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Abstract: We analyze the Funaro-Quarteroni alternative procedure for the solu-
tion of singular perturbation problems. We show that for an appropriate choice of
the domain decomposition, one obtains a fast convergent iterative scheme with no
relaxzation that resolves the boundary layers. The convergence is superlinear with
respect to the singular perturbation parameter € in the following sense: the amplifi-
cation factor is o(e). We give sharp estimates of the interface position and convergent
rates for an homogeneous domain decomposition in one dimensional space as well
as in two dimensional space problems on a disk. We extend our results to hetero-
geneous domain decomposition arising in a simplified model of an electromagnetic
problem. We report on implementation results with finite difference approximations
and finite element codes (Modulef).
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Méthode de décomposition de domaine sans
recouvrement
pour des problemes elliptiques A perturbations
singulieres

Résumé : Nous analysons I’algorithme de Funaro-Quarteroni pour résoudre des
problemes de perturbations singulieres. Nous montrons que pour un choix adapté de
la méthode de décomposition de domaine, on obtient un schéma qui converge rapide-
ment sans relaxation et qui permet de résoudre la couche limite. La convergence est
superlinéaire, au sens ou le facteur d’amplification du schema est un o(e), € étant le
parametre de perturbation singuliere. Nous donnons une estimation précise de la po-
sition optimale de I'interface entre le domaine correspondant a la couche limite et le
domaine extérieur, et de la vitesse de convergence dans le cas d’une décomposition de
domaine homogene en dimension 1 et en dimension 2 sur un disque. Nous étendons
nos résultats au cas de la décomposition de domaine hétérogene que 'on observe
dans un modele simplifié d’électromagnétisme. Enfin, nous analysons les résultats
obtenus pour une implémentation utilisant une approximation en différences finies
puis en éléments finis (Modulef)

Mots-clé :  perturbation singuliére, couche limite, couche de transition, analyse
asymptotique, décomposition de domaine, méthodes itératives
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1 Introduction

The goal of this paper is to study the convergence rate of the Funaro Quarteroni
algorithm (F.Q.) [5] applied to the homogeneous and heterogeneous domain decom-
position of linear second order elliptic singular perturbation problem with zero order
degeneracies. Solutions of singular perturbation problems (S.P.P) typically display
rapid variations across narrow regions, the so-called boundary layers. It is then
challenging to design a numerical scheme that gives a uniform approximation of the
solution. Singular perturbation problems have been studied extensively in asymp-
totic analysis but the results of these studies have not yet been fully exploited to
enhance numerical computations (see for example [4], [3], [11] and their references).
Following the method in the papers [8] [6] [7] [9], we systematically use the concept
of singular perturbation to design efficient and accurate domain decomposition sol-
vers for these problems. First, the subdomains of computation correspond to the
?regular domains” and the ” singular layers” of the S.P.P. Next, the position of the
interfaces depends on the small parameter ¢, and is determined in such a way that
the truncation error is asymptotically of the same order in each subdomain. Finally,
the aspect ratio of the mesh changes drastically from a regular subdomain to a sin-
gular layer subdomain.

In previously published work [6] [7], we investigated a Schwarz alternating procedure
implemented in its most elementary form. It was shown that the rate of convergence
of the iterative procedure is superlinear when the domain decomposition is properly
designed. Superlinear rate of convergence means here that the global convergence
rate depends on € and goes to zero when € — 0. In this paper we demonstrate simi-
lar properties of the F.Q algorithm and emphazise the impact of the choice of the
boundary conditions. We consider classical second order linear elliptic S.P.P with
zero order degeneracies [3] and a transmission problem that arises in electromagnetic
theory. We give rigorous convergence and accuracy estimates in the maximum norm
in the finite difference framework but we apply our results to enhance finite element
computations.

In Sect.2, we study in details homogeneous and heterogeneous domain decom-
positions in one space dimension. We generalize these results to a two dimensional
space via a comparison lemma in Sect.3. We apply our main results in Sect 4
to enhance the computation of an elementary two dimensional singular perturbed
transmission problem that arises in electromagnetic theory with Modulef.

RR n°3137



4 M. Garbey, L. Viry, O. Coulaud

2 Boundary layers in a One Dimensional Space

2.1 Homogeneous Domain Decomposition

In this section, we consider a linear second-order singular perturbation problem of
the following type:

{ Lip=—€d +¢=FinQ=(0,1); (2.1)

#(0) = ag ; 9(1) = ay,

Where € is a small positive parameter in ]0, ¢g] for some ¢y > 0. Problems of this
type exhibit boundary layers usually at both ends of the interval. This trivial one
dimensional problem will be used as an illustration for our method. In particular
we will show how properly design the domain decomposition in order to get fast
convergence for the Quarteroni-Funaro iterative solver with no relazation parameter.

We restrict ourselves to the case of a single boundary layer in the neighborhood
of 1. According to the asymptotic analysis, we should split the domain € into
two subdomains Qjuner = (@,1) and Quueer = (0,a) where a > 0. Qe covers
the boundary layer at 1 and €,y covers the domain of validity of the regular
approximation.

In order to easily get sharp estimates in the maximum norm, we are going to use
the finite difference framework.

We keep the mesh regular in each subdomain and adapt the domain decompo-
sition to the boundary layer stiffness. Let us denote hy (respt. hg) the mesh size
on Qouter ( respt Qipner). Let us denote by Lhi7 1t = 1,2 the discretized operator
that corresponds to L.. We will also restrict ourselves to the case where we have
the same asymptotic order of grid points in each subdomain, i.e

ho 1
hi ~ N —
1~ 1 ¢~ N’

(2.2)

in order to balance the amount of work in each subdomain.

INRIA



Domain Decomposition for Singular Perturbation Problems 5

2.1.1 Dirichlet-Neumann scheme

We introduce the following iterative procedure [5] in order to solve(2.1)

th cb](zuter =Fn Qouter;
%uter]’gi()l) = Qg 7 ¢§uter ((L) = fnner (a)
Lpi?mmr = F in Qinner; (2.3)
qbinner (O) =0
qb?:nler (a + h2) B qbf:nler (a’) _ Zguter ((I) B ]guter(a’ B hl)
hg hl .

To start the scheme, we impose an artificial boundary condition at the point a. We
use the same finite difference scheme in each subdomain with Dirichlet boundary
condition at a in €,y and Neumann boundary condition at a in ;... We
will consider in the next section the other possible choice, i.e Neumann boundary
condition at @ in €,y and the Dirichlet boundary condition at @ in Q;,ner.

We will decompose the analysis of this iterative method in three steps: first
we define the best interface location between the subdomains, based on a trunca-
tion error analysis, secondly we derive from the stability property of the discretized
operator the rate of damping of the artificial boundary condition error. Lastly we
combine these two results to get an estimate of convergence of the iterative solver
to the ezact solution of the differential problem (2.1).

The technique of demonstration is quit elementary but plays with two types of
small parameters: first the space steps (2.2), second the small singular perturbation
parameter e. Our goal is to find the best path in the parameter space (h,€) which
provides superlinear convergence and optimal uniform approximation.

e First Step: interface position

We wish to determine the optimal interface position a, which minimizes the
maximum error in both subdomains under the constraint that we have the same
asymptotic order of mesh points N inside each subdomain. In this part, we neglect
the artificial boundary condition error inherent to the Funaro-Quarteroni alternate
(F.Q) procedure. This error will be taken care of later on.

RR n°3137



6 M. Garbey, L. Viry, O. Coulaud

Let @outer (reSpt @inner ) be the restriction of ¢ to Quyser (respt Qipper). We define
the following errors :

}.
Eouter = IMaAX |¢oute7‘ - Obobqlu,‘er|

outer

h
€inner = 1Max |¢inner - ¢i7§ner|‘

inner

A centered-order finite difference scheme applied to —eu” + v = f with exact Diri-
chlet boundary conditions gives

(4)
Couter A €hia® max |d f
Qouter d.r

|. (2.4)

The analysis of the inner subdomain approximation with mixed exact boundary
conditions gives two truncation errors, which we should consider in addition the
discretisation error of the Neumann boundary condition. We have

d® e R d@¢
Einner N Gh%(l - a)2 QIS:); | ot | %1 "R QIS:); | dz2

[, (2.5)

here R =1+ 2 4 k(14 12)%
where R = +§+\/E( —1—5)2.

We first notice that the truncation errors defined above depend strongly on the
property of the solution that we want to approximate in each subdomain.

Let ¢ be the outer expansion of ¢ and ©(z,€) be the corrector i.e

O(z,€) = ¢(z,€) — po(z, €) = exp(—n),

in the boundary layer with n = I_TI We will show that the truncation error is

dominated by the behavior of the corrector as in ([6]).

Secondly we remark that the error in both subdomains is coupled because the
Neumann boundary condition for the inner domain is only an approximation of a
derivative in the outer domain. So we need to compute directly the error between
the exact solution of the continuous problem and the formal limit of (2.3) when
p — 0o. We have:

INRIA
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Lemma 1 Let qg = ((52-7]-)2-:0“_]\77]':172 be the solution of the following linear system.

LM =F i=1,...N -1
LR2¢, 9 =F i=1,...N -1

%0,1 = Qo ; GBNNJ = QEOL% GEN,2 =0 (2-6)
051,2 - 050,2 B ¢N,1 - ¢N—1,1
ho N hq '

where

Gix1 — 2¢; + diq
h

Let M be the composit grid M = Myyier U Mipner, with

Moyser = {xi,l = l(%), 1= 0, .. ]\/v}
Minner = {xi,Q =a+ i(l&a); 1= O, .. 17\7}

L= —c + ¢i.

Let us suppose that
Nl /es with & =» 1.

Let || || be the mazimum norm on the composite grid M.

Under the previous hypothesis on the discrelization and approzimation of the
operators in each subdomain, || ¢ — ¢||~ is asymptotically minimum when

1 —a~ +elog(e?).

Proof: The existence and uniqueness of ¢ follows from the maximum principle. Let
¢ be the exact solution of the Dirichlet problem: —e¢ +¢ = F; ¢(0) = ag ; ¢(1) =
aq.

Let €;,; = ¢;; — qgm- t=0,...N,j = 1,2, where ¢; ; is the trace of ¢ on the
COHlpOSit gI’ld Mouter’ U Minner’-

RR n°3137
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We have )
€411 — 26,1+ €11 hi (4
—€ n? +ei1 = —6505( (&),
€412 — 26,0+ €12 h3 (4
—€ 2 +e2= —€E¢( )(772')7
€0,1 = 0; EN,2 = 0,
EN,1 = €0,2,
€12 —€,2 €N1—€EN-1,1 @ (2) (¢ @ (2) (5
where

i1 <& < Tin; Tim12 <M < Ty *n—11 < EL< TN T < < Xy

We split the error e; ; into two componants €; ; and é;; solutions of the following
linear systems:

€411 — 261+ €11 . hi (4)
—€ 62 = —€— 7 9
€iy12— 269+ €12 , . ).
€ h% + €2 = 61265 (m:),
€01 =0; éen2=0
éN1 = €02 )
€12 —€,2 €EN1—EN-1,1
hg hl ’
€it11—261+€11 0
- h2 + €1 =V,
Civa — 2810 + &
p t+1,2 22,2 t—1,2 + éi72 — 07
h3
é071 =0 N éN72 = 0,
é]\7,1 — é0,27
€12 — €02 _ éNg —EN-11 | M1 a8 P2 9y,
= » + 500 + 56 (7).

If [€;1] is not maximal at the boundary : = N then

aXNléi’ll < By = Ceh? max{p™}

=0

INRIA
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Otherwise, we deduce from

ha
€12 — €02 = h_(eN’l - €N—1,1)7
1

that |e; 2| cannot be maximal at the boundary i = 0. We have therefore
max|e; o] < Fy = C(1 — a)®eh3 max{¢*}.

Consequently, we have:
|[€]|co < max(Fy, Ey).

Now let us consider the error that comes from the discretization of the Neumann
boundary condition.
From the maximum principle, we have |é; ;| bounded by |éxn1| = |ép2|. In addition
([6]-lemme 4):
N1 — EN—1,1 ~ €02

hy hy

We look for é; 5 in the following form:

€2 = C1R' + C4R™,

where R(hg, €) is the larger root of the quadratic polynomial

h3

R~ 2+ 2R+ 1=0.

€
We obtain € and C from the boundary conditions. From this explicit formula we
can conclude that ¢é; 5 is a decreasing function of ¢ and that:

h
€02 R F3 = \/E?lé@(b)-

We have finally:

He”OO § maX(Eh E27 E3)7 with (27)
By =~ eh3(l+e? exp(—%), (2.8)
By =~ 'Rt (2.9)
b
Fs =~ Veh(1+et exp(—ﬁ). (2.10)

RR n°3137
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Hence, if € is sufficiently small then Fs is an increasing function of b and FE; as
well as F3 are decreasing functions of b. It is easy to show that the accuracy is best

when
b~ +/eloge 2.

The error is then
|le]|so = €. (2.11)

e Second Step: Damping of artificial boundary errors

The convergence of the method depends essentially on the way an error which
is introduced at the artificial interface propagates inside the subdomain.

The Schwarz iterate procedure applied to the two points boundary value problem
—u’ = F, u(0) = ag, u(l) = ay, for example, has very poor efficiency because for
[@,b] C [0,1] any given subdomain of [0,1] used in the Schwarz iterative procedure,
any perturbation of the boundary condition at b decreases linearly inside the subdo-
main [a,b]. It is no longer the case for a second order singular perturbation problem
that have boundary layers with fast exponentially decay. In [6] it is shown that we
may, in fact, have fast convergence with relatively small overlap even if we apply the
straightforward Schwarz alternate procedure with Dirichlet boundary conditions.
We will proove that the F.Q procedure may also have fast convergence and we will
compare it with the Schwarz alternating procedure.

Let us consider the F.Q iterative procedure applied to the following homogeneous
problem

with a domain decomposition given by (Lemma 1),i.e b=1— a ~ y/cloge™!. The
discretized operator satisfies a maximum principle and we can show that:

+1 +1
e ol = leN 1| > mazi=o,.N-1]€f] |

INRIA
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and
|6872| > nzax¢:07,,,N|e£2|.

We will call damping factor a real £ such that: |eg:;1| < &legals Yp-

Lemma 2 Let a be the interface position f)etween the subdomains such that
1 —ame/?loge !, Suppose that N=' = €26,. with § = 1.
Then the amplification factor of the iterative scheme is:

Ex oL

Proof: let ¢ = (qNbij)i:ode-:Lg be the solution of

Lmgl =F i=1,...N -1,
Lr¢l,=F i=1,...N -1,

P Logp _ gp—1l [ gp
¢ = o ; ¢N,1 =02 i ¢N,2 = 1,
P Op ap o p
1,2 02  ¥Na N—-1,1

hg hy '

Let (V.)izo0,..N j=1,2 defined as V", = Cg?,j — ¢;; where ¢ = (é17)iz0,.N,j=1,2 18
the solution of (2.6).

We have:
LMVE=0i=1,...N -1
LRVE, =0 i=1,...N -1
-1
VOZ;I =0 237 Via j Voa p3 Vi2 =0
Vie = Voo _ Vi = Vo
ha hy '

Let £, be the damping factor for the outer domain with Dirichlet boundary condi-
tion defined as in [6], we have V]]\D,_L1 = 55‘/]7\9,71 with £ << 1. Then

V1p,2 - V(iQ = _(VJ]\gf,l - VJ]\Df—m) =—(1- 56)‘/12\77,1 =—(1- 5%)‘/({2_1- (2.12)

Let K be the RHS of (2.12), we will show that (V{,), is decreasing in module. V7,
can be writed as

1@:@H@@+@E%w%

K3

RR n°3137



12 M. Garbey, L. Viry, O. Coulaud

where R(hg, €) is the larger root of the quadratic polynomial

h3

R~ 2+ 3)R+1=0

€
From the boundary conditions, we obtain C] and C%

Cg = —CfRQN(hQ, 6)
CP = K/(R(hy, €) — 1)(1+ R*N=(hy, €))

We can write

I R*N (hy, €) y K
0,2 14+ RQN(hQ, 6) R(hg, 6) -1
= &x VY,

where £ is the amplificator factor of the iterative method. Consequently

_ I
-

1— RX2N(p 1
R (276) %

5 14 RQN—I(hQ, 6) R(hg, 6) -1

(1-¢&-)

From N =~ 6%5, we deduce the asymptotic behavior of & which is

Ex ot

e third step: Convergence to the solution of the ODE problem and
Uniform approximation

Theorem 1 Let ¢ be the solution of the Dirichlet problem
L[g] =~ +¢=F; ¢(0) = ag, ¢(1) = v

Let ¢F and ¢Ff

outer nner

defined by the iterative scheme:

th ¢p =Fan Qouter‘7

outer

]guter (O) = Qg ; cbguter (a’) = qbfnner (a)7
Lr2ght = F in Qinner,

mner

é?:nler (0) =,
Qb?:nler (a + h2) — qb?:nler (a) _ ]guter (a) - ]guter(a - hl)
hg hl ’

INRIA
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where

6sz'+1 —2¢; + ¢i—1

Lhg] = - -

+ ¢i.

Let
¢p — Oﬁguter‘ on Mouter = {372'71 = Z(%) = 0 N}
cb?nner on  Mipper = {-TLQ =a+ ’L( ~ ) 1=0,. N}

Let || ||oo be the mazimum norm on the composite grid Myyter U Mipner -
Let us suppose that

Nl es with 6 >>1 and b~ +/elog(e?).

Then
16 = ¢¥[loo < C(E7 + €)), Em 67 (2.13)

Proof: We have shown in Lemma 1 that e;; = ¢;; — qgm- 1=10,...N,7 = 1,2,
where ¢ is the exact solution of the Dirichlet problem (2.1), ¢;; is the trace of ¢
on the composit grid Myyser U Mipner and b = (@7])2 0,..N,j=1,2 solution of (2.6)
satisfies (2.11) .

Let Qbouter = (Cbi,l)iZO,:.N (I'eSPt qbinner = (éi,?)i:O,...N) and Vouter = qbguter_qbouter
(respt ‘2]797,7167’ = qb?nner’ - ¢inne7‘-)
We have
th (Voputer) 0 on Qouter
‘o@ter( ) = ‘zin;r ((L) ) ‘Oputer‘( ) =0
L (V] o) =0, on Qinper

mner

‘ziner( ) - 0
V ziner (a + hQ) -V, zz'/o"mer (a) _ V, o]zu‘er’( ) B ‘/o]szer(a B hl)
ha B hy '

We conclude from lemma 2 that:

H‘ outerHOO < C gp on Mouten ”V ”oo S C gp on Minnen

mner

and therefore

¢ = ¢Plloc < C(E7 + €9).

RR n°3137
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According to the estimate of (1), we observe that p must be choosen such that
gp ~ max(eouterv einner)-

It is interesting to notice that the convergence speed of the F.Q procedure is not as
good as the convergence speed of the straightforward Schwarz alternate procedure
with minimum overlap. For N7! x /elog(e™!), we have & ~ elog™2(e™!) ([6],
Theorem 1), instead of & ~ log='(¢7!). But on the other side the F.Q iterative
procedure is a non-overlapping domain decomposition method.

Let us apply the present Dirichlet-Neumann scheme to the simple model problem
—eu”" +u=(1+¢)cos(z),z € (0,1), u(0) =1, u(l) = 1+ cos(1). (2.14)

Figure 1 shows the dependence of the error in maximum norm as a function of the
interface position with two times 20 discretization points. We have checked that
the optimal interface position corresponds to the balance of the error in both sub-
domains. Figure 2 demonstrates that the smaller is €, the faster is the convergence

0.08

0.061

0.04 epsilon=.0001

maximum error

0.021

epsi|0n¥ .01

epsilon=.001

0 - L L L L L L L
0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
position interface

Figure 1: Effect of position interface on maximum error

of the iterative procedure toward the solution of the discretized problem. We have
completed our numerical investigation with the original F.Q. scheme which includes
a relaxation on the interface condition [5]; Figure 3 shows the effect of this relaxation
and we observe that the optimal relaxation factor goes to one as € — 0.

INRIA
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40- B

351 b

w
=}
T

L

N=15 T

number of iterations
)
v
T

N
=}
T
L

N=10

15F |

101 b

4
-log10(epsilon)

Figure 2: number of iterations (with no relaxation)

160F B
h
v
140F 4
\
\
120 ‘\ B
\ - 1 eps=0.005
c
% 100F \\ -- 1 eps=0.001 i
g i -. 1 eps=0.0001
5 v . ens=
2 o : :: eps=0.00001 |
2 N
N
60 oUs B
\\ >
40 NN |
\. <
™~ Tk <
20t T 1
L L L L L ~ _= ] L =
0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

relaxation parameter

Figure 3: effect of relaxation parameter on number of iterations

2.1.2 Neumann-Dirichlet scheme

We are going to show that the choice of the boundary conditions at the artificial
interface a is critical. Let us consider now the F.Q method with Neumann boundary
condition at @ in g,y and the Dirichlet boundary condition at @ in €2;,,.-. The

RR n°3137



16 M. Garbey, L. Viry, O. Coulaud

scheme gives:

th ]guter = F on Qouterv
qbg:tler (a) B Gbgz_tler(a B hl) _ qb?nner (a + h2) B qb?nner (a) .op _
- s Youter (O) = Qg ,
hl h2
Lk Ob?nner = F on Qinner7
qbfnner(l) = a1, qbfnner (a) = ]guter ((I)

(2.15)
To start the scheme, we impose an artificial boundary condition at point a. The
best choice for the interface position in terms of accuracy is 1 —a & y/elog e~ ! since
the formal limit of (2.15) is identique to the formal limit of (2.3). But, we are going
to show that this procedure is then highly unstable.

Theorem 2 Let us assume that hy => hy and hy => /€.
Then the amplificator factor of the iterative procedure satisfies

and the F.(Q) procedure with no relaxation is highly unstable.

Proof: We only need to consider the F.Q procedure applied to the problem with
homogeneous boundary condition:

LMVE =0 i=1,...N -1,
LrvVE =0 i=1,...N -1,
Vou =03 Vo, = ‘/12\97,113 VN2 :1 0,
‘/]]\97,1 - V]]\97—1,1 ‘/12?2 - VOZTQ

hy hy '

We have
VE, =€ VE,
with £ << 1. Then

h h _ h -
Vi = Vo = _1(le2 —Voa) = _1(1 - 5%)‘/5921 = _1(1 —E)Vy 11- (2.16)
' ' hy " & ’ hy ’ b ’
Let K be the RHS of (2.16), we will show that (VY ,), is divergente. V can be
writed as

V= CPR'(hy,€) + CYR™ (hy, €)

k3

INRIA
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where R(hy,€) is the larger root of the quadratic polynomial

h2
R —(2+ 2
€

JR+1=0.

From the boundaries conditions we determine C7 and C3; we have

1— R¥™ (hy,e) K 1
/P = ! /P =EVET.
YW=y RN (hy,€) * R(hy,e) - V02 = Vi

& the amplificator factor of the iterative methode is then

hl 1- RQN(hl 6) 1 1
=—(1- : %
5 hg( €F)1+R2N_1(h1,6) X R(hl,G) — 1‘N’1
We conclude easily
13 f =1
ho ’

It is quit possible to introduce a relaxation on the artificial boundary condition as in
[5] to retrieve the convergence of F.QQ method, however the value of this parameter
is not easy to find in general. Our experiment with (2.14: cf Figure 4) shows that
this relaxation factor goes to zero as € — 0.

2.2 Heterogeneous domain decomposition

In this section, we consider a linear second-order transmission problem of the follo-
wing type:

Ligp=—cd' +6=F inQ = (0, A);
L2‘¢ = ’(,/‘)” =G in QQ = (A, 1),

P(A) = ¢(A); ¢'(A) = ¢'(A);

¢'(0) =05 (1) =0,

Where € is a small positive parameter, ¢ € ]0, €] for some ¢g > 0. In addition
we assume the compatibility condition: all derivatives of F' vanish in 0. This very

(2.17)
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o
=]

eps=1E-5 €ps=0.0001 eps=0.001

number of iterations
) w w IS »
[ o [l o (4
T T T T T

N
=]
T

i
o

L L L L - L L L
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
relaxation parameter

Figure 4: effect of relaxation parameter on convergence

simple model is introduced to study the convergence of an heterogeneous domain
decomposition based on the F.Q method. We observe that the domain decomposi-
tion is dictated by the definition of the transmission problem and that there is no
overlap of the subdomains on A.

2.2.1 Asymptotic analysis

Let us study the boundary layer of (2.17). We define the regular asmptotic expansion
of ¢ in Q; as
3
Or = o+ Ved1 + €py+ €23+ ...

This regular expansion is completely determined from the PDE equation
Lidp = —cpp+ ép=F in Q5 = (0, A);

we have formally ¢g = F, ¢1 = F), ... ¢; = F(2) . ¢ satisfies the homogeneous
Neumann boundary condition at 0, but not necessarily the transmission condition
at A.

We therefore introduce a corrector ¢¢ depending on the local stretched variable
o __z—A
=7

At first order we have

! 1 s !

¢0(A) + ¢c(A) = P(A); ¢o(A) + € 20 = ¢ (A).
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Domain Decomposition for Singular Perturbation Problems 19

These transmission conditions suggest that the corrector and the solution in domain
Q5 have the following expansion structures

¢:¢0+\/E¢1+6¢2+6%¢3+7---and¢02ﬁ¢%+€¢é+€%¢%+---

It is then easy to build a uniform formal asymptotic expansion at arbitrary high
order with the following chain rule

bi(A) = ¢i(A) - 865 (0); (2.18)
¥i(1) =0,
and o '
—(0e) + 00 =010 Qy;
Ot (n) = 0, when n — —oo, (2.19)
(¢0) (0) = ¢i(A) — ¢i(A),
with 6? = O(resptl) ¢f ¢ = O(respt ¢ > 0) and 1 ¢f ¢ > 0. Since each term of these
expansions and its derivatives is bounded independantly of ¢, we conclude that the

formal asymptotic expansion is consistant with (2.17) at arbitrary high order. From
the energy estimate

A 1 A 1
/ e + Prda + / e d = / Fods — / Gz,
0 A 0 A
we obtain the stability bound

. . . . —1
ma (max 6, max ) < mase (¢ F] s 1G] (2.20)

and conclude the validity of the formal asymptotic expansion. (2.17) is consequently
a singular perturbation problem with a weak layer of /€ thikness located to the left
of A.

2.2.2 Numerical procedure

The asymptotic analysis suggests that the domain computation should be split into
three subdomains Q; = (O, B), Q; = (B, A) and Q3 = (A, 1) where the intermediate
subdomain is used to resolve the boundary layer. We assume that F vanishes in the
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neighbourhod of zero and that the space step h; for each subdomain satisfies the
following asymptotic relation:

hi  ha b 1

B~ A-B~ TN
with b = A — B << 1. We are going to study the heterogeneous F.Q procedure for
such problem.

First scheme:

We choose first the F.Q procedure to resolve the layer and the transmission problem
and according to the previous results, we adopt the Dirichlet - Neumann scheme for
the layer and the Neumann - Dirichlet scheme for the transmission problem. The
iterative procedure gives

LMl = F in Q;

¢1(0) = ¢1(h1) ; ¢1(B) = ¢5(B);
LiypP = G in Qs;

U5(A) = ¢5(A) 5 ¥5(1) = 0;

Liﬁﬁbgﬂ = F in Qy; (221
O (B+ha) = ¢4 (B) _ $1(B) — S (B —h)

by a hy ’
85 (A) = @b (A—ha) _ WP(A+hg) — ¢P(A)

by B hs '

The proof of convergence of this scheme is very similar to Sect 2.1.1. We obtain first
the optimal interface position with:

Lemma 3 Lel (05, 1,7)) with ¢ = ((52'7]-)2':07”,]\7,‘7-:172 and ¢ = (lﬁi)izowN be the solution
of the linear system that is the formal limit of (2.21) when p — oc.
Let M be the composite grid M = M; U My U Ms, with

My ={zi1=i(£);i=0,...N}
My = {22 =B+i(352);i=0,...N}
Ms={zis=A+i(52);i=0,...N}.

Let us suppose that N™' =~ \/ed, with § > 1. Let || ||~ be the mazimum norm on
the composite grid M.
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Under the previous hypothesis on the discrelization and approzimation of the
operators in each subdomain, max(|| ¢—¢ ||eo, || V=7 ||o0) is asymptotically minimum
when

b=A— B~ elog(e™).

Proof: The existence and uniqueness of ¢ follows from the maximum principle. Let
(¢, %) be the exact solution of the Dirichlet problem (2.17). Let e; ; = ¢;.; —¢i; i =
0,...N,j=1,...2,e;3=1; — ¢¥; i=0,...N, where ¢;,; (respt 7;) is the trace of
¢ (respt ¢) on the composit grid M. We have

i+1,1 — 2e; i hi
_66 +1,1 22,1 +e 1,1 + ei,l — _Gé¢(4) (52)’ (222)
1
: — 9. : 2
_Sitl2 22;’2 e +ei2 = —e% (4)(772')7 (2.23)
2
€i+1,3 — 26,2+ €13 h3 )
? i ? = —= i), 2.24
o o) (2:24)
€1,1 = €0,1 ; EN3 = 0,
€N,1 = €0,2 ; €N,2 = €0,3;,
€10 — € EN1 — EN_ h =~ h _
2ol NI = B0 + e, (229)
€1,3 — €03 €EN2 ~ EN-1.2 hy (2) (¢ hs 5(2) (5
- o FoDE@ + e, (226)

where
i1 <& < Ty Tic12 <M < Ty
rN_11 <E< TN To2 << X5

Using the superposition principle, we can compute independently the error contri-
bution of each RHS of (2.22), (2.23), (2.24), (2.25) and (2.26). We have

llelleo < max (E3),
1=1,...5

with
b
By~ ehi(1+ 3 exp(—T)), Ey = 6_%h%b4, FEs ~ hi,
€
b
E4 ~ \/Ehl(l + 6_% exp(——)), E5 ~ \/Ehg

N
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It follows that the accuracy is best when b & y/elog e~1. The error is then

ll€]|oo = €62, (2.27)

We then have the following convergence property for the iterative scheme (2.21),

Lemma14 Let B be the interface position defined as in Lemma 3. Suppose thal
N1~ €26, with § > 1.
Then the amplification factor of the iterative scheme is:

£

Proof: We only need to look at the following homogeneous problem,

h1,P _ s .
Lite] =014n Qy;
P _ . p . P _ P .
€11 = %€, €N,1 = €0,2)
ha P _ s .
Ly?es =0 4n Qs;

po_ P . P _ q.
€03 = €Ny €nz =0

Lrebt =0 in Qy; (2.28)
6219,—;1 - eg,—;l 6719\7,1 - e?\f—m_
hg - hl k
6719\7—',—21 - e]]9V+—11,2 621),3 - 68,3
ha B hs

We obtain for the first subdomain,

v ’ Ri—l + R—i

ei,l = eN,l RN_l n R_Nv

Vi,
with R:l—}—é—l—% 1+%%52.Wehavethen

er) << ey, Yi<N.

We have for the third subdomain,
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and then 6?3 < eg,3. We have for the second subdomain

» 682 Ri-N+1 RN-1-i
el = hy—= * + *
7,2 2 hl (R* _ 1)(R:N+1 _ Ri\f—l) (R:l _ 1)(R>]«V_1 B R*—N-I—l)

_h2683 Rj\?1 AT 1 ]?v*_1 N+1y |
PA(R - DR - RITH (RS - 1)(RS T - ROV

2
2

K2 3
WhereR*zl—}—2—2;—1——2 1+ 32

v . Using R, — 1= %, we obtain then

- b b €02
egzl ~ 07 el , +2v/eexp (—?)e?\m, and 62})\;}:21 R Veely , +2veexp (——=) .

Ve by

We conclude that the amplification factor of the method is then asymptotically §71.

Combining Lemma 3 and Lemma 4:

Theorem 3 With the nolalions defined above,

16 = & lloo, 19 = 9P lloc < C(E7 + €6%), (2.29)

with
£~ 6t

Proof: The proof is a straightforward application of Lemma 3 and Lemma 4. 1

Second scheme:

In this scheme, we adopted the F.Q procedure with the Dirichlet-Neumann boundary
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conditions to resolve the layer and the transmission problem.

LMgl = F in Q;
¢7(0) = ¢ (h1) 5 ¢7(B) = ¢3(B);
Ly? = G in Qs;
¢5(A+hs) — "(A) _ ¢5(A) — ¢h(A — ha)
) =1 " (230)
Lipghtt = Fin Q;
5 (B+ha) — 5T (B) _ h(B) — ¢1(B - ).
hs B hy ’
S5 (A) = ¥5(A).

With the same principle as in the previous section, we prove the following lemma.
Lemma 5 Lel (qg, 1,7)) with ¢ = ((52'7]-)2':07”,]\7,‘7-:172 and ¢ = (lﬁi)izowN be the solution
of the linear system obtained as the formal limit of (2.30) when p — oo.

Let M be the composite grid defined above. Let us suppose thatl N=! ~ /€8, with
§ > 1. Let || || be the mazimum norm on the composite grid M.

Under the previous hypothesis on the discrelization and approzimation of the
operators in each subdomain,
max(]| ¢ — ¢ ||, || ¥ — ¥ ||co) is asymptotically minimum when

b=A— B~ elog(e™).
We then have the following property of the iterative scheme.

Lemma 6 Let B be the interface position defined above.Suppose that N™1 ~ \/e x &
with & >> 1 Then the iterative scheme cannot converge.
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Proof: We look at the following homogeneous problem,
LMe? =0 in Qy;
1 "1 = 15
po_ P . P _ D .
€11 = ¢€0,1 1 €N,1 = €0,2)
Lhel =0 in Qs;
b P P P
€13 €3 €N2  fn-_12
h N h '
P 3 0: 2 (2.31)
N3 =
L2t =0 in Qy;
p+1 p+1 P p
1,2 —€,2  eN1 T €6N-11.
hs hy ’
p+1 _ p
€N,2 = €o,3-

As for the previous model, we can easily prove:
el << ey, Yi < N and €5 < ef 5 and we have:

p+1 o Ve p . b \,P
{ €2 N €, T exXp (_\/E)eN,Q
p+l _ p
€N — €N

Since the error at the point A of 5 stays constant, the scheme does not converge.

Third scheme:

Let us use now the Schwarz alternate procedure to solve the layer. We keep the
F.Q scheme with N - D boundary conditions, to solve the transmission condition in

A.

We restrict ourselves to an overlap minimum i.e one cell of step h, between Q; = [0, a]

and Q2 =1[b,1] (with 0<b<a<1).

Furthermore, to simplify the proof, we impose that the grids of the subdomains €2y

and 25 coincide at the boundary points. Assume that m x hy = hy.

The iterative scheme writes:
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LMt = F in Q;

¢7(0) = ¢7(h1) ; ¢7(a) = ¢5(b+ m * hy);

LhyP = G in Qs;

P5(A) = ¢5(A); ¥5(1) = 05 (2.32)
LE bt = F in Qy;

OiFL(A) — BT (A~ ha) _ gP(A+ ha) — ¢P(A)

b UE

It can be proved that max(|| ¢ — @||ec, || ¥ — ¥||c0) is asymptotically minimum when
A—brelog(e™h).

We then have the following convergence property of the iterative scheme.

Lemma 7 Let B be the interface position defined above. Suppose that N~1! ~ 6%5,
with 6 »> 1.
Then the amplification factor of the iterative scheme is:

€~ Velog(e™h)s.

Proof: We look at the following homogeneous problem,

h .
Litel =0 in Q;
PP P P
€11 =€, €N1 = Em,2
h .
LyPel =0 in Qs;

P _.p .. P _q.
€03 = €Nz €n3=0;

L?QegH =0 in Q; (2.33)
eg,—;l = e]JDV—Ll?
e?\f—l,—; - e?\f—l——lm . 6719,3 - 68,3

ha B hs

Using the same principle as for lemmad4, we obtain:

o For the first and the third subdomain error:

P P P .
€1 << €ng and €3 < €03 Vi< N
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o For the second subdomain error:

p+l o P p+1 -1 P 2,.P
€oo N €€, and Eng N elog(e )(S€N72 + ee,,
we have: e .~ R™Nel o4+ R:™eP, with R.,=1+ 3 + b2 /14 3
: m,2 ™ thx N,2 * 0,2 * 2€ Ve 2¢ °

We easily conclude that the amplificator factor of the method is asymptotically
Selog(e71). 1

Finally we have

Theorem 4 With the notations defined above, applying the F.() and Schwarz mized
method, we have

max(||¢ — ¢°[|oo, [ = ¥7]loo) < C(EP + €67), (2.34)

with
&~ deloget,

We have implemented each of these schemes on the model problem (2.17) with F=0
and G = exp(—20 x (z — 0.8)?) The criterion to stop the scheme is that the jump
at the interface A between two consecutive iterates is less than 10~*. For a fixed N,
the first and third schemes approximate the solution with the same order of accu-
racy. The following table of results is in agreement with our analysis. It shows in

particular that the third scheme is the most efficient.

Number of iterations || e =1072 | e=10"2 | e=10"2 | e=10"2 | e=10"% | e =107*
N=5 N=10 N=20 N=30 N=10 N=20
First scheme 10 14 23 33 6 8
Second scheme DIV DIV DIV DIV DIV DIV
Third scheme 3 4 5 8 3 3
Number of iterations || e =107% | e=10"% | e=10"" | e =107 | e =107 | e = 107"
N=30 N=40 N=10 N=20 N=30 N=40
First scheme 10 12 5 5 6 6
Second scheme DIV DIV DIV DIV DIV DIV
Third scheme 4 5 3 3 3 3
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3 Boundary layers in a Two Dimensional Space

Let us consider the analogous of (2.1) in a two dimensional space, that is :

{ Lep= —eAp+7p=F in (3.35)

¢ = g on 0N

where € is a disc of radius 1. We write this problem in polar coodinates, with
Q= {(r,0) € [0,1[x[0,27]}. We assume that v and F are differentiable functions

with respect to r and 4, independent of ¢, with uniformly bounded derivatives on Q.
Where € is a small positive parameter,e €]0, €g] ; € > 0,
~ is strictly positive such that:

Y(r,0) > v >0 (r,0) € Q,

and ¢ has a boundary layer in the neighborhood of 9 of /e thichness([3]) The

domain €2 is split into two subdomains:

Qinner - [av 1] X [07 277]
Qouter = [0, a] X [0,27] where a > 0

On each subdomain, the differential expressions are discretized by means of a finite
difference scheme. We approximate the Laplacian operator by the five-point scheme.
We assume the mesh to be regular in polar coordinates in both subdomains.

Let (hy, hg)(respt (hg, hg) be the mesh sizes in Quuser (respt Qinner)

We assume (2.2) for the space step in the radial direction. The goal of this section is
to show how to generalize the results in one space dimension to two space dimensions
by means of comparaison lemma. For the sake of simplicity, we will restrict ourselves
to the Dirichlet - Neumann scheme analogue to (2.3), that is:

th szoguter =Fon Qouter‘;
]guter(lv ) = ]guter (07 ) ) guter’ (a7 ) = <b?nner ((Z, )

LhQCbp-H =F on Qinper;

mner

¢t (0,.) = g(0)

Qbf:nler (a + h27 ) B cbf:nler ((Z, ) _ guter ((I, ) B guter(a B hl? )

hg hl
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To start the scheme, we impose an artificial boundary condition at the circle of
radius a. We define the interface position, i.e the radius a, to be such that the
maximum of the truncation error in each subdomain is asymptotically minimum.
This interface position is optimal when the error at the interface goes to zero. The
truncation error for the outer domain is:

d®e| [d¥e d® e
€outer ~ C' Mmax (hzl a® n;lj?r (‘W g ,hf/ max i |
The truncation error for the outer domain is:
d2) d@)
€inmer ~ C max (h,,z (1-a) Ii?:r dr;ﬁ ,h;‘j max dr4¢ .

We look now for a, such that max(esuter, €inner) is minimum. The interface position
defined above depends only on the property of the solution that we want to approxi-
mate.

Let ¢g be the outer expansion of ¢. O(r, 0, €) be the corrector, that is:

O(r,0,¢) = ¢(r,0,¢) — ¢o(r, 0, ¢€) in the boundary layer.

It can be shown as in [7] that
Lemma 8 Suppose that

(i) the corrector © is strictly of order one

(ii) the inner variable (€,0) = (1\;5, ) and all derivatives of

O(&,0,¢) = O(r, 8, ¢) with respect to & are of order one

(iii) the corrector function & is exponentially decreasing ©(&,0,¢) ~ Cexp(—Co)
as &€ = +oo.

Then the accuracy is optimal in both subdomain if
1 —arelog(e™t).

The main task is to extend the results of section 2.1.1 with some comparison lemma.
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Lemma 9 Take (¢; ;)

0N solution of the following discretized 2D-Elliptic pro-
j=0,..N
blem:
. Giv1,; — 2055 + Pi—1 L+ 1 @41 — 205+ &ij—1 4 1 diy1,; — i
h? (th)? h? )

1h

¢1,5 = do,;

Vji=0,...N
on; = a(j) Vji=0,...N
6i,)  Vi=0,...N—1

periodic

Let (€;)i=0,...n be the solution of the following discretized 1D problem:

626i+1 —3e; + €1

h2 -I_P)/Oei:() VZZl,]V—l
EN = O
€1 = €
With:
% >7° >0 Vi,j=0,...N, o> max_|a(j)]
7=0,...N
Then:
|p: ;] < e Vi,j=0,...N.
Proof:
o Ei = j,5) = ji%ﬁ.t.).(N(QﬁiJ) satisfies
Eip1 —2E; + F;_ 1 Eq— E;
_6< = h2+ -+

Eyn = ¢ (a(j) =08 :E,=E
N ji%f}}N(a(J)) B B =Ey

Let us denote

€ € €
—h2 Zh2+727bzz_2+lh_27czzﬁ

ih h ) + 7i,j0(i)Ei S 0 Yie= 1, .

- ) +%,;0:,; =0

(3.36)

. -]V - 1
(3.37)
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(3.37) rewrites:
a; By < bilipy + ey, En =, By = Ey,

with a; >b;+¢ a; >0,0,>0, ¢ >0.
We show first that:
E; < E; Vi=0,...N (3.38)

where B B B B B B
a;E; = biEiy1 + ¢;Ei_q, Ex =a° > |B|, By = Eo.

o Now let (&;);=0,..n be the solution of the following problem:

7 _22 i— 1Ai _Ai ~ .
€it1 — 26; + ¢ 1, Léin 6)_}_7062_:0 Vi=1,..N—1
th h

> K‘b)

1 = €p.

Let us suppose that ég < 0; then from the equality:
1 1 R R € .
€ ﬁ—I—W (641 — &) = h2( — é;_ 1)—|—762 Vi=1,...N -1,
we conclude by finite induction that (é;);=o,. n decreases and stays strictly
negative, this is in contradiction with éy = a% > 0.
We therefore have éy > 0 and show by finite induction that é; is increasing
and stay positive. Now let us compare (é;) and (F;); e = F; — é; satisfies:

er ., —2er+ e 1 e, —e€f - ) .
—6( +1 Ly — +1h )+~y°ef+(%—70)e¢:0 Vi=1

h? ih
ey =0
=5
Take af = ﬁ—}— ﬁ—l—'y (er) satisfies
ajer < befy +ciely Vi=1,...N—1, ey =0, € =¢.

Since @ > b; + ¢;, we have

E;<é; VYi=0,...N. (3.39)
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o Because (¢;) is increasing, we have

++%;, <0 Vi=0,...N—-1

We notice that
e < e Vi=0,...N. (3.40)

with (e;) solution of:

2e;01 — 3e; +e;_ .
_e At % 1+7Oei:O Vi=1,...N -1

=a’ > , '
ey =a’ > ._r%f}}Nla(J)l

€1 = €p.
We conclude using (3.38), (3.39), (3.40) that: ¢ < € Vi=0,...N.
With an entirely similar analysis, we have also:  —¢; ; < e; Vi=10,...N.

Lemma 10 Let (¢; ;) be the solution of the following discretized 2D-FElliptic

1=0,...IN
7=0,...N
problem:
Git1,; — 20i; + di—1; 1 Gi i1 — 20i 5+ Gi 1 L diy1,— i o
6( X AL 2 Tihva  h %5 =0
\V/izl,...f\f—l vj::l,...z\f_l
O1i — %o - Pi _a(j)  V¥j=0,...N
qﬁ(]\f,]):() \V/jZO,...]V—l

Let (€;)i=0,...n be the solution of the following discretized 1D problem:
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22' —31 i— )
_66_|_1 e +e 1‘|‘70€i20 Vz:l,...]\f_l

12
o=
ey =10
with:
Y6 27" >0 Vi, j=0,...N, a® > max_|a(j)]-
]:07...N
Then:

|bii] < e Vi, 7 =0,...N.
Proof: This proof is very similar to the proof of the previous lemma.

o Let By = fijo) =  max ().
We have:

Eip1 —2E;+ E; 4 L Ez) - .
_ <0 Yi=1,..N—1
6( n? tihra  h tybis oW

En=0
Fi— F
%Z ol

Now, take (é;);=0,..n be the solution of the following problem.

€it1 — 26; + €1 1 ép _éi) 0 .
— ;=0 YVi=1,...N -1
6( h2 th+a h e !
en =0
61;60 __ao

Let us suppose that éy_1 < 0; then from the equality:

1 1 R R € . R . .
€ <ﬁ+ W) (641 — &) = ﬁ(ei —€éi_1) —~%; Vi=1,...N—1.

We conclude by backward finite induction that é; is strictly increasing. This
is in contradiction with é; — ég = —a h.
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We therefore have éxy_; > 0 and conclude by finite induction that €; is decrea-
sing and stay positive. Now let us compare (¢;) and (E;). Let &; = E; — &;, it
satisfies:

€ir1 — 26, + €1 1 €41 -6

— NNZ' NZ'— OAZ'< :1N_1
€< h2 +Zh+a h )—}_76—}_(7 7)6_0 VIL Y

Let us denote Ve =1,...N — 1

1 1

S S U S T
- ’)/27 T T h2 h(zh—|—a)7 1 T .

h? * h(ih+a) h?
We have

0;6; < biéiyr +cidiiy Vi=1,...N—1,éx =0, & > é&.
With a9 > b; + ¢; Vi=1,...N — 1, we conclude then:

& <0 Vi=0,...N, and E; < ¢; Vi=0,...N.

o Because (¢;) is decreasing, we have at last:

6éi-|—1 —2¢; + €4

™) ++%; <0  Vi=0,...N—-1

It is straightforward to show that:
é<e Vi=0,...N.

where (e;) is the solution of:

_6€_|_1 € +e 1—}—")/062':0 V’L:L...N_l

72
en =20
e; —eg = —alh.
We conclude that: i <€ Vi=0,...N

The same analysis holds for —¢; ;.
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Using the previous two lemmas, we can now obtain the following convergence esti-
mate:

Theorem 5 Let the circle with the equation r = a, where 1 — a &~ \/eloge™!, as
being the interface position, with £ the amplificator factor.
If N, ~ /2§ with &> 1 then

Ex ot

Proof: Let ¢ = (Ggﬁ])

, ‘ be the solution of the following system
1=0,...N;5=0,...N
2

k=1
LYol = i=1,..N—-1; j=1,...N—-1
¢1]_¢0]7¢N]_¢0] ]ZO,N
Ly ¢ = F2, i=1,..N—-1;j=1,...N—1
¢NJ—9] i i j=0,...N
CbO] _ qb]l\f,] - qb]l\f—l,j . ] — 0 17\7
h2 W :
where
Gig1,; — 2055+ dic1j 1 ¢ — dic1; 1 @ij+1 — 205 + &5 51
Lh = — ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ i ;
i ( h? @ R e g e

with ri(z) =th and ry(i) = a + th.

The existence and uniqueness of (&m) follows from the mazimum principle. To
prove the convergence of the Dirichlet-Neumann scheme, it is sufficient to restrict
ourselves to the homogeneous problem ie Ff] =g;=0 Vi gk

7 _ (71 P Y 7 P — AP 7
Let ¢outer — (Obz,]) i=0...N y Couter — outer’_¢0Ut67‘ (resp Cinner — ¢inner_¢i'fm87’ )
=0,...
7=0,...NN
— (1P — (2P k,p
Let us denote: € ,,.. = (e;F) =0, N (respel,,.., = (€;7F) im0, ) and (e;?) 0N
]:0,...]\72 ]:0,...]\7% k=1,2

such that
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1,p 1,p 1,p
2e: 5 — 3e;" + e
1+1 7 1—1 1,p .
—€ + o€ =0 Vi=1,...N =1
712 To€i :
1lp _ Lp. Lp_ 2,p
€1 € €N — €0
2,p+1 2,p+1 2,p+1
e; — 2e: + e 91 .
—eHd s =1 _|_7062_7P+ =0 Vi=1,...N -1
h3
2,p+1 2,p+1 1,p 1,p
€1 — € __N +EenN_q Q2rH _
h2 hl 'y N )
with
1,p 1,0
e’ = max .
N 70N 19351
From lemma 9, we have:
1,0 1,0 —
16,751 < e Vi,7=0,...N,
and then
1,0 1,0 1,0 . 1,0
PN T PN-1, ey ten_y
— max > — .
hy hy
We can conclude from lemma 10 that:
2,1 2,1 —
|6;5 | < e Vi,7=0,...N.

By induction, we show that:

{

1 1
|¢22]p| < eé’p
97 < eF

Vi, j=0,...N; Vp>1;
Vi, j=0,...N; Vp> 1.

Let us now show that max |ef’p| converges to 0, Vk=1,2.
7=0,...
We use the notation é = 5. An explicit calculus gives: el’p_ ~ Q%el’p and there-
5 p g N-1 RZEN
fore:
17 17
ey’ | < epr.
Consequently we have :
2,p+1 2,p+1 . hs Lp
€] - € ~ ey
~ h‘_2€2’p
~ hl 0 .
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We conclude as in the one dimensional case that the damping factor is given by:

AJhQX 1-}#N+1X 1
T hy T 14+ RAN-1T R

¢

where R is the larger root of the quadratic polynomial:

h3

R~ 2+ 2)R+1=0.

é

Finally, we have:

Ex 6L

4 Application

Our objective is to solve efficiently a two dimensional singular perturbed transmis-
sion problem that arises in electro-magnetic theory([2]) by using the Modulef finite
element package. To start, we consider the following model:

—eAu+a(r,)u=0 in Q!
—Au = j(r,0) in Q%

( 441

] = (2% = on QN Q2 (441)

w(Rx,0) =0 for 6€(0,2m).

Here Q is a disk of radius one, Q3 is a ring for r € (1, Ry), j represents a given
current density in the inductor, Q' is the domain of the solid conductor, Q? is the
exterior domain of the conductor truncated by (R, ) and the boundary layer in
Q! corresponds to the well-known skin effect. For the numerical resolution, we a-
bitrarily fixed R* at 20.

This simplified model is only a small part of the real magnetic model. However
our first experiments with the F.Q iterative procedure in solving alternatively the
equations in €2y and €5 did show a problem, where convergence of the algorithm
strongly depended on the radius of the elements of the unstructured grid used as
well as on €. To be more specific, the iterative procedure converged slowly and could
even diverge if the mesh was not appropriate. Applying the comparison lemma
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as previously (Theorem 5), we could extend our results obtained for heterogeneous
domain decomposition from a one dimensional space to a two dimensional space.
We have therefore modified our implementation according to the analysis in the fol-
lowing way: we use the “F.Q. and Schwarz mixed method” analogous to the third
scheme of Sect 2.2.

The main advantage of this approach is that it is easy to use the Modulef library to
follow this iterative procedure. We used three subdomains, two located on the metal
(2L, and Q! ) and an external subdomain (£23). For each subdomain we used
an automatic mesh generator governed by the algebraic method of a generalized
triangle for the mesh of a disc and that of a generalized quadrilateral for the mesh of
a ring, for which we have given the boundary descriptions and their discretization.
We made a regular discretization along the radius of each subdomain such that the
number of finite elements is roughly of the same order in each subdomain. We have
then applied the hypotheses of Theorem 5 about the discretization (cf figures 5, 6
and 7) as follows:

let Ry (respectively hy) be the discretization step along the radius of 2
Sz}nner)'

We have the following hypothesis about a,b,hy, hg:

1

cuter (respectively

a—b= hl
1 —br/eloge .
The variational expression of an iteration of our algorithm is the following:

Find u}, ub, uf such that:

o uf € uh /O e + HY (Wer)

outer

and:

6/1 vub. 7 v+ /Ql uf.v=0 Vo € Hy(Qyser)

outer outer

o uf € ul ' /(09}, ., N + HYHQ?)

mner

and:

/Q2 Vuh. v = /Qz jv Vv e HH(QP
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N=10 N=15 N=20

NE1=320 | NE1=780 | NE1=1440

NE2=576 | NE2=1456 | NE2=2736

NE3=992 | NE3=2576 | NE3=4752
e=10"2 7 7 11
e=10"3 5 4 6
e=10"* 4 4 4
e=107" 3 3 3

Table 1: number of iterations

o uy € uzlj/aniuter‘l'Vinner with  Vipper = {v € I{l(Q1 )

mner

IU/agéuter = 0}

and:

Ju
e/ﬂl Vub. VU—}—/Ql ub.v = 6/1“ 70 Yo € VL.

inner inner

in(460) 4+ 1
We used for current density j(r, #) = sin(26 + %T) X exp(—w) x exp(—(r — 10)?).

We refined the mesh in the neighbourhood of the inductors (cf figure7)

To resolve our problem for these meshes, we used curved finite elements (tri-
angles with six nodes, P2-Lagrange-isoparametric) and a direct solver (Factorization

of Cholesky).

In Table 1, one can find the results of our numerical experiment; the criterion
to stop the iteration is a jump at the interfaces between Q! and Q% Q! . . less
than 107%. For several values of N (number of points along the radius for each
subdomain), we give the number of iterations and the number of elements for each

subdomain.

We have checked that our numerical scheme, when applied to (4.41), converged
with the same number of iterations.

Figure 9-11 show the isovalues of the solution from each subdomain, with N=10
and € = 1073. We resolved (4.41) on this mesh for different values of € and observed
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meshes adapted to
N=10 ¢ = 10°

169

72

22

regular meshes
with arbitrary interface
N=10

DIV

DIV

DIV

DIV

regular meshes
with optimal interface
position for € = 1073
N=10

DIV

16

12

Table 2: number of iterations

that we must adapt the mesh to obtain a good rate of convergence(cf Table 2 row

1).

We have also applied an algorithm to a regular mesh with approximatively the same
order of discretization for each subdomain. We considered two cases, a first case
with an arbitrary interface position and a second case with an interface position

adapted for e = 1072 (cf Table 2 rows 2, 3).

We observe that since this computation was done with Modulef, it could be
extended to a more general geometry.
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Figure 5: mesh of the outer subdomain on the metal for N=10

Figure 6: mesh on the inner subdomain on the metal for N=10

@ s Guoe

20 200
@ wr ca T
B0 20

Figure 7: mesh on the external domain for N=10
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1

Figure 9: isovalue on .,

for N=10

1

Figure 10: isovalue on 2;,, .

for N=10
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