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ABSTRACT

~ We consider a steady-state heat conduction problem in a multidimensional bounded domain §
which'has» a regular boundary I’ composed by the union of two parts I'; and Fé. VVe assume, wit.hout
loss of generality, that the meiting temperature is zero degree centigrade. We consider a source term g
in the domain. On the boundary I'y we have a positive heat flux q and on the boundary I'; we have a

Signorini type condition with a positive external temperature b.

We obtain sufficient conditions on data q, & b to obtain a cha.pge of phase (steady-state, two-
phase, Stefan-Signorini problem) in £, that is a temperature of non-constant sign in 2. We use the:
elliptic variational inequalities theory. We also find that the solution of the corresponding elliptic
variational inequality is differentiable with respect to the Neumann datum q on T',. Several properties

already obtained for variational equalities can also be generalized for variational inequalities.

Moreover, by using the finite element method, when Q is a polygonal domain, we also obtain
sufficient conditions on data to obtain a steady-state, two-phase, discretized Stefan-Signorini problem
in the corresponding discretized domain, that is a discrete temperature of non-constant sign in . Then,

error bounds between the continuous and discrete sufficient conditions are obtained in terms of the

finite element approximation parameter h.
RESUME

On considére un probléme stationnaire de conduction de la chaleur dans un domaine
multidimensionnel borné Q qui a une frontiere réguliére I donnée par I'union de deux parties '}
et I'> . On suppose, sans perte de généralité, que la température de changement de phase est 2Erc
grade centigrade. On considere une source g dans l¢ domaine. On a un flux de chaleur q positif
sur [, et une condition de type Signorini sur 'y avec une température externe b positive.

On obtient des conditions suffisantes sur les donndes q, g b pour obtenir une
température de signe non-constante dans Q. On utilise 1a théorie des inéquations variationnelles
elliptiques. On obtient aussi que la solution de I'inéquation variationnelle elliptique associce est
dérivable -par rapport & la donnée de Neumann q sur I'» On généralise aux inéquations
variationnelles des propriétés d¢ja obtenues pour des équations variationnelles.

En plus, en utilisant la méthode des éléments finis, quand Q est un domaine polygonal,
on obtient des conditions suffisantes sur les données pour obtenir un probleme stationnaire
discret de Stefan-Signorini a deux phases dans le domaine discret correspondant. ¢’est-a-dire une
tempdrature discréte de signe non-constante dans Q. Par ailleurs, des estimations de I'erreur

entre les conditions suffisantes continues et discretes, en fonction du paramétre h de

I’approximation par éléments finis, son aussi obtenues.

Key words. Steady-state Stefan problem; Stefan-Signorini problem, free boundary problem.
finite element method, mixed elliptic problem, numerical analysis, variational inequalities , error
bounds. ' '

Mots Clés. Probléeme de Stefan stationnaire. probleme de Stefan Signorini. probléme a fronticre
libre, méthode d°éléments finis, probleme. elliptique mixte. analyse numérique, inéquations
variationnelles. estimation de I'erreur. . :
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1. INTRODUCTION.

We consider a bounded domain Q€R" with regular boundary [ =T,UT, with
|T2| = meas(T,) > 0 and | T | > 0. We suppose that I'y = Flt. U, with | T, | >0fori=t,s.
s )}

We consider a steady-state heat conduction problem in Q. We assume, without loss of

generality, that the melting terr—xperature is zero degree centigrade. We consider a source term g in the

_domain Q. On the boundary I'; we have a positive heat flux q and on the boundary I‘lt' we impose a

positive temperature b. On the boundary I'; we have a Signorini type condition with a positive
. . . s .
external temperature b. If @ is the temperature of the material we can consider the new unkown

function in Q defined by [Du,Tal]
(N u=k, 6t —k, 0

where k; > 0 is the thermal conductivity of the phase i (i = 1: solid phase, i = 2: liquid phase). Let
B =kyb > 0 where b > 0 is the temperature imposed on Flt' .

We consider the following steady-state, Stefan-Signorini, free boundary problem

@ —Au=g in®,

3  Big=a oy,

4) ulrlt:B onTy,,

(5) u>B, 3“#0 (u— B)a“ =0 onTy_

The conditions (5) representing unilateral constraints on Pls are called the Signorini conditions.

They describes heat (or a volume) injection through a semi-permeable wall (see [DulLi}).

The mean goal of this paper is to find the continuous and discrete (by finite element method)
sufficient conditions on q= Const. > 0 on T, in order to obtain a temperature u of non-constant sign in
Q, that is a steady-state, two-phase, Stefan-Signorini problem We follow [Ta3] and [Ta4] where the
pioneer ideas for the continuous and discrete analysis were developed respectively without Signorini
conditions. When I'; = I‘lt (i. e. I‘13 = 0) the corresponding free boundary problem without Signorini
boundary conditions was studied in {GaTa]. We follow a method similar to the one developed in
[BoShTa., GaTa, GoTa, Sa, Ta2, Ta3, Tad] for some particular cases. The Signorini problem is
considered in [DiJi,DuLi]. The Stefan—Slgnonm problem is' also con51dered for the multidimensional

case in [To] and for the unidimensional case in [Ke,Wa].

In Section 2 we obtain the continuous suﬂicieﬁt condition on the heat flux on T, in order to
have a tempefature wich takes positive and negative values in . Previous‘ly, we obtain that the
solution of the correspoflding elliptic variational inequality is differentiable with respect to the
Neumann datum q on I, and we give its explicit expression. We also obtain a relationship between the
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Stefan-Signorini problem and the corresponding related problem without Signorini condition on I‘ls.

In Section 3, through the finite element approximation method, we obtain the corresponding

discrete results for the related continuous problem carried out in the previous Section.

In Section 4, we obtain the estimates between the continuous and discrete sufficient conditions
(obtained in Section 2 and Section 3, respectively) in terms of the finite element approximation

parameter h.-

2. CONTINUOUS ANALYSIS.

The variational formulation of the problem (2) — (5) is given by

‘a(u,v—u) > L(v—-u), VveKy

(6)
uekKpg
where
V = H(Q), Vo={veVv/viy =0},
: 1,
Woz{vEV/vl r, =v|rl =O}CV0,
t s
(7)
KB:{veV/vIFltzB,vlrlszB}=B+Ko,
Koz{ve.V/v|F1t=0,v|FISZO}3WO,,
and
(8)v a(u,v) = JVu.Vv dx, L(v):ng(v)zjgv dx—qu d7.
Q Q r,

For g€ L?*(Q), b>0 and q € L2(F2), we have a unique solution u = ugB (it will be generally
denoted by ug) of the variational inequality (6) [KiSt, LiSt,Ta2]. |

Lemma 1. The solution u of the variational inequality (6) satisfies the following inequality:

9 a(u—,u_)+J'gu“dx_<_ Jqu_dy.
‘ _ Q r,
where u ™ is the negative part of u. )
Proof. — If we choose v=ut¢ Kg in the variational inequality (6) corresponding to the solution -

u € K and we take in account that u = ut — u™ then we obtain 9). 0




‘o)

Corollary 2. If g > 0 (g £ 0) in Q and q.> 0 over I'y then we-have
(10) w£0in® & u#£OoverT,. R o

Remark 1. In order to obtain a temperature of non-constant sign in €, by Corolary 2, it is sufficient to

have that the temperature takes negative values on I';. ' o

We obtain for u = ug the following properties:

Lemma 3. (i) If u,_is the solution for data q; € R(G(i=1,2),B>0andge L2(Q), then we have
1 .

(11) a ”uq2—uq1”%/ < a.(uq2 — Uqy Uq, T uql) < (q; —ay) I (uq2 - “ql) dy,
FZ

where o > 0 is the coercive constant of the bilinear form a.-

(it) The functions Rt— V and RT— Lz(l"2) given by ¢ — ug € V and q — ug € Lz(Fz) respectively,

are Lipschitzian, that is

1
. . Iy 21l 7o Il
| O g, -ugllys 20T g gy

(12)
. 1 ,

y |T2]2 11 70 I

(") . “ qu _uqllle(Fz) S - « i d2 —qll
where 7, is the trace operator over V.
(iii) The function R —R,
(1) | a— [ uqdr

Iy

is continuous and strictly decreasing function. Moreover, we have

(14)y q;<q, = () uql'g ug, in Q and (ii) J ug, dy < J Ug, d_'y'.
Ly Ly

iv) There exist u/, € V,, such that:
q 0

u —u
(1) __q_+66____q — u:l in V-weak, when 6—0,
(15) ' : '
’ o Yqt+6 " Ya ;o 12
(ii) —5— ™Y L*(T;)-weak, when 6—0,
and




(16) : a(ug, u{l)'z' L(ug) = I gugdx—gq J’uél dy.
Q Q

Proof. — (i) If we choose v=u, € Kg and v=1u, € Kp in (6) corresponding to the solution u, and uy

respectively, we add them and we use the coerciveness of the bilinear form a then we obtain the

inequalities (11). _

(i) and (iii) From (11) we obtain (14ii) and using the Cauchy-Schwarz inequality and the trace

operator 7, we deduce (12i) and (12ii). .

q
Q. We have that w € Ko CV, . We choose v = Ug, +w € Ky in the variational inequality (6) for Uq,

Let be q; < qy. Let w= (uql —uqz)- be. We shall prove that w =0 in €, that is u R < g, in

for datum q; and v = Ug, =W € Kg in the variational inequality for u ) for datum qz; respectively , we

q
" add them and we obtain

(17) _ aliwi? < a(w,w) < —J(Q2—q1)Wd7S0
‘I‘2
that is w = 0 in © because w € K, - '

For the other hand, (13) is a continuous function because

I 9
(18) Juq+6 dy - Juq dyi< Jluq‘“q+6|d75L2|_!VM|5| — 0 whené —0.
P2 FZ r2
U c—u
(iv) From (12)(i)-(ii) we have that s d

5 is bounded in V and L%(T,), that is there exists uq € Vg
such that (15)(i)-(ii) are satisfied. ' ‘

Moreover if we choose v = U 46 € Kp in the variational inequality (6) for ug, we divide by 6

then we obtain

(19) a(uq,ﬁ?—ﬂg)ﬂ(—uq?—%)

and taking the limit § — 0 we deduce
(20) a(ug, ug) > L(ug).

Similarity, if we choose v = uq € Kp in the variational inequality (6) for u q+6 Ve divide by

and take the limit when § — 0 we obtain
(21) - a(ug, ua) < L(ua)
that is (16). _ : 0

Remark 2. We shall obtain that ua can be obtained as the unique solution of a variational inequality
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(see (36) and (38)) which doeés not depend on q, we remark: that the equality (16) will play an

important role in order to obtain this assertlon - 0O

The element u, unique solution of (6), is also characterized by the following minimization

problem:
J(u) < J(v), Vv € Ky
(22) |
V ueKg,
wﬁere
(23) | I(¥) = Jggv) = §a(v,v) = Lgg(v) -

We can define the real function f: R+ — R in the following way (see [Ta3])

(24) | f(q) = J(uq) = % a(uq,uq) - Jguq dx+q J ug dy

' ' Q r,
where ug (= uggp) is the unique solution of the variational inequality (6) for each heat flux q > 0.
Then we obtain the following mean property, wich is the cornerstone of this paper to obtain other

results.

Theorem 4. The function f is differentiable. Moreover, f' is a continuous and strictly decreasing

function, and it is given by the following expression

(25) f'(q) = qu dy .

Proof. — By using the definitions of function f and some elementary computations we have

- fa+8)- f(q) 1 Y9+6 " Y Yq+6 " " |
(26) Nt =) =L (ugygtig g )= | gy —dx+
u u
q+é 4
+ J q+6 dy+q [ ; dvy
Ty Ty
and taking the limit when §—0 we deduce, for all g > 0, that
- . f(q+6)—1f(q) ' '

,(27? f'(q) 2611—% (__'_E—Q:I uqd7+a(uq,ua)—-L(u:1)= J ug dv,

that is (25). | _ D.



Remark 3. We have obtained for the derivative of function f, the same expression (25) which we have

yet deduced for variational equality [Ta3,GaTa] instead of variational inequality. ]

Corollary 5. We have the following properties:

(28) : %('J’guqu)z Jgu(1 dx
Q Q
(29) a (g ug)] = 2 alug, ug)
(30) (q) = I uly d .
I,
Proof. — We have ‘
) , Jguq_*_& dx—jguqu
d — i 82 Q —
(31) a}-( J’guq dx) _611_% 5 =
u  c—u '
b ¢ 2 e
Q
a(u,, ¢,u_ )—a(uy,uy)
d e q+6° Yq+6 q'Yq)
(32) a—q' [ a(uq,“q) ] —511—1110 : $ -
U, c—u
T q+6 q - 7
_61:110 a.(uq+6+uq,——6—— ) =2 a(uq,uq)

By differentiating (24) with respect to q we obtain that

(33) @) =1 %(Jguq dx)—%%[a(uq,uq)] =1 (Jgug dx)_a(-uq,u:l) = Ju{] dy .
Q Q r,

Theorem 6. We have the following properties:
(i) The element uq can be written by

(34) uqzquB:B+Ug+q7I

where Ug is the unique solution of the following elliptic variational equality
: ‘ a(Ug,v)zjgvdx, VveWw,

(35) Q

UgeW,.

and 7 is the unique solution of the following elliptic variational inequality:



a(n,v—n)2> - J(v—n) dy, YveK,
(36) ' S Ty '
| n€Ky.

Moreover, n/T'; < 0 with

NCH T _ —Jndvza(n,n)zallnlﬁf >0.

ii) The element u/, does not depend on q, that is
q .
(38) » ua =nek;.

(iii) We have

(39) f@=(B0,|+C) ~Da,  F@=[nd
FZ
where
(40) _ CgZJUng, ' D:—‘Jnd‘y>0.
F2 . F2

Proof. — (i) The element.c =B+ Uy +qn€Kp is a solution of (6) by splitting problem (2)-(5) in
- three parts. ' _
(ii) On the other hand, if we choose v = —17~ € K (because /T, =0) in (6) we obtain
. 8

(41) - 0> —a(nt,nh) = —a(n,n+)zjn+d7'
£,
that is 17'*'/1‘2 =0, then /T, <0 .
Moreover, by taking v =10 € K, in (6) we obtain

“ at-m > [nds
PZ

that is (37). ,
(iii) The results (39) are obtained from (24), (25), (34) and (38). ]

We can define the real function R = R (B, g) in the following way
43) R(B,g) =

The_otein 7. For B> 0 and g € L%(Q), we have:




(44) q> R(B,g) = u is of non-constant sign in Q,

i.e., there exists a steady-stat(_e, two-phase, Stefan-Signorini problem.

Proof. — The result (44) is obtained By considering the following equivalence

(45) ‘ q>R(B,g & f(q) = J ug dy <0. o
I
We shall obtain a relationship between problem (2)-(5) with the same problem without

Signorini boundary conditions on I'; , that is we consider the following problem [GaTa]
8

—Az=g inQ
(46)
2T, =B, -%/T,=q

. where ', = Flt UT,; , whose variational inequality is given by
8 -

a(z,v—z)=L(v—-z), YveEK

(47) )
ze K
where
)

(48) K:{VEV]V/FlzB}CKB.
Theorem 8. (i) The unique solution z of the variational equality (47) is given by
(49) 2=1243 =B+ Ug—qf
where ¢ is the unique solution of the variational equality

a(é,v) = Jv dy, VveWw,
(50) : Ty

EEW,.
(ii) We have the following relationship between problems (2)-(5) and (46) <

(i) u>z inQ,

(51) | :

(i) n>—-¢inQ, - (iii) €>0in Q.

10
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(iii) We have,

. (52)'_ | CgEJUgd7=a(§,Ug)=Jg£dx.

r, | 0

" Proof. — (i) The element B + Ug—qé€Kisa solutlon of (47) by splitting problem (46) in three parts

Then, the equality (49) is given by uniqueness-of the variational equahty (47) [GaTa].

(ii) To prove (51i) we shall consider the equwalence

- (53) : u>z inf & ¢$=0inQ

- where 1{) = (u—2)". We have that ¥/I'; = 0 because

w—2z)/F. =u/T, —2/T, =B—B=0.
1 1 1

(54) .
(u—2z)/T; =u/T; —2/T, >B-B =0.
L] 8 s
If we choose v =z + % € K in the variational equality (47) for z, we obtain
(55) a9 = [gvdx—a| vdv.
Q Ty
If we choose v=u+79 € Kﬁ in the variational inequality (6) for u, we obtain
(56) | e < - [ evdxra | vay.

Q r,

If we add (55) and (56) we deduce a(z—u,®) <0 that is a(u—z,¥) <0. Therefore we get

a(y,y) <0, thatisyp =0 in Q because Y/T;=0.

From (34), (49) and (51i) we deduce that n > — ¢ in Q.

On the other hand we have £ >0 in © because if we choose v=¢ € Wy in the variational

equality (47) for £ we deduce

57) AP <ale €)= —alE, &) = —J £ dy <0
. ’ I‘2A .
that is £ =0in Q. . - O
We define '
- _ : | _B|L,|
=[ewm=ao>0,  wW®=—¢
(58) o r,
+GCq C
Q(B )——l‘ﬂ——'—‘—%(B)"‘ﬁg'

11




where C is a geometric constant which appears in [Ta3].

Theorem 9. (i) If g € L%(Q) verifies the condition

(59) B|F2|+Cg=B|F2|+Jg§dx>0
0 ]

"then

(60) R(B,g)>Q(B,g).

(ii) Under the hypothesis (59), if there exists a steady-state, two-phase, Stefan-Signorini problem (i. e.
u is of non-constant sign in (—2) then there exists a steady-state, two-phase, Stefan probiem without
Signorini boundary condition on Fls (i. e. z is of non-constant sign in ). )

(iii) If q>Q(B,g) then there exists a steady-state, two-phase, Stefan problem without Signorini

boundary condition on I'; (i. e. z is of non-constant sign in Q).
S

Proof. We have

(61) - 0<Jn,d7sj'sd7,
FZ PZ
then
~ 1 _ 1 1 _1
(62) . D™ 2 -C
—J ndy Jédv
r2 I‘k2

Thereforé, if condition (59) is verified then

_ B|IL|+C, B|T +CA
(63) R(B,g) = ’2]') E> "}'3 £=Q(8,g).

The conclusions (ii) and (iii) follow from (60) and [GaTa], respectively.

Remark 4. — The condition (59) is trivially verified for all g € L?(Q) such that g > 0 in Q.

3. NUMERICAL ANALYSIS.

We suppose that Q C R is a convexe polygonal bounded domain. We consider Th, @ regular
triangulation of the polygonal domain © with Lagrange triangles of type 1, constituted by affine-
equivalent ﬁqite element of class C°, where h >0 is a i)arameter which goes to zero. We can take h
equal to the longest éide of the triangles T € 1 [BrSe, Ci, GILiTr]. We follow the method developed in
[Ta3] in order to obtain the discrete equivalent of the continuous result (44).

12
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The variational formulation of the discretized problem corresponding to the continuous

problem (6) is given by

a(uy, vy — up) > Lvp—uy), Vv € KBh

(64) .
llh € KBh

where

Kg =B+K, CKp, P;=set of polynomials of degree <1

By, o, € ®B> 1

Ko, = {Vh €CO@) / v /T €PY(T), ¥ T € my, vy /Ty =0, /Ty 20 }
(65) ) ' : '

Vo ={ vy €C°Q) / vy/T € Py(T), VT € myy /Ty, = o}

Wo ={ v, €C°@ / vy/TEPT), ¥ Tem,, /Ty =0, vy/Iy =0 }

with
(66) W(,h C KOh C Voh ) WOh C Wy, KOh C Ky, Voh CV,.

For g € L%(Q), b>0 (i.e. B>0) and q >0, the unique solution of the variational inequality
(64) [Ci,KiSt] will be denoted by up =y o The element Uy g is -also characterized by the

minimization problem:

J(Uh, q) < J(Vh), v Vh € KBh
(67) '

where J are defined by (23).

For each h > 0, we define the real function fh: Rt— R in the following way
' _ _1
(68) (@) =3, g) =2 oo, q+%h,q) = La("h,q)

We obtain the following properties for the discrete solution up =y g of the elliptic variational
. N 3

inequality (64).

Theorem 10. For all h > 0, we have the following properties:
(i) We have '

13




- (69) a(up,up) + Jg up dx < Jquﬁ dy .
0 r,

(i) f g >0 (g #0) in Q and q > 0 over I, then we have

(70) , uiiﬂinﬁ@uﬁ;‘éOoverI‘r n}
(iii) If uy q is the solution for data q; €R (i =1, 2), B> 0 and g € L%(Q), then we have
3
- 2 _ - < — — .
() 10, q, =3, gy < 20, g, =, gy U, gy~ ) < (1 =0) [ (o g =y ¢ e |

Iy

(iv) The functions Rt — V and Rt— L%T,) given by q — uy qEV and q — uh.qeLz(I‘2)

respectively, are Lipschitzian, that is

1
|F2|2 [l 7o I
—

' (1) Il “h,qz_—uh,qlnvﬁ la;—qyl ,
(72
T 1170 1P
. : D221l % |l
(") ” uh’q2—uh7q1“L2(P2) S ——_T—- | q2 —qll *
(v) The function RT—R,
(73) q — J U q dy

Ly

is continuous and strictly decreasing function. Moreover, we have

- < - - - — .. )
(74) q;<q, = (i) Uh, q, < up q, P Q and (ii) I Uh,q, dy

L,

(vi) For all q > 0, there exists u q€ Voh such that

Yh,q+6 " "h,q

(75) 5 —up q in V-weak, when §—0
u —u ’
(76) h, Q'f“(g ha | uf q in L¥(T,)-weak, when 6—0
bl
(77) o aluy @ uil, e I guil’ qdx—a J'uil’q dy.
' Q T,

(vii) The function f;, is differentiable. Moreover, we have the following expressions:

) 0) @ =[u, 4, () @ = [uh .
Iy ‘ r,

14
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(viii) The element u) q a8 be written as
- (79) - (i) up g = B+Uy gtamy, (i) m,= uil’q SLON

where Uh g and 1y, are respectively the unique solutions of the variational equality (40) and inequalify
. ’

(41), that is:

‘a(Uh’g,vh) = Igvh dx, Vv, € WOh
(80) ‘ Q :
Un,g € Wo,
: a(np, Vi~ ﬂh) = - J (v~ M) d'y.,, Vv, € KOh
GV , T,
| h € Koh.

(ix) We also have that n; /T, <0 and

(82) S Jnh dy = a(my, ) > @ llnyl|> > 0.
£ 1%
2

(x) We also have

SO (@) fi(a)=(B|Ty| +Cp) = Dy, (i) f}'(q)= —Dy <0
where
Iy ' Iy '

(xi) If, for each h > 0, we define the real function

‘ : B|T,|+Cy,
(85) © Ry(B,g) = _T_g
then we obtain that ,
(86) A q> Rh(B,g) = u is of non-constant sign in 2,

i.e. there exist a discrete steady-state; two-phase, Stefan-Signorini problem.

Proof. — We use a method similar to the one developed for the continuous case (see Lemmas 1, 3
Theorems 4, 6 and 7). V _ _ |
‘(i) If we choose v = u+.e KBh in the variational ine_quality (64) corresponding to the solution ilh €K
and we take in account that uy = u}"l' —uj, then we obtain (69). (ii) is an elementary corollary of (69).
: (iii) If we choose v =1, G.KBh and v=u, € KBh in (64) corresponding to the solution u; and u,
respectively, we add them and we use the coerciveness of the bilinear form a then we obtain the

15




inequalities (71).
(iv) — (v) From (71) we obtain (74)(ii) and using the ‘Cauchy-Schwarz inequality and the trace operator
Yo we deduce (72)(i) and (72)(ii).

Let be q; <q,. Let w= (u}1 q; ~Yh qz)‘ be. We shall prove that w=0 in €, that is
~ ' 1 ’ . . -
uh,q2 < uh’q1 in Q. We have that w € Koh C V011 . We choose v = Uy g + wE KB in the variational

e

inequality (64) for U g for datum q; and v = Up a4 —w € Kg in the varlatlonal inequality for U q

for datum q,, respectlvely, we add them and we obta.m w=0in Q.

For the other hand, (73) is a co'ntinuous function because

(87 dy - dy|< |, . —u d <IF—2“|—70—”2|6|—>0 when § — 0
) uh,‘l+6 v llh,q TS l h,q hsq+6| 7= a - )
2 PZ FZ
. N\ e Uh,q+6~ Uh,q . . 2 . .
(vi) From (72)(i)-(ii) we have that —— 5 —— is bounded in V and L*(T;), that is there exists

/ .
Uy o € VOh such that (75) and (76) are satisfied.

Moreover if we choose v = uh a+ §€ KB in the variational mequallty (64) for Uy g0 Ve
divide by é and we take the limit § — 0 we deduce

(38) a(up, g th, ) > L, ).

Similarity, if 'we choose v = up o € KBh in the variational inequality (64) for U, g +60 Ve
divide by ¢ and take the limit when § — 0 we obtain

(89) a(up, o uh o) S L(uh o)

that is (77).

(vii) By using the definition of the function f and some elementary computations we obtain

f(q + 6) — fi : Uh, q+6 ~ Uh, Yh, q+6 ~ Yh,
(90) (q ) (@) % (uh,q+6+uh,q’ q 2 q)_J‘g q 2 94y 4
Q
u -—u
h,q+6 " "h,q

and taking the limit when §--0 we deduce, for all q >0, that

f(q +6) — i
M Juh,qd7+a(“h,q’“i1,q)—1‘("il,q)=Juh’qd7’

Iy ' Iy

(91) #(q) =

@«

that is (78)(i). By differentiating (78)(i) with respect to q we obtain (78)(ii).
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viii) The element £ = B+ U, _+ qm €Kg isa solu‘tion' of 64) by splitting it in three parts.
h, g h Bh

(ix) On the other hand, if we choose v = — M € Koh (because nﬂ/[‘ls = 0) in (81) we obtain

(92) 0> —a(nf,mh) = —alny,m) > | nf dy
h*"h h*h h
. I,
that is 7;2'/1“2 =0, then n;, /Ty <0.

Moreover, by taking v=10¢€ Koh in (64) we obtain

(93) ' a(ﬂh,—ﬁh) 2 J n, dv
Ly

that is (82). |
(x) The results (83) are obtained from (68), (78)(i)—(ii), (79)(1)-(ii). -

(xi) The result (86) is obtained by considering the following equivalence '

(94) a>RyBe) & @) = [y qdv<0.
. | I,

Now, we consider the discretization of the continuous problem (47), that is

a(Zh,vh) = L(Vh), V Vh € Kh
(95)
where Kh =B+ Woh C KBh. Therefore, we have
Theorem 11. (i) The unique solution z; of the variational equality (95) is given by
(96) 2y, =2 q8 = B+ Uy o —afy
where §; 1s the unique solution of the variational equality

a(fh,vh)r- Jvh d'y, VVhGWOh

(97) ' Ly

(ii) We have the following relationship between problems (64) and (95)
(i) u, >z inQ,

(98)

1) ny>-¢ @, (i) & >0in 9.

17




(iif) We have

' UL, 0

(iv) If g € L%(Q) verifies the condition

(100) : B,I‘2|+Ch,g=B|F2|+fgﬁhdx>0
.Q

then

(101) Ry (B,g) > Qu(B,g).

where

' Ch,g '

' Qp(B:8) = g0, (B) + T,
(102)
Cy =26y &) = [ 6,47>0.
Ty :
(v) Under the hypothesis (100), if there exists a discretized steady-state, two-phase, Stefan-Signorini
problem (i.e. u is of non-constant sign in Q) then there exists a discretized steady-state, two-phase,
Stefan problem without Signorini boundary condition on I, (i. e. z) is of non-constant sign in Q).
(vi) If q > Qp, (B, g) then there exists a discretized, steady-state, two-phase, Stefan problem without

Signorini boundary condition on I; (i.e. 2} is of non-constant sign in Q).
8 .

Proof. — (i)-(ii) We follow a similar method used in Theorem 8.
(iii) It follows from (80), (84) and (97).
(iv) It follows from (161) and

1 _ 1. 1 _ 1
(103) —DI = > e
- | mdy &, dy
I, r,
(v)-(vi) They follow from (101) and [Sa]. o
Remark 5. The constant C, has played an important role in [Ta4]. .a

_ Now we shall obtain estimates for the continuous critical flux q, = q.(B,g) (for B >0 and
g € L%(Q) ) such that [BoShTa, GaTa)

forq <qc, u>0inQ (no phase change), and
(104)

for q > q., u takes negative and positive values in Q (two phases are present).
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Similarly, we define the discrete critical flux 'qch = qch(B,g) (for B>0 and g€ L2(Q) ) such

that

for q < qch, uy >0in © (no discrete phase change), and

- (104)

for q > qch youy takes negative and positive values in Q2 (two discrete phases are

present)

Then, we have

Theorem 12. (i) For B> 0, the continuous critical flux q.(B,g) is a non-decreasing function of

g € L%(Q) in the following sense:

(106) - ' g 5 gé inQ . = | _- qc(B,gl)‘S q.(B,g;) enR.:
{(it) We have

(107) » 4¢(B,8) < Q(Bg) .

(iii) For B > 0, the discretized critical flux qch(B, g) is a non-decreasing function of g € L2() in the

following sense:

(108) g, <gp inQ = qch(B,gl) < qch(B,gz) en R.

(iv) We have

(109) ' qch(B’ g) S Qh(Ba g) .

Proof. — (i) It follows from the maximun principle, that is’

(110) g, <g inQ = UgBg, < UgBg, in Q.

(ii) It follows from (104)A and (106).

_(iii)—(iv) They follow from (105) and the following discrete maximun principle

(111) g, <ginQ = Uh,qBg, < Uh,qBg, 11 Q. 0

4. ERROR BOUNDS.
Let Hh be the corresponding linear interpolation operator for the finite element approximation.
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There exists a constant C, > 0 (independent of h) such that [BrSc, Ci]

(112) | v—Mv |lyy < Coh™ ! vl g » YveH(Q), r> 1.

o«

where ||. || ¢, is the norm in the Sobolev space H(Q).
b .

i~

If we suppose the regularity properties:
(113) E€HY (D), n € H'(Q), r>1,
we obtain the following error estimates in terms of the finite element approximation parameter h.

Lemma 13. (i) We have the following inequalities and estimations

(114) 0 < C=Cp <Gl
Cg hZ(r—-l) 9 .
115 0 < B) —qyo(B) < ———— B).
(115) qoh( ) —aqp(B) < C | € Ir,Q Q()h( ) .

where C, > 0 is a constant independent of h.

(ii) If we let h, B >0, and 0 < €0 <1 (¢, is a parameter to be chosen arbitrarily), then we have the

(L)

estimations
(116) (B) p) < %® d - C >C Vh < h
i < qoh( ) < 2 an h 2 € > < hy(ep),
arn) 0 < q, (B B) < C,n2(r—1) Yh <h
%h( ) — qo( )_ 2 3 r(fo)a
where
cqQ ) .
= €0) \2(r-1)
(118) hy(e,) = ( —o—rc0l
r(%o) ( Calél )

r,Q
and C, > 0 is a constant independent of h.
(iii) We have the following estimation

2

(119) |€~ &) < Csb™ !

(¢34

where C5 > 0 is a constant independent of h.

(iv) For all B > 0, we have
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(120) h‘_‘f}; 9o, (B) = do(B) -

Proof.v—-(i)-(ii) We can take (.see [Ta4])

ch lel

(121) ¢, =C3lEllg>0, Cr=——g " %(B)>0.

(ii1) We bave

(122). a6~ B <ale—¢,.6—&) =a(€,&)-a(g, &) =C-C, <Y

that is (119) with

— Gol€lq

- (123) Cy=Y _Ca,l =_7_a_“_

(iv) It follows from (117). ' : 0

Lemma 14. (i) We have the following estimates and inequalities

(124) Ch, g—cg <C,h'
C C FE-h
C _C e (r-1)
(125) 0,25 e h5(201)2
'C o Cyht if r>2 )
y h,g “g|_ . C Q-1

Ch? TN i 1<r< | :

where C, and C; are two positive constants independent of the paramenter h.
(ii) We also have the estimations
‘ Cgh™ - if r>2
(121)  |Qu(B,8)-Q(B.g)|<
Ceh?~Y it 1<r<2

: 1
i G (-1
thmln(l,(201)2 )
(iii) We have

(128) lim Q(B,g) =Q(B,g) .
h:g+ h .

'

- Proof. — (i) Taking into account the inverse inequalities [Ci] and (119), we have
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(129) Ch, g~ Cg|=

[et6y - ax
O .

where C, is a positive constant independent of parameter h, that is (124) holds.

The equivalence (125) follows from (114) and the following equivalence

o 2r—1), C
(130) C-C,h > o Vh§(2

Therefore, we obtain

“hg Cg

;lch,gC—CgCh’<C'Ch,g —Cg |+|Cg|(ch - C)

(131) ’— =2
G, ¢C C,C CC,

<3| © Cub Hisl (g el © W] <

Cy bt if r>2

IN

Csh2 T~V it 1<r<2

where Cg is a positive constant independent of h which is given by

(132) x Cs =%[ C C4+|ISI|L2(Q) "€”L2(Q)] .
(i1) Taking into a.ccount' (117), (126) and_the fact

(133) lQh(B,g)"Q(B,g)|<(qo (B) — qo(B))+ E}l,__g_ Cg
=(, Gl

we get (127).
(iii) Tt follows from (127).

Theorem 15. (i) We have that 7y, is a bounded sequence in V, that is
(134) “nh"\,§c7 , Vh>0

where C, is a positive constant independent of h.

(ii) There exists a positive constant Cg, independent of h, such that

(135) I7=miv S Gy, Bk 1Y
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(iii) We have the following estimations

- (136) [m—mR < Coh™ ™1

where Cg is a positive constant independent of h.

Proof. — (i) By using (82) we obtain

. l . : .
(137) oy < - J”h dy <D oMy »  Vh>0
. i 3 | |
b
' r
' that is (134) with C, = I_ 2|a||70|| >0,

(ii) Following [Cx, Fa], for all ve€ K, and v, € Koh, we obtain that
(138) affn—my |} <aln—my,n—m) <

<atnv-m)+almn—vp)+ [v=m) dy+ [ (-0 dv <
' I, T,

, _ - 2 v — 2 - —
S e Y L N L e P

[y +1ra 1ol Y=gz * TP 1o (14w =iy -

Therefore, taking into account that K,:,h C K, we deduce (135) with

1 .
+1 0 3.
(139) . .  Cg= "‘02 Lol 70> 0 -
(iii) If we take v, =TIy n € Koy in (112) we deduce .
(140). ”ﬂ"ih"%/ < Cs”Hh’I—’I'”V <G Co"llr,Q BT~ ' =Cyh" !

where we have choosen Cy = Cg C,, |7} >0

Theorem 16. (i) We have the following estimations and inequalities
(141) , ID—DhISth 2

(142) Dy > th(—D—)r—l

where C,, is a positive constant independent of h.
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(ii) We also have the estimations

r—1 2
r—1 . D \t=1
(143) |R(B,g)—Rh(B,g)|SC11 h 2, v hSmm(l,(QCw)r 1 )

where C,, is a positive constant independent of h.

(iii) For all B> 0 and g € L2(R) we have

(144) ' ' lim Ry(B,g) =R(B,g) -
h—0

Proof. — (i) We have

r—1

1 A 1
< Tl —my lh2¢r,) <1 YollL2l =y Jy SCro b 2

(45)  |D-Dy|= I("—"h) dy

Iy

: » SR |
where we have choosen C,5 =|7,||IT'212 {/Cg > 0.
From (141) we have .
r—1 r—1

then we get (142). )
(ii) By (124) and (141), for all h < min(l ,(28 ) F—1 ) we get
_ 10 '

B|Ty|+Cg B|T2[+Ch g
D Dy,

(147) |R(B,g) — Ry,(B,g)|=

(B|T3|+Cg)(Dy~D)-D (Cg~Can)
DD,

| 1 o
5%{(B|I‘2|+"g”L2(Q) ”f”Lz(Q))th 2 +Cy hr]S Cyh 2

where we have choosen

(148) Cuu=15 [Ca+Cuo (BIT:[+H8l 20y €1l 2 )| > O
(ii) It follows from (143). o

-
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