the rate of the convergence towards the steady state of
the preconditioned compressible equations to the one of the preconditioned incompressible
equations. They showed that the convergence of the preconditioned compressible equations
is as rapid as the convergence of the incompressible equations solved with the method of the
artificial compressibility. For the Navier-Stokes equations, they derived [5| a preconditioner
in the variables [p, u, v, T| and they showed that it significantly accelerates the convergence
rate. This preconditioner is used to compute flows around a cylinder, in a nozzle and in a
square wall driven cavity.

The wave speeds of the preconditioned Euler equations solved by Choi and Merkle are
given by the eigenvalues of P (A v, + Bv,) where P denotes the inverse of P~! given in (11),
A and B are the inviscid flux Jacobians with respect to the primitive variables, and where v,
and v, are two real values corresponding to the propagation directions of the waves. These
wave speeds are

)\1,2 = ’U,l/m-i-’l}l/y

(1 + ) A2 £ /1(1 - )Ml +[28a || v [II2].

1 (12)
A3y = 3

The speed of the material waves is unchanged by the preconditioning; however, at low
Mach number the acoustic waves are slowed down and stay almost at the same speed as the
material waves. Indeed, if we assume §~ M, u~1,| v |~ 1 and M — 0, we obtain

1++5
2

Az g~ A12-

The condition number of the inviscid flux matrices is equal to the ratio of the largest to
the smallest eigenvalue. It is about 2.6 for the preconditioned system while for the original
one it is inversely proportional to the Mach number; the condition number becomes larger
as the Mach number tends to zero.

INRIA



Implicit Upwind Schemes for Low Mach Number Compressible Flows 9

Turkel in 1987 [28| proposed a preconditioner which reduces the condition number to one

in the low Mach number case. This preconditioner is derived in the entropic variables [p, u,
v, S|

Turkel generalised the method developed by Chorin by adding pressure time derivatives
to the momentum equations and not just to the continuity equation. He used two free
parameters, (3 in front of the time derivative in the continuity equation and « in front of the
time derivative in the momentum equations. Thus, the preconditioner proposed by Turkel
is given by

— 1 -
— 0 0 0
p B
2 100
Pt=| pp : (13)
av
— 010
p B
[ 0 0 0 1]
where (32 is of the order of u? + v2.
The wave speeds are then
/\1,2 = UVy + v Vy
2
1 2 2\ 2 A2 (14)
/\3,4 = 5 (1—a+ I8—2) )\172:|: (1—@—{—5—2) )\1,2 +4 1—¥‘| ,82 .
a a a

When o = 0, one obtains the same eigenvalues as with the preconditioner of Choi and
Merkle, and the condition number is about 2.6 at low Mach number.

When o = 1, the condition number is 1, that is all the waves propagate at the same
speed. This is the optimum condition number.

3.3 Preconditioning of the equations for a large range of Mach num-
bers

Without preconditioning, the wave speeds are

{ A2 = UVy + VU (15)

Azq = Ao +al v |,

and the condition number of the system is large not only at low Mach number, but also,
as noticed in Lee’s thesis [18], in the transonic case for example. Indeed, when the flow

RR n- 3084
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speed is very close to the sound speed, A\j» ~ a || v | implies that the ratio A3 over Aq,
Aigta | v |
Mp—a | v |
number close to 1 leads to a better convergence than a large condition number, certain
authors investigated preconditioners applicable to a large range of Mach numbers.

is large and thus the convergence rate is slow. Knowing that a condition

The preconditioner proposed by van Leer-Lee-Roe [33] [14] equalises the eigenvalues wha-
tever the Mach number. This preconditioner is derived in the stream-aligned symmetrisation
variables defined by their differentials: [/‘f—z, du, dv, dp — a*dp.

3.4 Preconditioning and upwind schemes

When the equations are preconditioned and a Roe upwind scheme [25] is used, van Leer-
Lee-Roe [33] observed that the numerical fluxes must be modified.

The numerical fluxes for the original 1D equations are
1 1. .
Fivijz = 5 [FWi) + FWir))] = 5 | (Ao)ivazz | (Win = W), (16)
where A, is the Roe matrix in conservative variables W.

For the preconditioned equations these fluxes become

N | =

1 ~
Fiyi0 = 5 [F(W;) + F(Wig)] - §Pc Y P(Aigrye | Wigr — W0), (17)

where P, is the preconditioner in conservative variables.

Van Leer-Lee-Roe [33] noted also that this modification is not necessary with the flux
vector splitting of van Leer [32]. This modification improves the numerical solution, and
then the preconditioned compressible equations tend to the preconditioned incompressible
equations [30].

3.5 Robustness

A problem encountered with certains preconditioners, particularly the one of Turkel and the
one of Leer-Lee-Roe, is that they are singular at stagnation points and along sonic lines. In
order to avoid these singularities, certains terms must be smoothed [34] or bounded so that
the non-normality of the eigenvectors appearing at very low Mach number is eliminated [7].

INRIA
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4 Explicit scheme: preconditioning for the Euler equa-
tions

We present the preconditioning of the equations in the case where an explicit method with
an upwind scheme is used. We then study four different ways of introducing a given precon-
ditioner in these equations.

4.1 The Euler equations in conservative variables

For flow simulations of practical interest, possibly with shocks, we consider the conservative
variables.

The 2D Euler equations in their conservative differential form can be written as

oW | OF(W)  0G(W)

=0
ot Ox oy ’
p é)u pU (18)
| pu _ pu” + p N puv
W_ pU aF(W)_ pUV ,G(W)— p,U2+p )
E (E + p)u (E + p)v

where p is density, v and v are components of the velocity vector, p is pressure and F is the
total energy per unit volume. The energy E is obtained by the state equation for a perfect
gas
2 .2
U+ v
+ b ,
2 v —1
where + is the ratio of specific heats (y = 1.4 for air).

E=p

(19)

System (18) can also be written in non conservative form:
Wy + AW, + B.W, =0, (20)

where A. and B, are the inviscid flux Jacobians given by

0 1 0 0

v—3 v—1

5 u? + 5 v? B=7)u 1-yv ~v-1
Ac: ’
—uv v U 0
E E -1
(=D @u—1—= = - I —Bu+v}) (1-y)uv qu
L p P J

RR n- 3084
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and
[ 0 0 1 0
—Uv v U 0
B. = 7;1u2+7;3v2 (1-=9)u B—7)v y—1 |
(7—1)(1%—7?” (I—=7)uv %—VTA(U”%Z) Y

where ¢ is the magnitude of velocity.

4.2 TIterative preconditioning and upwind schemes
4.2.1 The one-dimensional case

Recall that in the scalar and linear case, a first-order upwind scheme is obtained when

. . . . w .
approximating the first derivative a — with

o0x

aw if a<0
W; — Wi—1 . (21)
CLT if a >0,

or equivalently by

(wi—H - wil) h (wil —2w; + wi+1)
a | —— )

2h h? (22)

The second part of this sum is the stabilisation term (or artificial viscosity); it enables
the scheme to be stable.

Approximation (22) can also be written as

Jivi2 — ficio
23
. (23)
where n 1
Wy W
fivip = a———— la | (Wi —wi),
f, o wit w1 | (ws )
i-1/2 = a4 9 2 G| \W; — W;—1) -
Expanding (24) in Taylor’s series yields:
i+1/2 — fie 0 h 0?
M:a_w__“”_w_,_o(m). (25)

h oxr 2
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Thus, the time-continuous “equivalent” [22| or “modified” [37] equation of the advection
equation

ow ow
E + aa—x = 0, (26)
is given by
a—w+aa—w—@\a|az—w+0(h2) (27)
ot or 2 O0x? )

4.2.2 The two-dimensional case

We use the finite volume method to solve the Euler equation. This method consists of
dividing the domain into cells and of expressing conservation of the fluxes going in and out
in the course of time.

Applying the first-order accurate upwind scheme of the previous section to the Euler

equation (20) is equivalent to solving exactly the following “equivalent” equation (a cartesian
mesh with space steps equal in both directions, Az = Ay = h has been assumed)

h
Wi+ AWo + B Wy = S [([| Ac | Wo)a + (| Bo | W), =0, (28)
in which second-order terms have been neglected.

In this case, for computing | A. | and | B, |, the matrices A, and B, are diagonalised,
and the absolute value of each eigenvalue of the diagonal matrix is taken.

The preconditioned Euler equations can be written as
P'W,+ AW, + B.W, =0, (29)

or in the hyperbolic form
Wi+ P AW,+P.B.W,=0. (30)

Applying the first-order upwind scheme to (30) is equivalent to solving exactly the follo-
wing “equivalent” equation

h
Wi+ P, AW, +P.B.W, — 3 (| P-Ac | W)+ (| P. B, | Wy),] =0, (31)
in which second-order terms have been neglected.

After multiplying this equation by P! we obtain

h
P Wot AWs + B W, = o (P71 [ PLA| Wo)o+ (P71 | BB | W), =0, (32)

RR n- 3084
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Let us consider the following Partial Differential Equation

LW+ SEW) v+ G y) - ¥ %|Acyx + By | W =0 (33)

fluzx fluz

from which we seek the steady state solution

S (FEW) v + GW) ) — 3 % | Auvy + Bowy | 6W = 0, (34)

flux flux

The time advancing of (33) towards a solution of (34) may be excessively slow because
the wave speeds of (33) are of very different magnitudes. Therefore, equation (33) is precon-
ditioned as equation (32). We obtain

1
P Wt Y (FW) v + GW) ) — §P;1 | P,A.v, + P.B.v, | SW = 0. (35)

cell flux fluz

This equation can be written as

W, + P,

cell

1
SEW)v, + GW)yy) — > §Pc_1 | P.Acvy + P.B.vy, | W | = 0.

fluzx fluz

(36)

In conclusion, two modifications can be performed in order to precondition the Euler

equations. The first is to multiply at each time step the numerical fluxes by the preconditio-

ner written in the conservative variables P.. The second modification is on the stabilisation
term.

4.3 Preconditioner
4.3.1 Formulation with entropic variables

In the sequel, we consider a preconditioner close to the one of Turkel [28] for the case o =0
in (13). The entropic variables U = [p, u, v, S| where S = ln% are used. With these
P

variables the Euler equation can be written as

U+ AU, + B.U, = 0, (37)
where
u pa® 0 0 v 0 pa’ 0
pt w00 0 v 0 0
A, = ,B. = (38)
0 u 0 pt 0 v 0
0 0 U 0 0 0 w

INRIA



Implicit Upwind Schemes for Low Mach Number Compressible Flows 15

We consider

B> 00 0
0 100
P. = : (39)
0 010
0 001

where (3 is of the order of the Mach number.

4.3.2 Formulation with conservative variables

To obtain the preconditioner with conservative variables, P,, one determines first the Jaco-

oUu o
bian matrix R = —— and its inverse, then one computes P, by

oW
P.=R'PR.

The Jacobian matrices are given by

1 [ (y=1D¢ .
= 00 —g ( 2) —u(y—-1) —v(y-1) v-1
1
% p 0 2 -2 — 0 0
R—l_ a Y R = P 1%
e oy, ev |0FT v . 1 .
a? g p p
2
H pu py —PL (y=1D¢ v uly-1) wlr-1) y-1
a* 27 L 2p p p p p

where H is the total enthalpy per unit volume

2 2
H=L, 2
2 -1

After computations one obtains the preconditioner with the conservative variables

- 9 -

4 —Uu —v 1
2
'S )

1 Eu —U —vu U

P.=TId+ (8" — 1) 1= )

a q 2
— v —uv —v v
2
qz
E —UH —’UH H

RR n - 3084
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4.4 Modification of the stabilisation term

The modification of the stabilisation term consists in puting P;' | P. A.v, + P. B, v, | in
place of | Acvy + Bo vy | .

To simplify the diagonalisation to perform, we write
P'|P.Av,+P.B.v,|=R*'P;'|P.A.v, + P.B.v, | R. (40)

This leads to the diagonalisation of the matrix T'= P, A, v, + P. B, v, which is simpler
than the matrix P, A.v, + P. B.v,.

The matrix 7" is given by

FBluve+oy) pFdv. pdiv, 0T
Ve UVy + VUV 0 0
T_ p
= v,
— 0 Uy + VY 0
P
0 0 0 UVy + Uy |

The diagonalisation of 7" is performed in the following way

T=MAM" (41)
By definition
| T|=M | A | M (42)
The diagonal matrix is
A= dz'ag(/\l, )\2, )\3, )\4) (43)

where the eigenvalues A, Ay, A3 and A4 are given in (12).

The matrices of the right eigenvectors and of the left eigenvectors are respectively given
by

[0 O 1 1 1 F 0 0 0 17
y 2 2 2 2
M= pA pF | i | 5 pBad . pBa’ . (44)
T SU = —o= Uy ———(=1 0
0 7, I L 21 21 21
ppB*a* pBa _i pﬂQaQﬁ pﬂzaQa .
1 0 0 0 | B S VR
where \ \
r=X-Mf s=h- M t= S0

INRIA
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and where the stressed variables Z are defined by T = z/ m .
Let us note that when 8 =1 we have
Ff=a, §=—a, t=—a,
while when M — 0 and 3 ~ M the variables 7, § and t are of the order of the flow velocity.

From (40) and (41), we have

P ' |PAv,+P.B.v,|=R'P.'M |A| M'R, (45)
or equally
Pl |P.Acv,+P.B.v, |=T5 | A| TS (46)
with
1 0 ! L]
2 32 a? 2 32 a?
. U+ TV, u+ S0,
U Uy
2 3% a? 2 32 a?
T8, = . - (47)
~ V4TV U+ Sl
v Uy
2 3% a2 232 a2
q2 uﬁ UI? H+7/"\X1 H+§3\1
L 2 Y T 232a2 206%2a% |
and
[ v—1¢ v-1 v-—1 7—1]
1= a2 2 @ a R
VU — Uy Uy —U, 0
Trdt = ~g2 ~ ~ ~ ~ ~ ~ (48)
s (yv-1)+8%a2 M _su(y=1)+B%a%v. sv(y—1)+B%ad’y, s(y=1)
0 t z T
_TL oD+ N Fu(-D+BaT Tv(-D 42T, (-1
L t t t t B

When 3 = 1, we recognize the well-known eigenvector matrices. We note that only two
components of the fluxes are modified by the preconditioning because the first two columns
of T% and the first two lines of T4 are unchanged by the preconditioning. Only the acoustic
wave propagation is modified.

The matrices R°Y, R, T, M, M1, T, T% and the eigenvalues are given in Appendix A
for the 3D case. The stabilisation term P. ! | P, A, | § W is also computed in this appendix.

RR n- 3084
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4.5 Numerical tests

In this section, the numerical method employed is first presented, then four formulations
are proposed according to the preconditioning. Finally, the third formulation is tested on a
shock tube problem and all four formulations on a NACA0012 airfoil flow problem.

4.5.1 Numerical method

We introduce the MUSCL-FEM second-order accurate upwind approximation [8] used on
a non structured triangulation. This method combines the “upwind-TVD Finite Volume ”
approach for the inviscid terms and the “Finite Element” approach for the viscous terms.
We briefly remind ourselves here of the spatial discretisation of hyperbolic terms.

A dual mesh is defined by building around each node 7 of the mesh a control cell C;
(see in Figure 1) from the triangles having i for vertex. The boundary of C; is denoted by
0C; and is obtained by joining the middle points of the edges 75 to the centroids G of each

triangle having 7 and j as common vertices.

The integration of the numerical fluxes is performed by splitting OC; into interfaces
8Cij = [Glﬂ'j, I”] U [Iij, G2,ij] (see Figure 2) The outward normal to 80” is denoted Mij-

Tij = / lde'
0C;;

nodei 7

node ] "" . I .
N

R' ’
control cell C . Gl,ij

Figure 2: Interface 0C;; separating
nodes i and j
Figure 1: Control cell C;

The first-order numerical fluxes can be written as

Q,;; = ®(W;, W, mij). (49)

INRIA
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A second-order spatial accurate scheme for hyperbolic terms can be obtained using the
MUSCL interpolation technique introduced by van Leer [31]. To reach the second-order
accuracy the numerical fluxes are evaluated with extrapolated values W;; and Wj; at the
interface 0C;;. Thus, the function ® remains the same, only its arguments are modified:

Q;; = ©(Wij, Wi, mij)- (50)

The quantities W;; and W), are computed by

1 -
MjZM+§VMj'ij
: (51)
A nodal gradient centred at the middle of the edge ij (see in figure 3) is defined by

(VW) i = Wy — W, (52)

and an upwind nodal gradient is defined by
(Vw)gecent . 23 =VW T;;
(vw)ﬁecent . j_’i =VW |Tj“

(53)

where T;; and T}; are defined in Figure 3.

Tij Tji
A ,
i j

Figure 3: Downstream and upstream triangles T;; and T};

We use a “(-scheme” which combines the centred and fully upwind gradient to obtain

VWi -ij = (1= B)(VW)G™ -4 + B (VW) 3" - i (54)

t]
where (3 is the parameter of upwinding included in interval [0,1]. In our test case, we took

F=1

The scheme described above is not monotone. It can introduce extrema which would not
exist, particularly in the case of transonic and supersonic flows. To reduce the oscillations in
the solution a slope-limiting procedure can be used. In our test case, we did not use limiters.

RR n- 3084
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4.5.2 The four formulations of the equations

We consider the following four formulations in which the stabilisation terms are represented
by their differential equivalents

1- Without preconditioning
h h
Wi+ AWy + B.W, — 5(\ Ao | W)z — 5(\ B.|W,), =0. (55)

2- With iterative preconditioning but without preconditioning of the stabili-
sation term

h
PO Wit AW+ BWy = S [(| Ac [ Wa)o + (| Be | W), ] =0, (56)
or in an equal way
h
W+ PoAI, + P.BW, = 5 [P(] Ac | We)s + Po(] B | )] = 0. (57)

3- With iterative preconditioning and with preconditioning of the stabilisation
term [33]

h
Wy + P.AW, + P.B.W, — 5 (| PeAc | Wy)s + (| P.B. | Wy),] =0, (58)

or in an equal way
h
P7UW, + AW, + BW, — 2 [(P7' | P.A | W), + (P! | P.B. | W,),] =0. (59)

4- With preconditioning of the stabilisation term only

h
W+ AW + BW, — [P PeAe | Wa)o + P7Y(| P.Be | )] = 0. (60)

This is the preconditioning that we propose to study in the sequel.

Remark:
Only Formulations 1 and 4 are consistent in time and enable the prediction of unsteady
flows. Formulations 2 and 3 enable to reach steady states more quickly.
Formulation 1 represents the original Roe scheme with conservative variables. Formulation
2 results from a modification of the time derivative and converges faster towards a steady
state solution which is identical to the solution obtained with Formulation 1. The third
formulation represents a Roe-type scheme applied to the preconditioned hyperbolic problem
since the total fluxes (P, A.,P. B.) are considered in the stabilisation term. In the fourth
formulation the stabilisation of the third formulation is kept but the consistency in time is
recovered. m
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DENSITY ' — |
'MACH NUMBER ' -
'HORIZONTAL VELOCITY *

‘DENSITY ' —
"MACH NUMBER " ----
'HORIZONTAL VELOCITY

'DENSITY ' —
'MACH NUMBER ' -
'HORIZONTAL VELOCITY *

‘DENSITY ' —
"MACH NUMBER " ----
'HORIZONTAL VELOCITY

HORIZONTALE VELOCITY '

"HORIZONTAL VELOCITY

DENSI
'MACH NUMBER ' -
"HORIZONTAL VELOCITY *

DENSI
MACH NUMBER ' -
"HORIZONTAL VELOCITY

Figure 4: Evolution of the acoustic waves (Mach, horizontal
waves (density) in a shock tube at low Mach number without preconditioning (left; Formu-
lation 1) and with preconditioning (right; Formulation 3), at time intervals of 0.03 starting
at t = 0. Second-order spatial accuracy, without limiters.
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DDDDDDDD — DENSITY' —

"MACH NUMBER ' -
HORIZONTAL VELOCITY " -

"MACH NUMBER ' -
HORIZONTAL VELOCITY " -

Figure 5: Evolution of the acoustic waves (Mach, horizontal velocity) and of the material
waves (density) in a shock tube at low Mach number without preconditioning (left; Formula-
tion 1) and with preconditioning (right; Formulation 3), at time t = 1. Second-order spatial
accuracy, without limiters.

4.5.3 Shock tube

The shock tube problem we consider is one-dimensional and the computations are made with
a 2D code in a square domain §2 = [0,1]?. The initial conditions are the following:

P1 = 1 uy = 0.1 v = 0 El =25 (61)
p2 =0.125 wuy =0.0125 vy =0 FEy=2..

The variation of the pressure will instigate an horizontal movement and the Mach number
will at the most be of the order of 0.1. We thus take 3 = 0.1 for the tests performed on this
shock tube.

Although this problem is unsteady, we apply the third formulation in order to see the
evolution of the material and acoustic waves, and thus to understand better the effect of the
iterative preconditioning.

We use an explicit scheme. The time step must be chosen inversely proportional to
the largest eigenvalue of the system. At low Mach number when the equations are not
preconditioned this eigenvalue is approximately equal to the speed of sound. Therefore,
very small time steps must be used in order to see the acoustic wave moves. Moreover, the
material waves, which are advancing much slower, do not change a lot during one time step.
This is why a very large number of time steps can be necessary to see the evolution of the
material waves when the speed of the waves is of very different orders of magnitude. This is
illustrated in Figure 4, left column, where the acoustic wave moves quickly while the material
wave almost does not move. In Figure 5 we show that after a certain time, the acoustic wave
did several round trips while the material wave barely moved.
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The effect of the iterative preconditioning is illustrated in Figure 4 in the right column.
We note that the iterative preconditioning slows down the acoustic wave. After a certain
time, we see that the material wave moved from z = 0.5 to z = 0.6 (see Figure 5).

4.5.4 NACAO0012 airfoil

We are now interested in the 2D steady problem of a low Mach number flow around an airfoil
with no incidence.

For this test case we chose a coarse mesh of 800 nodes (= vertices) composed of non-
structured triangles.

With this problem, we test on the one hand the approximation, and on the other hand
the efficiency of the explicit algorithm for the four formulations presented above.

Figure 6 shows the isovalues of the velocity at Mach 0.1, with and without preconditioning
of the stabilisation term. The scheme is second-order accurate. From the approximation
point of view, only the modification of the upwind fluxes enables us to obtain a solution of
acceptable accuracy (taking into account the fact that the mesh is very coarse). The plots
of the density convergence are presented in Figure 7 for each one of the four formulations
given earlier. The CFL number is 2. The time step is local to accelerate the convergence
to the steady state. From the algorithmic point of view, the standard explicit algorithm
(Formulation 1) does not converge, and on the contrary presents a cycle limit. The totally
preconditioned equations (Formulation 3) enable us to reach a residual decreased by seven
orders of magnitude although in 7000 iterations which is still prohibitive.

4.6 Conclusion

It has been observed by van Leer and we showed it again in this section that when a Roe
scheme is used the total preconditioning of the Euler equations (Formulation 3) achieves not
only its first aim, improving the convergence towards the steady state solution, but moreover
it improves the accuracy of the solution thanks to the modification of | A.v, + B.v, | into
P 1| P.(Aw, + Buyy) |.

In the sequel, we propose to use Formulation 4 because this method is consistent in time
and thus applicable to unsteady cases. We will refer to the Roe scheme with the modification
of Turkel as the Roe-Turkel scheme. It has been observed in the numerical experiments that
this scheme is more accurate than the Roe scheme at low Mach number. A study of the
consistency of the Roe scheme and the Roe-Turkel scheme will enable us to understand why.
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Figure 6: Isovalues of the velocity around a NACAQ0012 at M., = 0.1. Without preconditio-
ning of the stabilisation term (left; Formulations 1 and 2) and with (right; Formulations 3
and 4). Second-order accurate, without limiters. Interval between isovalues: 0.05. Min/Max:
0, 2.

10 T T T T
*formulation 1: without preconditioning T —
‘formulation 2: iterative preconditioning LR
‘formulation 3: iterative preconditioning + preconditioning of the stabilisation term * -----
1r “formulation 4: preconditioning of the stabilisation ’ E
0.1 | ,

o
o
=

0.001

0.0001

log of the residual of density

le-05

1le-06

1e-07 1 1 1 1 1 ]
0 1000 2000 3000 4000 5000 6000 7000 8000
time iterations

Figure 7: Convergence at second-order accuracy of the density according to the preconditio-
ning of the equations, M., = 0.1, explicit case.
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5 Consistency study

Ideally, one would wish to show that the discretized solution converges towards the exact
solution, u, — u. An intermediate step consists of showing the consistency of the scheme,
that is A, u — f, in the case of a uniform mesh. It is with this kind of approach, very stan-
dard, that we propose to elucidate the behaviour of the Roe upwind scheme approximations,
with and without modification of Turkel.

Two classes of upwind schemes can be distinguished; one is based on a Riemann solver
approach (or FDS, flux difference splitting) and the other is based on a flux decomposition
(FVS, flux vector splitting). We are interested here in the Roe scheme which relies on an
approximate solution of the Riemann problem.

5.1 The Roe scheme

The first upwind scheme developed to solve a hyperbolic linear equation was the scheme of
Courant-Isaacson-Rees (CIR) proposed in 1952 [23].

The Roe scheme [25] is a generalisation of the CIR scheme to a non-linear coupled system
of hyperbolic equations. It consists of solving the following equation

oW 4 _

—_— } 2
ot 0x 0 (62)

The discretised solution is piecewise constant on each control volume. At the cell inter-
faces, a Riemann problem must be solved. At the cell interface 7 + 1/2, the matrix A, must
satisfy the following properties

o 0F = AC(WL,WR) oW ol § = OR — OL
o A (W, W)= A(W)
e A, has a set of real eigenvalues and linearly independent eigenvectors.

The numerical fluxes can be written as

Fissp = 5 FOV) + FWagn)] = 5 | (Aisasa | Wiga = W) (63)

where (AC)Hl /2 is the Jacobian matrix A. evaluated at a state defined by the Roe average

Y O R/
O (64)

and Pi+1/2 = \/Pi Pi+1-
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5.2 The Roe-Turkel scheme

The only difference of the “Roe-Turkel” scheme as we define it in comparison with the Roe
scheme is that the stabilisation term | (A.);11/» | is replaced by Pt | P.(A.)is1/2 |- This
modification was detailed in Section 4.4. For the Roe-Turkel scheme, 3 is taken as the order
of the Mach number (when 3 = 1 we obtain the Roe scheme).

Lemma 1: When the mesh size h and the Mach number M tend to zero, the truncation
error of the first-order accurate Roe scheme, applicable to the momentum equations, is only
O(2 ) whilst that of the Roe-Turkel scheme is O(h) independently of the Mach number.

Proof:

For simplicity, we present here the 1D case. In 2D and 3D, we obtain similar results.

We show first that the accuracy of the Roe-Turkel scheme depends on the order of ma-

gnitude of the matrix P! | P. A, |, then we compute this matrix and its magnitude at low
Mach number.

e The accuracy of the Roe-Turkel scheme depends on the order of magnitude
of the entries of the matrix P! | P. A, |

~ OW
With the Roe scheme, the term A. s is discretised by

Fij10 — Fiapo

. (65)
where F(Wt) + FOW) )
1) T i x
Fz’+1/2 = + 9 - 5 ‘ (Ac)i+1/2 | (I/Vi—l—l - I/Vz), ( )
66
FW;) + F(W;_ 1, =
P = T TW) 2 = W),

where (ANC)i+1/2 = /L(VVz-, Wiy1) and (/ic)i_l/g = AC(VVi_l, W;) are the Roe matrices.

~ OW
The approximation of A, o by the Roe scheme can be equally written as
x

Fiyip0 — Ficipp F(Wi1) — F(Wiz1)

h 2h
| (Ad)ixia | Wigr — W)= [ (Ac)izaype | Wi — Wisa)

2 '
(67)
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Let us perform a Taylor development of the second order on the Roe matrices by
supposing that their eigenvalues do not change sign from 7 — 1 to ¢ and from ¢ to 7 + 1
(we assume that this change is seldom enough to be negligible); we obtain

ho| (A |
| (Ac)imrpz |=| (Ao)i | =5 ————+ O(R?)
2 O
ho | (A o)
Ac i = Ac i L] O(h? )
(A =] (Adi | +5 02 2 4 0(w2)
thus,
Fiprp — Fioap FWi) —F(Wi—1) h Wiy = 2W, + W4 2
= . Ac 7 .
. - A i +O(W)
(69)
We conclude that the truncation error of the Roe scheme at point ¢ is given by
h o*W 5
& =5 | (Ac)i [ 55 +O(R). (70)

In a similar way, the truncation error of the Roe-Turkel scheme at point ¢ is given by

h *wW

R -1 . 2
6i = 3P| P(A; | S+ O(h). (71)

Therefore, the truncation error of the Roe-Turkel scheme is in O(P; ! | P.(A.); | h),
& <KP1|P.(A)i| h (72)
where K is a constant.

e Computation of the matrix P! | P. A, |

In a similar way to the 2D case presented in Section 4.4; we can write
P7U | PA|= TS | A| TS (73)

where

A= Diag(Ala A?; A3) (74)

)\1 = u
{ (75)

with

Ao = [(ﬁ2+1)ui\/(,@2+1)2 u? — 432 (u? — a?) ] :

DN | =
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The eigenvector matrices T and T2 are given by

1 1 1
Tﬂs: U uU—+r U+ S : (76)
u
5 H+ru H++ su
-1 -1 =1
a? 2 a? a?

5%(7—1)‘1‘52@2“ Csu(y—1)+8a® s(y-1)

d
Toe 2632a2t 263%2a%t 232a2t |’ (77)
u? 2 2
R L TG Tt Vi A Tt )
203%a’t 203%a%t 203%at |
where
2 2 A3 — Ao

r=X-—MpB% s=A—-AMp5 T= 5 (78)
Remark:
For the Roe scheme we have \y3 =u+a, r = a, s = —a and t = —a, these variables

are of the order of the speed of sound whilst for the Roe-Turkel scheme they are of the
order of the flow velocity u. m
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Thus, the entries of the matrix P! | P. A, | are
—1)M? M?
C11 |/\1| (1-%) + (’y—l)ng + Udl
—1) M? M?
Ca1 |)\1| (1—%)’& + (7—1)7d4 + ud3
— 1) M? 2 M?
C31 |)\1| (1—u>u— + (’Y—l)—dﬁ + Ud5
2 2 2
-1 M?
C12 |)\1| (7 )M2 — (’y—l)—dg — d1
U u
M2
Ml =DM = =D ed = 4y ()
-1 M?
C39 ‘/\1‘(727)]\4211, — (’y—l)—d6 — d5
u
-1 -1
C13 _‘/\1|(f}’u72)M2 + %%Mzdg
—1 -1
Co3 _‘/\1|(7 )M2 + (72)M2d4
u u
—1 —1
C33 _‘/\1|MM2 + wM2d6
2 U
where
. PIEIEY
' 21
_ s || =1 [As]
do = 232t
4 = (u+7) [ A | —(u+3s) | Az
2t (80)
g s(u+r) | A =r(u+s) | Az
v 262t
P (H+71u) | M| —(H+su) | Az
° 21
s(H+ru) | XA |—r(H+su) | Az |
dg = )
206%t
The absolute values are computed by assuming | A\; |= Ay, | Ay |= Az and | A3 |= — ;.
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The quantities 7, s and ¢, and the eigenvalues are written in terms of u, M and [ (see
equations (75) and (78)). They are then substituted into (80). Thus

. B +1
= VX
. u(B*—1+2/M?)
= VX
B 2u B2
dy = _W(HW)
2
dy = %(52—1+3/M2+52/M2)
2
ds = LX —H(ﬂ2+1)+u2(52—1—34—ﬂ2)]
Uu 2 2 ’U,2 2
de = ﬁlH(ﬁ—l‘f‘?/M)"‘W(ﬁ"'l)]’
ﬁQ
WhereX:ﬁ4—252+1+4ﬁ-

For the particular case where 3 = M and 3 = 1 the above terms are given in Table 1.
In the third column of this table the terms of (80) are given when the absolute value
of the eigenvalues is suppressed; we thus obtain the corresponding terms of matrix A..

Remark:

We observe that the terms of Table 1 occurring in P! | P. A, |, | A. | and A, are not
of the same order of magnitude when M — 0, which is why these three matrices have
entries of different magnitudes at low Mach number. m

Order of magnitude of the entries of the matrix P! | P. A. | when the Mach
number tends to zero

We assume that the Mach number tends to zero. In reality, when the Mach number
goes to zero, the flow velocity is low and the speed of sound remains bounded. For the
analysis of the order of magnitude of the truncation error performed in this section,
we consider the equations adimensioned in the following manner (coherent with the
options of the numerical experiments presented further): the flow velocity is of order 1
at infinity, and the speed of sound tends to infinity when the Mach goes to zero. The
density is also bounded to 1 at infinity and changes little at low Mach number. Table 2
presents the order of magnitude of variables occurring the matrix P, | P, A, |.
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p=M B=1 corresponding termsin A,
2
d, M7+ Y, 1
VX
u(M? —1+2/M?) u
VX M
d du (M +1/M) 2
——= —U —2u
3 X
u? 2 2 u’ 2 2
dy ﬁ(M +3/M*) 2M u? (1+1/M?)
1 2 2 2 u? 2
ds Vod [-H (M?+1) +u* (M?* - 3)] — MH+M —(H + u?)
de | —— H(M2—1+2/M2)+u—2(M2+1) L (H +u?) .
X M*—2M? 15 4
M2

Table 1: Terms occurring in the matrix P! | P, A, | (case where § = M and § = 1) and
in the matrix A.. We observe that when the Mach number is low the stabilisation terms of
the Roe scheme (2nd column) are not of the same order as the fluxes (3rd column). On the
other hand the stabilisation terms of the Roe-Turkel scheme (ISt column) are of the same

order as the fluxes (34 column).
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)\27 )‘37T737ta ﬁa

0(57) sis=1

O)sif=M

H,p,E

°(r)

Table 2: Order of magnitude of variables occurring in the stabilisation term

Now, we substitute the terms (80) into (79) and we use the order of magnitude of the
variables given in Table 2 to simplify by neglectable terms.

For the Roe scheme at low Mach number (=1 and M ~ 0) we obtain

M
u M (2—=7) (=1
u? u
A, |~ v el 2(y—1) M 81
4 v 2 (1) (s1)
(y=3)uMH u? u? oy —1
- — —v)MH+ — MH
2 Mo GoMHES T
For the Roe-Turkel scheme at low Mach number (8 = M and M ~ 0) we obtain
v —2 3—2y 2(v—1)
1+ =
R Y w5
_ 3y—11\ (-3y+7u 3(y—1)
P PA |~ | w1+ 82
S ima | (10508 S v 2
(v=—2)uH 3-2y)H 2(y-1)H
V5 Vb u /5
Thus, for the Roe scheme we have
o@1) o) O(M)
1 1
ac|0(s) o) oo (83)
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and for the Roe-Turkel scheme we have
O(1) 0(1) O(1)
1 1
(i) ©(p)

while we have

A~| 0 o o | (85)
(:72) Olirz) O()

e Conclusion

h
For the momentum equation the truncation error is thus O(M) for the Roe scheme
and O(h) for the Roe-Turkel scheme. This completes the proof. m

With the Roe scheme the wave speeds are mixed up in the stabilisation terms. Therefore,
at low Mach number, the stabilisation terms are not of the same order of magnitude as the
flux terms because the wave speeds are then of different magnitudes. The Roe-Turkel scheme
cures this fault by reducing the distance between the wave speeds.

This study shows that for a same mesh the Roe scheme will present numerical errors
larger and larger when the Mach tends to zero, whilst the correction of Turkel enables an
accurate and consistent approximation independently of the Mach number.

5.3 Remark concerning other upwind schemes

It seems that, as in the Roe scheme, the other flux difference splittings (Steger-Warming,
Osher..) suffer from the fault of mixing up the wave speeds in the stabilisation terms. In the
case where the wave speeds are of different magnitudes, as is the case at low Mach number,
this can lead to inaccuracy. This inaccuracy should be corrected by a preconditioning of the
diffusive terms of Roe-Turkel type.

5.4 Numerical illustration

At low Mach number, this is when the speed of sound is large compared to the flow velocity
and at constant temperature the density is almost constant. The solutions of the Euler com-
pressible equations approximate the ones of the incompressible equations [19]. A correctly
adimensioned solution is in particular almost independent of the Mach number

If M<<1 then ucompressible ~ u’incomp?‘essible. (86)
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Observing the isovalues of the velocity we show in the context of an eulerian flow around
a NACAO0012 airfoil that this property is verified for the Roe-Turkel scheme whilst it is not
verified for the Roe scheme.

We carried out two sets of numerical experiments illustrating Lemma 1.

The first set of experiments illustrates the fact that the standard Roe and the Roe-Turkel
schemes are both consistent in the usual meaning of the term. For a fixed Mach number
(My = 0.1), we made the mesh size h tend to zero. The converged solution (normalised
residual of pu to 107®) is computed (Figure 8) on meshes of 800 nodes, 3114 nodes and
12284 nodes. We observe that the solutions obtained with both schemes converge towards a
plausible solution when the space step h tends to zero. Both schemes seem to be consistent
in space.

The second set of experiments illustrates the fact that the standard Roe scheme is not
uniformly consistent with regard to the Mach number whilst the Roe-Turkel scheme is in the
following meaning

In Ve 3 YM<n AWM — fil<e, (87)
where u is the continuous solution and A the corresponding discrete operator.

For a fixed mesh (800 nodes), we tend the Mach number to zero. The converged solution
(normalised residual of pu to 1078) is computed (Figure 9) for Mach 10~!, Mach 1072 and
Mach 1073, For the Roe scheme we observe that on a same mesh the lower the Mach
number, the more inaccurate is the solution. On the other hand for the Roe-Turkel scheme
the solution remains almost the same (velocity modulus contours are then indistinguishable)
independently for all Mach numbers between 0.1 and 107%. The Roe scheme is undoubtedly
a convergent scheme, but the effort necessary in mesh fineness for a given accuracy grows
inversely proportionally with the Mach number. In contrast, the uniform consistence with
regard to the Mach number of the Roe-Turkel is observed.
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Figure 8: Isovalues of the velocity at second-order accuracy, without limiters, for M, = 0.1
with the Roe scheme (left) and the Roe-Turkel scheme (right) on a mesh of 800 nodes (top),
3114 nodes (middle) and 12284 nodes (bottom). Interval between isovalues: 0.05. Min/Max:
0, 2.
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Figure 9: Isovalues of the velocity at second-order accuracy, without limiters, on a coarse
mesh (800 nodes) for My, = 0.1 (top), My = 0.01 (middle), My = 0.001 (bottom) with
the Roe scheme (left) and the Roe-Turkel scheme (right). For 1076 < M., < 0.1 it has been
observed with the Roe-Turkel scheme that the velocity contours change only a little. Interval
between isovalues: 0.05. Min/Max: 0, 2.
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6 Implicit scheme: iterative convergence study

In numerous unsteady applications, and obviously for the search of steady state solutions,
it is not necessary to accurately compute the acoustic details. Therefore, we now propose
to build an implicit scheme capable of being used with large time steps. First, we present a
spatial first-order accurate implicit scheme, then, we present a spatial second-order accurate
implicit scheme to compute steady state solutions.

The implicit backward Euler scheme can be written as

n+1l _ n
M % + (W™t =0, (88)

where M = diag(area(C;)) is the mass matrix, area(C;) being the area of the cell C; and

where W(W"*t!) is the function of the numerical fluxes at time n + 1.

In linearising the function of the numerical fluxes W(W™*1), when it is differentiable,
thanks to a Taylor development of the first order in time, equation (88) becomes

n+1l n
M % + (W) + (W) (W - W") =0, (89)

where U/(WW™) denotes the Jacobian of W(W™).

The linearised implicit scheme obtained then can be written in the following § form
M ! n n+1 n
(Kt”’ (W )) SWIH — g™, (90)

where SW T = Wt — W,

In order to distinguish the two phases of the algorithm (physical phase and mathematical
phase) we write equation (90) under the following form

MEWEH = — At U(W™)

St (91)
n n+1l __ E
K™y oWyt = e
n+l __ n+1l __ n+1 n n\ _ M 1 n

The physical phase (or explicit phase) consists of determining the term M §Wg by
solving the same equation as for an explicit scheme.
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The mathematical phase (or implicit phase) consists of building the implicit matrix,
JIC(W™), then solving with an iterative method the following linear system

oWg

At '’
where the matrix K plays the role of a preconditioner when only the steady state is of
interest.

KW, = M (92)

At the next time step, the solution is determined by

Wt = W™ + §W. (93)

6.1 Spatial first-order accurate implicit scheme

For a first order upwind scheme the flux W) (W™) is computed by summation of the ele-
mentary fluxes for each edge of the vertex 7 and j by

FWi,v) + F(W7, )

L, (W, W', 7) = : — AW}, W, 7) (94)
n n = 1 n n = n n
d(VVi’Wjay)zi|A(VViaWjay)|(Wj_VVi)’ (95)
F
where A = OF(W) vy + 9G(W) vy and F = F(W)v, + G(W) v, v, and v, are the compo-

ow ow
nents of the outward normal to the interface 0C;; separating nodes i and j (see Figure 2).

In order to avoid the computation of a complicated Jacobian, which is moreover not
unique since the Roe flux is non-differentiable, the Jacobian matrix (¥™))'(W™) is approxi-
mated by a linear operator denoted AM (™). This operator is obtained by freezing the Roe
matrix A(WW") in equation (94) when the Jacobian is computed

1 — 1 n n =
Oy V™) m AV = 3 FWE,7) = 5 | AW W7 | (96)
seg

where the sum is taken over all the edges i joining two vertices.

After the approximation of the Jacobian matrix and at first order, equation (90) becomes
M Q) (pn n+1 Q) 1rrn
AT AB W™ ) Wi = oW (). (97)

Remark:
When At — oo equation (97) becomes

AD Wy (W — ) = — D (). (98)
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We recognise a modified Newton method. Indeed, if A" was the exact Jacobian of
UM that is AD = (M)’ then the algorithm (98) would reduce to the Newton method
which enables us to compute the zeros of ¥(W") = 0 and whose convergence we know to be
quadratic. Thus, we expect that the algorithm (98) converges quickly. m

6.2 Convergence study of the Defect-Correction method

We previously distinguished the physical phase which controls the accuracy of the steady
state solution and the mathematical phase which controls the convergence of the evolution
method. In order to obtain a spatial second-order accurate scheme, the right hand side of
the equation for the physical phase is discretised by a first derivative accurate at second
order. In order to conserve the spatial accuracy for unsteady computations, a second-order
accurate discretisation should also be used in the mathematical phase [21]. However, this
modification being complex and expensive, here we just compute steady state solutions with
a second-order accurate explicit flux and implicitly precondition with a first order operator.
This method is a particular case of the DeC (Defect-Correction) method which consists of
preconditioning a complex non-linear operator with a simpler non-linear preconditioner

MW = —AL IO (Wn)
SWat! (99)
At

where SW; = sWptt = Wrtt — wr, KO(Wn) = % + AD(W™). For computing

the second-order accurate numerical flux, W®) ("), the MUSCL technique described in
Section 4.5.1 is employed.

KOW™) sWrtt = M

The rate of the iterative convergence of the DeC method towards the steady state solution
was studied by Désidéri and Hemker [9] [10]. They showed that a scheme built on a central

or fully-upwind discretisation of the second-order accurate fluxes does not converge, but for

1
a combination of these two discretisations, the best rate of convergence is 3"

The modification of Turkel in the physical phase enables us to improve the accuracy of
the solution at low Mach number as we showed it previously. The modification of Turkel
in the mathematical phase is necessary at low Mach number for the preconditioning to be

stable and efficient.

From Lemma 1, the equivalent equation of the first-order upwind scheme, can be written
for the quantities w advected at speed u (ex: the entropy)

h
uwz=n§|u|wm+--- (100)
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where h is the time step, n = O(1) for the Roe-Turkel scheme (7 is independent of the Mach

number), and n = O(—) for the Roe scheme when the Mach number tends to zero. The

algebraic analysis of Désidéri and Hemker was for the case where n = 1 and thus is no longer
valid for the Roe scheme at low Mach number. We generalise here the Fourier analysis of
the convergence in the general case where 7 is arbitrary.

Lemma 2: The Implicit Defect-Correction schemes built on (100) have a convergence
predicted by Fourier analysis which is mesh independent and which depends only on n. It
1s more than 0.5 for values of n greater than 1; the convergence ratio degrades to 1 as n
increases to infinity.

Proof:

We perform a 1D scalar analysis since it predicts already well enough the convergence
observed in the numerical experiments with the 2D Euler equations.

The scalar 1D model of the periodic advection equation can be written as

{ u+au, = 0 (101)

u(z+2m,t) = wu(z,t), (periodicity in space)
We consider the discretisation of a line.

e Mathematical phase: order 1

The first derivative in space, u,, is discretised by a first upwind derivative accurate
at first order, 6,; = Trid(—1,1,0). This derivative can be written as the sum of a
first centred derivative accurate at the second order and a second centred derivative
accurate at the first order

3

1 1
We consider here the general case where n varies. The second derivative of equa-
tion (102) is thus multiplied by the parameter 7; in the following way

>

1 1

e Physical phase: order 2

The spatial first derivative, u,, can be discretised by a centred derivative accurate at
the second order or by a fully upwind derivative accurate at the second order. We
consider here a linear combination of these two discetisations whose upwinding rate is

controled by parameter 3

0p2 = (1— B)Trid(

)

30,0). (103)

1 1 - 1
0, 5) + ﬂPenta(E, -2, 5

—5
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Note that in this section 3 denotes the upwinding parameter for spatial second order
accuracy ([ - scheme) and no longer the parameter of Turkel.

The fully upwind derivative of equation (103) can be written as the sum of a third
centred derivative and a fourth centred derivative. The parameter 7, is inserted in
front of the fourth derivative

)

1
Opy = 5 Penta(0,-1,0,1,0)

1 1
{5 Penta(1,-3,3,-1,0) + §Penta(0,1,—3,3,—1)}

1 -

+§ﬂ
1 1

+ 179 {5 Penta(1,-3,3,—1,0) — 3 Penta(0,1, -3, 3, —1)}] .

The stability study of the DeC method is performed with Fourier analysis which
consists of developing the numerical solution into discrete Fourier series. We note u}
the discrete Fourier modes at time n and at discretisation point 7. We have

—Jjiw

n_
Uj—e

where w = 2k h with £ =0,..., N and 52 = —1.
Details of the following computations are given in Appendix B .

Fourier transform for the first-order operator is given by
w w w
F(0,1) =27 sin 5 (cos 5 jm sin 5) ,

and for the second-order operator by

cosw ] sinw
5 27 9

).

We denote G}, the amplification operator which links state n to state n + 1.

F(0,2) =27 sin% (cos%+ 23 sin2%

The scheme is stable if the von Neumann criterion is verified

At) [< 1.
max | Ge(At) [<

The amplification operator when ¢ — oo is given by

Goo=1—(82)) 65,

z,1
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Thus _
F(Guo) =1 = (F(8s1)(w)) ™" F(87,)(w).

The modulus of F(G4) can be written as

_ 2
4w 2 2 w 2w 2 2 W gin2 W
\/sm 3 (771 — 20 (cos 5 T M1 Mg sin 5)) + m3 cos® 3 sIn” 5
> .
2

F(Gy) |= _
| F(G) | Ry
Thus
24 48(8 — A52(n2 — 1) 52
S = sup | F(GOO) ‘: sup N + /8 (ﬂ Ui 77218 + ﬁ (772 )S s
we{—m/h,7/h} s€(0,1) 1+(ni-1)s

2

where s = sin %

The function S is plotted in Figure 10 when the same scheme is employed in the two phases

1
of the algorithm (7;=n=n). For the Roe scheme (n = 1) we find 7 for the rate of convergence

1
as in the analysis of Hemker and Desideri. For the Roe-Turkel scheme (n = M)’ the larger

the value of n (the lower the Mach number), the more the convergence rate degrades. For
n — oo we have S — 1. This completes the proof. m
6.2.1 Theoretical prediction of the convergence rate

In this section, we predict more accurately the convergence rate of the DeC method.

e Roe scheme in physical and mathematical phases
In this case, n; = 1, = n with n > 1 at low Mach number.

The convergence can then be analytically estimated. Indeed,

sim | F(Ga) =] 1-2Fs .
Hence
S= sup | F(Gx) |~ 1.

te{0,1}

The implicit Defect-Correction algorithm does not converge well at very low Mach
number with the Roe scheme.

More accurately, it is shown in Figure 10 that the larger the value of n with regard
to 1, the more the convergence degrades. This degradation is very quick; as soon as
1 = 100 the method converges badly independently of (.
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Mach number M 0.1]0.01| 0.001
Parameter n = M ! 10 | 100 | 1000
Amplification operator S | 0.9 | 0.99 | about 1

Table 3: Amplification operator versus the Mach number with the second-order accurate

Roe scheme (3 = 0.5). Prediction of Fourier analysis.

1 S [ T T T
5 ETA=1 —
T ETA = SQRT(2) -
S ETA=2 -
- . ETA=4 -
Ty ETA=10 ---
08 ETA =100 ---- |
06 [ / -
/
0.4 - -
02+ 4
O 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2

Figure 10: Amplification operator predicted by Fourier analysis S

versus the upwinding

parameter 3 for various values of n. The lower the Mach number, the closer to 1 is the

amplification operator 7.

1
The parameter 7 is of the order of W The prediction rates are summarised in table 3

from the plots in Figure 10. This table predicts the convergence rate of the DeC

method at second order accuracy and for an upwinding parameter 8 = 0.5.

e Roe-Turkel scheme in physical and mathematical phases

In this case, ¢ =1, =n = 1. Thus

| F(G.) |= \/s (1+48(8-1)s).

This is also the case of the Roe scheme for non-low Mach number.
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Mach number M | 0.1 | 0.01 | 0.001
convergence rate | 0.95 | 0.97 | 0.99

Table 4: Convergence rate versus Mach number with the Roe scheme. Given by results of
the numerical experiments (see Figure 11) .

By taking v = 1.4 in equation (82) we obtain

0.73 u 009 23
u

P71 |PA |~ | 052u*> 125u 054 |. (104)
0.36 H

—-027vH 0.09H ——
u

The parameter 7 is equal to 1.25 independently of the Mach number. From Figure 10
for f =1/2 we estimate the amplification operator S to be 0.53.

6.2.2 Numerical experiments

e Roe scheme

As predicted by analysis, the lower the Mach number, the more the convergence rate
degrades. For a mesh of 800 nodes (Figure11), we obtain the convergence rates given
in table 4.

e Roe-Turkel scheme

For a mesh of 800 nodes (Figure 12) the convergence rate is 0.93 independently of
the Mach number. For finer meshes of 3114 and 12284 nodes (Figure 12), the rate
of convergence seems to be about 0.76 independently of the fineness of the mesh.
This experimental value should be compared with the value 0.53 predicted on the 1D
advective model.

The independence of the convergence rate with regard to the Mach number is verified
for all sizes of mesh. The independence of the convergence rate with regard to the
mesh is verified for cases where the mesh is fine enough (more than 3000 vertices).

Remark:

For fine meshes and a low Mach number, the convergence of the residual is limited by
the zero machine at a level dependent on the Mach number if the average values of
certain variables are not introduced [26]. m
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T T T T T
MACH=0.1 —
MACH = 0.01 ----
MACH = 0.001 -
0.01 -
0.0001 ' i
1le-06 -
le_08 1 1 1 1
200 400 600 800 1000

Figure 11: Convergence of the DeC method with the second-order accurate Roe scheme on
a mesh of 800 nodes for flow arounds a NACA0012 without incidence.
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MACH=0.1 —
MACH =0.01 ----
MACH =0.001 -----
0.01 A
0.0001 A
1e-06 —
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MACH =0.01 ----
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0.01 A
0.0001 A
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0.01 A
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Figure 12: Convergence of the implicit DeC method with the second-order accurate Roe-
Turkel scheme on a mesh of 800 nodes (top), 3114 nodes (middle) and 12284 nodes (top).

INRIA



Implicit Upwind Schemes for Low Mach Number Compressible Flows 47

7 Numerical tests: shear-driven cavity flows

We apply the Roe-Turkel scheme to a shear-driven cavity flow. The Navier-Stokes incom-
pressible equations are commonly solved for this model problem. Thus, this test case enables
us to compare our results to those given in the literature and particularly with those of Ghia
et al. [13] and with those of Botella and Peyret [2]. Ghia et al. used a centred finite diffe-
rence discretisation and their computations were performed on a very thin mesh of 129 x 129
nodes. More recently, Botella and Peyret obtained more accurate results by a Chebyshev
collocation method on a mesh of 49 x 49 for Re = 100 and of 97 x 97 for Re = 1000.

The computational domain is a square defined on ©Q = [0,1]?. The upper wall is driven
at a constant horizontal velocity while the other walls are motionless. The initial velocity
field is uniform in all the domain. The Mach number is equal to 1072 in all the domain.
The walls being adiabatic, the system certainly receives (kinetic) energy without losses, thus
it should not have a steady state solution. In practice, however, we will say that a steady
state solution is a solution for which the normalised residual of the momentum decreased of
a factor 101°.

We performed two tests corresponding to different Reynolds numbers; one at Re = 100
and the other at Re = 1000. We used cartesian meshes where each square was split into two
triangles. The spatial approximation is second-order accurate.

For a Reynolds number of 100, a coarse mesh of 441 = 21 x 21 nodes is enough to obtain
a solution almost identical to the one given by Ghia et al. and by Botella and Peyret for
the horizontal velocity profile in the median vertical axis of the cavity (Figure 13), and for
the vertical velocity profile in the median horizontal axis of the cavity (Figure 14). The
residual of the horizontal momentum of the implicit DeC method decreases by 10 orders of
magnitude in 60 time steps (Figure 15). The CPU time to compute these 60 time steps is
58 seconds on a Dec Alpha 600 / 266 Mhz workstation. At each time step, the linear system
was converged to a normalised residual of 10~ which is adequate since no amelioration of
the time iterative convergence is obtained if the linear system is totally converged.

For a Reynolds number of 1000, the profile of the velocity in the median vertical axis
of the cavity was computed on several meshes (Figure 16). Whatever the mesh, the steady
state is reached in only 2500 time iterations because large time steps could not be used
without obtaining negative densities. The 61 x 61 mesh is 1.5 times finer than the 41 x 41
mesh. Therefore, the distance between the solution obtained with a 61 x 61 mesh and the
reference solution should be 1.5% (where « is the order of accuracy) times smaller than the
distance between the solution obtained with a 41 x 41 mesh and the reference solution. In the
same way, the 81 x 81 mesh is 2 times finer than the 41 x 41 mesh. Therefore, the distance
between the solution obtained with a 81 x 81 mesh and the reference solution should be
2% times smaller than the distance between the solution obtained with a 41 x 41 mesh and
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1 T T T T T

_ FELLA —
GHIA ©

schema de Roe-Turkel -----
08 ) g
0.6 B
0.4 F 4
02 F i

0 1 1 1 1 1

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 13: Profile of the horizontal velocity at x = 0.5 along the y-axis, second-order accurate
Roe-Turkel scheme, M, = 1072, Re = 100, uniform mesh, 21 x 21, no limiters.
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Figure 14: Vertical velocity at y = 0.5 along the x-axis, second-order accurate Roe-Turkel
scheme, M., = 1073, Re = 100, uniform mesh, 21 x 21, no limiters.
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Figure 15: Convergence of the DeC implicit method with the second-order accurate Roe-
Turkel scheme, M., = 1072, Re = 100, uniform mesh, 21 x 21.
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Figure 16: Profile of the horizontal velocity at x = 0.5 along the y-axis, second-order accurate
Roe-Turkel scheme, M., = 103, Re = 1000, uniform meshes finer and finer, no limiters.

RR n - 3084



50 Cécile Viozat

41 x 41 | 61 x 61 | 81 x 81 | spectral [2]
1(0.5,0.2) —0.4747 | —0.4172 | —0.3985 | —0.3592
numerical order 1.7 1.6
1(0.5,0.9) 0.4811 0.4232 0.4074 0.3843
numerical order 2.2 2.0

Table 5: Numerical order for a given mesh and a given location is computed by comparison
of the derivation with a spectral value as compared to a analogous figure obtains on the
coarser mesh. Results obtained from the experiments presented in Figure 16

the reference solution. The experiment results presented in Figure 16 seem to confirm a
behaviour close to second order (see Table 5). The location of the center of the main vortex
is correctly determined with all meshes, but the scheme involves a certain dissipation which
does not enable us to capture the upper boundary layer even with the 81 x 81 mesh. In
next figures we present the results of a numerical experiment performed on a mesh originally
of size 81 x 81 whose two node lines near the upper wall have been refined. On this mesh,
the profiles of the velocity in the median vertical axis and in the median horizontal axis
of the cavity are presented respectively in Figures 17 and 18. The solution is close to the
reference solutions. The approximation converges towards the solution of the incompressible
Navier-Stokes equations.

The Mach number is less than 103 throughout the flow (see Figure 19). The fluctuations
of the density and of the pressure represented in Figure 20 are respectively computed by
Prepresented = (P — Pmin)/ (Pmaz — pmin) and Drepresented = (P = Pmin)/ (Pmaz — Pmin). The
density is of the order of 1 and it has a variation of the order of M? as expected. We
present in Figure 21 the trajectories of the particles that we obtain, and in Figure 22 the
streamfunction computed by Botella and Peyret. The secondary vortices are almost of the
same size.

Remark:
With the original Roe scheme, on a mesh of size 81 x 81 the profile of the velocity obtained
at Re = 1000 is inaccurate and similar to the one obtained with the Roe-Turkel scheme
for Re = 100. In order to obtain with the original Roe scheme results as accurate as those
obtained with the Roe-Turkel scheme, an extremely fine mesh should be necessary.
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Figure 17: Profile of the horizontal velocity at x = 0.5 along the y-axis, second-order accurate
Roe-Turkel scheme, M., = 1073, Re = 1000, no limiters, mesh 81 x 81 refined near the upper
wall (7586 nodes).
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Figure 18: Vertical velocity at y = 0.5 along the x-axis, second-order accurate Roe-Turkel
scheme, M., = 1073, Re = 1000, no limiters, mesh 81 x 81 refined near the upper wall (7586
nodes).
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Figure 19: Isovalues of Mach number. Interval between isovalues: 5.107°. Min/Max:
1073, 103, Second-order accurate Roe-Turkel scheme, no limiters, Re = 1000. Mesh 81 x
81 refined near the upper wall (7586 nodes).

@U &&

Figure 20: Isovalues of the fluctuations (xrepresented = —tmin—) of density (left) and of

pressure (right). pmim = 0.99930016, ppex = 0.99930925 . poin = 714283, Drae = 714290.
Second-order accurate Roe-Turkel scheme, no limiters, Re = 1000, M=10"3. Interval bet-
ween isovalues: 0.002. Min/Max: 0.11, 0.14. Mesh 81 x 81 refined near the upper wall

(7586 nodes).
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Figure 21: Trajectories of the particles. Second-order accurate Roe-Turkel scheme, without
limiters, Re = 1000, M=1073. Mesh 81 x 81 refined near the upper wall (7586 nodes).

Figure 22: Isovalues of the streamfunction obtained with a spectral approximation (Cheby-
shev, 97 x 97) of the incompressible solution in reference [2| for Re = 1000.
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8 Conclusion

In this study, we have elected a base preconditioner due to Turkel, for its simplicity and
its generality. Other preconditioners, for example those of van Leer-Lee-Roe and of Choi-
Merkle, should lead to similar results.

The preconditioner has been applied to the flux splitting of Roe but it could likely be adapted
to most upwinding schemes of characteristic type (Steger-Warming, Osher, ...).

This work enabled us to elucidate two problems linked to the approximation of the Roe
scheme and of the MUSCL technique to low Mach number flows.

On the one hand we showed that the Roe scheme is not uniformly consistent with regard
to the Mach number and that at low Mach number it is advisable to use what we call the
Roe-Turkel scheme which is uniformly consistent with regard to the Mach number.

On the other hand we showed that when the Roe scheme is used the rate of the itera-
tive convergence towards the steady state solution of the implicit Defect-Correction scheme
degrades as the Mach number tends to zero. In contrast, with the Roe-Turkel scheme in
both phases of the algorithm the convergence is independent of the Mach number when this
parameter is small.

The improvements presented in this report have been introduced in a 2D and 3D in-
dustrial code (cf Appendix A) and 3D computations are planned. The proposed method
already enables a certain number of computations with an accuracy comparable to the one
of incompressible models, at a somewhat greater although not prohibitive cost.

In order to use very intensively such a scheme for low Mach number flow it would still
be advisable to look into the following problems:

e Rounding errors
The plots of the convergence of the Defect-Correction method end with a level consis-
ting of small random oscillations around a value of the residual. This level is due to
rounding errors of the computer. The lower the Mach number, the higher this level
is with respect to residuals. In particular, at low Mach number (in practice the limit

1
level is 1079 in double precision), the pressure is of order of E whilst the fluctuations

of the pressure are of order of 1; thus, rounding errors appear when two pressures are
subtracted for example. This problem is known and to cure it one should work with a
reference pressure [26].
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e Robustness of mixed flows. Low Mach/high Mach

The computations that we presented are globally at low Mach numbers. The precondi-
tioning involves a parameter 3 to which a value must be given. For the tests presented
here, we took either 8 equal to the maximum Mach number in all the flow, or for a
larger accuracy (3 equal to the maximum between the local Mach number and a small
value.

For mixed flow low Mach/transonic only the option § variable is possible. However,
when 3 varies we observe in numerical experiments that the Roe-Turkel scheme is less
robust than the Roe scheme. This point is under investigation.

e Efficiency of the algorithm of the linear resolution
At each iteration of the Defect-Correction method a linear system must be solved and
we use the Jacobi method. The rate of the iterative convergence of the Jacobi method
degrades with the Mach number. This phenomenon accelerates with the Roe-Turkel
scheme. The analysis of this difficulty is also under investigation.
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A Computation of the stabilisation term of the Roe-Turkel
scheme in 3D

A.1 Computation of the matrix P! | P. D, |

The stabilisation term of the Roe scheme written using conservative variables,
W = [p, pu, pv, pw, EJ, is given by

| D, |=| Acvy + B.vy+ Cevs | . (105)

To obtain the Roe-Turkel scheme this term is replaced by

P~'|P.D,|. (106)

Using the entropic variables, U = [p, u, v, w, S], we have P, = Diag(3?,1,1,1,1) where
the parameter [ is taken of the order of the local Mach number.

The computation of the absolute value of a matrix requires the diagonalisation of this
matrix. Since the diagonalisation of (106) is simpler performed using the entropic variables
than using the conservative variables, we write

P.'|P.D.|=R'P.'|P.D|R (107)
where the Jacobian matrices R~ = aa—‘[/lj/ and R = S—V[{/ are given by
- 2 -
(=135 —uly=1) —wvly=1) —wi-1) 7-1
—— 1 0 0 0
p p
v 1
R— = 0 - 0 0 , (108)
P P
1
_Z 0 0 = 0
p
vy—1¢ v (-Hu (y-DHv (-Hw y-1
L » 2 p p p p p
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where ¢ = Vu? 4+ v? + w? is the magnitude of velocity, and

—~ 0 o0 o =L
a Y
U ou
a? P v
v pu
Ri=|5 0 p 0 ek (109)

Z 0 0 _rpw
a Y

| a? 2y |

where a is the speed of sound and
q2
H="7+ a? (y—-1)"" (110)

is enthalpy,
and where the matrix P, D is given by

MG pBidlv, pBldly, pBldiv, 0]
i A 0 0 0
p
by
P.D = ) 0 A 0 0 (111)
= 0 0 MO
P
0 0 0 0 A
where A\ =uv, +vv, +wr,.
The diagonalisation of | P, D | can be written as
|P.D|=M|A|M! (112)

where the columns of the matrix M are the right eigenvectors of the matrix P, D, and M~}
is the inverse of the matrix M.
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The matrices M and M~! are given by
[0 0 0 1 1]
0 -5 0 T U, 50,
—U
! pB2a’ ppB’a®
_ . . T Uy 50,
M=|0 v, -1, FE o PE | (113)
- U, 50,
VT pe e
|1 0 0 0 0 |
[0 0 0 0 1]
~2 | 59 PN
0 B vy j— vy D, VmAVZ 0
Uy Vy
PO )
vy UV v, + Vv
-1 0 etz _Az Y T 0
M = I/)y v i/\y ; (114)
8 pBPa’v, ppfa’v, pBd’ D,
2t 2t 2t 2t
roopBladin,  pBad’p,  pBPa’D.
L 2% 21 2t 2t |
with )
r=X-Mf s=M- NP t= 20
and where the stressed variables z are defined by 7 = z/,/v2 +v2 + V2.
The diagonal matrix, composed of the eigenvalues of P, D, is given by
A= Diag()\la)\%)\&)\%)\f)) (115)
with
M= =X = UV + V0V WY, = U-v
] (116)
Mg = [0+ PN EVA-B) NP+ 26 || v ]
where | v ||= \/1/9;2 + 1,2 +v,2
Remark:
In the case where =1 (Roe scheme) we have \;, Ay and A3 unchanged and we have
Ms=M=Eal v |, (117)
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thus the variables 7, § and ¢ are of the order of the speed of sound
F=a, §=—a, t=—a,

whilst when M — 0 and 8 ~ M (Roe-Turkel scheme) we have the variables 7, § and # of the
order of the flow velocity. m

In conclusion, for low Mach number flow the term | D, | (Roe scheme) should be replaced
by (Roe-Rurkel scheme):

P'|P.D.| = R'P.'M|A|M'R (118)
= T | AT
where the matrices 7% and T are given by
[ 1 0 0 1 1 T
U 1 0 u+TU, u-+3SU,
Uy v, e 45D
v —— ——= v+TU, v+SD
TS = Uy Uy v Y (119)
w 0 1 w+TU, w430,
2 ~ ~
v v IS o~
T U—v— w—v— H+7\ H+35\
| 2 Uy Uy i
i ~1) ¢ —1 —1 ~1 17
1_(72)(1_ =1, -1, =1y 1
a 2 a a a a
XDy —u D2 + D —D, —D, D, 0
Trdt — MU, —w —U, U, —Uy U, v+ 175 0
;‘\g (y—1)+p2 a? by _?u (y—1)+82a*v, _?v (v—=1)+B2a% 7, _?’w (y—1)+p2 %7, 5(y—1)
2p2%2a%t 28%2a%t 28%2a%t 2p2%2a%t 2p2%2a%t
_?é (yv=1)+32% a? //{1 ™ (7—1)+ﬁ2 a2 vy ™ (y—1)+p2% a2 f/\y w ('7—1)—|—ﬁ2 a2, _ ?('7—1)
L 2p2%2a%t 2p3%2a2t 2p3%2a2t 2p2%2a%t 2p%2a%2t
(120)

A.2 Computation of P;' | P.D.| §W

We perform the computation of P.™' | P, D, | by adding the artificial viscosity brought by

each eigenvalue
P | PoD |= T (S5 | A |) TS (121)

where the matrix A, has only one non-zero element equal to A, and located at the nth

of the diagonal.

entry
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We can also write P.”! | P, D, | in the following form
PV PD.| = S5, (P P.D, )" (122)
where
(Pc_l | P D, |)(n) = T | Ay | T;i
= |\ | (ith column of TT’}) (ith lineof Trdt) .
The stabilisation term of the numerical fluxes is given by
F =% F™ (123)
where
F™ = (Pt | P.D, )™ éW (124)
and
oW P2 — P1
W, P2 Uy — P1 U
oW = 5W3 = P2V — P1 U1 (125)
oWy P2 W2 — P1 W
oWs FEy, — F,
The artificial viscosity introduced by each eigenvalue is simply computed by
F™ =\, | ay, (ith column of T,ﬂ) (126)
where the eigenforms v, are given by
_ (th,. d
ay, = (17 lineof T | OW. (127)
We have
- - i 0 1
1 1
u 17:::
FO = |\ |ay, Z} . FO = |\ | ay, (1)7y ; (128)
¢ 7,
L 2 i u —v l/)—y |
[ 0
0
v,
F® = |\ |B D, : (129)
1
U,
w— UV
L Vy
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1 1
U+ T U, U+ 5V,
FO = | M| an | v+7F0 |, FO = |[X5] ar, | v+57, (130)
U}+?ﬁz w+§ﬁz
H+7)\ H+35\
with 4
ay, = 5W1— ?
o, = (Moo —u) Wy + (02 + %) W, — 0, 0, 6Ws — 0, 0. W,
m, = (MB. —w) OW) — 0,0, 6Ws — 0. D, OW; + (02 + D2) 6W, (131)
_ 5A+ 3?a’ B
T Toget
7TA+ (*a’B
[0 = =
rs 26%a%t
where ,
A = (%5Wl—u5W2—06W3—w(5W4+(5W5> (’Y—l)
B = MWy — 0,6W, — 0, 6Ws — . 6W,.
After simplification, we obtain
A = Iip
R R R ~ (132)
B = —\/pipa(Undu+0,0v+0,0w)=—/p1pad\

Remark:
The quantities occurring in F® (A, Ay, As, p, a, H ...) are obtained from the average (Roe
average) quantities of p, u, v, w. m

Remark:

The modification of Turkel affects only the fluxes due to the acoustic wave speeds (F*) et
FO). m
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Thus, F = P7' | P.D. | 6W is given by

F =
| A1 | A
| AL | (g w+ )
|)\1 ‘ (OZ)\IU—FCK)
[ AL (o w+ ayy)
2
| ( !
where
Remark:

a,\1?+a,\2u+av+oo\3w

=

+ | As] ay,

+ || ay, (u+7T0y)
+ | M| o, (v+TIy)
+ || an, (W+TD,)

) + |)\4|Oé)\4 <H+?X1)

Q), Vg + Q) U,

Uy

+ o+ o+ o+

+

| A5 | g

| As | an, (u+50y)
| As | ang (v +57)
| A5 | an, (w +57;,)

In the above formula, the parameter 3 occurs only in the following variables: A4, A5, au,,

), 7 and 5. m
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B Fourier analysis

B.1 Fourier transform for the first order operator

1 1
0p1 = §T7“id(—1,0,1)+577Tm’d(—1,2,—1)

1 . . 1 _ .
F(osn) = 5(me+e*)+on(-e’+2-¢")

= jJsinw+2n sinzg

w

= 2jsin3 (cosg—jn sin%)
B.2 Fourier transform for the second order operator

1 1-71(1 1
Op2 = 5 Penta(0,-1,0,1,0)+ 3 I6; [{5 Penta(1,-3,3,—1,0) + 5 Penta(0,1, -3, 3, —1)}

1 1
+17 {5 Penta(1,-3,3,—1,0) — 3 Penta(0,1, -3, 3, —1)}]

1 . . 1 . . . . . .
F(6,2) = 3 (—e™7¥ +ev) + 1 B [{(e7¥¥ = 3e79¥ + 3 — eI*) + (e79¥ — 34 3e/ — e2I¥)}
+n {(e¥ —3e 9% 43 —e) — (e — 3+ 3/ — e?7¥)}]
_ 1 W W _35u e jw 3w @ jw _w jw
= 5(—6] +ev) + e 72 —3e J2+3€]2—€J2)[6 J2+ejz+77(e J2—eJ2)]

(
= 2jsing cosy+ (8j sin?’%) [2 cosg —2nj sin%]

SN RN ]

— 2jsin% (cos2+ 23 sin?%[cos2 7 sin%])
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B.3 Amplification operator

F(Go) = I=(F(61)(w)) " F(05,)(w)
cos % (cos% + jnsin%) + 20 sin
cos? ¥ + n?*sin

2% (cos* 2 + n?sin® ¥)

=1

w
2
2w
2

2 2w . W ool W Rainl w 2 w 2 n2w
n” sin” 5 — jmn cos 5 sin 5 — 2 Bsin 2((:os 5 T 77 sin 2)
2w

2

2w 2 qi
cos® 5 + 7)° sln

The modulus of F(G) can be written as

2w
2

- 3
\/sin4 o <772 — 2f3 (cos? & + n?sin® £ ) + 72 cos? ¥ sin
5

| F(Goo) [=

w

2w 2gin2 @
Cos” 3 + n“sin” 3

or similarly as

\/32 (n2—23(1+(n2—1) s))2+772s(1—s)
I1+(n?-1)s
W +4B(B—n)s+48 07 1) s
N 1+ —1)s

where s = sin?

o€

Thus

" +48(B—n")s+452(n* —1) s>

S = sup F(Gy) |= sup S.
we{—m/hm/h} | F(Geo) se(O,l)J 1+ (m*—1)s
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