N

N

Some Applications of Decomposition Techniques to
Systems of Coupled Variational Inequalities
Roberto L.V. Gonzélez, Gabriela F. Reyero

» To cite this version:

Roberto L.V. Gonzéalez, Gabriela F. Reyero. Some Applications of Decomposition Techniques to Sys-
tems of Coupled Variational Inequalities. [Research Report] RR-3145, INRIA. 1997. inria-00073544

HAL 1d: inria-00073544
https://inria.hal.science/inria-00073544
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00073544
https://hal.archives-ouvertes.fr

ISSN 0249-6399

%I INRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Some applications of decomposition techniques
to systems of coupled variational inequalities.

Roberto L.V. Gonzalez , Gabriela F. Reyero

N° 3145
Mars 1997

THEME 4

apport
derecherche







Zd I N RIA

ROCQUENCOURT

Some applications of decomposition techniques to
systems of coupled variational inequalities.

Roberto L.V. Gonzalez , Gabriela F. Reyero

Théme 4 — Simulation et optimisation
de systémes complexes
Projet Promath

Rapport de recherche n° 3145 — Mars 1997 — 37 pages

Abstract: We consider a set of problems which consists of systems of coupled vari-
ational inequalities. To solve these problems we use a decomposition—coordination
method which allows us to solve the coupled problem through the solution of simple
independent problems — in general, they are linear problems or simple obstacle prob-
lems. In this approach, the original problem is stated in terms of some appropriately
defined auxiliary variables. These variables are modified (by an iterative algorithm
in the coordination phase of the procedure) until the desired global solution is ob-
tained..

Key-words: junction problems, variational inequalities, decomposition methods,
convex function, unilateral condition, bilateral condition, numerical solution, itera-
tive algorithm

(Résumé : tsup)

* CONICET - Inst. Beppo Levi, Dpto. Matemadtica, Fac. Cs. Ex., Ing. y Agr., Universidad
Nacional de Rosario, Rosario, Argentine. This paper is included in the activities developed in the
frame of the Cooperation Projet INRIA-Instituto de Matemédtica Beppo Levi, Coordinators of the
projet: E. Rofman-R. Gonzalez

Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France)
Téléphone : (33 1) 39 63 55 11 — Télécopie : (33 1) 39 63 53 30



Applications de techniques de décomposition aux
systemes d’inéquations variationnelles couplées.

Résumé : On considére ici un ensemble de problemes définis par des systeémes
d’inéquations variationelles couplées. Pour résoudre le probleme originel on utilise
une méthode de décomposition-coordination. Cette méthode permet de résoudre
le probléeme couplé & travers la solution des simples problémes indépendants — en
général, ce sont des problémes linéaires ou des problémes d’obstacle. Dans cette
méthode le probléme originel est redéfini en termes des variables auxilliaires. Ces
variables sont modifiées (par un algorithme itératif dans la phase de coordination
du procédé) jusqu’ & ce que la solution globale soit obtenue.

Mots-clé :  probléemes de jonctions, inégalités variationelles, méthodes de dé-
composition, fonctions convexes, condition unilatérale, condition bilatérale, solution
numérique, algorithmes itératifs.
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4 Roberto L.V. Gonzdlez , Gabriela F. Reyero

1 Introduction.

This paper deals with some problems of coupled variational inequalities, where the
coupling may take different forms. Sometimes the solution is defined as a n-uple
of functions with different domains, which have some overlapping regions (known
as the interface); in that case, the coupling restrictions are defined in terms of the
common values of the functions at the interface, but in other cases the coupling
involves some global functionals.

In this paper we restrict our attention to the solution of some problems of cou-
pled variational inequalities which were presented in [8].

Starting from the V.I. formulation, we obtain the solution via a decomposition—
coordination method (the theoretical justification of the method is given in [5]; the
method itself stems from the general methodology presented in [9]).

We use this procedure because it allows us to solve the coupled problem through
the solution of simple independent problems — in general, they are linear problems
or simple obstacle problems. These problems depend on some auxiliary variables
which are modified (by the coordination phase of the procedure) until the desired
global solution is obtained.

This rapport is organized in the following way: In this section we give a general
introduction to the problem of coupled variational inequalities, Section 2 presents the
decomposition method and Section 3 contains the detailed solution of five selected
problems

1.1 Description of the original problem

1.1.1 A brief presentation of junction problems

This work is originated by what is known as junction problems — we can see [1],
[2], [4], [5] and the bibliography therein, for a more detailed description of these
problems and the analysis of some related topics. Specifically, our work deals with
some issues that appear when the variational inequality approach is used to analyze
these problems (see [8]). In order to fix the ideas, we consider the geometrical

INRIA



Some applications of decomposition techniques to systems of coupled variational inequalities.b

o Qy

Figure 1: A 2-3 dimensional coupled problem

situation shown in Fig. 1, where
W={zeRR: <<, -1<33<1, 13=0},
P={reR: -1<71 <0, -1<z9<1, ~1<23<1},
Q3 =3\ Q.

In 2 we have two open domains Qy and 3, of dimensions 2 and 3 respectively; €,
is in the plane z3 = 0. The boundary 999 of Q9 consists of I'y; (where 4 stands for
interface or junctions) and I'y, (where e stands for exterior). The domain Q3 is an
open domain in R3; we denote by I's = 993 its boundary.

Note 1.1 Other geometrical situations, and also regions consisting of several pieces

of dimensions 1,2,3, can be considered. We want to study boundary value problems
in domains of type Qo U Q3.

RR n° 3145



6 Roberto L.V. Gonzdlez , Gabriela F. Reyero

1.1.2 System state

The state of the system (which may represent some variables of interest: tempe-
rature, deplacement, etc) is given by a real function (ug,uz) : Q2 U Q3 — R. We

set
Xy =H' (), X3=H' (%), X=X, X3,

(1)
0Qy =T9; Uy, 003=TI43.

1.1.3 Connections: Operators M;

Around the interface T'y; , both in Q9 and in Q3, connections are established between
u9 and ug . These connections may be local or not; they are defined in terms of linear
continuous operators M; € L(X;, H), i = 2,3, where H is a given Hilbert space.
Specifically, we consider a closed convex subset K of H and we define the connection
in the following form:
Myuyg — M3uz € CCH. (2)
We define the set of admissible states as the set of states that verify the connection
(2), i.e.
K:{('U2,'U3)EX2@X3 : MQ’UQ—M3’113€}C}. (3)

Obviously, as M; are linear continuous operators, the set K is a closed convex subset
of X.

1.1.4 The energy functional: The bilinear forms

As it is usual in physical problems, we find the state of the system looking for the
admissible state that minimizes a functional of energy, which in our problem will be
described in terms of a couple of bilinear forms as , as. We will suppose that these
bilinear forms are symmetric and we define the functional J : Xy @& X3 — R in the
following way:

J(ug,u3) = %az(uz,m) — (f2,ua) + %as(u&u?,) — (f3,u3), (4)

where the bilinear forms have the following expressions (a > 0, 3 > 0)

as(ug,v9) = /Q (VusVug + a ug v9) dz (5)
2

az(us,v3) = /Q (VugVuz + B uzvz) dz. (6)
3

INRIA



Some applications of decomposition techniques to systems of coupled variational inequalities.7

We associate to (5), (6) the differential operators Ay and As :
AQZ—A-I-CM, A3:—A+ﬁ

In the examples analyzed in this paper, we will restrict the study to bilinear forms
associated to these simple second order differential operators, although extensions
to more general operators are straightforward and without difficulties.

We also define the functional operators Ay and A3z such that

az(uz,w) = (Azuz,vz) and a3(u3)v3) = <»A3U3>U3>> (7)

where (-,-) denotes the inner product in H1(2) or H(Q3).

1.2 Coupled variational inequalities

We must minimize the functional (4) in the set of admissible states K or, in a
equivalent way, we will consider the variational inequality: Find u = (ug,u3) € K
such that

az(ug, vo —u2) + az(us, vs —ug) > (f2,va —u2) + (f3,v3 —uz), V(vg,v3) € K, (8)

where fo € L?(Q3), f3 € L?(Q3) and (v, w) denotes the inner product in L?(£s) or
L?(3). By virtue of (5), (6), this variational inequality has a unique solution (see

[10]).

Remark 1 By assumption, the bilinear forms ay and a3z are symmetric and in
consequence, the inequality (8) is the necessary condition that must hold at the point
that realizes the minimum of the functional J on the set K.

Using the general framework above presented, we introduce de following example

which will be completely defined once we have specified H, X, Ms and M3. This

problem will be solved, among others, by decomposition techniques in Section 3.

Example 1 We take H = H'/?(I'3), K = 0, and we define the operator Ms to be
Msvs =303,

where 3 is the trace of v on T's.

RR n° 3145



8 Roberto L.V. Gonzdlez , Gabriela F. Reyero

We consider now the trace operator T € H'(T'3) — HY/?(Ty;) such that T ¢ =
@|ry; - This operator has inverse, an operator R such that

R € L(HY(Ty); HY(T3)), TR¢=¢ VoeH*Tw).  (9)
We introduce now the operator E € L(HY?(Ty;); HY/2(T'3)) ; we take, for example,

E = R. Let yy; vy be the trace of vy on Ts;, and so we have yy;v9 € H1/2(F2Z~).
We define Msvo = E y9; v9 and we consider the convex set of admissible states

K:{(’UQ,’U;J,)EXQGBX:; : MQ’()Q—M31}3:O}. (10)
In this case, the connection condition
M2 Vg = M3 v3, (11)

means that the extension to I's of the trace vy9; vo must be equal to the trace of vs .

2 A decomposition method

The idea of solving (8) by hierarchical optimization and decomposition stems from
the fact that the solution v = (ug,u3) depends on the values of a function defined
on some intermediate space and if we choose the correct (and unique) intermediate
value, then the original problem (8) is solved.

The procedure starts choosing a value u;y and then — through the solution of some
ad-hoc defined separated problems — that value is corrected until condition (8) is
verified.

Decomposition of the convex K

We introduce a linear space X7 and a convex set Kj. Also, Vuy € Ky, the as-
sociated convex closed sets Ko(uy) and K3(uy) with the property

K= |J (Kslur) ® Ks(ur)). (12)
ur€Ky

INRIA
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Definition 1 We introduce the notation

—  mi 1
p2(ur) weKl;guI)J(w,O), (13)
= min J(0,u3). 14
p3(ur) vl gr(lw) (0,u3) (14)

Definition 2 The separated problems

To compute the functions @y and 3 we define the problems Py(ur) and P3(ug):

Problem Ps(ur)

Find ug(ur) € Ko(us) such that J(ug, 0) = @o(ur). (15)

Problem Ps(ur)
Find ug(ur) € K3(ur) such that J(0,a3) = p3(ur) . (16)
Remark 2 By (5) and (6), there exists unique solution of (15) and (16).

Definition 3 The hierarchical optimization problem
Let us define the auziliary function ¢

p(ur) = p2(ur) + ps(ur) - (17)
By virtue of (12) we have
(u2I,’rulSlEK J(UZ 7u3) - uerg£1 (Kz(uII)ne;Ill(s(w) J(U2 7U3)> ' (18)

But from (4) we have

i J(ug ,usg) = in J(u,0)) + in  J(0,
KQ(UII)HG;IIIQ(UI) (u2,u3) <u261%121(1“1) (uz )> (“361%131(1"’) ( U3)) (19)

= pa(ur) + p3(ur) = p(ur) .

RR n° 3145
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Then
min  J(ug,u3) = min ¢(ug), (20)

(u2,u3)eK ur€Ky
and we conclude that problem (8) is equivalent to the following:

Problem P;

Find uy € K1 such that ¢(ur) = unélg o(ur) . (21)
' I

Remark 3 From (18)-(21) it follows that the new problem Pr is a decomposable hierarchical
optimization problem [9].

The keystone of the decomposition method is the fact that the function ¢ appearing
in (21) werify (17) and that (2, @3) can be computed by solving two separated
optimization problems.

Remark 4 (as(ar),us(ar)) is the solution of the variational inequality (8) when iy
realizes the minimum of .

Remark 5 In general, the problem Py is easier than (8), because

1. The dimension of Qy (where X is defined) is smaller than the dimensions of
Qy, Q3.

2. X1 has a simpler structure.

3. Problem Py is the minimum of a convex function on the set K; which involves
sometimes simpler restrictions.

4. By solving the problems Ps and Ps it is possible to compute a descent direction
for .

In the following we will suppose that the hypotheses of Theorem 1 hold and in
consequence, @y and @3 are convex functions. Finally, from (17), ¢ is also convex.

Theorem 1 Let X1, X be vector spaces, Kr a closed convezr subset of X1, ¢(-) a
strictly convex continuous function defined on X and (for each v € K1) a closed
conver subset K¥ C X such that we can define on Ky the function

P(v) = inf ¢(x) (22)

reKV

INRIA
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and such that there exists a unique u(v) € K° with the property
P(u(v)) = p(v). (23)
Assume the multivalued mapping v — KV is a conver mapping in the sense that
AKY 4+ (1= X) K? ¢ KAHI-7 (24)

then v is a convex function.

Proof: Let v and ¥ be elements of K; and u, % such that
w=1u(v), 4=1u(v), (25)
then, 1 is convex because
PAv+(1=X)7) <p(Au+ (1 —X)a) by (22) and (24)
< Ad(u) + (1 —A) ¢p(a) by the convexity of ¢

=Ap() + (1 - N (@) by (23) and (25).

Definition 4 The auxiliary function ¢
Let us suppose that pa, @3 are differentiable and let us denote go, g3 the correspon-
ding derivatives. For each vi € X1, we define

9(vr) = g2(vr) + ga(vr) .- (26)

Definition 5 The equilibrium condition
The optimality condition (that we will refer as the equilibrium condition) for uy to
be the solution of Problem Py is:

(g(ﬂj),vj - ﬂ[) >0, Vv € K. (27)
Remark 6 As ¢ is convex this condition is also a sufficient condition of optimality.

In addition, if @ is strictly convez, the point 4y that verifies this optimality condition
18 unique.

RR n° 3145



12 Roberto L.V. Gonzdlez , Gabriela F. Reyero

Definition 6 An iterative algorithm

The above mentioned unique value 4y can be found iteratively using the algorithm
described below, which employs the information given by the function g. The algo-
rithm generates a sequence (ti2(vY), @3(vY)), which starts at an initial pair i (v9), 43(vY)
and that converges to the solution (us ,us) of (8).

Let {, : v=0,...} be a sequence of positive numbers such that

lim v, =0 and Z'y,,z—l—oo.

v——+00 =0

Let us denote by Pg,(q) the projection of qon Ky .

ALGORITHM
Stepl: v=0, v} € K.

Step 2 :  Solve problems Py(vY) and Ps(vY). Sety=1,.
Step 3: 97 = Pk, (v] —vg(vY))).

Step 4: If p(dr) < p(v¥) + 3(g(v¥), o1 —v¥), setvyt'=dr, v=v+1
and go to Step 2;

else, v = 3 ,and go to Step 3.

3 Applications

We give in this section some examples where we apply the methodology described
in the previous section. In the first four cases, we obtain the solution in an explicit
form and in the last example, the solution is reduced to the application of a simple
iterative method to find the zero of a monotone real function.

INRIA
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3.1 Example 1
3.1.1 The original problem

The description of this problem was given in the section 1.2; so here we have
H = HY(Ts), K=o,
(M va)(z) = (Ey2i2)(z), z €T3, (28)
(M3 v3)(z) = (13v3)(2), w€Ts.
In this case we have
K = {(vg,v3) € X9 ® X3 : Erygv9 ="7303}. (29)

3.1.2 Solution by decomposition

Elements of the decomposition

We define:
X; = HY/2(Ty),

Ky(vr) = {vs € Xy : y9; vo(x) = vi(x), a.e. x € Ty}, (30)
Ks(vr) = {vs € X3 : y3 v3(z) = (Bvr) (x), a.e.z € '3}
The separated optimization problems

With these data, we consider the problem Ps(vy)

Po(vr) | pa(vr) = min 1 (Asug, us) — (fo, un),
u2€Ka(vr)

(31)

RR n° 3145



14 Roberto L.V. Gonzdlez , Gabriela F. Reyero

which is equivalent to find the solution uy(vy) of the Dirichlet-Neumann problem:

Ay = fo,

62|T2¢ =r, (32)
P

%LFZE = O :

To make explicit the dependence on v; of the solution uy(vy), we introduce the
following definitions: Let wsy be the solution of

Aywy = fa,
w2|F2i =0, (33)
%h—ée = O

and let G5 be the operator

Gy : HY?(Ty;) — HY(Q),

(34)
¢ — G2,
such that
AZ(G2¢) = 07
(G2¢)|F2i =9, (35)
9
25, = 0.
By virtue of (32), (33) and (35), we have
’EQ(UI) = Govy +wy. (36)
In consequence, for the auxiliary function ¢p2(vr) we have
1 .
(,02(1)]) = §<A2(G2’U] + ’LUQ), Govr + w2) — <f2, Govr + w2> (37)

INRIA
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and then, for the derivative (in the Frechet sense) we obtain: V( € X1
(Dps(v1),¢) = (G3A2Gavr + G (Agwz — f2) ;). (38)

Now, we consider the problem Ps(v;)

P3(vr) | : w3(vy) = min %<A3U3,U3> — <f3,’LL3>.
u3€K3(U[)

(39)

In this case, the solution %3(v;) is given by the solution of the Dirichlet problem:

Azug = f3,
(40)
’E3|r3 = FEvy.
Let be w3 the solution of
Aswsz = f3,
(41)
’L03|1"3 =0
and let GG3 be the operator
Gs: HY/*(I'3) — H'(Qs),
(42)
¢ — G3¢>
such that
A3(G3¢) = 0)
(43)
(G3d)lrs = ¢
By virtue of (40), (41) and (43), we have
ﬂg(’l)]) = GsFEv; + w3 . (44)

Then, we obtain

1 .
p3(vr) = §<A3(G3E'UI +w3), GsEvr + ws) — <f3> GsEvr + w3> . (45)

RR n° 3145
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Therefore, for the derivative (in the Frechet sense) we have: V( € X7

(Dp3(v1),¢) = (B*G3A3G3 E)vr + E*G3(Aswy — f3), C) - (46)

Coordination phase

The solution %y is given by solving the equation g(vy) = 0, where g(vy) = Dga(vr)+
Dys(vr). By virtue of (38) and (46), we have

G;AQGQ’ELI + G;(AQU}Q — f2) + (E*G§A3G3E)’E,] + E*GE;(.A?,’UJ?, — f3) =0. (47)

In consequence we get
ur =Q (GE(-Azwz — o) + E* G (Agws — f3)) ; (48)

where

Q = —(GiAG + E*GiA3GE) L. (49)

So, the solution is given by

us(iir) = G2 Q (G3(Avwn — fo) + B*Gi(Agws — fr)) + wa,
(50)

us(iir) = GoE Q (G3(Aswa — fo) + EB*Gj(Asuwz — fo)) +ws

3.2 Example 2

3.2.1 The original problem

We take Xo :HI(QQ), X3 :Hl(Qg), X=X Xs,H=RP, K=0.

We define the operators Wy : Xy — RP such that (Ws ug)j = (wyj,u2) and Wy :

X3 +— R? such that (Ws ug)j = (wsj,u3), with we; € L?(y) and ws; € L*(3),
v] = ]-7 P

INRIA



Some applications of decomposition techniques to systems of coupled variational inequalities. 17

We define the operators M; by

Myvy = Wy v, Msv3 = W3 vs.
In this case we have
K = {(vy,v3) € Xog ® X3 : Myvy — M3vz =0}, (51)
or
K = {(v2,v3) € X2 ® X3 : (va,wa5) = (v3,w3;), 1 <j <p}. (52)

Note 3.1 In this example we will suppose that the operators Wo, W3 defined above
verify: rank (W;) = p.

3.2.2 Solution by decomposition. Case of dimension 1

X; =R,
K3(§) = {u2 € Xy : (wa,ug) =&}, (53)

K3() = {us € X3: (w3,u3) =&} .

We compute @y and @3 by solving the decoupled optimization problems Py(€) and
Ps(€), with solutions ug(€) and ugz(£) respectively.

The optimization problem P, (&)

. — 3 1 _
Pa(8) | : p2(€) = i 52 (u2, uz) — (fa,u2) .
(54)
The necessary condition of optimality in the convex set K5(&) is:
V(pg(’u,Q)(’Ug — ’u2) >0 Y9 € Kg(f) . (55)

Let Ay be the operator associated to ag, i.e. as(u,v) = (Asu,v) and let f be the
element given by the Riesz representation theorem, i.e. (fy,v9) = (fo,v2), Vv €
Xy . Then (55) is equivalent to

(A2u2 - fz,vz - ’u2) >0 Vg / <w2;v2> =¢. (56)

RR n° 3145
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So, we have X
(Agug — f2, 22) > 0 Vzy [ (2, 22) =0, (57)

that is A
(Agua — f2, 22) =0 Vzy [ (i, 22) =0, (58)

therefore d\y € R such that

Agug — fo = Xy,

(59)
<III)27 ’LL2> = 6 .
We obtain us(£) in the following form
Asug = fo + Aot . (60)
To compute A2, we consider that
€ = (wa,up) = (i, Ay " Apuz) = (iby, Ay ( fo + Aatihz))
(61)
= (thy, Ay " fo) + Ao (i, Ay i)
and then, we have
-1 .
Ay = <1f12,«4517f’2> (f - <1@27A51f2>) ;
(62)
17 W1 \TH R 1.
us(§) = Ay ' fo + (1o, Ay o) (€= (iba, Ay fo)) Ay iy
Finally, from (62) we get
1 .
p2(8) = 5 {Azua, uz) — (fo, u2). (63)
The optimization problem P3(§)
P3(é) | : p3(&) = uag}gl@ za3(u3, uz) — (f3,us) .
(64)

INRIA
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With a similar procedure to that one used above, we obtain A3 and u3({) in the
following form

A3 = <UA}37'A?71’L®3>71 (é - <UA)3’-A??1 f3>) s

(65)
. -1 .
ug(€) = Az fo + (s, Azl ) (&= (s, A5" fo)) A"y
In consequence, we get the following explicit expression of (3
1 .
p3(&) = 5{Asus,uz) — (fs, u3). (66)
Computation of ¢ and ¢}
We denote
-1 -1
9y = iy, Ay My ) V3 = (s, Az My )
(67)
Ky = (i, Ay " fa) Ky = (i3, A3 " f3)
then, from (62) and (63), we have
up(€) = A7V fa — D9 ko Ay by + 99 A b € (68)
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and so,

2, A7 fo — Vs Ay iy + 9245 st

<
<
= 1 (fo = Dama iy + Dy i€, Ayt fo — Dara Ay by + 05450 1€)
(Far A1 o) + (for Damady s ) — (o, Doy ot )

<

fas A2_1f2> -1 <f2, Voo Ay ! o > +3 <f2, D9 A7" 7fU2€>

Pakg Wo, A51f2> +3 <192f<62 W, 9ok Ayt @2> -1 <192f<62 W, 92A, " 1172f>

P e N

+3 (92 W9k, A51f2> —1 <’t92 o, Faka Ay T 1y > + 3 <792 Wof, 9o Ayt w2§>

- <f2, Az_lf2> + <f2, 192f<32-/42_1’lf12> - <f2, By A7 1172§> :
After some simplifications, we obtain

©2(€) = §93 <1f12§, Az_l’lff2€> — ok — 3 <f2, Az_lf2> + 399 63, (69)

in consequence, we get for ¢f the expression

0h(§) =02 -2k = <1172,«42_11f12>_1 (5 — (ag, A" f2)) . (70)

In a similar way, we get

p3(&) = $93 <’LTJ3§= A§1w3§> —V3k3&— 3 <f3,«4§1f3> + 393 K3, (71)

0h(€) =U3 —V3k3 = <1f13,«4§11173>_1 (f - <w3,A§1f3>) . (72)
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So, by virtue of (26), we have

02(6) = (1bn, A7 s (& — (o, A3 )
(73)

93(&) = <w3,Aglw3>_1 (& — (s, AT f5)) -

Coordination phase

We obtain the solution by solving the equation g(¢) = 0. So, we have

(i, A3 i) (& = b, A7 o)) + (g, A5y ) (& — iy, A5 o)) = 0 (74)

and then
Y b R W ST es G s o A=1AN [~ g=1 s
(s, A3 fo) (13, Az i) + (ibs, A" fa) (in, A7 M )
= — — . (75)
<w3,.A3 ’LU3> + <’LU2,.A2 w2>
Therefore, the solution is given by
_ g1 f L (s AT fa) (b, AT g1
wr(€) = Ay fo + (A Bl 1) 1,
(76)
_ g1 f o (02, AT ) (s AT ) g1
us(§) = Ay fs + (1112,A2_211f12)+(1i’3,v42_11ﬁ3) Ay s -
3.2.3 Solution by decomposition. Case of dimension p
We take
X;=RP, K=0,
KZ(f):{UZEXZ(WQ'UZ)]:gﬁ ijlaap}) (77)

K3(¢) = {v3 € X3: (Waw3); =&, Vj=1,---,p}.
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We compute @y and @3 by solving the decoupled optimization problems Py (&) and
Ps(€), with solutions us(€) and ug(£) respectively.

The optimization problem P;(¢)

. ; 0 — : 1 _
Pa() | : RS (&) = i 502(u2,u2) — (fa, u2).
(78)
Computation of Vg
We have X
p2(§) = min {%(«42“2,”2) - <f27u2)}- (79)

u2€K2(§)

With the same argument used for the case of dimension 1, 39 € RP such that

Ay — fo + Wihy =0,

(80)
Waoug = €.
Then )
uy = Ay (fa = Witha),
(81)
Wous = WQA;lfQ — (WQA;IWQ*))\Q =¢£.
We denote Py € RP*P as
Py = Wo Ay ' W (82)
which is a positive definite matrix. Then, we obtain
Ao = Py Y (WoA L fy — €) (83)
and R
uz(§) = Sof + (I — SaWa) Ay fo, (84)
where
Sy = A, ' WP, L. (85)
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In consequence, we get

w2(§) = % <A252f + Ao(I — SyWy) Ay ! fa, Sa€ + (I — S2W2)Az_1f2>
- <f2, Sol + (I — 52W2)«451f2>
1 1 —17
= 3 (A289E, Sof) + 2 <A252§= (I — S2W>3) A, f2>
by (oI = W) A5 fo, $26) = (for $26) (86)
1 17 7 17
+ <§«42(I — SoWa) Ay~ fa — fa, (I — SaW3)A; f2>

(SyA2S2€, &) — <f= S;AZS2W2A2_1f2>

N =

1 N " .
+ <§A2(I — SoWo) Ay fo — fo, (I — S2W2)«421f2> ;

therefore

V(PQ = 52*./42526 - SZ*AQSQWQ .A;lfg

(87)
= PWa A7\ WiPyle — Py iWo AT ' W Py T Wy AT fs .
By virtue of (82) we obtain
Vi = Py 16— 55 fo. (88)
The optimization problem Ps3(¢)
Now, we study the following problem
P3(&) ] : min  ¢J(¢) = min {%a:;(u;:,,u;:,) — (f3,U3)}.
uz€K3(§) uz€K3(¢€)

(89)
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Computation of V3

In a similar way to that one used above, we have

¢3(§) = min {%(-A3u3,u3) - <f3,u3)}- (90)

uz€K3(§)

The solution ug is given by:

u3(€) = Ss& + (I — S3W3) A3 f, (91)

where we define P; € RP*P as

Py = W3 A3 ' Wy (92)
and
Sy = AWy P (93)
Therefore R
Vs =Py '¢— S5 fs. (94)

Coordination phase

We define g(¢) = Vg + Vs and then, the solution is given by solving the equation

9(¢) =0.
So, we must find £ such that

Prle— St fa+Ple—Sifi=0, (95)
then ) R )
e=P (S5 h+85fs), (96)
where )
P=(Pp'+pPyH 7t (97)

By virtue of (84) and (91), we have
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up(€) = Ay fa + So P (Sz* fo+ 8% f3) — Sy Wy AL fo,

(98)
us(€) = Ay fs + S3P (S5 fo+ S5 fs) — SsWs Ay fs.
3.3 Example 3
3.3.1 The original problem
We take H = L?(Q3), K = 0, and we define
(M5 v3)(z) = ms(z) vs(z), (99)

where m3z € L*(Q3) .

We consider 7y; vg (trace of vy on I'y;) and we extend ~y9; v to Q3. This can be
done in the following ways. Let P be any extension operator:

P e L(HY?(Ty;), H?(Q3)),

(100)
Polr,, =@, Vo HY*(Ty)
and we define
(M3 v2)(x) = (Py2iv2)(x), € Ty;.
In this way, (2) becomes
m3ug = P')’QZ' u2 , mn Qg . (101)

So, in this case we have

K = {(vg,v3) € X9 ® X3 : m3(z)v3(x) = (P2 v2) (x), ae. z € Q3} . (102)
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3.3.2 Solution by decomposition

Elements of the decomposition
X;=H'Y*(Ty), K;=Xp,
Ky(vr) = {vg € Xg : 79 v2(z) = vi(z), a.e. z € Ty},

Ks(vr) = {vs € X3 : m3(z) vs(z) = P(vr)(x), a.e.z € Q3} .

Analysis of problems P, Ps

We counsider the problem Py (vr) defined by

[Pavr)] : paon) = min 5 (Ayua,ua) = (fo,2).

(103)

(104)

To solve this problem P2 we work in a similar way as that one appearing in section

3.1. So, the solution has the following form
uz(vr) = Govr + wy.
In consequence, for the auxiliary function ¢p2(vr) we have
pa(vr) = %(AZ(GTUI + wy), Govy + wa) — (fa, Gavr +ws)
then, for the derivative (in the Frechet sense) we obtain: V( € X7

(Dy(vr), ) = (G5 A2Gavr + G(Azwa — fa) ,C).

Now, we consider the problem P3(vy) defined by

Ps(vr) | : w3(v7) = min %<.A3U,3,’U,3> — (fg,ug).

us€Ks(vr)

Let D and I be subsets of 23 such that

D = {z3: ms(z3) # 0}, I ={z3:ms(z3) = 0}.

(105)

(106)

(107)

(108)

(109)
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Then

ws(zs) = mi3 P(ur)(@s), Vas€D. (110)

We define the operator (Gs such that

mLSP(U])(.’L'3) V$3 c D,

(Gsvr)(zs) = (111)
0 Vzz €1,
and w3 the solution of
Azws = f3,
(112)
w3 |D =0.
Then we can write the solution 43 in the following form
ug = Gsvr + ws, (113)
and so,
1 ~
p3(vr) = 3 (As uz, uz) — (f3,u3)
1 N
= 3 (A3(Gsvr +ws3) , (Gavr +w3)) — <f3, (Gsvr + w3)>
(114)
1 A 1 N
= 3 (Asws ,w3) — <f3,’w3> +3 (A3G3vr, Gavr) — <f3, G3UI>
1 1
+5 (AsGsvr,ws) + 5 (Asws, Gaor) -
The support of the functions Gsvr and ws are disjoint, then we have
(A3G3vr,w3) = (Azws , Gavr) = (Azws, Gavy) =0, (115)
therefore, we obtain
p3(vr) = P3 + ¢3(vr), (116)
where @, is independent of vy, that is
1 N
P = 5 (Aswy, ws) — <f3,w3> (117)
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and
~ 1 ; 1 * * F
@3(vr) = 5 (AsGavr, Gsur) — <f3>G3'UI> =5 (G5 AsGy o ,vr) — <G3 f3 ,1)1> :
(118)
Then, for the derivative (in the Frechet sense) we obtain: V(¢ € X
(De3(vr),¢) = (G3A3G3vr — G, (). (119)

Coordination phase

The solution %7 is given by solving the equation g(vr) = 0, where g(vr) = Dgs(vr) +
Dy3(vr) . By virtue of (107) and ( 119), we have

G5 AyGaiis + G3(Agws — fo) + G3A3Gsti; — G f3 = 0. (120)
In consequence we get
ir = R (=G5 (Ayws — fo) + G3 fs), (121)

where
R = (G3A2Gy + G3A3G3) L. (122)

So, the solution is given by

uz(tir) = Go R (—G3(A2wz — fa)+ G§f3) + wy,
(123)
ug(ir) = GsR (~G3(Agwy — o) + Gifs) +ws.
3.4 Example 4
3.4.1 The original problem
We consider here H = R, K = R, and we define
M2'U2: f’l)2d£C, M3U3: fU3d£C. (124)

Qo Q3
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Note 3.2 We denote
v; = (vi,€;) = /vi dz , (125)

Q;
where e; is the constant function 1 in ;.
So, in this case we have
K:{(UQ,’U:;)EXQEBX:;IW—’U_:;ZO}. (126)

3.4.2 Solution by decomposition

X;=%R2,
Kr = {(z2,73) €R* : x5 — 23 >0},
(127)
KQ(.TQ,:L':-}) = {1}2 € Xy : Ty = .'L'Q},
K3(£E2,.’B3) = {U3 € X3 : 3= .’E3} .
We have the problem Py (z5)
Po(zg) | : p2(z2) = min 1 (Ayug,us) — (fa,uz)
u2€Ko
(128)
and the problem P3(z3)
P3(.’I?3) s (p3($3) = min %<A3U3,U3> — <f3,U3) .
uz€K3
(129)
From (127)-(129) it is easy to check that there exist ¢; € R such that
Aiui — fi = ciéi,  i=2,3,
(130)
<ui7 éz) = Zj,
then X
ui = A7 (fi+ citi) - (131)
To get the value ¢; we take into account that
z; = (&, ui) = <éi>Ai_1(fi + ¢ éi)> = A7 fit Ay, (132)
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where
.A;l fi= <éZ,A; fz> and A;léi = <éi,A;IeZ>
Therefore .
¢ = (i — A )
A le; '

and in consequence

-1 1 I N R

Uy = AZ fz + . (fL‘Z - Az fl) Az €;
i €

From these relations we get

1 1 T Llyao,1

pila) = g === (o = AT ) = 5 (fu AT )

and

We have two alternatives:

1. 29 —x23>0

(133)

(134)

(135)

(136)

(137)

In this case the necessary condition that must be satisfied at this interior

point is: %% = 0. This condition implies

(2

(.’L‘z—./lz_lfz) =0.

Then, by virtue of (135), we have the solution that we may call “free solution”:

wi=A7'fi i=2,3.

So, if

A7l fa — AT f3 > 0,

(138)

(139)

the solution is given by the free solution. Otherwise, we will have the following

case:
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T
3 .’I,‘Q—.’L‘:J,ZO

L3

Figure 2: K; = {(w2,23) € R? : x9 —z3 > 0}
2. 372—.(53:0

In this case the necessary condition that must be satisfied at this boundary
point is: IX # 0 such that

+A =0 (140)

This condition implies that

O0ps 0p3
L = 141
(9:172 8.’1)3 ( )
By virtue of (137) we get
zy — AL f- z3— Az f
(w2 - A, 2)+(3 : 3)20, (142)

Ayle Azlés
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then, as £9 = x3 we have
(302 — At f2) N (962 —A;! f3)

Ay e Aztes

=0 (143)

and therefore

A A et Ay e A

Ty - - (144)
(Ar"es + Ay tes)
Finally, the solution is given by
( uy = A1 fQ A &y ) + 1 A'es A ot Ay es AglfsA—l és
2 Ay 'es Ay 'es Asleat Az les 2 ’
2 2 5 é2tA3 és
< (145)
wy = A7 (fo— falds g} 4 L A A A e A g
3 3T e Ajles (NT *“) 5o
3 3 o €2+Ag és
\

3.5 Example 5
3.5.1 The original problem

We will deal now with an example in a simpler geometry. We consider (cf. Fig. 3)
a body which consists of domains 2 and 9 which are respectively of dimensions 1
and 2. In the present situation

0 =T1;UTe, T13;=0, Tie=1.

We consider H = L?(£2), K = (L%(922))", and we define the operators M; by
(Myv1)(z) =v1(0), Ve € Qo and (Myvy)(z) = va(x), Vo € Qo; (146)

then
K = {(v1,v2) € X1 ® X2 : va(z) <01(0), a.e.in Qa}. (147)
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L2

Q

Figure 3: A 1-2 dimensional coupled problem

3.5.2 Properties of the solution
As K is a cone with vertex 0, the V.I. (8) is equivalent to (148) and (149)

ai(ui,ur) + ag(ug, u2) = (fi,uw1) + (fo,u2), (u1,u2) € K, (148)

and
a1(ui,v1) + az(uz,v2) > (f1,v1) + (f2,v2), V(vi,v2) € K. (149)

From these relations, the following characterization of the solution is given in [8]:

A1 U = f1 y in Ql s (150)
ouq Ouy
- - = —_— >
1) = o0, S(0) 2 0, (151)
Asug— fo < 0, Uy — ul(O) <0, in Qg , (152)
(AQ U9 — fz) X (’LL2 — ul(O)) = 0 y mn QQ s (153)
0 .
% = 0, in 09y . (154)
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It is also given the following relation, which characterizes the equilibrium between
both systems:

%(0) + (Agug — f2,1) = 0. (155)
We will prove that 5
Fr0) = [(falo) ~ Bus(e)) do. (156)

S

expression which gives the equilibrium condition (155) in terms of the data at the
interaction zome S, where

S:={z : ua(z) = u1(0)}. (157)
By virtue of (154), we have
/Auz(x) dz =0 (158)
Qo

and from (157), it is verified

Auy(z) =0, ae.z€S. (159)
So
/ Aus(x) dx = /Aug(m) dr =0. (160)
CS Qo
By virtue of (153) we have
/(—Au2 + Buy — fa)(z)dz =0 (161)

cS

and from relations (160) and (161), we obtain

(Bug — f2,1) = /(ﬂuz — fo)(z) dz. (162)

S

Finally, from (155) and (162), we obtain (156).
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3.5.3 Solution by decomposition techniques

We can solve the V.I. (8) by decomposition techniques. Let us introduce a real
parameter £. We take

X, =%, K;=%t,
Ki(§) = {v1 € X1 : v1(0) = ¢}, (163)
Ky(&) ={v2 € Xy : vy(z) <&, a.e. z € Qy}.

For each ¢ we define ug as the unique solution of the following V.I.

a1(ui,v1 —wu1) > (f1,v1 —u1),

(164)
Vo € Ki(€), w1 € Ki(§),
and ug as the unique solution of the following V.I.
az(ua,v2 — u2) > (f2,v2 — u2),
(165)

Vg € K»(£), uz € K»(§),

In this case, from (164) and (165) we get for the derivative of the auxiliary function
(defined in (17)) ¢(§) = ¢1(£) + ©2(£)

dp _ ouf

R OB 5/ (fa(z) — Bus(z)) do. (166)

From (166), it can be easily seen that %‘g is an increasing continuous function with
the property

9p
lim — = . 167
g_}?oo o¢ o (167)
Then, solving the original V.I. (8) is equivalent to solve the equation
9p
9% _y, 168
: (165)

which can be solved by any iterative method. In particular, using that one described
in section 2.
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Conclusions

In this paper we have analyzed some issues concerning the solution of coupled va-
riational inequalities. Specifically, we have studied the solution of some junction
problems presented in [8]. Starting from a V.I. formulation, we obtain the solution
via a decomposition—coordination method. We have used this procedure because it
allows us to solve the coupled problems through the solution of simple independent
problems — in general, they are linear problems or simple obstacle problems. These
problems depend on some auxiliary variables which are modified by an iterative
algorithm. The convergence of this algorithm can be improved using techniques of
Newton’s type. The study of this methodology will be contained in [11].
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