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Abstract: When evaluating quantitative measures of complex systems using Markov
models, a major drawback is the size of the generated state space, due to the intrinsic
combinatorics associated with these models. If the number of states is excessively large,
the model may be simply untractable. Observe also that in some cases, infinite models are
appropriate, in which case, except for particular structures, the numerical procedures are
not applicable.

Recently, methods have been proposed to deal with this problem. The idea is to derive
bounds of the measures of interest, by replacing a large part of the state space by some
compact information. This has been done mainly for asymptotic dependability measures,
and the proposed methods are valid under specific and restrictive conditions.

In this paper, we extend these techniques to more general cases. In particular, we show
that our approach can also give tight bounds of performance measures. We also show how to
handle, in some cases, infinite models. We illustrate the new method with some analytically
untractable open queueing networks, as well as with dependability models that cannot be
analyzed by previous proposed techniques.
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Calcul de bornes de mesures de siureté de
fonctionnement et de performance

Résumé : L’évaluation quantitative de systémes complexes par des modeles Markoviens
a pour inconvénient majeure ’explosion combinatoire de la taille de I’espace d’états généré.
Si ce nombre d’états est excessivement grand, ’analyse du modele peut s’avérer impossible.
Observons aussi que dans certains cas, les modeles appropriés sont infinis et donc pour
lesquels, exceptées certaines structures particulieres, on ne peut pas appliquer les techniques
numériques.

Récemment, de nouvelles méthodes ont été proposées pour contrer ce probleme. L’idée
principale est d’obtenir des bornes des mesures d’intérét en réduisant une tres grande partie
de l'espace d’états a l'aide d’information compacte. Cette approche a été essentiellement
développée pour des mesures de streté de fonctionnement asymptotiques, et les méthodes
déja existantes ne sont valables que sous certaines conditions restrictives.

Dans ce papier, nous élargissons ’applicabilité de ces techniques & des modeles plus
généraux. En particulier, nous montrons que ce type de méthodes peut aussi donner des
bornes de mesures de performance de bonne qualité. Nous démontrons aussi comment les
étendre, dans certains cas, aux modeles infinis. Enfin, nous illustrons notre méthode avec
des réseaux de files d’attente ouverts analytiquement intraitables, ainsi qu’avec des modeéles
en siireté de fonctionnement qui n’étaient pas solutionnés par les précédentes méthodes.

Mots-clé : stireté de fonctionnement, performance, modele Markoviens, grands espaces
d’états, calcul de bornes, analyse en équilibre
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1 Introduction

To derive performance, dependability or performability measures from a model of a complex
system, Markov chains, under different forms, are the most widely used mathematical tools.
Sometimes, the user directly builds a Markov chain from system specifications. Most often,
the model is described in a higher level language such as queues or networks of queues,
stochastic Petri nets, etc., and some tool constructs the stochastic process automatically.
The usefulness of Markov chains is due to the power of the theory and to the efficient
algorithmic technology associated with. However, such a power has a price. There are two
major drawbacks when using Markov models. The first one is the fact that, to be able to
represent the more and more complex systems built nowadays, the state spaces are larger
and larger. In general, models having, say, hundreds or thousands of millions of states are
out of scope for exact numerical analysis in equilibrium. The second one is the so-called
“rare events” problem, meaning that in many cases (typically in models of highly available
systems), the interesting events (typically, the fact that the system is down) have very low
probabilities, making problematic the use of Monte Carlo techniques. This is usually related
to high numerical values of the ratios between different transition rates of the chain, which
leads to numerical problems with the exact analysis of the models (stiffness). Often, the two
problems appear simultaneously. To deal with them, a different approach has been recently
developed. It consists of computing bounds of the desired measures instead of exact values
or statistical estimations [1], [2], [3]. This is the subject of the paper.

Bounding techniques have been mainly developed for cases in which, at the same time,
the model is large and stiff. The second aspect is in fact used to help with dealing with the
first one, as we see in the paper. The intuition behind the approach is quite simple. When
the model is stiff, the stochastic process spends most of its time in a (small) part of the
state space. It is then a natural attempt to try to approximate the interesting measures by
working basically with that part of the state space. This is done by replacing, in some way,
the rest of the state space by “a few” states. All the difficulty is how to handle that large
part of the state space of the model in order to have some control on the accuracy of the
method.

The system is represented by a continuous time homogeneous and irreducible Markov
chain X over the finite state space S with stationary distribution 7 (row vector). We denote
m; = Pr(X o = 1) where X, is a stationary version of X. With each state i we associate a
reward r; > 0; r is the (row) vector of rewards. This paper deals with the computation of

R = E(T'Xoc) = Zrmi = 7TI‘T.
i€S

For instance, in a dependability context, the states are in general called “operational”
when they represent a system delivering its service as expected, and “unoperational” other-
wise. If a reward equal to 1 is associated with the formers and equal to 0 to the latters, then
R is the asymptotic availability of the system. In a performance context, suppose that the
model is a queueing network and that you are interested in the mean number of customers
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4 Stéphanie MAHEVAS - Gerardo RUBINO

in queue ¢q. If with each state i we associate a reward equal to the number of customers
in station ¢ when the model is in state i, the expectation R is equal to the desired mean
number of customers in ¢q. As a second example, if r; is the number of active processors
in some model of a fault-tolerant multi-processor computer when its state is 7, then R is a
performability measure (the mean power of the system).

In this paper we develop an approach that avoids an important drawback of previous
work, by extending the class of evaluable pairs (models, measures). The main restriction
of previous techniques, which mainly concern dependability models, is that “almost” every
state must have at least one transition corresponding to a repair. The approach proposed
here works without this condition, but it has a price: in some cases, large linear systems
must still be solved. In the paper we illustrate the method with cases where these systems
are easy to solve (and such that previous techniques do not apply). In a performance
context, it is frequent to work with infinite state spaces. The techniques we propose can, in
some situations, deal with these cases as well. This is also developed and illustrated here.
The paper is organized as follows. After the introduction in next section, we state some
preliminary notation in Section 2 and we develop the main necessary tools to derive our
bounding technique in Sections 3, 4, 5 and 6. In Section 6 we also recall the main principles
of the method of [3]. Section 7 presents the new approach and Section 8 deals with the
infinite state space case. In Section 9 we give examples, both in the dependability and in
the performance areas, both in the finite and the infinite cases. Section 10 concludes the

paper.

2 Preliminaries

Generalities. We are given a finite and irreducible continuous time homogeneous Markov
chain X over the state space S, pressumed to model some complex system. We denote by
A the infinitesimal generator of X. The asymptotic distribution of X is denoted by 7 and
it will be seen in the paper as a row vector. We then have

wA=0.

We are given also a vector of positive reals, r = (...7;...) over S. The goal is the evaluation
of bounds of R = wr™, without computing vector . To do this, we assume that we know
a lower and an upper bound of the rewards, that is, two reals o; and g, such that for all
1€ S,

0< 01 <r; <02 < +o0.

We will see in Section 8, an extension to the case go = +00. The state space S is assumed to
be decomposed (or decomposable) into two disjoints sets, denoted by G and G. The first one
will be the set of effectively “generated” states (basically, those that are frequently visited
by the chain in equilibrium). The techniques discussed here attempt to give bounds of the
asymptotic reward R by solving linear systems basically on G. The good situation is then
to have |G| < |S].

INRIA



Bound computation of dependability and performance measures 5

Some notation associated with a subset of states. For any subset of states C C S,
we denote

e 7, the restriction of 7 to the set C' (row vector with size equal to |C]), r¢, the
restriction of r to C, etc.,

o () =Pr(Xe € C) = ¥ ;ccm = wc 1T, where 17 is the transpose of a row vector
having all its entries equal to 1, the dimension being defined by the context,

e 7o = distribution of X, conditionned to the event {X ., € C}, (row) vector with size
IC], o = —W(lc)ﬂ'C;

e C = the complement S — C of C,

e in(C) = {j € C such that there exists i € C with 4;; > 0},

e out(C) = {i € C s.t. there exists j € C with 4;; > 0},

e A, the block of A corresponding to the transitions inside subset C,

e Ag o, the block of A corresponding to the transitions from subset C' to another subset

C.

3 Forcing the entries in G by a fixed state j

The main idea comes from the basic initial work by Courtois and Semal. It consists of
building a family of Markov chains derived from X in the following way. For each state
j € in(@), let us construct the new continuous time homogeneous Markov chain X, by
forcing the transitions from G into G to enter by state j, as illustrated in figure 1. The
infinitesimal generator of X (%) is denoted by A():

The transition rate from any state i € G to j is equal to 2icin() Ait- In other words,

Ag)G = Agg1Te;, where e; is the jth row vector of the canonical base in R!. The other

transition rates of X, that is inside G, from G to G and inside G, are as in X. First, we
prove that X has an unique stationary distribution by means of the following lemma.

Lemma 1 The Markov chain XU has an unique recurrent class which includes the state
7.

RR n°3135



6 Stéphanie MAHEVAS - Gerardo RUBINO

Proof. Denote by S; the class of states i such that ¢ is reachable from j and j is reachable
from ¢. The claim implies that S; can be reached from every state k € S. Assume S; # S
andlet k € S—S;. If k € out(Q), by definition of out(), k is connected to j. If k € G—out(G)
then there is necessarily a path from k to some I € out(G) (since X is irreducible), which is
completely included in G, and by definition of X (), [ is connected to j. It remains the case
of a state k € G — {j}. If, in X, there is a path from k to j completly included in G, we
are done. If not, since X is irreducible, there is at least a path from k to j passing through
G, thus entering for the first time G by some state I and then, we are in the first discussed
case. |

Figure 1: The topology of X ()

It is easy to see that there can be transient states in X(9). For instance, think of this
simple situation: some state ¢ € G has only one transition out to j and one transition in
from k € G. In X such a state is transient.

Since X @) has an unique recurrent class, it has an unique stationary distribution which
we denote by 7). Then, for each state j € in(G), we have the following result, which is a
slight extension of results in [1]:

Theorem 1 There exists a positive vector 3 of size |in(G)|, such that 1T =1 and
Z BimD =1
jE€in(G)
Proof. See Appendix A.
In [1], the authors show this result under the assumption that the chains are irreducible.
In the Appendix we show that the only necessary assumption is the existence of an unique

stationary distribution for X9). We also show that the result is still valid in the infinite
state space case (see Section 8).

INRIA



Bound computation of dependability and performance measures 7

From this theorem, we derive the two following immediate results, put together as a
corollary.

Corollary 1 If we denote 719 (G) = P(Xég) € G), we have

min 79 (G) < 7(@), (1)
j€in(Q@)
and if RY) = 7rT | we have
min RY) < R< max RY. (2)
j€in(GQ) j€in(G)

Proof. Let us denote by u the row vector equal to (1g,045), where 1 (respectively 05) is
the row vector having all its entries equal to 1 (respectively 0), the dimension being equal
to |G| (respectively to |G|). From Theorem 1, we have

Q) = wuT = Z BimDuT = Z Bim9(@).
j€in(QG) j€in(QG)

Since B1T =1 and 3 > 0, we have

min (@) < > BmY(G).

jein(@) j€in(Q)

T

In the same way, from R = wr*, we have

R= BiwDrT > min 70rT
je§c) ’ j€in(G)

and the same for the upper bound. |

Corollary 1 gives the expressions that will be used to derive bounds of R. In the sequel,
we will develop a general approach to build a lower bound of min;¢;, () R and an upper

bound of max;enq RY.
4 Partitioning the state space

To go further, we suppose that we are given a partition {Cr,I =0,1,..., M} of S, an integer
K with 0 < K < M, and that

K-1
¢=J
=0

In a performance context, assuming that we deal with something like a queueing network
or a stochastic Petri net, C'; can be, for instance, the set of states where the system, or some

RR n°3135



8 Stéphanie MAHEVAS - Gerardo RUBINO

Figure 2: Chain X and the partition {Cr,I =0,1,...,M} of S

of its sub-systems, has I customers or tokens. In a dependability case, if we work with a
model of some fault-tolerant multi-component system, Cr can be, for instance, the set of
states corresponding to I operational components. The good property for such a partition
is that the higher the index I, the lower the probability that X, belongs to the set C7.

In what follows, we assume that transitions from class C to class C; are not allowed if
J < I — 2, that is, that the following condition holds:

Condition 1 For any two integer indices I and J such that J < I —2, for any states i € Cy
and j € Cy we have A; ; = 0.

Observe that, given the irreducibility of X, this implies that for all index I > 0 there are at
least two states ¢ € Cr and j € Cr—; such that 4;; > 0.

Following with the examples used a few lines before, in the case of a queuing model or
a Petri net, this means, for instance, that simultaneous departures are not allowed. In the
dependability example, the condition says that simultaneous repairs are not allowed.

5 Aggregation of states

For each state j € in(G), we will consider the following aggregation of X(9). We define
a continuous time homogeneous Markov chain X (/288 which is constructed from X by
collapsing the classes Ck,Ck 41, ..., Ch of the partition into single states ¢k, cx41,---,Cnm-

If we denote by A()288 the infinitesimal generator of X ()28 recalling that 7(9)(Cy) is

the probability that Xc(x’;) belongs to Cy, the transition rates of X (9288 are given by the
following expressions:

o for all h € G (or h € out(@)), and for all I > K,

Aﬁi)jjgg = Z Ah,is 3)
i€Cr

INRIA



Bound computation of dependability and performance measures 9

Figure 3: The topology of X (7)agg

e forany I > K,
@)
Alage — ) _ Yicor T 2uec; ., Aid

= ; 4
éhermy = M @ (Cy) ’ (4)
) &)
Al)age _ u(j) _ Dicox ™’ 2eCn_, Aid 5)
CK,J K 7T(j) (CK) 3

o forany I > K and J > I,

(4 ]
Alags — \U) _ Yico, T ZzecJ Ai ©)
CI,CJ 1,J 7r(j) (CI) .

We denote by S$2%8 = G U {ck,cx41,...,cu} the state space of X288, Since X ) has
an unique recurrent class (Lemma 1), it is immediate to see that X (4)2g8 has also an unique
recurrent class including j. Let us denote 79?88 = Pr(X{)*8 = i), i € 5288, where X85
denotes a stationary version of X (9288, We then have the following well known result on
aggregation:

for any g € G, 7§)*88 = 7{)) and for any I > K, {988 = () (Cy). (7

The chain X (288 is called in [1] “the exact aggregation of X ¥) with respect to the given
partition”. We adopt here this terminology (in [4], it is called “the pseudo-aggregation of
X @) w.r.t. the given partition”). Of course, to build it we need the stationary distribution
7D of X which is unknown. We define in the next subsection another chain which
“bounds”, in some way, chain X (7)agg  and from which the desired bounds of R will be
computed.

RR n°3135



10 Stéphanie MAHEVAS - Gerardo RUBINO

6 “Bounding” the Markov chain X (9)assg

For each state j € in(G), let us define a homogeneous and irreducible Markov chain Y
over S8 with the same topology as the aggregated chain X(/)28¢ in the following way.
We keep the same transition rates inside the subset G and from G to the c¢;’s, which are
computable without the knowledge of the stationary distribution of X ). Then, we replace
the exact aggregated rates from ¢y to ¢y, I < J, by some )\}L’ 7, the exact aggregated rates
from ¢y to cy—1, by some pj , and the exact aggregated rate from c; to j, by py in such a
way that

Xy 22, ®)
0<pr <uf. )

Then, between the three chains X (), X ()28 and V) the following relation holds.

Theorem 2 If we denote by y\9) the stationary distribution of Y9, we have
79 =799 =g, (10)

Proof. Let us denote by P (respectively by P'(9)) the stochastic matrix of X (respec-
tively of Y()). We have:

p(j):< fe PG@) po-| T Fea
PC;G PG ’ p_(J) P ’

where the matrix Pé,@ is equal to (Pgcg 17, ..., Pac,, 17).

Given that 7 PU) = 7£() and y@) P'G) = y(&) | we have:
7 (Po - PagP5'PS)) = 7

v (Po - PLg(Pe) ' PeY) =59

From Appendix A, Lemma 8, it follows that %g) and §(C§ ) belong to the polyhedron P((I — Pg)™!).

From Appendix A, Lemma, 9, %g) and ?g) are both equal to the jth vertex of P((I — Pg)™1).

From (7), we have directly the first equality between 7 and #%*¢ ___ m

Theorem 3 Between y¥) (G) = Pr(Yo(oj) € G) where VY s a stationary version of Y9,
and 1D288(G) = 70)(G), we have the relation
yI(@) < 79(@). (11)

If one of the inequalities (8) or (9) is strict, then y)(G) < 79 (Q).

INRIA



Bound computation of dependability and performance measures 11

Proof. See Appendix B. [ |
Define over S8 the two reward vectors r; and ro obtained by completing vector rg
with rewards on the aggregated states ckx,ck+1,---,cp equal to g; in r; and equal to gs in
Ta.
Theorem 4
Wl < R, 12
min ry
j€in(GQ) y ( )
max yPrl > R. (13)
jein(G)

Proof. Let us consider the expression of y(j)rrf:

yOri = yIrd+ay? (@)
= y(” (@) (A(”rg - 91) +o1.

Given that 7()(G) = n(9)288(G) from (7), that ?g)rg > 01 (since 7; > g1 for all state 4)
and using Theorem 2, we have the following inequality:

yOrf < 2@ (7 - o) + o
_ TI'(j)rlT — jo)_
From Corollary 1, we have:

min y@rl < min R(]) < min RY <R.
jein(G) j€in(G) jein(G)

In the same way, denoting jo ) = wWr,T and writing
yOr} =yD(G) (FrE - 02) + 02

and observing that yg)rG — p2 <0, we obtain

y¥r3 > Ry,

and thus

max y“Wrl > max R(]) > max RY) > R.
jein(G) j€ein(G) jein(G)

RR n°3135



12 Stéphanie MAHEVAS - Gerardo RUBINO

The approach of [3]. It remains the problem of the computation of the bounds /\‘I"’ 7> BT -

Since we want to compute them without the knowledge of (/) the (unknown) stationary
distribution of X) for each j € in(G), it would be nice to use

+ — .
VI,J st K <I<J<M, M, =max > A, (14)
leCy
VIst. K<I<M, p; =min Ay, (15)
i€Cr
1eCr1

This is the idea followed in [3]. The use of relation (14) has as an immediate consequence
that /\}" 7 > 0. Let us examine now the bounds p; . In order to have p; > 0 for any value
of K, we need a supplementary condition to be satisfied by X:

Condition 2 For any index I # 0, for all state i € C there exists at least a state j € Cr_q
such that A; j > 0.

This can be quite restrictive as we will illustrate later, but the interest relies in the fact
that it allows to obtain direct lower bounds of the ,ugj )s. In Section 7, we develop a new
approach that does not need this assumption, allowing to work with much more general

models.

Other related works. Before presenting the method that we propose, let us briefly des-
cribe other related papers in the area. To improve the bounds obtained by the algorithm of
[3], a technique of “duplication of states” is proposed in [5]. The main objective is to reduce
the number of linear systems to solve. The technique also allows to improve the bounds by
increasing the threshold K without restarting the work from the beginning. That is, the
results for level K + 1 can use those corresponding to level K. Other line of research is the
work by Carrasco in [6] which, improving previous work by the same author, gives better
bounds when additional information (“distance to failure”) is available. In that paper the
number of linear systems to be solved is also reduced. Let us also mention [7] where an
application of [1] and [2] to the particular case of availability analysis with tridiagonal block
transition rate matrices is proposed.

7 The proposed method
This is the main part of the paper. Its goal is to derive a method to avoid Condition 2
and still be able to bound the measure R. We need some results of [4], where the authors

analyze the sojourn times of a Markov chain X in a part of its state space, and the asymptotic
behaviour of these (in general dependent) random variables.

INRIA



Bound computation of dependability and performance measures 13

7.1 Sojourn times and aggregation of states

Let us denote by H1£J7)z the length of the nth sojourn of X9 in class Cr. The first visited
state of C7 during this sojourn is denoted by VI(Q (VI(Q € mn(Cr)) and after leaving C7, the
next visited state is denoted by W(J ) (W(J) € in(Cr)).

The distribution of VI(Q, as a row vector ’U(J)( ) defined over Cj, is given by the following
expression [4]:
,U(J) (n) = ,U(J) (1)(Bgl))n—1,
where BY) is the stochastic matrix A5! AY) . AZTAY) and v (1) = 7} -xD AZ1AY)
Of course for all n > 1, 'uy )( ) has non-zero entries only on states ¢ belonging to in(C7).
The distribution of H}Z’BL is given by [4]

Pr(HY) > t) = v (n) exp(~Ac, )17
and its mean is ) -
E(HI‘,,n) = _'”1] (“)A(j‘lllT-

In [4] it is in particular shown that vector

o) — ﬂ'gg Aoy

Ur = (J)ACIIT (16)

is the stationary distribution of the Markov chain (VI(Q )n, that is, if v}j )(1) = vy ) then
(j)( )= ’U(J ) for all n > 1. We denote by v(J ) the component of v}j ) corresponding to state

i € Cj. We should also note that ’U(J ) = ej, where e; is the jth row vector of the canonical
base in RI€!. Let us consider now some relationships between chains X ) and X (9288 from
the sojourn time point of view. We denote by hgj ) the mean holding time of X (1)288 in state
cr, K <I< M, that is,

1
for I > K, b = §o o (17)
DN NP J,J
A result needed here is given in the following lemma:
Lemma 2 , ]
For any I > K, hY) = v A" (18)

For the proof, see [4], basically Corollary 4.6. Lemma 2 says that the mean holding time
(i.e. the mean sojourn time) of X (9288 in ¢; is equal to the mean sojourn time of X ) in C;

when it enters C by state ¢ with probability v(J ) (for instance, think of the first sojourn in
C; of a version of X (%) having as initial distribution the vector a¥) such that a(J ) — Py,

RR n°3135



14 Stéphanie MAHEVAS - Gerardo RUBINO

Let us denote by Ei, 1 the mean sojourn time in C7 conditioned to the fact that the
process enters the set Cy by state i. Observe that, for all j € in(G),

/ﬂz’,I = E(Hy% | VI(’Q =) foralln > 1. (19)
From Relations (18) and (17), we can write

h = S o) hr (20)
i€in(Cr)

Now, for the purposes of this paper, we have to consider the event “when the nth sojourn
of XU in Cr ends, the next visited state belongs to C7_,”, that is, {WI(JBI € Cr—1}. Itis
straightforward to verify that the probability of this event is

forl > K, Pr(WI(,JT)L €Ci1) = —vy)(n)Aa}AcI,cI_llT.
When I = K, we also have
Pr(W) =jein(@) = v m)AzL AY) . 17,

where AY) is the matrix equal to Ac,.c._,1Te;, and e; is the jth row vector of the
Ck,Cr—-1 K,CK-1 J J

canonical base in RI€x |, '
The event similar to {WI(Q € Cr_1} in the aggregated chain X (/)28 is “when leaving
state cy, the chain jumps to cy_1”. Its probability is

RO L
uf + e A

The following result (similar to Lemma 2) holds:

Lemma 3 ' ]
For any I > K, pgj) = —'U}J)AEIIACI,CI_llT (21)
and ‘ . ,
PR = v AT AL o 1T (22
Proof.
Let I > K. From (6) and from (4), we can write
AW o401y //’(J) — T AC1Cr-a
bt ﬂgz it W(CJ;BIT

INRIA



Bound computation of dependability and performance measures 15

Then,
(J)A _ 1T
() G _ Tefondt
ppo + Z Alg = ~G)qT
J>1 Cr
W(czI)AcflT
TF(CJI) 1T

(since A, 7,17 = —Ac,17).

This leads to
W o o
ng) +rs1 ’\gj.)l

W(CJ;I)ACI,CI_llT . W(C];I)IT
ﬂgI)IT W(cj;zAcle
W(CJB ACI,CI—l 1t

W(C’;I)ACI 1T

It remains to check that the last expression is equal to —v}j )AE}ACI,CI—l 1T, The case of
class Ck is proven in the same way. |

As for Lemma 2, Lemma 3 says that the probability that X (1288 will jump to ¢;_; when
leaving c; is the same as the conditional probability for X to jump to Cr_; when leaving
C7, given that X () enters C; by state i with probability 1)5{2 This implies that, if we denote
by pi,r the conditional probability that X &) jumps to Cj_; when leaving Cj, given that the

sojourn started in state i € C7, we have

pgj)z Z UE—JZ) DiI- (23)

7.2 The bounding algorithm

Let us assume that Condition 2 is not satisfied. To obtain the bounds of R given in (12) and
(13), we proceed as in [3]. The problem is the computation of lower bounds of the ,uy)’s.

First let us consider a new subset of states of Cy, in(Cr)*, wich is the set of entry points
i of Cr such that if X () enters C; by i, there is a non-null probability that the next visited
class is Cr_q:

in(Cr)* = {i € in(Cr) | ps,r > 0}.

Then we distinguish between the case where in(Cr)* = in(Cr), and the case where there
exists at least a state i of #n(Cy) such that the probability to jump from C; to Ci—; when
the sojourn in C starts in 4, is null. Let us define a new condition.

RR n°3135



16 Stéphanie MAHEVAS - Gerardo RUBINO

Condition 3 For all I > 1 and all i € in(Cr), the probability to jump from Cr to Cr_y
when the sojourn in Cy starts in i, is not null (that is, in(Cr)* = in(Cr)).

Under this new condition, lower bounds of the pgj )5 are given in the following result.
Theorem 5 For all I > K, for all j € in(G),

. i, 1
min
iEin(C’I) hi,[

pi = <ud. (24)

)

Proof. The result simply follows from relations (20) and (23), writing that, for any I > K,

) _ ﬁ _ Ziem(cj) U?Z Di1

I - i T N A~ )
hgj) EiEin(C’I) ”gjz) hi,r
and then using the fact that }_; vyz) =1 [

Let us resume the algorithm. The input data are the partition and a given level K. The
steps to be followed are the following:

o First, compute the starred bounds given by (24).

e Then, for any j € in(G), find the stationary distribution y() of the chain V) with
the choice p; = pj.

e Compute the lower and upper bounds of R using (12) and (13).

The main drawback of this algorithm is that the computation of the p; r’s and the E I’s
may be numerically intractable due to the possible size of class C;. Moreover, even if
they can be calculated, the induced cost may be too high for the user. A possible way to
handle this problem is to try to obtain new bounds on these numbers. We are following this
direction in our current research work. In this paper, we want only to illustrate the use of
our approach in cases where deriving the bounds can be done analytically. However we can
note that if Condition 2 holds, the bounds obtained by the new algorithm are better than
those of [3], as stated in next result.

Lemma 4 If Condition 2 holds (which implies that Condition 3 holds as well), then for all
I'2 K, pp <pp<pu-

Proof. Let us denote by e; the vector whose entries are 0 except the ¢th one, which is equal
to 1. From Lemmas 2 and 3, we have:

~

hi,I = —eiAglllT, (25)

ﬁi,f = _e'l:AE’IlACI,CI—l ].T. (26)
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Let us consider the vector Ac,,c,_,1T. Each one of its components are greater than
mingec, . jecy A; ;, that is, greater than p; . From the relations above, we have

Di,r > g hir

which ends the proof. [ |

8 Bounding R in infinite models

In this section, we adapt the method described before to the case of an infinite state space
S and finite classes ¢r’s (implying that M = +00). We assume that X is ergodic. We also
assume, of course, that R < +o0o. Given that each class is finite, the cardinality of in(G)
is also finite. Observe first that when |S| = 400, the arguments used in Lemma 1 remain
valid, proving here that from any state 4 there is a finite path to j in X). Now, since the
infinitesimal generator of X () is the same as the infinitesimal generator of X except for a
finite part of S, necessary X () is also ergodic, and therefore, with a single positive recurrent
class containing j. In Appendix C, we show that the conclusions of Theorem 1 are still valid
in the infinite state space case. Moreover, since R < +00, we necessarily have RY) < +o0
as well. To see this, observe that if for some jo € in(G) we have RU0) = wlio)rT = oo,

then from the expression
R=mr"= )  «0rT

j€n(G)
we obtain R = +00, in contradiction with our starting assumption.

To simplify the analysis, we add the assumption that the transitions from Cj to C; are
null if 7 — J > 1. If this condition is not verified, the corresponding relations are more
complex, but the method still applies.

Assume that Conditions 1 and 3 hold. We can compute the starred bounds of previous
subsection.

For each j € in(G), let us define a new chain Z() over the state space G U {c} with the
same transition rates than X inside G. From any g € G to c the transition rate is equal to
A)288 4q in X (288 From c to G, there exists a single non-null transition rate which is
from c to j, denoted by v;, and defined by

(9

_ kP
Vi = She g0 (27)
where )
) A%)KH )‘gj)u )
07 =—35 o =1 (28)
Piqr1---Hp

Then denoting by z() the stationary distribution of Z), we have
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Lemma 5
+co

2 = Z Wg’)agg

I=K
and for all g € G,
zéj) = 7ng)agg_
Proof. The proof is immediate by writing the equilibrium equations for X P)ese

A, = )

which imply that
wd)age — g(j)w(j)agg‘

In order to have the equality 29 =i K Wg)agg we need
o (J)agg uﬁ?)
J +oo ald)agg’
I=K Tex
The result follows by writing ng)agg as a function of 7r(] )38 i this last relation. __ M

In the same way, let us define another irreducible Markov chain Z (@) and its stationary
distribution z' ) over G U {c}, with the same rates than for Z) inside G and from any
g€ G to c. The only entry in G from c is j and the transition rate from ¢ to j, denoted by

v;, is defined as follows:

1 ll,*
Vi = e g (29)
I=K "I
where
Meksr A
VI> K, §f = —°F L O =1 (30)
Pryr---Hp

Then, we have the following results:

Lemma 6

(J) — Z y(J)

and for all g € G, o '
Zg(]) = yéj)-
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Proof. From the balance equations

YN 11 =89 pi,

we have
(J) — g*ygn)
K

In order to have the equality z.¥) = S~ 1> Foo 49 we need

yg() K

ZI K yg)

() ;

!
vy =

()

The result follows by writing y¢,’ as a function of y¢; in this last relation. W

At this point, you should note that 1/; < vj, and that V; is in fact independent of j.

Let us come back to our bounds. Let us define over G U {¢}, the two reward vectors r’1
and 1"2 obtained by completing vector rg with a reward on the aggregated state ¢ equal to
01 in 1"1 and denoted by r. in r'2 Since 0 < g1 < 400, to obtain a lower bound on R we
proceed exactly as in the previous section. The problem can arise in the case of g2 = +o0.
First, let us consider the case when g is finite.

Theorem 6 If g2 < 00, let r. be equal to p2. Then, we have the following bounds of R:

min z @y,T <R, 31
j€in(G) 1 ( )
max z Wr,t > R. 32
j€in(G) 2 ( )

Proof. From Lemma 6, we know that

200 = yDrl + (1-y9(@))er,

and o '
ZOrs =ydrg + (1= @)es.
Then, the proof is identical to the proof of Theorem 4. [ |

Assume now that g» = +o0o and denote by 7., an upper bound of the rewards on Cf.
Then we have the following preliminary result:

Lemma 7 If 9o = +00, under the condition

+o0 )
Z ng)rc, < +o0,
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letting

+oo 0(])1“
re =max{ max =L=ETL T maxr; b, (33)
iem(G) y = gt ) ied

an upper bound of the expected reward R is

D, W) >R 34
2 (et 2 >
Proof. For any j € in(G),

DT = (GJ)rG+7r(J) g

- (J)agg T +7‘.(J) 2

IA

(J)agg T+ Z (1)3887-
From the proof of Lemma 5, 719288 = ¢\ 71288 56 given that 3725 6r,, < oo,

a@rT < z(]) T 4 7T(J)agg Z 9(1)
I=K

From the definition of r., we have
@t < z(]) T+ Z(])T

|
Thus, obtaining an upper bound of r. allows us to derive an upper bound of R, as stated
in the next theorem:

Theorem 7 If r: <r., then an upper bound of the expected reward R is

(Zz ri+r 2(1))>R (35)
JEm(G) et
Proof. Consider the expression of 2z ()r,!

LT = 29T 4 O

From Theorem 2, we have
3 @) _ 50)
G T *G -
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Using the remark above, V;- < v;, and Theorem 3, we also have P (@) < 29(@), and so,
Then given that r. > r;, Vi € in(G),
z(j)rlzT S z’(j)r;r‘
It follows that ' ' . .
Z zlwr,- + 1.2 < Z zi(J)ri + 1oz,
i€G i€G
Then if r} > r., we obtain (35). ]

This tells us that if we can compute an upper bound of 7., we have in the right hand
side of (35) an upper bound of R.

A particular case

Let us analyse what happens when /\ 1.7 and p7 are constant and respectively equal to A and
i A condition for the stability of the model is given by A < p. Denoting o = \/u, we have

I—-K

0; =o' 7%, v;=p(l- o).

In the examples that follow (9.2 and 9.3), we are in this particular case. We just have to
bound r. with

4o

O,
T = max maxri,%ﬂ = max maxrl, E ol Er., |.
- oo
iea 1=k 91

This is the technique that we will use to obtain bounds in the queuing models of next section.

9 Illustrations

This section illustrates the efficiency of the bounding method proposed in the paper. First,
we use a standard dependability model, a “Machine Repair Model” which leads to a large
finite Markov chain that can not be handled by the technique published in [3]. The second
example is an open queueing network composed by two queues in series, leading to an infinite
Markov chain with no known analytical solution. In this case, we bound the mean number
of customers in each node. We can observe that this model can not be handled by matrix-
geometric techniques. The third example is another open tandem of queues. Here, there
are blocking mechanisms since we consider finite buffers in all the nodes except the first
one, and we bound blocking probabilities. These two open examples can be transformed
into closed versions by limiting the total allowed number of customers and in this case, the
conditions necessary to use the method of [3] do not hold, as in the first example.
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9.1 Bounding the asymptotic availability of a MRM

Our first example is a standard multi-component system subject to failures and repairs.
There are two types of machines. The number of machines of type k is denoted by IV
and the time to failure of type k£ machines is exponentially distributed with parameter Ay,
k = 1,2. After a failure, the machines enter a repair system with one server. The repair
time is distributed according to a di-stage Erlangian distribution for type & machines, with
mean dy,/v. Machines of type 1 are served with higher priority than type 2 machines, and
the priority is non preemptive. We assume that type 2 machines are put immediately in
operation when repaired, but that type 1 machines need a delay exponentially distributed
(with parameter p) to come back to operation. Thus, in the model, type 1 customers go
to a second infinite server queue. This allows us to illustrate the method when the repair
subsystem is more complex than a single queue.

type 1

_®— ooo —@_.

Repair subsystem

(e eNe]

(o]
type 2 lo)
(o]

O,

Delay

type 2

Figure 4: A Machine Repair Model

Let nq (respectively ny) be the number of machines of type 1 (respectively 2) in the repair
queue, denote by k the type of the machine being repaired (with value 0, say, if the repair
station is empty), let d be the number of the phase of the current service with 1 < d < d,
(0, say, if the repair station is empty), and denote by n3 the number of machines of type
1 in transit (that is, in the delay station). We are interesting in bounding the asymptotic
availability of the system. It is said to be available as soon as nMin, (respectively nMins)
machines of type 1 (respectively of type 2) are up.

On states s = (n1,n2,d, k,n3) we have a Markov chain on which we consider the subsets
of states Cy defined by

Cr={s|ni+na+ng=1}
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with 0 < I < Nj + N». They define a partition of the state space. Observe that Condition 2
is not satisfied but Condition 3 is. Thus the method in [3] can not be applied. The size of
the state space S is

1
IS| = 14+N1+- (d1+d2)(—

1
6N1(N1 +1)(2N; +1) + §N1(N1 + 1))

+(N2 - Nl)(Nl + 1) (dg + %Nl(dl + d2)>

Ny (dz(N1 + No+ 1)+ =(d1 +d2) N1 (N1 + 1))

N | =

1 1
—dy <§(N1 + Na)(N1 + N2 +1) — §N2(N2 + 1)>

6

and if we aggregate each Ct for I > K in a single state, the size of the aggregated space
5288 ig

o if K < Ny,

_%(dl + dz) (lNl(Nl +1)(2N +1) - %NI(NI + 1)) ;

|Seeg] = d1 +dy)

/‘\
Chlb—\

—1)+%(K—1)K+1),
OifN1SK<N2,

|Sagg| - K+ d1 +d2

CSI»—A

Kore 1+ o)
)

+(K — Ny +1) (N1+1d2+ (dy +d2)N1(Ny +1) ) + 1,
o if Ny < K < Ny + Ny,

|SeeE| = d1 + dy) ( K(2N1 +1) + 1)K

G’ﬂlb—l

+(K — Ny +1) <N1+1 )dy + Nl(N1+ )(d1+d2)>
K —1—Ny) (d2 Ny 4+ Ny +1) + NI(N1+1)(d1+d2))
—dy (2(1( )K—§N2(N2+1)>
_%(dl +dy) (é(K— 1= No)(K — No) (2K — 1 — 2N)

- %(K —1— No)(K — N2)> +1.
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Let us consider the following parameter values:

o N; =80, Ny = 120, nMin, = 77, nMiny = 115, A; = 0.00004, Ay = 0.00003, v = 1.0,
dy =6, dy =5 and p = 3.0. The size of the whole state space is | S| = 4344921. Using
two small values of K, we obtain the following numerical results:

K |S288| | Lower bound Upper bound
5 226 0.9999999698 0.9999999852
10 1826 | 0.9999999841 0.9999999841

e N; =80, Ny =120, nMiny =79, nMiny = 115, A\; = 0.00004, Ay = 0.00003, v = 1.0,
dy = 6, d2 =5 and p = 3.0. The size of the whole state space is |S| = 4344921. We

obtain
K |S288| | Lower bound Upper bound
5 226 0.9997597121 0.9997597466
10 1826 0.9997597349 0.9997597349

9.2 Bounding the mean number of customers in a two-node tandem

Consider the following simple open queueing network with 2 FIFO nodes (Figure 5). In
this example, customers arrive from outside according to a Poisson process with rate .
Each queue has an infinite capacity, and service time at each node are 2—stages Erlangian

distributed, with average equal to 2/v.

Figure 5: An two-node open queueing network

We consider the standard Markov representation of this queueing system with states
s = (n1,d1,n2,ds), with n; customers in node 7 and phase d; in the server of node i, = 1,2,
with the convention that d; = 0 if n; = 0. Let us define the partition (Cr)r>0 of the state
space with
Cr= {(nl,dl,n2,d2) | ny +ng = I}

This model does not possess a known closed form solution and it is not possible to solve
it directly due to its infinite state space cardinality. Moreover given that Condition 2 is
not satisfied, the method in [3] can not be applied. Observe also that the natural partition
considered makes that matrix-geometric [8] approach can not be used neither, since the state
space has a 2-dimensional structure and both dimensions are unbounded.

Let us apply our method to bound the mean number of customers in each node. In both
cases, the a priori bound g on the rewards is infinite. First, we should note that A is an
upper bound of )\f, 141 for all I. Concerning the needed lower bound on the ur’s, we use
the regular structure of the C’s. In Annex D we show that for each Cj, the value of uj is
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obtained for state (1,2, —1,1),if I > 2, and for state (1,2,0,0) if I = 1, and that its value
is independent of I. Thus, if we let ¢ be equal to A/u}, we have

A\TF ,
07 = <—*> =o' K, and v; = (1 —o)pk-
1134

The fact that uj is independent of I, give directly a sufficient condition of ergodicity of the
aggregated process, which is A < pj.

Let us set ¥ = 1.0. To be able to apply the method, we need A < 0.42. If we choose
A = 0.35, the mean number of customers in node 1 belongs to |1.6784474634,1.6784474659[
and the mean number of customers in node 2 belongs to ]1.9250000000, 1.9250000006]. When
A = 0.4, the mean number of customers in node 1 belongs to ]3.2000, 3.2020[ and in node 2
belongs to ]2.7101,2.7139[. These values are obtained after generating 19802 states.

9.3 Bounding blocking probabilities in a three-node tandem

Let us consider the three-node open queueing network shown in Figure 6. Excepting the first
node which has an infinite capacity, the two other nodes have a finite capacity of respective
sizes H; and H,. Customers arrive at the first node according to a Poisson process with rate
A. All the services are exponentially distributed and the service rates are respectively p;,
po and pg in the first, the second and the third nodes. We also assume that all the nodes
implement a FIFO service discipline, and that there is a blocking-after-service behaviour in
the first and second nodes. This means that when the second node is saturated, the first one
blocks its server after the end of the current service and until the departure of the customer
being serviced in the second one (“blocking-after-service”, B.A.S.). Then, if the latter is not
saturated, simultaneously a customer leaves the second node to the third node and another
customer passes from node 1 to node 2. On the other hand, if the last node is saturated,
the second node as the first one blocks its server after the end of the current service and

until the customer serviced in the third node leaves the system.
== (o—— 1) ()—

total capacity Hi total capacity Ha

Figure 6: A three-node open queueing network with blocking-after-service

Let n; be the number of customers in the ith node, i = 1,2, 3, and let s = (n1,n2,n3)
be a state of the model. We use Ct = {s | n1 + n2 +n3 = I} with I > 0. As in the previous
example, there is no closed form solution [9] and the state space cardinality is infinite. Given
that ny < Hy and ng < Ha, it is easily verified that for I > H; + Hy + 1, |C| is constant.
This allows us to simplify the analysis by choosing any K > H; + Ho+1 (note that if we had
chosen some K < H; + Hs + 1, we still could have done the same by collapsing in ¢ all the
aggregated states ¢y with I > H; + Hy+1 and keeping ¢k, - - -, ¢H, +H,+1)- The condition for
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stability due to the Markov chain used to bound the asymptotic measuresis > 7., 8% < oc.
Given that K > Hy + Ho + 1, for all I > K, u7 = p) and we have A}L,IH = A. So, letting
0 = A/ i, we have

A I-K ,
07 = ( . ) =o', v =(1- k.
1204

We are going to bound the mean number of customers in the first node (case go infinite),
and blocking probabilities of the first and second nodes (case g, finite).

Let us consider the following parameter values: A = 0.2, g = 0.7, uo = 1.5, pug = 0.2,
Hy = 18 and Hy = 10. After generating only 3839 states, we give measure value with an
absolute error less than 10710, that is, the difference between the computed upper and lower
bound is less than 1071°. The mean number of customers in node 1 is 0.4000000000.

In the same way, we show respectively in Figure 7 and in Figure 8 the probability
of blocking of nodes 1 and 2. As above, given that we are interesting in performance
measures with an absolute error less than 1071% we only plot the average between both
computed bounds. The probability of blocking of nodes 1 is plotted as a function of the
service rate of the corresponding server, pa, with (Hy, Ha, A, u1, p3) = (10,8,0.1224,1.5,0.5)
and the probability of blocking of nodes 2 as a function of pz, with (H1, H2, A, 1, pto) =
(18,10,0.1224,1.5,0.7).

1le-06 T T T T

le-07 | -
Blocking prob.
1e-08 -

le-09 ' ' '

0.7 072 074 0.76 0.78 0.8
141

Figure 7: Probability of blocking of node 1 as a function of us

10 Conclusions

This paper proposes a new way of obtaining upper and lower bounds of asymptotic per-
formability measures, from finite or infinite Markov models. The asymptotic performabi-
lity includes as particular cases the asymptotic availability in a dependability context, or
standard asymptotic performance measures such as mean number of customers, blocking
probabilities, loss probabilities, etc. To be applied, the method, as presented here, needs
enough knowledge of the structure of the model in order to be able to derive analytically or
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1e-06 — T T T T T T

16—07 B \\ =
Blocking proll). 08 T
e_

1e-09 | -

16—10 1 1 1 1 1 1 1
0.46 0.5 0.54 0.58

vy

Figure 8: Probability of blocking of node 2 as a function of us

numerically certain parameters necessary to obtain the bounds. This is not always possible
and current research aims to deal with this situation. In any case, there are many models
such as the type of infinite queueing networks used in this paper to illustrate the method,
with no known closed solution and where, to the best of our knowledge, any other available
bounding techniques do not apply.
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A Proof of Theorem 1

First, let us consider the irreducible and aperiodic stochastic matrix P, obtained by uni-
formization of A with respect to the uniformization rate A > sup; |4/, that is, matrix
P =T1+A/A. We have w = wP. Then, let us construct the matrix () whith the same size as
P, such that Q; ; = 0 for all i € Ck and j € in(G), and Q; ; = P; ; in the other cases. Given
that for all 4,7 € S we have Q;; < P, ;, @ is a lower bound of P, that is a sub-stochastic
matrix. We should note that @ is a strict lower bound because of the irreducibility of P.
Thus the matrix (I — Q) is invertible [10, Chapter 1, p. 66].

Let us denote by P(M) the polyhedron given by the set of convex combinations of the
normalized rows of the square matrix M. Observe that if P is a stochastic matrix and if
7 = 7P, then w € P(P). Consider

PI-Q)7") ={v €Ryxjs| | IBERy x5, 81T =Lv =11 -Q)7'},  (36)

where 7! = Diag((I—Q)~'1T7)~! = Diag(o},) is the normalization matrix. We will denote
by 2z, ..., 2(8D the vertices of P((I — Q)™").

Proof of Theorem 1 As for P, we consider the uniformization of A¢), denoted by P().
Because of the irreducibility of A, there exists an unique normalized vector 7(/) (Lemma 1),
such that 7 AW =0 and 70 PY) = 7z (),

First we show that (/) belongs to P((I — Q)~1!), and then that 7% is equal to the jth
vertex of P((I — Q)™1).

Lemma 8 7)) € P((I — Q)™").

Proof. Matrix (I — @)~ is invertible; this implies that there always exists a vector 3 such
that _
) =By~ (1 - Q). (37)
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Since
E_I(I _ Q)—IIT — ].T,
then '
1=71T =881 - Q) "1" = g17. (38)
Moreover, from (37), and given that (/) (I — P) =0, it follows
B=maDIT-Q)L=aDI-Q) - 70T - POYT =70 (PY — Q) > 0. (39)
Equations (37), (38), and (39), end the proof of this lemma. [ |

Lemma 9 The jth vertex of P((I — Q)~") is w9,

Proof. We prove first the existance of a stochastic matrix such that the jth vertex of
P((I —Q)~"), denoted by z(), is its stationary distribution. Then, we show that this
stochastic matrix is P). To start, let us introduce a new matrix Q = Diag(1(I — Q)™ 1).
By definition of 2(9), there exists a normalized and positive vector 8% such that 2(9) =
BT (I—-Q)~". Vector BY) is defined by ,Bzw =1ifi=jand ﬁz(j) = 0 in the other cases.
Indeed (I — @)~! has full rank. That means that each row of the matrix belongs to the
base of the polyhedron. Let us consider the matrix C9) equal to C%J-)Q_H/Tﬂ(j )¥~1, where
cY) is a constant equal to XTI — Q)~'Q~'wT and v is a positive and normalized row
vector.
Then we have the following relations:

29 (Q + C(j)) =BWE NI -Q)YQ + C(j)) =2, (40)
and if we denote wT = (I — Q)~1Q~1wT,
Q + CNwT = (Q + CNYI — Q)0 'wT = wT. (41)

Note that the matrix (Q +C)) is a stochastic matrix. Indeed from (40) and because of the
equality 2017 = 1, we have (Q + CV)1T =17,
Let us prove now that Q + C) = PU), First consider the expression of the constant
(4).
c\):
) =@y (1 - Q) wT.

Given that w™ is a right eigenvector of the stochastic matrix (Q 4+ C()) (relation (41)),
there exists an invertible matrix A such that w™ = A='1T. And thus,

O'j.

(4)
) = gy -1A-1 = AL Z B _ AL
P

It follows that

' ﬂ(J) -1
oW = (J_> (I-Q)1Tglx-1,

0j

RR n°3135



30 Stéphanie MAHEVAS - Gerardo RUBINO

That means that the only non null elements of C¥) are on its jth column, which is equal to
[(I —Q)17];. And so we have, Q + C\) = PU). [ ]

At this point, from lemmas above we know that n() = 20 ¢ P(I-Q)~"). To
prove Theorem 1, we only have to show that 7 belongs to P((I —Q)~"). As for «(%
and given that w(I — P) = 0 and (P — @) > 0, there exists a normalized and positive
vector 3 such that m = BX~1(I — Q)~!. It follows that m belongs to P((I —Q)~') and
=) 5B (1) 2(3) | Moreover from the expression of 7 above, we have the following equality
for B: B =w(P—Q)X. Matrix (P— Q) is equal to a matrix whose columns are null excepted
those associated with the entry points in G. This means that the only non null elements of
B are f; for i € in(G). Then from Lemma 9, it follows that m =37, ) x@ . m

B Proof of Theorem 3

Let us first consider the exact aggregated Markov chain constructed from X, by collapsing
the subset G into a single state g, and each subset Cj for I > K into a single state c;j.
We denote the aggregated transition rate from g to any cr, by Ay, 1, from any ¢r to ¢y (for
J > 1I) by Ar,s, from ¢ to ¢y—1 by pr (I > K) and from cg to g by px. Now consider a
second Markov chain having the same topology the first one, but such that the transition
rates from ¢y to ¢y when J > I, denoted by )\’I’ s, are upper bounds of the corresponding
rates in the first aggregation, and lower bounds in case of transitions from ¢y to ¢;_1 or
from ck to g (the respective values are denoted by p'I, I > K).

Let us denote by v (respectively by v’) the stationary distribution of the first chain
(respectively of the second). Then we have:

Lemma 10 'ulg < vy.

Proof. Suppose that 'Ulg > v,4. From the equilibrum equations, we can write that:

(ZJZK Ag,a)Vg

ST
I 7
' (Z.IZK /\g,J)'Ug
Vg = — .
12074

By definition, we know that Ay j < )\'g,J and pr < ,u’K. Thus it follows:

!

Vgp > Ve

Recursively, if we write for each I > K the equilibrum equations, similar results are obtained.
That is: ,
VI > K, v, > v,.
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Then given that v is a stationary distribution, we have:
v, + Z v, >1
I>K

This means the first assumption is false. |

In the same way, let us consider the two exact aggregated Markov chains constructed,
as above, from X (288 and from Y ), by collapsing the subset G in a single state g. Given
that there is a single point to enter in G from G, the aggregated rate from ck to g in former
chain (respectively in the latter chain), is equal to the transition rate from ¢, to j in X (7)agg
(respectively in Y(9)). The transition rates from g to any c; in the two new chains are given
by the following expressions:

Ags = Z ﬁé??iaggA(j)agg’

2,C1
i€q@
T ~(J) 4(d)ags
Aor = D TELATTE.
i€EG

By construction of X (1288 and Y (@) the restriction of their respective infinitesimal genera-
tors to the subset G are identical. From Theorem 2, we have the equality between the two
conditional vectors ?rg)agg , ?g) That means that

!
Ag’l = Ag,I'

Moreover the transition rates between the other aggregated states are the same as in X (7)age
and Y. Let us denote by 775(,] Jage (respectively by ygj )), the stationary probability of being

in state g for the exact aggregated matrix obtained from X (/)28 (respectively from Y (9).
Thus, the conditions required to apply Lemma 10 are verified. It follows:

ﬂgj)agg > yg(:j)'
The fact that /%88 = 7()288(G) and 33 = y)(G) (same results as (7)), ends the proof.

C The existence of (I — Q)™!

To apply Theorem 1 in the infinite state space case, it remains to show that matrix (I — Q)
is invertible. First let us recall the block structure of Q:

_( e Fsa
¢= ( 0 FPg )’
One way to obtain the existence of inverse of (I — Q) is to consider each block separately.
Given that the only infinite blocks in () are P,5 and Pg, we just have to show that I — Py
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is invertible. This can be done by means of standard results as presented in [11]. Since Pg
is a sub-stochastic matrix, the sum I+ Pg + P2 + - - - is finite and sub-stochastic. Using [11,
6.4.5], if fT denotes the vector defined by

fi= lim > (P8)i;,

Jje@
we have that fT is the maximal solution of the linear system T = Pga™, with 0 < x; < 1,
and either f; = 0 for all ¢, or sup;cs fi = 1. Since X is irreducible and have only positive
recurrent states, the system of linear equations above, have a unique solution verifying f; =0
for all 4 [11, 5.3.29]. This means that the matrix Pg verifies:
. T _ T
lim PE1° =0".

n—oo

Given that all the elements of Py are positive, it follows that

lim P% =0,

n—oo

which is a sufficient condition for the convergence of the series.

D Proof of a result concerning Example 9.2

In this section, we prove that for each Cfr, the value of u7 is obtained for the entry-state in
Cr(1,2,I-1,1),if I > 2 and (1,2,0,0) if I = 1, and is independent of I. Note that we are
only interested in computing the value of u7 for I > K, that is, in the worst case for I > 1.
We will consider later the particular case I = 1.

Consider the structure of each class Cy for I > 2 and the transitions from each state of
Cr represented in Figure 9. The full (respectively dotted) arrows stand for the transition
rate equal to v inside the class C; (respectively from the class Cr to Cr—1). From each
state in Cf, there exists a transition, with rate A, to a state in Cr41, deliberately omitted
to simplify the figure.

Let us cut Cj into I + 1 stages and denumerate the states from 1 to 4 in each stage,
excepted in stages 0 and I, where they are denumerated from 1 to 2, as it is shown in
Figure 9. Let us denote by pl' (respectively by h}') the probability to jump from Cj to
Cr_1 (respectively the mean sojourn time in Cj) when the sojourn in Cy starts in ith state
of the nth stage. You should note that all the states of C; excepted states (0,0, I,2) and
(1,2,I —1,2), belong to in(Cr).

Consider now four reals a, b, ¢, d defined by

1 1 v v

T4+’ =2V+)\’ C_l/+)\’ =21/+X

We have the following relations:
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1IN N A/
NN 7N 78

(I-1, 2, 1, 2) o (12, 2, 2, 2) . (1211 2)
Voo Y Voo v
stage I stage I-1 stage I-2 stage 1 stage 0

(1200)(11112)(1121101412212221))oo 11112)(1211 012)

Figure 9: Topological aspect of a class Cy for I > K

Py =d+dpy, hy =b+dhy~",
. p?—d(zu +pP7Y), By =b+d(hy + Ry,
At stage n : —d+dpf, h = b+ dhn,

p’f =d(p3 +p3),  h? =b+d(hy + h3).

pl =cpl, hi=a+chi.

Then it is easy to see that

W_ph_ B »
hi Al R 204+ N
and ) ) o
hy  hy  h3
And then by recurrence, we have:
n n 1
for all odd 7, 2’—; - 2’_3, for all even n, % - %.
But, for any value of v and A, v > 57 it follows that for any I > 2,
2
v
ol—
Rr=5,7x
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For the particular case I = 1, there are only two stages and all the states of C, excepted
state (0,0,1,2), belong to in(C1). Then we obtain

. (V2 42U + X?)v?
1= (B2 +3vA +X2)(2v + A)’
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