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Abstract: We investigate the use of adaptative multigrid minimization algorithms for the estimation
of the apparent motion field. The proposed approach provides a coherent and efficient framework for
estimating piecewise smooth flow fields for different parameterizations relative to adaptative partitions
of the image. The performances of the resulting algorithms are demonstrated in the difficult context of

a non convex global energy formulation.
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Algorithme multigrille adaptatif et paramétrisation variable pour

P’estimation du flot optique

Résumé : Nous présentons une famille d’algorithmes de minimisation, multigrilles et adaptatifs, de-
diés a l'estimation du champs des vitesses apparentes dans une séquence d’images. Ce schéma de
minimisation est décrit de maniére générale pour différentes paramétrisations du champ des vitesses.
La formulation unifiée ainsi obtenue conduit de facon naturelle et cohérente & estimer sur une partition
adaptée de I'image un champ comme fonction continue par morceaux avec divers degrés concomittants

de paramétrage.

Mots-clé : flot optique, statistique robuste, minimisation globale, grilles adaptatives, algorithmes

multigrilles, paramétrisation variable



1 Introduction

Energy-based models constitute a powerful way to cope with low-level image processing problems. Those
methods are issued either from continuous formalisms such as PDEs or either from discrete modelization
such as Markov random fields. The underlying problems are easily tractable if the energy is convex. One
has then to deal with functions having an unique minimum that may be estimated with deterministic
descent minimization algorithms. However, when it comes to design accurate and robust methods,
able to handle and to locate as precisely as possible discontinuities, energies tend to be non linear with
numerous local minima. The optical flow estimation is not an exception to this rule [5, 9, 10, 19, 21, 25].
Even within an incremental multiresolution formulation of the problem (which is almost inescapable in
case of long range motions to be estimated), one has to deal with a sequence of global optimization
problems which remain tricky.

To cope efficiently with such global energy minimization, we propose here a family of deterministic
optimization algorithms. These multigrid algorithms are extensions of the method proposed in [21].
They allow to properly combine a multigrid minimization strategy with the mutiresolution framework
commonly used in motion analysis. The key idea consists in the minimization of the energy function
through an appropriate hierarchy of subspaces of the whole configuration space. Each subspace is
defined as a set of configurations constrained to be piecewise parametric relative to a certain partition
of the image.

These multigrid minimization algorithms turn out to provide an accelerated convergence toward im-
proved estimates. Furthermore, associated to a dense robust optic flow estimation model, the multigrid
framework provides efficient motion estimators allowing to combine different parameterizations of the
velocity field through an adaptative partition of the image grid. A compromise solutions between local
dense methods [5, 16, 21] involving smothness constraints and global parametric approaches assuming
low order polynomial representation of the velocity field [1, 2, 4, 7] is thus introduced.

The remainder of the paper is organized as follows. In section 2, we present the robust motion
estimation framework of interest. The estimation is presented as the incremental minimization of a
global energy function. The objective function considered here, involves robust estimators to deal both
with spatial discontinuities of the velocity field and with large deviations from the data model. In
section 3, we present the proposed multigrid framework. Our approach is validated qualitatively and
quantitatively on real world and synthetic sequences. These experimental results are reported in section
4.

2 Robust incremental estimation

Standard optical-flow estimators are based on the well known optical flow constraint (OFC) equation

[16]. This differential equation, issued from a linearization of the brightness constancy assumption, links
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the spatio-temporal gradients of the luminance to the unknown velocity vector. In order to estimate
the two components of the velocity vector, a smoothness prior on the solution is usually combined with
it through regularization [5, 14, 16].

Due to the differential nature of the OFC, this standard modeling does not hold for large displace-
ments. To circumvent the problem, we consider an incremental estimation of the flow field captured
both by the optic-flow multiresolution setup [5, 11, 14] and by the multigrid strategy used at each reso-
lution level [15, 21]. The multiresolution framework involving a pyramidal decomposition of the image
data is standard and won’t be emphasized herein. In the following, we shall assume to work at a given
resolution of this structure. However, one has to keep in mind that the expression and computations
are meant to be reproduced at each resolution level according to a coarse to fine strategy.

Let us now assume that a rough estimate w = {w;, s € S} of the unknown velocity field is available
(e.g., from an estimation at lower resolution or from a previous estimation), on the rectangular pixel
lattice S. Let f(¢t) = {f(s,t),s € S} be the luminance function at time ¢. Under the constancy
brightness assumption from time ¢ to ¢+ 1, a small increment field dw € Q C (RxR)® can be estimated

by minimizing the functional H S H + aHs, with [5, 21]:

Hy(dw; f,w) £ pi[V f(s+ws, t+1) dw,+ fis, t,ws) ], 1)
seS

Hy(dw; fw) ) pa [[[(ws + dw,) — (w, + duw,)|], (2)
<s,r1>€C

where a > 0, C is the set of neighboring site pairs lying on grid S equipped with some neighborhood
system v, V f stands for the spatial gradient of f, fi(s,t, ws) = f(s+ws, t+1)— f(s,t) is the displaced
frame difference, and functions p; and po are standard robust M -estimators (with hyper-parameters oq
and 03). Embedded into a multiresolution coarse-to-fine strategy, this incremental approach allows to
estimate large velocities. Functions p; and po penalize the deviations from the data model (i.e., the
OFC) and from the first order smoothing prior, which are very likely to occur (e.g., especially around
occlusions).

Roughly speaking, a robust M-estimator function p is an increasing cost which penalizes large
“residual” values less drastically than quadratic functions do [6, 12, 8]. It can be shown that under
certain simple conditions (mainly concavity of ¢(v) = p(1/v)), any multidimensional minimization pro-
blem of the form “find argming )", p[gi(z)]” can be turned into a dual minimization problem “find
arg ming , Y ;[mzigi(z)? + 1(z)]” involving auziliary variables (or weights) z;s continuously lying in
(0,1]. % is a continuously differentiable function, depending on p, and m £ limy_y04 ¢/ (v). The new
minimization is then lead alternatively with respect to z and to the z;s. If g;s are affine forms, minimi-
zation w.r.t. z is a standard weighted least squares problem. In turn z being frozen, the best weights

have the following closed form:

240) = 28 i), 0
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In our case the weights are of two natures: (a) data outliers weights (related to the dual formulation
of Hy), and (b) discontinuity weights lying on the dual grid of S (provided by the dual formulation of
Hy). The first set of weights, denoted by d = {45, s € S}, allows to attenuate the effect of data for which
the OFC is violated. The second one, denoted by = {8s, <s,r>€ C}, prevents from over-smoothing
in locations obviously exhibiting significant velocity discontinuities. The estimation is now expressed as

the global minimization in (dw,d, 3) of H £ 1 + oMy where:

Hi(dw, 6, 6 f,w) = Y [mudy [V f (s+wg, t+1) dwit fils, t,w,)]) 41 (65)] (4)
seS

Hy(dw, 0, B f,w) = Z [mZﬂsr|‘(ws+dw8)_(wr+dwr)||2+w2(ﬂsr)] . (5)
<s,7>€C

However, the underlying energy function H being non-convex with respect to the unknown variables
of interest, we still have to deal with a tough optimization problem, in spite of the reformulation. In
particular, the alternate minimization procedure is not guaranteed to reach a global minimum, even

though each step is constituted of an exact minimization (but with respect to only a subset of variables).

3 Multigrid minimization

To efficiently cope with our global optimization problem, we design a hierarchical “constrained” ex-
ploration of the configuration space {2: the optimization is lead through a sequence of constrained

configuration subspaces of increasing size
dim(QF) < dim(QF ) < -+ < dim(Q°) with Q° = Q, (6)

and where Q¢ is the set of increment fields which are constrained to be piecewise parametric according
to a partition of grid S. Let B¢ £ {Bt, n=1,...,N;} denotes this partition and S¢ the vertices of the

associated connectivity graph!. Each patch of the incremental field is defined such as:
Vn € 8%, Vs e BY, dw, = ®(©¢,5), (7)
where @f; is a parameter vector. The whole increment can then be expressed:
dw = (@9, (8)

with @% = {@%,n € 5%} lying in the reduced parameter space I'Y. The full-rank function ®¢ is the
interpolation operator between the reduced subspace I'¥ and the full original configuration space Q. It

is a one-to-one mapping from I'¢ into Qf = Im®*.

Let us note that in case of a regular square block partition B¢, the graph S* is a N,-site rectangular grid.
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3.1 Different parameterizations and their mixing

In this work we focus on linear forms of the interpolation operator:
Vn € 8¢ Vs € BY dw, = P,(s)©¢, (9)

where P,(s) is 2 by p, matrix. The corresponding parameter spaces are in these cases Tf=RP X x
RPN¢ . The standard parametric models used in motion analysis correspond to p,=2, 4, 6 or 8 [1, 4].
In this work we will consider three different parameterizations of the configuration subspaces (in the
following x stands for the vertical axis whereas y denotes the horizontal one, the origin point being the

upper left corner of grid S, in this form, z; and y; are the coordinates of sites s).

Blockwise constant model
Here, the configuration of Q¢ are constrained to be piecewise constant over each patch of the partition
Bt

10

l

Vn € 84 Vs € B, P, (s) = 21, ie, dw,=0@ = | " (10)
n n Z
0 1 dvy,

This kind of constraint has been extensively used in a regularization-free context of conventional block-
matching techniques for video coding. It has also been successfully used for the design of multigrid
models with regularization, for motion estimation and segmentation (both in motion analysis [21] and

video coding [23]). Despite its simplicity, this constraint gives fast and excellent results [21, 24].

Piecewise simplified affine model
In this second model the projection between the subspaces I'* and the configuration space Q¢ is described

by a four parameters transformation:

1 0 =z s T
Vn €S Vs € By Puls) = | Pl and ©f = [t gl diot curtt] . (1)
Ys —Ts

This model conjectures that the partition patches correspond to the projection of 3D planar facets
parallel to the image plane with apparent motion restricted to translation, divergence and rotation. It

is known as the simplified affine model.

Piecewise affine model
Usually a more complete affine model is preferred. Here the 3D planar patches of surface are not

anymore supposed to be parallel to the image plane and their motions are confined to rotations around
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the optical axis and to translation in the facet’s plan. The constraint is described by a six parameters

vector:

1 z5 ys 0 0 O r
Vne Vs € By, Pals) = | yO X and ©f, = [af 8 o & o f] -
Ts Ys

(12)

The affine model has been widely used for motion-based segmentation [1, 2, 7] or for the estimation

of dominant motion over the entire image [5, 17, 22]. It is considered as a good trade off between
model complexity and model efficiency [7]. In segmentation applications, the affine model defines the
profile of the flow inside each segment of the associated image partition. The accuracy of the field
estimation depends obviously on the quality of the segmentation. If the considered regions are too
large then a single affine model may badly represents the motion of the associated 3D surface. The
planarity hypothesis are indeed very likely to be violated in this case. On the opposite, since usually no
“continuity” between patches is maintained on the velocity field, smaller regions may lead to inaccurate
motion estimation. This inaccuracy occurs if the linear system to be solved is badly conditioned (in
regions having uniform luminance for example or in areas, such as occlusion regions, where the OFC is
not valid at all). Recently, a blockwise smooth parametric model involving inter-block regularization
has been considered [18]. In this work, the field is constrained to be locally affine on a block partition
and a regularization term in the parameter space is added in order to enforce smoothness across patches.
However, the regularization prior considered does not allow to easily support different parameterizations
of the flow field. Furthermore, this approach is not defined hierarchically and thus implies to consider
mixture of models when the block involves several motions or a complex motion profile. The unknown

number of mixtures components has to be estimated with an EM-type algorithm or some of its variants

[2].

3.2 Multigrid energy derivation

Let us now see more precisely how these different parametric models may be embedded within an
unified hierarchical minimization scheme over constrained configurations subspaces Qf. Recalling that

our purpose is to build a hierarchy of such subspaces the partitions have to satisfy the following property:
vne S 31 ne S BE ¢ BE, (13)

which expresses that B¢ corresponds to a subdivision of elements of Bt!. This induces a natural tree
structure for which 7 is the parent of n.

The constrained optimization in Q¢ = Im®* is obviously equivalent to the minimization of the new
energy function:

HU(O®, 8, 8; f,w) = H(@4OF), 4, 8; f,w),
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defined over I'Y, whereas the weights, the data, and the field to be refined remain the same (i.e., defined
on the original grid S). From this family of energy functions, we are now able to define our minimization

scheme as a cascade (from £ = L to £ = 0) of optimization problems of reduced complexity:

(6',5,8) = argmin H'(0',6,5; 1w + 310", £=1L,....0, (14)
'Yy wv£

~ l
with @ = 0. The field ®¢ € T lies on the reduced grid S¢ whereas the weights and the main velocity
4l
components, w! = w! + iR (C) +1), are attached to S, whatever the grid level /. The initial field

w? = wlt!

= w comes from an estimation at a coarser resolution or from a given initialization.

Each of these successive minimizations are processed in terms of iteratively reweighted least squares
and a multigrid coarse-to-fine strategy is developed: the increment field estimated at level ¢ + 1,
Bt (dw't!) is added to w! to form the new main component of the velocity field wt, f(t) is warped
accordingly for the computation of the spatial and temporal derivatives and a new increment is then
estimated at level £. This procedure is repeated until the finest level £ = 0 is reached.

The new multigrid energy functions? #¢ may be easily derived from the original one (4-5). They

are also composed of two terms H’ = H{ + aH5 where ¢ and H§ are respectively:

HE =D ) md, [Vf(s +w’ t+1)TP,(s)®F + fi(s,t, wf;)]2 + 11 (65) (15)

neSt seBy,

and

Hé = Z Z mQBsr

<n,m>eCt <s,r>eCt .

Y ma

neSt <s,r>ect

(! + Pa(5)0%) — (! + Pa(r)OL)|| +a(Br) +

(16)

(wl + Po(5)08) — (wh+ Pa(r)@)| + 1p2(Ber)

where C¢ = {<s,7>€ C :<s,r>C Bt} is the set of neighboring site pairs included in patch B: and
ct 2 {<s,r>eC:s¢eBire B} the set of neighboring site pairs straddling B: and B.. All
possible Cﬁ and Cf;m site sets form a partition of C. Reduced site set S¢ turns out to be equipped with

¢ 3. The corresponding neighboring pair set will be denoted by C¢. In

a new neighborhood system v
‘Ho, we consider different hyper-parameter values, my and m3, depending on whether the site pairs are
inside a patch or straddling its border. A low value of this hyper-parameter inside each patch (i.e., a
reduced regularization) will allow us to favor a larger class of affine motion increments inside each block

since all the variables are then almost decorrelated. The last term of Ho can thus be made negligible.

*We use here the dual form of M-estimators. This could as well be described in their initial formulation.
3In case of regular partition with 2° x 2° blocks, v* turns out to be the same neighborhood system as the original one

v (see [15]).

INRIA



3.3 Energy minimization

. Al . .
The current reduced parameter estimate ® being fixed, we know that the optimal weight values are

directly accessible. According to (3), in combination with energy definitions (15-16), these values are:

Vs € Bl b= ) [(v (s+wk, 1+ 1) Pa(s)Op+ il 1, wf;))Z] , an
1
<5, Chy B = 04 | (w4 Pa(0000) — (w4 Pu O[] (18)
2

~ 1 A
V<, r>€Ch o = o) [Hwﬁ —w! + (Pu(s)= Palr)©,

2] . (19)

It is worth noting that according to (19), the discontinuity variables 3, located into patches of B
(ie., <s,r>€ Ct for some n € S%) do not depend on translational components of @. In the piecewise

¢, In such case, they can be computed right away at

constant case they therefore only depend on w
the first iteration at the current grid level. As soon as the values of weights are computed and frozen,
the energy function H(@%, 6, 5; f, wt) is quadratic with respect to ©F. Its minimization is equivalent
to the resolution of a linear system whose solution is searched with an iterative Gauss-Seidel scheme.
Each update is obtained by solving a linear equation in G)fl for the current block BY. This equation is

detailed in the Appendix for the three different possible parameterizations of dw on Bf;.

3.4 Adaptative grids

The different parametric models previously presented do not imply the same computational load. Fur-
thermore, they are different in terms of locality and accuracy. For example the six parameter affine
model allows to describe the global motion profile of large areas whereas the constant model is accurate
only for small patches. In order to better fit the content of the image, it seems interesting to mix
different levels of parameterization along with an adapted partionning. Such an adaptative structure
must be able to remain coarse grain on region where the flow field may be approximate with a good
accuracy on the basis of a general parametric model (i.e., six or four parameter affine model). If the
motion of a region cannot be satisfactory described that way, then the description should be locally
refined with a more accurate model lying on a finer subdivision of the region. Such adaptative grids
are considered in [26] where a blockwise parametric motion model (a spline based description) is locally
refined on smaller blocks if the mean square error between frame () and the frame (¢ + 1) backward
registered exceeds a certain threshold. However this approach does not make use of regularization. A
different approach based on finite elements method considers a threshold on the normal flow field (which
are directly accessible from the OFC) [9]. In this case the computation of the adaptative grid is done
a priori. Our robust incremental motion model permits to directly have access to such information

through the data auxiliary variables * and to use it on line. We consider an adaptative grid structure

“More precisely, they account for the linearized errors between the frame (¢ + 1) backward registered and frame (t).
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relying on the following subdivision criterion: at convergence on the current grid level, a patch is split in

four parts if the standard deviation of the data outliers on that patch is greater than a certain threshold.

4 Experimental results

In this section we present results obtained both on synthetic and real-world sequences. The first se-
quence, Yosemite, is the most complex (though synthetic) sequence from the comparative study by
Barron et al. [3] for which a “ground-truth” exists. The second test sequence named Affine-meteo,
have been obtained by applying a complex motion field composed of a spatial linear combination of five
6-parameter affine motion on a real image (Fig. 3a). This synthetic benchmark is a difficult example

since the different moving regions create large motion discontinuities (Fig. 1).
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Figure 1: Synthetic motion field

The third one named Depression (Fig. 3a) is a meteorological sequence involving large displacements.
It includes a through of low pressure and some moving clouds driven by different motions.

In our experiments we have tested different motion estimator arising from our approach. First of all,
though our multigrid scheme being defined for any partition of the image, for sake of simplicity we will
consider here only square block partitions. The multigrid framework has been evaluated for the three
kinds of constraint previously described. This yields different estimation models which have been run
both on regular grids and adaptative grids. In the first case, the multigrid minimization is associated
to a regular and complete subdivision scheme leading to consider a single parametric class at every
grid level. Whereas, in the second case we have to deal with irregular grids issued from the adaptative
subdivision strategy described section 3.4 and where the type of parameterization on each patch may

depend on its size.
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Yosemite | Affine-meteo | Depression
number of resolution levels (N + 1) 2 2 3
number of grid levels at each resolution (L + 1) 5 6 5
smoothing parameter o 320 50 200
parameters o; tuning p; 6 7 7
parameters o9 tuning po inter blocks 0.7 0.1 0.3
parameters o3 tuning p9 intra block 0.001 0.001 0.05

Table 1: Parameter values for experiments on the three sequences

The different estimation models are denoted Mg, My, M2, Mg 4, Mg 2 and Mg 42. The first
three concern respectively the 6-parameters affine models (Mg), the simplified affine model (My4) and
the constant model (Mz2). The others are multi-parametric versions where several parameterizations are
successively imposed (regular case) or mixed (adaptative case). Mg 4 associates the 6-parameters affine
model and simplified affine model whereas Mg 2 involves constant model and affine model and finally
Mg 4,2 includes the three models. The finest grid level (resp. the finest block size in case of adaptative
grids) actually considered in the single parametric estimation model depends on the parameterization
used. It is £y = 3 (8 x 8 blocks) for Mg, £y = 2 (4 x 4 blocks) for My, and ¢y = 0 for Ma. By
contrast, the current parameterization to consider in the multi-parametric versions depends on the grid
level (resp. the block size). We imposed to have the 6-parameter affine model in Mg 4, Mg 2 and
Mg a2 if £ > 2 (resp. |BY| > 4 x 4). For Mg 4 and Mg 42 we used the simplified affine model if £ = 2
(this level being the finest grid level for Mg 4). The constant model is involved if /=1 or 0 for Mg 4,2
and if /=2, 1 or 0 for Mg 2

We must outline that the different proposed algorithms were run with the same set of hyper-
parameters (see Table 1).

The choice of the two robust estimators p; and p2 has been based on heuristic considerations arising
from our experience. Since frequent and large deviations from the brightness constancy assumption are
more than likely to occur, a strongly saturating estimator seems to be well suited to the corresponding
component of the energy function. We selected Leclerc’s estimator [20] pi(u) = 1 — exp(—u2/0?) (see
Fig. 2). On the contrary, a softer saturation (i.e., a slower decreasing rate of the estimator’s derivative)
seems to be better as far as regularization is concerned. We chose Geman and McClure’s estimator [13]:
pa(u) = % (see Fig. 2).

Following [3], quantitative comparative results on Yosemite and on Affine-meteo are provided for
different algorithms. For each estimate, angular deviations with respect to the real flow are computed
at “reliable” locations (the percentage of such locations is the “density” of the estimate). In our case

the proposed method yields always a full density. Table 2 and 4 list, for all the different algorithms
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Figure 2: Leclerc’s estimator and Geman-McClure’s estimator.

Regular grids Adaptive grids

7 ‘ o ‘cpu model ‘ 7} ‘ o ‘cpu

model ‘
Mg 5.07° | 7.20° | 34s || Mg 5.09% | 7.20° | 28s
My 5.56° | 9.20° | 72s || My 6.57° | 9.20° | 58s
M, 4.97° | 7.64° | 64s || M2 6.53° | 7.64° | 42s
M4 5.01° | 7.23° | 58s || Me,4 5.17° | 7.62° | 44s

y

M2 4.69° | 6.89° | 78s || Me,2 5.25% | 7.87° | 72s

i)

Meayz | 4.75° | 6.89° | 925 || Mgz | 5.31° | 7.86° | 73s

Table 2: Results on Yosemite

Technique ‘ 7} ‘ o ‘ dens.‘

31.18° | 100%

H. and S. (original) 31.69°

Horn and Shunck (modified) | 9.78° | 16.19° | 100%
8.94° | 15.61° | 100%

Uras et al
Lucas and Kanade 4.28° | 11.41° | 35.1%
Fleet and Jepson 4.63° | 13.42° | 34.1%

Table 3: Comparative results on Yosemite

proposed here, the mean angular error (i) and the associated standard deviation (¢). The CPU times,
measured on a SUN ULTRA SPARGC, are also reported in there.

The table 3 recalls some of the results presented by Barron et al. (see corresponding references
therein). They concern an adaptation of Horn and Schunck’s algorithm, the best full-density algorithm
(Uras et al.) and the two algorithms yielding the best results, but besides, with reduced densities (Lucas

and Kanade, Fleet and Jepson) °

5Other results on a sequence where the sky is removed is sometimes considered by other authors [5, 18, 21]. We believe

that the resulting motion is probably too simple to yield significant differences between the different state-of-the-art motion

estimators.
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Regular grids Adaptive grids

model ‘ 7 ‘ o ‘ cpu || model ‘ 7} ‘ o ‘ cpu
Mg 2.86° | 4.57° | 27s || Mg 3.64° | 5.03° | 20s
My 4.13° | 5.15° | 65s || My 5.67° | 6.26° | 4T7s
M 3.62° | 5.19° | 61s || M2 6.20° | 7.51° | 42s
Mg, 2.70° | 4.99° | 46s || Me,a 3.82° | 4.98° | 33s

y ’

M2 2.49° | 3.82° | 67s || Me,2 3.78° | 4.29° | 51s

i) ’

M6,4,2 2.62° 5.14° 78s M6,4,2 3.87° 5.58° 51s

Table 4: Results on Affine-meteo

On Yosemite sequence our methods associated to regular grids provide a dense estimate almost as
good as those obtained with the best (non-dense) mentioned methods. Besides, except in the case of
the simplified affine model, the standard deviation are significantly lowered.

On both sequences Yosemite and Affine-meteo, the best results are obtained for multiple paramete-
rization models on regular grids. This is particularly noticeable when the three parametric models are
associated or when the 6-parameters affine model is coupled with the constant model.

The Mg model on adaptative grids gives the lowest computation times. Compared to the other
models on irregular grids, it also yields the best results. In particular, in that context multi-parametric
models do not improved the results. At that point, let us remark that the comparison test developed by
Barron et al. does not take really into account the ability of a method to detect more or less accurately
the spatial discontinuities of the velocity field. It measures only an average deviation between the real
flow field and the estimated one. As one would expect, the result of M4 and My on adaptative grids
are very poor. These models have to be used with a regular subdivision strategy.

To complete our comparisons, we show results obtained on a real world sequence. Figure 3 presents
for the atmospheric image Depression, the final velocity fields estimated by two different multigrid
estimators. The first flow (Fig. 3c) is the final flow obtained by My on regular grids. The second one
(Fig. 3d) has been produced by Mg on adaptative grid structure (the corresponding final grid is shown
in figure 3d). The two flows are displayed the same way, namely subsampled by 6 and magnified by 4.

We can notice that with the constant constraint, the flow is drastically under-estimated compared
to the one produced with the affine constraint. Besides, the blockwise constant multigrid yields in this
case an over-smoothing of the solution. As a consequence on Depression, local features of interest such
as the depression center in left upper corner of the image are concealed. This is not the case with affine
modeling where the depression center is visible and may be easily identified in an automatic way.

Finally, note the whole multiresolution/multigrid algorithm converges quickly, since only ten or so
low cost iterations are required at each grid level. Furthermore, as demonstrated in [21] for the constant

model, the resulting motion estimator possesses a low sensitiveness to parameter’s values.
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Figure 3: Results on Depression: (a) one frame, (b) final adaptative grid, (c) flow estimate with the
constant regular multigrid algorithm (cpu: 105s), (d) flow estimate with the affine adaptative multigrid

algorithm (cpu: 24s)




5 Conclusion

In this paper, we have presented a comprehensive multigrid framework for incremental optical flow
estimation. The problem is expressed as the global minimization of an energy function which involves
robust estimators to avoid spatial over-smoothing and to attenuate the influence of large deviations
from the OFC. The minimization is efficiently performed through a multigrid algorithm which consists in
imposing successively weaker and weaker constraints on the searched estimates. The formulation of this
framework is general and allows to mix different parameterization levels of the flow field. Furthermore,
it yields a unified and coherent description of an hierarchical motion estimators family which gives
good results on sequences involving fluid or rigid motions [21]. Better results should even be obtained
by driving the adaptative partition with an extra photometric criterion. This should allow a better

estimation of the discontinuities and therefore provide more efficient schemes.

Appendix: Gauss-Seidel multigrid iteration for multiple parameteri-

zation on variable grid

For the sake of concision, we shall denote V f(s) £ V f(s+w?,t+ 1) the spatial gradient in the second
image, displaced according to w’, and ft(s) = fi(s,t,wt) the displaced frame difference. Now, if B,
is the current block in the iterative visit process implied by Gauss-Seidel method, one has simply to
minimize #¢ with respect to @f;, the total field outside B¢ being frozen. The fraction of energy actually

concerned is thus:

HE(©L,6.0; fLw) =m1 3 8, [V1(s) Pals)®% + fils)]

seBt
2
+ amg Z Bsr wﬁ + Pn(S)G)fL — Wr (20)
<s,'r>€C§n
2
+ amg Z Bsr ('wﬁ + Pn(s)@f;) - (wf + P”(’r)efL) )
<s,'r>EC£

where an 2 Ume,,z(n)Cﬁm is the set of cliques of C straddling the border of BY. The increment field
on the neighboring sites of the block is defined by different parameterizations relative to different parts
of the (possibly) irregular grid S*: for m € v¥(n) and < s,7 >€ Cppm, dw, = P, (r)®% . However, the
only thing of actual interest when updating @ is the total field w, = wt + P, (r)©%,. As a conse-
quence, in the following computations, the regularization is taken into account whatever the neighboring

parameterizations are, thus allowing to simultaneously support different parametric models.
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Writing that the partial derivative of this piece of energy vanishes, one gets:

ONHL(®L,8,6; f,w

)y 3 6P () [ 1) Pa()0) + ()]

l
o6y, seBL
+ amg Z Bsr Pa(s)T [wf; + Py(s)@f — w’r]
<s,r>€C§n (21)
tams 3 Bur(Pals) = Par)T [l —w! + (Pa(s) — Pa(r) @] =0.
<s,r>€C£

A compact vectorial formulation of this equation can be achieved by introducing the following matrices
and vectors indexed respectively by the sites of block Bﬁ, the cliques (i.e., interstitial sites) inside the

block, and the cliques straddling the border of the block:

4, % £ |fus)| o and An = diag(---, 8, o) en,
seBL : sEB],
A A .
Cn = Pn(s) — Pn('r) y and Bn = dla.g(' Tty ,657-]12, st )<S,'I‘>EC£’
<s,r>€Ct
A A .
C@n = Pn(S) s and Ban = dlag(' Ty ﬁsr]ba Tt )<S,T>€C§m’

<s,r>EC§n

as well as the following block-wise and border-wise averages:

— a1 . A
®6n = b_ Z ﬂsrPn(s)T(w'r - ’wg), with bg, = Z Bsr
on <s,r>€C§n <s,r>€C§n

O, 21 Y BulPals) — Palr)) (ol —wl), with b, 2 Y B

n
<s,;r>eCt <s,r>€eCt

Linear equation (21) then reads:

[mlAZ;AnAn + amQCaTnBanCan + amgc’anCn] @f; = —mlAZAnFn + amgban@gn + amgbnﬁﬁ.
(22)

The direct resolution of this p, X p, linear system provides the updated value of parameter vector
@Y. In this equation, matrices A,, C, and Cjy,, and vectors @f; and 6f;n depend on the type of
parameterization associated with block Bf;. Let us give their expressions (when simplified forms are

available) for the three levels of parameterization (p, = 2, 4, and 6).
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Constant model : In this case P, = Iy, yielding AL =[--- V f(s)- - lsents Cop = [--12---], Cp =0,
@f; =0, and @gn = ﬁ E<S,T>€C§n Bsr(w, — wt). Equation (22) simplifies as follows:
(22) & (miATALA, + amgbonly) O = —my ATALF,, + amabs, @,
1 — 1
& <;A£AnAn + ]I2> =0, - ;A%AHFH, with v £ amgbgnmi

¢ YATAL (A, + F,) + deth, O, + comA, ALA, F,,

el — _ ith A, = Ay A,.

A | Ts

Simplified affine model : In this case P,(s) = [I2 p(s)] with p(s) , yielding:

Ys —Zs

I p(s)

anBaann = Z Bsr
s) (23 + ¥l
<s,r>€ecCh, p( s s
Cr'B,C, = b,diag(0,0,1,1)
., 1 0 0 1
bn®, = Z Bsr 0 1 ('wf - wf;) + Z Bsr 10 ('wf - wﬁ)a

<s,r>€Ch(3) <8,r>€CH (o0)

where C’(3) (resp. C%(+s)) contains cliques of C% lying along the z-direction (resp. y-direction).

Affine model : In this case P,(s) = I, ® e(s)T, with e(s)T £ [1 z5 ys], yielding the following

expressions for the matrices and vectors involved in equation (22):

ALA A, = 36, (VIEVIE)T) @ (e(s)e(s)”)

seEBL

ChBonCon = Li® Y. PBae(s)e(s)”

<s,r>€C§,
ChBnCn = L® Y Pules)—e(r)(e(s) —e(r)”
<s,r>€Ct
= [ ®diag | 0, Z Bsrs Z Bsr
<s,r>€eCt(3) <8,r>€CE (ee)
ATALF, = ) 6,£i(s)VF(s) ®e(s)
seBL
—f
bon®gn = Z Bor (wy — 'wg) ® e(s)
<s;r>eC§,
—
0O, = Y Bulw; —wl) @ (e(s) —e(r))
<s,r>eCt
= Y Bewl-whe10T+ Y Bewi-w)eDo1.
<s,r>€CL(3) <8,r>€CL (o)
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