
HAL Id: inria-00073589
https://inria.hal.science/inria-00073589

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Adaptative Multigrid and Variable Parameterization for
Optical-flow Estimation
Etienne Mémin, Patrick Pérez

To cite this version:
Etienne Mémin, Patrick Pérez. Adaptative Multigrid and Variable Parameterization for Optical-flow
Estimation. [Research Report] RR-3102, INRIA. 1997. �inria-00073589�

https://inria.hal.science/inria-00073589
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  


de  r ech er ch e 


INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Adaptative Multigrid and Variable Parameterization for

Optical-flow Estimation
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 oq¦|y®�{iR}`.y�`.fUh�oqf{y¥¦{fu`¨§�jla8nt©t©p`¨z�� jl©pwloli nth ^ a�`.y®zu`�a8ntf{nªa8nty�jxh�npoqf�v�a¨¦{©ph�npwli nª©t©p`.y�`Zh¥jlz|jx�{h�jxh�np§�yZv�zu`mr
z{nD}`.y _j ©�� `.y�h�nªa8jxh�npoqf z{¦ k ^ jla���yOzu`.y��Rnph�`.y y�`.yJjx�{�|jxi�`.fUh�`.y¼z{jlf{y�¦{fu`²yR}`��R¦u`.f{km` z�� nªa8jxwl`.yZ±��
` y�k ^ }`.a8j zu`
a8ntf|nta8nty�jxh�ntoqf `.y�h�z
}`.kmi nph¨zu`«a8jlf|n _`Zi�`8w�}`.f~}`Zi jl©p`J��oq¦ui�z{np¸/}`Zi�`.fUh�`.y���jxi jla#}`Zh�i nty�jxh�ntoqf{y�z{¦ k ^ jla�� zu`.y��Rnph�`.y y�`.yZ±
� j�§Poli a�¦|©tjxh�npoqf�¦{f{n¹¯�}`Z`®jlntf{y�n|ol½{h�`.fR¦u`�kmoqf{z{¦{nph
zu`?§Pj��kmoqfOf{jxh�¦{i�`.©t©p`�`ZhBkmo ^ }`Zi `.f7h�` _j¨`.y�h�nta8`ZiBy ¦ui
¦|fu`/�|jxi h�nph�npoqf
jlz{jx�{hR}`Z`¨zu`�©�� nta8jxwl`�¦{fOk ^ jla��¼kmoqa8a�`�§Poqf{kmh�npoqf�kmoqf7h�ntfR¦u`®�|jxi�a�oliWkm`.jl¦�»¼j.�l`.k¥z{nt�l`Zi y�zu`Zwli�}`.y�kmoqf{kmoqa«nph�h�jlf7h�y
zu`��|jxiWjla#}`Zh�i jxwl`l±
�2Ä ��� Â ¡�� �À ¢ ¶ olh¨ol�|h�n��U¦{`lv:y�h�jxh�nty�h�n��U¦u`�i�ol½|¦|y�h�`lv(a8ntf{nªa8nty�jxh�npoqf[wq©pol½|jl©p`lv(wliWnt©t©p`.y¨jlz{jx�{h�jxh�np�l`.y.v~jl©pwloli nth ^ a�`.y
a¨¦{©ph�npwli nª©t©p`.yZvU�|jxi jla=}`Zh�i nty jxh�npoqf¼�xjxi ntjx½|©t`
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� f{`Zi�wl¾7rÍ½�jly�`.z�a�o�zu`.©ty�kmoqf{y�h�nph�¦{h�`~j���oN´~`Zi�§�¦{©l´Bj.¾�h�o�kmol��`:´/nth ^ ©po�´�rs©p`Z�l`.©Unªa8jxwl`:�{i oRkm`.y�y ntfuw��{i�ol½�©p`.a8yZ± ]/^ oqy�`
a�`Zh ^ o�z{y'jxi�`�nty�y ¦u`.z�`.nth ^ `Zi'§Fi�oqa kmoqfUh�ntfR¦uoq¦{y §FoliWa8jl©tnty�a«y�y�¦|k ^ jly ���	� y oli*`.nph ^ `Zi §Pi�oqa z{nty kmi�`Zh�`
a8oRzu`.©ªnp¬.jxh�npoqf
y�¦{k ^ jly�
 jxi�µloN��iWjlf{zuoqa ¯|`.©tz{y.± ]�^ `B¦{f{zu`ZiW©p¾Rnªfuw��{i�ol½�©p`.a8y jxi�`~`.jly nt©p¾¥h�i jlkmh�jx½�©p`�np§{h ^ `
`.fu`Zi�wl¾¨nty�kmoqfU�l`m»�±
�®fu`
^ jly�h ^ `.f h�oJz{`.jl©º´/nth ^ §�¦{f{kmh�npoqf{y ^ j.��ntfuw�jlf²¦{f{n��R¦u`¥a8ntf|nta�¦|a h ^ jxh®a8j.¾¼½�`�`.y�h�nta8jxh�`.z°´/nph ^ zu`Zh�`Zi a8nªf{nty�h�ntk
zu`.y�km`.fUh­a«ntf{nta8nt¬.jxh�npoqf jl©pwloli nph ^ a8yZ±��/oN´~`Z�l`Zi.v�´ ^ `.f nth«kmoqa�`.y�h�o#zu`.y npwqf�jlkZkZ¦uiWjxh�`°jlf{z�i�ol½|¦{y�h8a�`Zh ^ o�z{yZv
jx½|©p`®h�o ^ jlf|z{©p`�jlf|zJh�o8©poRkZjxh�`¥jlyB�|i�`.kZnty�`.©p¾­jlyB�	oqy y�np½|©p`?z{nty�kmoqfUh�ntfR¦{nph�np`.y.v7`.fu`Zi�wqnt`.yBh�`.f{zJh�o�½�`?fuoqfO©ªntfu`.jxi
´/nph ^
fR¦{a�`Zi�oq¦{y*©toRkZjl©{a«ntf{nta8j�± ]�^ `Bol�{h�ntkZjl© ¶ o�´ `.y�h�nta8jxh�npoqf8nªy(fuolh(jlf�`m»ukm`Z�{h�npoqf«h�o¥h ^ nty'i ¦|©p`����RvU�Rv|�Z�uv{�.��v7���qvU�����Í±
� �l`.f¼´/nph ^ ntf­jlf¼ntf{kmi `.a�`.f7h�jl©�������� �"!$#&%(')�*�+� �,')-«§Poli a¨¦{©tjxh�npoqf�ol§ h ^ `��{i�ol½�©p`.a/.P´ ^ ntk ^ nªy
jl©ªa�oqy�h�ntfu`.y kZjx�|jx½|©p`®ntf
kZjly�`Jol§�©poqfuw i jlfuwl`Ja�olh�npoqf{y�h�o°½	`­`.y�h�nta8jxh�`.z10Wv*oqfu` ^ jly�h�o zu`.jl©~´/nph ^ j y�`��R¦u`.f{km`�ol§�wq©pol½|jl©~ol�{h�nta«np¬.jxh�npoqf
�{i�ol½�©p`.a8yB´ ^ nªk ^ i�`.a8jlnªfJh�i ntk�µR¾l±

] o«kmol��`�`m³­kZnp`.fUh�©p¾J´/nph ^ y�¦|k ^ wq©pol½�jl©�`.fu`Zi�wl¾Oa8ntf{nªa8np¬.jxh�npoqf$vR´
`��{i�ol��oqy�` ^ `Zi�`¥j8§Pjla8nª©p¾«ol§'zu`Zh�`Zi a8nªf{nty�h�ntk
ol�{h�nta«np¬.jxh�npoqf jl©pwloli nph ^ a8yZ± ]�^ `.y�`2������� � � !3�,4Ojl©pwloli nth ^ a8y�jxi�`J`m»Rh�`.f|y�npoqf{y�ol§�h ^ `Oa�`Zh ^ o�z �{i�ol��oqy�`.z ntf�� ���5�Í±
]�^ `Z¾Ojl©t©to�´2h�o­�{i ol�	`ZiW©p¾­kmoqa�½|ntfu`¨j«a¨¦{©ph�npwliWntz¼a8ntf|nta8np¬.jxh�npoqfOy�h�i jxh�`Zwl¾¼´/nph ^ h ^ `�a¨¦uh�npi `.y�oq©t¦uh�npoqf¼§Fi jla8`Z´~oli�µ
kmoqa8a�oqf|©p¾ ¦{y�`.z ntf a�olh�npoqf[jlf|jl©p¾Ry ntyZ± ]/^ `�µl`Z¾°nªzu`.jOkmoqf{y�nty�h�y�ntf²h ^ `8a8ntf|nta8np¬.jxh�npoqf ol§
h ^ `�`.fu`Zi�wl¾°§P¦|f{kmh�npoqf
h ^ i�oq¦{w ^ jlf jx�{�{i ol�{i ntjxh�` ^ np`Zi jxi k ^ ¾�ol§�y�¦u½|y��|jlkm`.y«ol§�h ^ `°´ ^ oq©p`°kmoqf�¯|wq¦ui jxh�ntoqf y��|jlkm`l± � jlk ^ y�¦{½|y��|jlkm`²nty
zu`m¯�f{`.z¼jly/j­y�`Zh�ol§*kmoqf�¯|wq¦uiWjxh�npoqf{y/kmoqf|y�h�i jlntfu`.z¼h�o«½�`��|np`.km`Z´/nªy�`��|jxi jla�`Zh�iWntk�i�`.©tjxh�nt�l`¥h�o­j8km`Zi h�jlntf¼�|jxi h�nph�npoqf
ol§'h ^ `¥nta8jxwl`l±

]�^ `.y�`/a¨¦{©ph�npwli nªz¨a«ntf{nta8nt¬.jxh�npoqf�jl©pwloli nph ^ a«y*h�¦ui f�oq¦{h(h�o¥�{i�oN�Rnªzu`�jlf«jlkZkm`.©p`ZiWjxh�`.z�kmoqfU�l`Zi�wl`.f{km`?h�o�´Bjxi z�nta�r
�{i�oN�l`.z�`.y�h�nta8jxh�`.yZ±76|¦ui�h ^ `Zi a8oli�`lvRjly y�oRkZnªjxh�`.z­h�o�j¨zu`.f{y�`�i�ol½|¦{y�h~ol�{h�ntk ¶ o�´ `.y�h�nta«jxh�npoqf­a8oRzu`.©Ív7h ^ `®a�¦|©ph�npwli ntz
§Pi jla�`Z´
oli�µ��{i o���ntzu`.y?`m³­kZnp`.fUh�a�olh�npoqf²`.y�h�nta«jxh�oli y�jl©t©poN´/ntfuw­h�o¼kmoqa�½|nªfu`�z{n¹¸�`Zi�`.f7h?�|jxi jla8`Zh�`Zi np¬.jxh�npoqf{y®ol§~h ^ `
�l`.©po�kZnphs¾­¯|`.©tz�h ^ i oq¦uw ^ jlf¼jlz{jx�{h�jxh�nt�l`��|jxi�h�nph�npoqf�ol§ h ^ `¥nta8jxwl`�wliWntz$±�8 kmoqa8�{i�oqa8nty�`?y�oq©ª¦uh�npoqf{y
½�`Zhs´
`Z`.f�©po�kZjl©
zu`.f{y�`�a�`Zh ^ o�z{y9����v��;:�v����5�*ntf7�loq©t�Rntf{w8y�a�olh ^ fu`.y y�kmoqf{y�h�i jlntfUh�y�jlf{z�wq©pol½|jl©��|jxi jla�`Zh�iWntk�jx�{�|i�oqjlk ^ `.y?jly�y�¦|a8ntfuw
©poN´ oli zu`Zi���oq©p¾�fuoqa8nªjl©�i `Z�{i�`.y�`.fUh�jxh�npoqfOol§'h ^ `��l`.©po�kZnphË¾­¯�`.©tz<�¹�lv|��v+={v����ºnty�h ^ ¦{y�ntfUh�i�o�z{¦{km`.z$±

]�^ `Oi�`.a8jlntf{z{`Zi¨ol§?h ^ `O�|jx��`Zi8nty�oli wqjlf{np¬Z`.z jly�§Poq©t©poN´/yZ±=dgf�y�`.kmh�npoqf��Rv
´~`O�|i�`.y�`.fUh�h ^ `Oi�ol½|¦{y�h�a8olh�npoqf
`.y�h�nta«jxh�npoqf §FiWjla�`Z´~oli µ ol§�nªf7h�`Zi�`.y�hZ± ]�^ `J`.y�h�nªa8jxh�npoqf nty¨�{i�`.y�`.f7h�`.z jly�h ^ `¼nªf{kmi�`.a�`.fUh�jl©Ba8ntf{nta«np¬.jxh�npoqf[ol§®j
wq©pol½|jl©	`.fu`Zi wl¾«§�¦{f{kmh�npoqf$± ]�^ `�ol½���`.kmh�np�l`�§�¦{f{kmh�npoqf�kmoqf{y�nªzu`Zi�`.z ^ `Zi�`lvuntfU�loq©p�l`.yBi�ol½|¦|y�h~`.y�h�nta8jxh�oli yBh�o�zu`.jl©�½�olh ^
´/nph ^ y��|jxh�ntjl©�z|nty�kmoqfUh�ntfU¦|nph�np`.y�ol§®h ^ `��l`.©toRkZnphË¾=¯|`.©tz jlf{z�´/nph ^ ©tjxi wl` zu`Z��ntjxh�npoqf{y8§Fi�oqa h ^ ` z{jxh�j#a�o�zu`.©Ó±�d5f
y�`.kmh�npoqf#bRvº´
`��{i�`.y�`.fUh�h ^ `��{i�ol��oqy�`.z a¨¦{©ph�ntwli ntz §Fi jla8`Z´~oli�µ	±>�®¦ui¥jx�{�|i�oqjlk ^ nªy®�Hjl©tnªz{jxh�`.z �U¦|jl©tnph�jxh�np�l`.©p¾°jlf{z
�R¦{jlf7h�nth�jxh�np�l`.©p¾¨oqf�i�`.jl©u´
oli ©tz�jlf{z«y�¾RfUh ^ `Zh�ntk�y�`��U¦u`.f|km`.yZ± ]�^ `.y�`�`m»���`Zi nta�`.fUh�jl©�i�`.y�¦{©th�y*jxi�`�i�`Z��oli�h�`.z8ntf�y�`.kmh�npoqf
=u±
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A h�jlf{z|jxi z[ol�{h�nªkZjl©¹r ¶ o�´ `.y�h�nªa8jxh�oli y�jxi�`�½|jly�`.z#oqf#h ^ `«´
`.©t©:µ�fuoN´/fB' � � � C3D)� � '�EFCG')-H%&� !ID)�"-J��.LKNM�O10�`��U¦|jxh�npoqf
�¹�;:��Í± ]�^ nªy z|n¹¸	`Zi `.f7h�ntjl©U`��R¦{jxh�npoqf$v7nªy�y�¦u`.z¨§Pi�oqa j®©tntfu`.jxi nt¬.jxh�npoqf¨ol§|h ^ `�½{iWnpw ^ h�f{`.y�y'kmoqf{y�h�jlf{km¾�jly�y�¦{a8�{h�npoqf$vl©tntf{µRy
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h ^ `«y��|jxh�npoxrÍh�`.a���oli jl©*wliWjlz{np`.fUh�y�ol§Bh ^ `«©t¦{a«ntf{jlf{km`�h�o¼h ^ `­¦{fuµ�fuo�´/f²�l`.©toRkZnphË¾²�l`.kmh�oli.±Jdgf oliWzu`Zi¥h�o¼`.y�h�nªa8jxh�`
h ^ `®hs´
o8kmoqa���oqfu`.fUh�y
ol§ºh ^ `®�l`.©po�kZnphs¾­�l`.kmh�oli.v|j %3� ';' ��� -1#&%3%
�|i npoli
oqfJh ^ `?y�oq©t¦uh�npoqf�ntyB¦{y�¦{jl©ª©p¾�kmoqa�½|nªfu`.z�´/nph ^
nph�h ^ i oq¦uw ^ i�`Zwq¦{©ªjxi np¬.jxh�npoqf<����v��5=|vº�;:��Í±

� ¦u`¨h�oJh ^ `¨z|n¹¸	`Zi `.f7h�ntjl©�f{jxh�¦ui�`¨ol§(h ^ ` KQM Oºv�h ^ nty�y�h�jlf{z{jxi z°a�o�zu`.©tntfuw­zuoU`.y®fuolh ^ oq©tz�§Foli�©tjxi wl`¨z{nªy��|©tjlkm`mr
a�`.fUh�yZ± ] o°kZnpi kZ¦{a��l`.fUh�h ^ `8�|i�ol½|©p`.aOv�´~`�kmoqf{y�ntz{`Zi�jlf ntf|kmi�`.a�`.fUh�jl©(`.y�h�nta«jxh�npoqf[ol§Bh ^ ` ¶ o�´�¯|`.©tz[kZjx�{h�¦{i�`.z
½�olh ^ ½R¾8h ^ `?ol�{h�ntkDr ¶ o�´·a�¦|©ph�npi�`.y�oq©ª¦uh�npoqf8y�`Zh�¦{� ���uv	�l�lv��5=��$jlf{z­½U¾8h ^ `?a¨¦{©ph�npwliWntz8y�h�i jxh�`Zwl¾2� %(#$4 D��
#GD C�� !I#5%5'��
� ��� �,')- � #�	�#5�N�¹�;��v	���(�Í± ]/^ `�a¨¦{©ph�npi�`.y�oq©t¦uh�npoqf�§Pi jla�`Z´
oli�µ¼ntfU�loq©p�Rnªfuw�j8�R¾Ui jla«ntz{jl©�zu`.kmoqa8�	oqy nph�npoqfOol§'h ^ `¨nta8jxwl`
z{jxh�j8nªy
y�h�jlf{z{jxi zOjlf{z¼´~oqf�� h�½�`®`.a�� ^ jly�np¬Z`.z ^ `Zi�`.nªf$±'dgfJh ^ `�§Poq©t©poN´/ntfuwuv�´
`¥y ^ jl©t©�jly�y ¦{a�`�h�o�´
oli�µ�jxh�j�wqnp�l`.f
i�`.y�oq©ª¦uh�npoqf°ol§~h ^ nty®y�h�i ¦{kmh�¦ui `l±9��o�´
`Z�l`Zi.v oqfu` ^ jly®h�o¼µl`Z`Z� nªf°a«ntf{z°h ^ jxh�h ^ `�`m»��{i�`.y�y npoqf²jlf{z kmoqa��|¦uh�jxh�ntoqf{y
jxi�`�a8`.jlf7h�h�o«½	`�i `Z�{i�o�z{¦{km`.zOjxh�`.jlk ^ i�`.y�oq©ª¦uh�npoqfO©p`Z�l`.©�jlkZkmoliWz{ntfuw8h�o­j�kmoqjxi y�`�h�o8¯�fu`¥y�h�i jxh�`Zwl¾l±

� `Zh
¦{y
fuoN´ jly�y ¦{a�`/h ^ jxh
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½�olh ^ oqf !I# � ��� D)! � !&�,4�%?jlf{z D 4 D � �LD�� ��	)# � !&� 4�%D±�d5f²h ^ `�¯|iWy�h�kZjly�`lvºh ^ `�a¨¦{©ph�npwliWntz a«ntf{nta8nt¬.jxh�npoqf nªy?jly y�oRkZnªjxh�`.z
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jlf{z¼nt§ �����Rvº�®oli��8§Foli ���
���

£ `=a�¦{y�h¼oq¦uh�©tntf{` h ^ jxh�h ^ `#z{n¹¸�`Zi�`.f7hO�|i�ol��oqy�`.z jl©pwloli nth ^ a8yO´
`Zi�` iW¦{f ´/nph ^ h ^ ` y�jla�`=y�`Zh¼ol§ ^ ¾U��`Zi�r
�|jxi jla8`Zh�`Zi y .�y�`Z` ] jx½|©t`8�W0W±

]�^ `/k ^ oqnªkm`/ol§�h ^ `/hË´~o¨i�ol½|¦|y�h*`.y�h�nta8jxh�oliWy
Q
A jlf{z

Q
F ^ jly(½�`Z`.f�½�jly�`.z8oqf ^ `.¦ui nty�h�ntk�kmoqf{y�ntz{`Zi jxh�npoqf{y(jxiWnty�ntfuw

§Pi�oqa�oq¦{i
`m»���`Zi np`.f{km`l± A nªf{km`/§Pi�`��R¦u`.f7hBjlf{z�©tjxi�wl`®zu`Z��ntjxh�npoqf{y~§Fi oqa�h ^ `?½{i ntw ^ h�fu`.y y~kmoqf{y�h�jlf{km¾«jly�y�¦|a��{h�npoqf�jxi�`
a�oli�`�h ^ jlfO©tnpµl`.©p¾�h�o8o�kZkZ¦ui.vuj�y�h�i oqfuwq©p¾­y jxh�¦ui jxh�ntfuw�`.y�h�nªa8jxh�oli/y�`Z`.a8yBh�o�½�`®´
`.©t©�y�¦{nph�`.z�h�o�h ^ `¥kmoli�i `.y���oqf{z{ntfuw
kmoqa���oqfu`.fUh�ol§~h ^ `¨`.fu`Zi�wl¾�§�¦{f{kmh�ntoqf$± £ `8y�`.©t`.kmh�`.z � `.kZ©p`Zi k � y®`.y�h�nªa8jxh�oli>� �x�)�

Q
AW.=X 0V?� �3g=`m»R� . g X F�� u FA 0 .�y�`Z`

6'npwu±:� 0W±
�®f«h ^ `?kmoqfUh�i jxi�¾lvuj¨y�ol§Ph�`Zi
y�jxh�¦{i jxh�npoqf .�nÓ± `l±pvuj�y�©poN´~`Zi�zu`.kmi `.jly�ntfuw�i jxh�`�ol§$h ^ `/`.y�h�nta«jxh�oli�� yBzu`Zi np�xjxh�np�l` 0
y�`Z`.a8y:h�o�½�`�½�`Zh�h�`Zi~jly:§Pjxi
jly(i�`Zwq¦|©tjxi np¬.jxh�npoqf«nty:kmoqf{km`ZiWfu`.z$± £ `�k ^ oqy�` 	®`.a8jlf­jlf|z 
 k���©t¦ui�` � y:`.y�h�nta8jxh�oli	�¹�.b��IH
Q
F�.=X 0�?� �  �  ���  .�y�`Z` 6 ntwu±~� 0W±

6uoq©ª©po�´/nªfuw � b��Ív �R¦{jlfUh�nph�jxh�np�l`¼kmoqa���jxi jxh�np�l`¼i�`.y ¦{©ph�y�oqf �����
	���
 � 	Ojlf{z oqf ����� 	�����	���	 �[jxi�`��{i�o���ntzu`.z=§Poli
z{n¹¸�`Zi�`.fUh/jl©pwloli nth ^ a8yZ± 6uoli®`.jlk ^ `.y�h�nªa8jxh�`lv	jlf{wq¦{©tjxi�z{`Z�Rntjxh�ntoqf{y�´/nth ^ i�`.y���`.kmh�h�o«h ^ `�i�`.jl© ¶ o�´ jxi�`�kmoqa���¦uh�`.z
jxh z i�`.©tntjx½�©p`�{­©toRkZjxh�npoqf|y�.Ph ^ `¨��`Zi km`.fUh�jxwl`�ol§~y�¦|k ^ ©po�kZjxh�npoqf{y®nty?h ^ ` z zu`.f{y�nphË¾q{�ol§(h ^ `¨`.y�h�nta8jxh�` 0W±¥d5f°oq¦ui�kZjly�`
h ^ `­�{i�ol��oqy�`.z a8`Zh ^ oRz ¾Rnt`.©tz{y¥jl©p´Bj.¾�y�j¼§�¦{©t©(z{`.f{y�nphË¾l± ] jx½|©t`­��jlf|z<= ©ªnty�hZv §Foli�jl©t©(h ^ `­z{n¹¸�`Zi�`.fUh�jl©pwloli nth ^ a8y
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] jx½|©p`�bqH �Boqa��|jxi jxh�np�l`�i�`.y�¦{©ph�yBoqf � ���
	�� 
 ��	

�{i�ol��oqy�`.z ^ `Zi�`lv|h ^ `�a�`.jlf�jlf{wq¦{©tjxi/`Zi i�oli9. �b 0Bjlf|z¼h ^ `�jly y�oRkZnªjxh�`.z y�h�jlf|z{jxi z¼zu`Z��ntjxh�npoqf .JuQ0W± ]�^ `9O_cZd h�nªa�`.yZv
a�`.jly�¦{i�`.zOoqf¼jfegdihkjml(n_oqpre_c�pso Oºvujxi�`�jl©ty�o�i�`Z��oli�h�`.z¼ntfJh ^ `Zi `l±

]�^ `�h�jx½�©p`�b°i�`.kZjl©t©ty�y�oqa8`Ool§�h ^ `Oi `.y�¦{©ph�y¨�{i�`.y�`.f7h�`.z ½R¾ � jxi�i oqf #(� D�� � .�y�`Z`¼kmoli�i�`.y���oqf{z|ntfuw°i�`Z§F`Zi `.f{km`.y
h ^ `Zi�`.nªfJ0W± ]�^ `Z¾«kmoqf{km`ZiWf�jlfOjlz|jx�{h�jxh�npoqf�ol§Q��oli fJjlf{z A k ^ ¦{f{k µ � yBjl©pwloli nth ^ aOvRh ^ `®½	`.y�h:§�¦{©t©¹rszu`.f|y�nphs¾�jl©pwloliWnph ^ a
.J+�i jly #(� D)� ��0�jlf{z�h ^ `Bhs´
o¥jl©pwloli nth ^ a8y ¾Rnt`.©tz{ntfuw�h ^ `B½�`.y�h'i�`.y�¦{©ph�y.vH½�¦uh�½�`.y�nªzu`.yZvx´/nph ^ i�`.z{¦|km`.z¨z{`.f{y�nph�np`.y . � ¦{kZjly
jlf{zut�jlf{jlzu`lvH6'©p`Z`Zh/jlf{z �l`Z�|y�oqf10wv
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] jx½�©p` =lH � `.y ¦{©ph�y�oqf � �#��	�����	���	 �
�®f �����
	���
 � 	�y�`��R¦u`.f{km`�oq¦ui�a�`Zh ^ oRz{y®jly�y�oRkZntjxh�`.z[h�o�i `Zwq¦{©tjxi®wli ntz{y?�{i o���ntzu`�j 4 #5-+%;#?`.y�h�nta8jxh�`8jl©ªa�oqy�h�jly

wloRoRz[jly¥h ^ oqy�`�ol½{h�jlntf{`.z²´/nph ^ h ^ `�½�`.y�h .�fuoqf�rszu`.f|y�` 0?a�`.fUh�npoqfu`.z a�`Zh ^ o�z{yZ± � `.y�ntzu`.y.v�`m»�km`Z�|h�ntf°h ^ `8kZjly�`8ol§
h ^ `�y nta��|©tnp¯|`.z«jH³­f{`�a�o�zu`.©Óv�h ^ `�y�h�jlf|z{jxi zOzu`Z��ntjxh�npoqf¼jxi `¥y�npwqf{n¹¯	kZjlf7h�©p¾�©po�´
`Zi�`.z$±

�®f�½�olh ^ y�`��R¦u`.f{km`.y � ���
	�� 
 ��	�jlf{z ����� 	�����	���	 ��v	h ^ `¥½�`.y�h�i�`.y ¦{©ph�y�jxi�`�ol½{h�jlntfu`.z�§Foli?a�¦|©ph�np�|©p`®�|jxiWjla�`Zh�`mr
i np¬.jxh�ntoqf¼a�o�zu`.©ty�oqf�i�`Zwq¦{©tjxi�wliWntz{yZ± ]�^ nty�nty��|jxi�h�ntkZ¦{©ªjxi ©p¾­f{olh�ntkm`.jx½|©p`¥´ ^ `.fOh ^ `�h ^ i�`Z`¥�|jxiWjla�`Zh�i ntk¥a8oRzu`.©ªy�jxi�`
jly�y�o�kZntjxh�`.z�oli�´ ^ `.fOh ^ ` :NrÍ�|jxi jla�`Zh�`Zi y?jH³­fu`¥a8oRzu`.©$nªy�kmoq¦u�|©p`.zJ´�nph ^ h ^ `�kmoqf{y�h�jlf7h/a8oRzu`.©Í±

]�^ ` ��� a8oRzu`.©:oqf#jlz|jx�{h�jxh�np�l`�wli ntz{y�wqnt�l`.y�h ^ `­©poN´~`.y�h�kmoqa��|¦{h�jxh�npoqf h�nªa�`.yZ± �
oqa���jxi�`.z h�o h ^ `�olh ^ `Zi
a�o�zu`.©ty~oqfJnpi�i�`Zwq¦{©ªjxi:wli ntz|yZvRnth
jl©ty�o�¾�np`.©tz{y:h ^ `®½�`.y�h~i `.y�¦{©ph�yZ±'d5f«��jxi�h�ntkZ¦{©tjxi�vUntf­h ^ jxh�kmoqf7h�`m»�h�a¨¦{©ph�n¹rÍ�|jxiWjla�`Zh�i ntk
a�o�zu`.©ty(z{o�fuolh:nta8�{i�o��l`.z8h ^ `�i�`.y�¦|©ph�yZ±�8Bh:h ^ jxh~�	oqnªf7hZv7©t`Zh:¦{y*i�`.a«jxi�µ�h ^ jxh(h ^ `?kmoqa��|jxi nty�oqf�h�`.y�h~z{`Z�l`.©pol��`.z�½U¾
� jxi�i�oqf<#(�7D�� �~zuoR`.y~fuolh
h�jxµl`®i�`.jl©t©p¾�ntfUh�o�jlkZkmoq¦{f7hBh ^ `®jx½|nt©ªnphs¾�ol§ºj¨a�`Zh ^ o�z«h�o�zu`Zh�`.kmh�a�oli�`?oliB©p`.y�y
jlkZkZ¦ui jxh�`.©p¾
h ^ `�y��|jxh�ntjl©ºz|nty�kmoqfUh�ntfU¦|nph�np`.y
ol§*h ^ `¥�l`.©po�kZnphË¾J¯|`.©tz$±(dgh�a8`.jly�¦ui�`.y/oqf{©p¾Jjlf�j.�l`ZiWjxwl`�z{`Z�Rntjxh�ntoqfO½�`Zhs´
`Z`.f�h ^ `�i�`.jl©
¶ oN´ ¯|`.©tzOjlf|zOh ^ `¥`.y�h�nªa8jxh�`.z¼oqfu`l±
8�y/oqfu`¥´
oq¦{©tzJ`m»��	`.kmhZv�h ^ `�i�`.y�¦|©ph�ol§ ��� jlf{z � � oqf jlz{jx�{h�jxh�np�l`¥wliWntz{y
jxi�`¥�l`Zi ¾���oRoli.± ]�^ `.y�`¥a8oRzu`.©ªy ^ j.�l`�h�o8½�`¥¦{y�`.zJ´/nph ^ j�i�`Zwq¦{©tjxi/y ¦u½$z{np��nty�npoqf­y�h�i jxh�`Zwl¾l±

] o�kmoqa��|©p`Zh�`®oq¦uiBkmoqa��|jxi nªy�oqf{yZvR´~`�y ^ o�´ i�`.y�¦{©th�y:ol½{h�jlnªfu`.z�oqf�j�i�`.jl©	´
oli ©tz�y�`��U¦{`.f{km`l±�6'npwq¦ui�`®b��{i�`.y�`.fUh�y
§PoliOh ^ `[jxh�a�oqy�� ^ `Zi ntk°nta8jxwl` " 	�%�& 	 �
��
 �(�7v®h ^ `°¯�f{jl©?�l`.©po�kZnphs¾ ¯|`.©tz|y«`.y�h�nªa8jxh�`.z·½R¾�hs´
o�z{np¸	`Zi�`.fUhOa�¦|©ph�npwli ntz
`.y�h�nta«jxh�oli yZ± ]/^ `®¯|i y�h ¶ o�´ . 6'npwu±Bb��W0�nty�h ^ `®¯�f{jl© ¶ o�´ ol½{h�jlnªfu`.z¼½R¾ � � oqfOi�`Zwq¦{©tjxi/wli ntz{yZ± ]�^ `¥y�`.kmoqf{z�oqfu`
. 6'npwu±:b�2 0 ^ jly*½�`Z`.f8�|i�oRz|¦{km`.z�½U¾ � � oqf«jlz{jx�{h�jxh�nt�l`/wli ntz«y�h�i ¦{kmh�¦ui ` .Ph ^ `/kmoli�i `.y���oqf{z{ntfuw®¯	f{jl©�wli ntz8nªy:y ^ oN´/f
ntf�¯|wq¦{i�`�b�2 0W± ]/^ `�hs´
o ¶ oN´/y�jxi�`�z{nty��|©ªj.¾l`.zJh ^ `¥y�jla8`¥´
j�¾lv�f{jla8`.©p¾�y ¦u½|y�jla���©p`.z�½U¾ :�jlf{z¼a«jxwqf{n¹¯|`.zJ½R¾ =u±

£ `�kZjlf²fuolh�ntkm`¨h ^ jxh?´/nph ^ h ^ `¨kmoqf|y�h�jlf7h�kmoqf{y�h�i jlntfUhZv	h ^ ` ¶ oN´2nªy�zuiWjly�h�ntkZjl©t©p¾O¦{f|zu`Zi�rÍ`.y�h�nta«jxh�`.z kmoqa���jxi�`.z
h�o8h ^ `�oqf{`¥�{i�o�z{¦{km`.z�´/nph ^ h ^ `¥jH³­fu`¥kmoqf{y�h�iWjlntf7hZ± � `.y ntzu`.yZvuh ^ `�½�©poRk µU´�nty�`�kmoqf{y�h�jlfUh�a¨¦{©ph�npwliWntz«¾�np`.©tz|y
nªfJh ^ nty
kZjly�`¨jlf¼o��l`Zi�rsy�a�oRolh ^ ntfuw­ol§ h ^ `�y�oq©t¦{h�npoqf$±�8?y/j­kmoqf{y�`��R¦u`.f{km`�oqf " 	�%�& 	 �
��
 �(�Uv�©po�kZjl©$§P`.jxh�¦ui�`.y�ol§*ntf7h�`Zi `.y�h/y�¦{k ^
jly
h ^ `®zu`Z�{i�`.y�y npoqf«km`.fUh�`Zi�ntf­©t`Z§Fh
¦u�{��`Zi:kmoli fu`ZiBol§�h ^ `�nta8jxwl`®jxi�`®kmoqf{km`.jl©p`.z$± ]�^ nty~nty:fuolh
h ^ `®kZjly�`®´/nph ^ jH³­fu`
a�o�zu`.©tntf{w�´ ^ `Zi�`�h ^ `�zu`Z�|i�`.y�y�npoqfOkm`.fUh�`Zi�nªyB�Rnty np½|©p`®jlf{z¼a8j�¾J½	`�`.jly nt©p¾­nªzu`.f7h�np¯|`.zOntfOjlf¼jl¦uh�oqa«jxh�ntk�´Bj.¾l±

6'ntf{jl©ª©p¾lv�fuolh�`�h ^ `¨´ ^ oq©t`�a¨¦{©ph�npi�`.y�oq©t¦uh�npoqf��Ha¨¦{©ph�ntwli ntz�jl©pwloli nph ^ a kmoqfU�l`Zi�wl`.y �R¦{ntk�µ�©p¾lv�y�ntf{km`�oqf{©p¾Oh�`.f°oli�y�o
©poN´�kmoqy�h~nth�`Zi jxh�npoqf{y*jxi�`/i�`��U¦|npi�`.z�jxh(`.jlk ^ wli ntz«©p`Z�l`.©Ó±�6{¦ui�h ^ `ZiWa�oli�`lvUjly~zu`.a�oqf{y�h�i jxh�`.z8ntf � ���5��§Foli(h ^ `/kmoqf{y�h�jlfUh
a�o�zu`.©Óv�h ^ `¥i `.y�¦{©ph�ntf{w�a8olh�npoqfO`.y�h�nta«jxh�oli���oqy�y�`.y�y�`.y/j8©po�´ y�`.f{y�nph�nt�l`.fu`.y�yBh�o«��jxi jla�`Zh�`Zi�� y/�Hjl©t¦{`.yZ±
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d5f h ^ nty���jx�	`Zi�v~´
` ^ j��l`��{i `.y�`.f7h�`.z j kmoqa��|i�` ^ `.f{y�nt�l`¼a�¦{©th�npwli ntz §Pi jla�`Z´
oli�µ §Foli�ntf{kmi�`.a8`.f7h�jl©�ol�|h�ntkZjl© ¶ oN´
`.y�h�nta«jxh�npoqf$± ]�^ `��{i�ol½|©t`.a nty�`m»��{i�`.y y�`.z�jly?h ^ `�wq©pol½|jl©ºa«ntf{nta8nt¬.jxh�npoqfJol§(jlf�`.f{`Zi�wl¾¼§�¦{f{kmh�npoqfO´ ^ ntk ^ ntfU�loq©p�l`.y
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