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Abstract: This paper presents an asymptotic analysis in power of the Mach number of
the flux difference splitting approximation of the compressible Euler equations in the low
Mach number limit. We prove that the solutions of the discrete system contain pressure
fluctuations of order Ma while the continuous pressure scales with the square of the Mach
number. This explains in a rigorous manner why this approximation of the compressible
equations fails to compute very subsonic flow. We then show that a preconditioning of
the numerical dissipation tensor allows to recover a correct scaling of the pressure. These
theoretical results are totally confirmed by numerical experiments.

Key-words: Low Mach number, flux difference splitting upwind schemes, Roe scheme,
preconditioning

(Résumé : tsup)

* E-mail:Herve.Guillard@sophia.inria.fr
o E-mail:Cecile. Viozat@sophia.inria.fr

Unité de recherche INRIA Sophia Antipolis
2004 route des L ucioles, BP 93, 06902 SOPHIA ANTIPOLIS Cedex (France)
Tééphone: 049365 77 77 — Télécopie: 04 93 65 77 65



Sur le comportement des schémas décentrés
4 la limite petit nombre de Mach

Résumé : Ce papier présente une analyse asymptotique en terme du nombre de Mach de
I’approximation par décomposition de différence de flux des équations d’Euler pour un fluide
compressible & la limite petit nombre de Mach. Nous prouvons que les solutions du systéme
discret contiennent des fluctuations de pressions de ’ordre du nombre de Mach alors que
celles du systéme continu contiennent des fluctuations de pressions de ’ordre du nombre
de Mach au carré. Ceci explique de maniére rigoureuse pourquoi cette approximation des
équations pour les fluides compressibles ne permet pas de calculer des écoulements trés
subsoniques. Nous montrons ensuite qu’un préconditionnement du tenseur de la dissipation
numérique permet de retrouver un ordre de grandeur correct de la pression. Ces résultats
théoriques sont totalement confirmés par les expériences numériques.

Mots-clé : Petit nombre de Mach, schémas décentrés, schéma de Roe, préconditionnement
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On the Behavior of Upwind Schemes in the Low Mach Number Limit 1

1 Introduction

It is well-known that in addition to convergence and round-off difficulties, the upwind ap-
proximations of the compressible fluid flow equations suffer from accuracy problems in the
Low-Mach number limit. There are experimental evidences showing that on a fixed mesh,
the discretized solution of the compressible fluid flow equations are not an accurate approxi-
mation of the incompressible equations (e.g see [9] [4]).

A common explanation of this failure of compressible upwind schemes is to put forward the
role of the numerical dissipation. In upwind schemes, the numerical dissipation associated
with the two grid nodes ¢ and [ is of the form :

8|A|1A;g =6 [Niles(Agp) R (1)

where 6 is the mesh size, A\; and R; are respectively the eigenvalues and eigenvectors of the
jacobian matrix A, a;(A;7) are the coordinate of the jump A;;q between the values of the
function at the grid nodes ¢ and ! in the basis formed by the eigenvectors. In the above
expression, the sum runs over all waves. If we introduce a reference Mach number M, we
see that this implies that some of the wave speeds \; become proportional to 1/M,. Thus
in the low Mach number limit these terms can grow without bound resulting in an excessive
numerical dissipation that pollutes the discrete solution.

We believe that this explanation is only partially true and needs to be refined. First we
remark that, if the dissipative terms are of order 1/M,, the centered terms in the approxi-
mation scale with 1/M?2 (see section 2). Thus although the amplitude of the dissipative
terms may go to infinity, they become negligible with respect to the centered ones as M,
goes to zero. Therefore, the accuracy problem may actually result from a lack of numerical
dissipation instead of resulting from an excess of numerical viscosity. Second, in upwind
schemes, the numerical dissipation is a 4 x 4 tensor (in 2-D) and although some of the A,
goes to infinity, it may well be that the discrete equations force the associated jumps a;(A;;)
to go to zero.

Our aim in this work is thus to explain in a detailed manner the mechanism by which
compressible upwind schemes fail to compute very subsonic flows. The tool we will use for
this study, is only a standard asymptotic analysis in power of the Mach number. However,
this analysis will be performed on the discrete equations instead of the continuous ones.
More specifically, we will look for the asymptotic form that takes the discrete system in the
low Mach number limit. The analysis we performed is a fully non-linear one that does not
require any linearization of the governing equations. Moreover, it applies to the steady state
equations as well as the time dependent ones. Its main result can be stated as follows :

In the low Mach number limit, the solution of the discrete equations contains pressure fluc-
tuations of order Mach.
This is in clear contrast with the continuous case where pressure fluctuations scale with the
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2 Hervé Guillard , Cécile Viozat

square of the Mach number.

For the steady state equations, a common strategy to overcome the convergence problems
encountered by compressible solvers is the use of preconditioning [5, 6, 7, 3]. Following a
suggestion in [7] we tried in [8] to use preconditioning as a cure to the accuracy problem.
The results were extremely convincing and it appears that preconditioning is a powerful
remedy to cure the accuracy problem. More specifically, the dissipative term in (1) 6| A|Aq
is changed into :

sP~Y|PA|Aq 2)

where P is the preconditioning matrix. However the temporal and centered terms of the
approzimation remain unchanged (i.e with no preconditioning). Therefore, the scheme is
always consistent with the time-dependent equations and only the numerical dissipation is
altered. Although more complex than in the case with no preconditioning, an asymptotic
analysis of the resulting discrete equations appears to be tractable. It provides a detai-
led explanation of the mechanism by which preconditioning increases the accuracy of the
schemes. In particular, it shows that preconditioning increases the numerical dissipation
terms associated to the continuity and energy equations by a factor 1/M,. Thus, contrarily
to the non-preconditioned case, the non-dimensional discrete equations contain no term of
order 1/M, as in the continuous case. Solving these equations gives pressure that possesses
the same M? scaling as for the continuous system.

The analysis presented in this work uses Roe’s approximate Riemann solver. This scheme
possesses some nice algebraic features that simplify to some extent the discrete equations.
However, the analysis is general and applies to all the schemes that can be cast under the
form (1) with a matrix A that is the Jacobian of the continuous fluxes evaluated at some
average between ¢ and I. The outline of this paper is as follows : In the next section,
we recall how to derive the convergence of the compressible Euler equations toward the
incompressible ones. Next, we apply the same asymptotic expansions as in the continuous
case to the discrete Roe scheme and finally, in the last section, we examine the case of a
preconditioned dissipation.

2 The continuous case

The equations of motion of inviscid compressible fluids write :

INRIA



On the Behavior of Upwind Schemes in the Low Mach Number Limit 3

a y hrd —
" + div(p@) =0 (3.a)

0
ap{[ + div(pg@d) +Vp =0 (3.b)

57 + div(pet +pi) =0 (3.¢)

where p is the fluid density, @ the velocity and e the total energy defined as the sum of the
internal energy plus the kinetic energy.

1, . .
e=C,T+ §(u2—|—v2+w2) (4)

p is the pressure defined as p = pRT where R is the perfect gas constant and T the tempe-
rature. Equation (4) and the perfect gas law can be combined to yield :

p= (= D(pe = 5ot + 07 +w?) Q

On the other hand, the incompressible Euler equations are :

div(@) =0 (6.a)

po(%ﬁ +div(@®d@) +Vr =0  (6.)

where pg is a constant reference density and 7 the dynamic pressure. The incompressible
fluid equations are known to be the singular limit of the compressible Euler equations when
Ma — 0. As an introduction to the computations that will be carried out in section 3,
we recall here how to formally derive this singular limit. The first step of this derivation
is performed through the nondimensionalization of the compressible Euler equations. Let
pi(x), i;(x) and p;(z) be the initial values of the density, velocity and pressure fields. Let
p* = max,(pi(z)), v* = max,(|@;(z)|) and let the sound speed scale a* be defined by :
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Hervé Guillard , Cécile Viozat

p*(a*)? = ymaz,(pi(x)). Introducing the new non-dimensionalized variables :

p= ﬁ u = E p=

p* ? u* ? p*(a*)2 (7)
~ e . T i tu*
e = ) xr= -, =

(a*)2 6* 5*

where §* is an arbitrary length scale, we obtain the system of non-dimensionalized equations

+ div(pa)
P 1 .
+ div(pu @ @) + WVP
+ div(péi + pii)

(8.a)
(8.h)
(8.¢)

where M, = u*/a* is the reference Mach number. The non-dimensionalized state law (5)

takes the form :

M2 2 2 2
= (v = 1)(pe - S-p(@* + 7 + 7))

9)

We now look for solutions of the system (8) in the form of asymptotic expansion in power

of the Mach number :

P =po +M.p
=1y +M,uyg
P =p0 +Mp
é =éy +M.é

+M? o
+ M2,
+ M2,

+M?2é,

+...

Introducing these expressions in the equations (8) and collecting the terms with equal power

of M, we obtain (we have dropped the ~for convenience):

1. Order 1/M?

Vp():O

(10)
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On the Behavior of Upwind Schemes in the Low Mach Number Limit 5

2. Order 1/M.,
Vpl =0 (11)
3. Order 0
;70 + div(pouo) =0 (12.a)

0
HiPouo + div(poug ®ug) + Vpa =0 (12.0)

0 .
apoeo + div(poeoug + poug) =0 (12.¢)

while the 0-order state law becomes :

po = (v — 1)(poeo)

The order 1/M2 and 1/M, equations imply that the pressure is constant in space up to
fluctuations of order M2. Thus we may write :

p(,t) = Po(t) + Mipa(a,t)

In the presence of open boundaries, the thermodynamic pressure Py will be equal to the
exterior pressure that we assume for simplicity constant in time :

dPezt _ dﬂ _
dt — dt
19}
We deduce from the non-dimensionalized 0-order state law that %0:0 = Vpoep = 0 and

the energy equation (12.c) degenerates into :
divug =0

Introducing this relation into the continuity equation, we see that this implies that the
material derivative of the density is zero. Assuming for simplicity that all particle paths
come from regions with the same density, we conclude that :

po = Cte

RR n~° 3160



6 Hervé Guillard , Cécile Viozat

and that the 0-order system reduces to the following set of equations ! :

po = Cte (13.a)

5} :
po(éuo div(uo @ ug)) + Vpa =0 (13.)

div(ug) =0 (13.¢)

3 The discrete case

Our aim is now to perform a similar analysis of the low Mach number behavior of the
discrete compressible Euler equations when a flux difference upwind method is used to ap-
proximate system (3). For simplicity, we consider that we use a regular cartesian grid of
uniform mesh size § in two dimensions. 2 = (4,7) is the index of the node whose coordi-
nates are (16, j6) and we use the notation V() = {(: —1,4),(i +1,5), (4,5 —1),(¢,5+ 1)} or
V(t) = {N, S, E, W} for labelling the neighbors of the grid node 4. The cell associated with
node 4 is C; = [(i —1/2)6, (14 1/2)6] x [(j—1/2)6, (j +1/2)é], 7 is the outward unit normal

fCinCl n

The application of Roe’s approximate Riemann solver in a first-order finite volume
scheme yields the following set of semi-discrete equations (see appendix . for details) :

vector on 9C; and we note 7i;; =

1Here, we have derived the singular limit of the compressible Euler equations using the conservative
energy equation and the perfect gas state law. In the low Mach number limit, one can safely assume that
no shock waves are present, consequently the energy equation and the state law can be replaced by p/p” =
constant. In this case, the incompressible limit can be obtained from the isentropic compressible equations
in essentially the same way, for a rigorous (not formal) proof see [1]. Here, we prefer to use the complete
non isentropic compressible system to point out the differences with the discretized equations
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1%} 1 L.
‘Saqu +§ Z prup-msg
lev(2)
+5 D Ual(dgp - ar )+pzl—A U+ =82 = (14.a)
lev(a) zl 44l a51
0 1 L.
Sgifiti T3 > gyt + py(ne)gy
lev@)
lp Ui
+ Z| Adl Ju l‘*‘pzl—%lA iU
lev(z z
(Ung + u)
—pitlUitl(ny)ig AigV + 711Azlp + pi1ai1(na)j AU =0 (14.D)
1
0 1 L
6[—)th 7 +§ Z pl”l“l'”il"'pl(ny)il
lev@)
+§ Z Ustl(Agpp — —5—)v l+p1,l ’LlA'LlU
lev(@) zl a41
(Uny +v)
+pil|Uil|(nw>ilAilV + yizlA lp+pzlazl("y>zlAle =0 (l4.)
1
0 1 .
6&%% +§ Z (preg + pp)ig i
lev()
Agp. Uiy + 07 U:
+ > v zlp—i)(%wpua—?lhil%lzj
lev(z @1 il

(h+ U4
TeitlUalVaRaV + = EAp+ pigag Uy Ay U =0

2

(14.d)

where we have introduced the additional notations :

N =(0);— O U=y, V =—uny +ovn,
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8 Hervé Guillard , Cécile Viozat

Pil = VPPl

(h,u,v);; denotes the Roe average between the states (h,u,v); and (h,u,v); defined by :

_ hi\/p_i+hl\/p_l. (u,v) _ (u’v)i\/p_i+ (u’v)l\/p_l

h; = ; o=
RN N AN
with h the specific enthalpy given by :
h=e+?2
p

The average sound speed a;; is given by :

1
a =0 —1) (hil -5 (g + “fﬂ)

Using now the same dimensionless variables as in section 2 (see equations (7)) we obtain
from system (14):

INRIA
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lev(z) zl A
d 1 L p
§pit s D pripty + Uyl (Mg — =4

lev() 2

)+

Ui
AU =0
2l

lev@)

(15.a)

MZ Z pp(ne)g+
*lev(s)

1 Ung +u);
> ( )i Ayp + pi1azy(ne) g A U+

“levy U

- d 1 Lo Ajp
55%%‘ +5 D e+ Uil(Agp - #z.ll)“il = it Ut (ny) 1 A g1V +

lewz 2

zlAle =0
lev(z

(15.0)

2M2 Z pp(ny)ig+
lev(z)

(Uny +v)
Yo A gp + pgagy(ny) g AU+
2M a, l
lev(@)

(]

. d 1 Lo Agrp
55%%‘ +5 2 gyt + Ul(Aqge = —4)vg + pgtlUgg|(ne) g MgV +

levu) 2
zlAilU =0

lev(z

(15.¢)

l
2M Z ’L ’Llp+
leV(z) il

~d Lo
6ap’iei + 5 Z (plel +pl)“l~nil+
lev@)

Ui Uit
Do Aap+ pgaUa DU + i lhzlAuUJr
levd) *

M,
2

2
Azlp)( it Vi
2

Ajp— )+ plUn Vi AV =0

ley(a)

(15.d)
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10 Hervé Guillard , Cécile Viozat

while the dimensionless equation of state is given by (9).
Following the method used in the continuous case, we next expand all the variables in
power of the reference Mach number M, :

() =)o+ M( )1+ M )2 +... (16)

and introduce these expansions into system (15). Collecting terms with equal power of M,,
we obtain :

1. Order 1/M?

PN -0y =0, ph—pY =0 (17)
2. Order 1/M.,
(a) Continuity equation
1 A,ilpo
5 > — =0 (18)
leva) U

(b) horizontal momentum equation

1 (Uonz + U0> .
5 2 A+ pal () AU + Y pj(na)yg =0 (19)
lev() i ley(@)

(c) vertical momentum equation

1 (Uon + 1)0) .
5 2 A’ el )g AgU + T pj(ny)gg =0 (20)
tev(d) d lev@)

(d) energy equation

1 hgl 0
leva) U

INRIA



On the Behavior of Upwind Schemes in the Low Mach Number Limit 11

Now, let us solve (17)-(18)-(19) (20)-(21), we have :

Lemma 3.1 (17) and (18) (or (17) and (21)) imply that p(i = cte VI.

Proof : (17) implies that p° has a four field solution of the form depicted in figure 1 :

D C D C D C

Figure 1: Four field solution of the 1/M?2 order equation (17)

To prove that the spurious pressure mode p?, = A,p},, , = B,p},,; = C,pY; ;41 = D
is not actually present in the solution, assume for instance that A is the maximum of the
four value A, B,C,D. We note now that the coefficients of (18) are positive. Thus all the
terms in the sum (18) are positive and (18) cannot equal 0 unless A =B =C = D. In
other words, the discrete maximum principle applies and necessarily the four values in the
set A,B,C, D are equal.

Therefore we see that the 1/M,-order momentum equations (19) - (20) reduce to :

1 1 _ 0 0 0, 0 ,0 0
PE = Pw = Py 0 RigU + P30 Aiw U (22)
and
PN —Dg = pgNagNAiNUO + pgsagsAiSUo (23)

These equations do imply that the order M, pressure p' is not a constant. Thus we have

Proposition 3.1 The solutions of the discrete Euler equations (14) support pressure fluc-
tuations of order M, :

p(x,t) = Bo(t) + Map (2, 1) (24)

RR n~° 3160



12 Hervé Guillard , Cécile Viozat

This is in clear contrast with the continuous case where pressure fluctuations scale as M?2.

Therefore, on a fized mesh (6 = constant), we cannot recover the correct scaling of the
pressure with the Mach number. The discrete solutions of equation (14) exhibit pressure
fluctuations that are much larger than in the continuous case. Moreover the ratio between
the numerical pressure fluctuations and the exact ones will increase as the Mach number
goes to zero.

In order to illustrate the above theory, we consider a sequence of computations of the flow
around a NACAO0012 airflow at decreasing Mach number on the same fized mesh. Figure
2 shows the pressure fields obtained for three different inflow Mach numbers. In these
computations, the inflow velocity is kept constant equal to unity while the inflow pressure
is increased. To allow a comparison between the pressure fields at different Mach number,
Figure 2 shows the normalized pressure pporm defined as Pnorm = P — Pmin/Pmax — Pmin- AS
the Mach number decreases, the results become worse and the solutions do not converge
to a reasonnable approximation of the incompressible solution. Actually, the Mach = 0.1
solution is closer to the incompressible one than is the Mach = 0.001 solution. This point
was already noticed (e.g [9]) by several other investigators.

INRIA
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PRESSURE: MIN = 71.0919 MAX = 73.5268

PRESSURE: MIN = 7138.77 MAX = 7159.34

PRESSURE: MIN = 714244 MAX = 714446

Figure 2: Isovalues of the pressure, on a 3114 node mesh for M, = 0.1 (top), M« = 0.01

(middle),

RR n~° 3160
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14 Hervé Guillard , Cécile Viozat

Figure 3 that displays the pressure fluctuation (Pmax — Pmin)/Pmax versus the inflow
Mach number, explains why this behavior occurs. In perfect agreement with the theoretical
predictions, it is easily checked that the pressure fluctuations are proportional to the Mach
number. Thus the accuracy of the numerical results in the incompressible limit is very low
and this accuracy deteriorates as the Mach number decreases.

1
Order 1 -—
Order 2 -+~
y = X ,,,,,
le-1t ]
3
=
L 1le2} g ]
=
€ .
o A
= le-3 | ]
I -
< §
Q
le-4| - |
le-5Stes Te2 Te-1 1

MACH

Figure 3: Pressure fluctuations versus inflow Mach number; solid line : order 1, dashed line
: order 2. For comparison, the curve y=x is represented by a dotted line.

One way to recover a better accuracy could be to use an improved spatial approximation.
On figure 3 is also plotted the results obtained with a second order MUSCL type scheme.
Although, the previous theory does not strictly apply to this case where the dissipative
terms are of fourth order while the theory has been performed for second order dissipative
terms, it can be seen that the pressure fluctuations still scale approximately with the Mach
number and not with its square. Therefore the use of second order schemes gives only a
marginal improvement with respect to the first order ones.

4 Preconditioned dissipation

In this section, we performed a similar study in the case where Roe’s dissipation is modified
by preconditioning. Specifically, let A(g;;) be the Roe matrix associated to nodes ¢ and I,
we change the numerical flux into :

F(g;) + F(qp)

L1 -
5 S+ 5 Plggp) Y Pg;Alggp) | Agpa (25)

®(q;,q7,7a) =

INRIA



On the Behavior of Upwind Schemes in the Low Mach Number Limit 15

where P is the preconditioning matrix. With respect to the original Roe scheme, only
the dissipative terms are altered and therefore the numerical scheme remains a consistant
approximation of the time dependent compressible Euler equations. In this work, we use
the preconditioner proposed by Turkel in [5]. In term of the “primitive” variables U =
[p, u, v, In(p/(p7))], this preconditioner writes :

B2 00 0
0 100
P=1"9 010
0 00 1

where 3 is a small factor of the order of the Mach number. For the conservative variables
q = [p, pu, pv, pe] the corresponding form is :

_ 0q oU
T oU P(U) dq

To obtain an explicit expression for the stabilization term :
P(g;)™" | P(gzp) Alggp) | Aya

close to the expression obtained for the original scheme, we first diagonalize the matrix
P(q;1) Ag;p)- Tts eigenvalues i (g;7) are given by :

P(q)

A= Uy,

A= Uy,
1

As = 5((1+ﬁ2)zjﬂ+\/}_{), (26)
1

Ay = 5((1—}—,32)(]1' —\/)_()

with X = [(1 - %) Uy]* + 4% a3;. The product of the eigenvectors of P(q;;) A(g;) by
P(qil)_l results in expressions that are close to the expressions of the eigenvectors of the
Roe’s matrix (see equations (41) of appendix I) :

! 0
Ul ()
Ri(q;) = vit | Ry(q31) = (gtjz;l )
1 A v
2 (27)
1 1

s +T(nz)l ul+5(nz)l

Ralasr) = | “il 1 Ra(g) = ¢ :
W)= gy ()i i) = | g+ s )i
h'il +TU,il h’il +5U’il

)
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16 Hervé Guillard , Cécile Viozat

where r = A3 — U;; 3% and s = Ay — Uy 5°.
If we now, introduce the coordinate ax(A;7q) of the jump Ajq in the basis of the
eigenvectors of P(q;;) A(g;;) whose expressions are :

Asp
Oél(qulQ) = qulp— alea
il
a(A1a) = pirAaVs
1 Aqp (28)
az(A;19) = —X( :} + 051 AﬂU) )
1 A'lp
a4(A,ilq) = —X< —18 _pil AilU) .
we get :
4
Pg)™" | P(gi)Agz) | Agga =D an(Bgp) | Me(azp) | Ri(gzp)-
k=1
or in developped form :
P(g)™" | Pazp)Algg) | Agpa=
] Aurp ]
| 2l | al( zlq) +d2 _aél +d1pzlAle
il
U AV +ds D g o AT
| Uit | a1 (Ag19) ugy —pit | Uit | (ny)51 A5V +da 2, e
1
U AV 4de D iy p AU
| Usp | 1(Agp0) vy +pi | Ut | (n2)g AV +ds 2, et
(2
uzp + g Ajp
| Usg | en(Bq9) 5=+ [ Uy [ Vg BV +ds 2, +dr g AU
(2
] (29)
where
U: U? 2 a2
di = _’Ll 1 2 — _'Ll 2 1 2l

INRIA



On the Behavior of Upwind Schemes in the Low Mach Number Limit 17

and
ds = uy] dy +(nz)il do, dy = U4l do —ST(nz)il dl/ﬂQ,
ds = V51 di + (ny)zl do, dg = Vi1 do — sr (ny)zl dl/ﬁz,
dr = hil di +Uil dy, dg = h'il da _SrUil dl/ﬂ2, (31)
U? 2 3% a>
1l 2 2l
=t (1 a1
0 Ux ( Tt )
and we have used | A3 |= Az and | Ay | = —A4 because for low Mach number, one can easily

check that A3 > 0 and A4 < 0.

Now, using the same dimensionless variables as in the previous cases, we write the
resulting scheme in non-dimensionalized form. For this, we need to non-dimensionalize
the parameter § that appears in the preconditioner. Since in practice, this parameter is
chosen of the order of the Mach number, we take :

5:M*B

and B is a parameter of order unity. In practice, 8 is often chosen constant in the whole
computational domain, here we consider the more general case where this quantity can
be allowed to become a function of the local variables. We also note that the variable
X = [(1-B*)Uyl* + 4 8% a3 can be evaluated as :

X = ul[U3(1 = B)° + 45%a3)]

and we introduce for convenience the notation ¥ = Z?fl(l -3 + 45263 where Y is a

variable of order unity; Once again, in the equations below, we dropped tile symbol ~ to
simplify the notations. We then obtain :
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2A
zlp
2 Z \/_

“lev)
~ d 1 A lp Ul A lp l
bpi 5 D ity + |Ugl(Bge — —35) — = /—z il /—’ AU+
dt 2lEV('l) ’Ll 'll

U? A P
(p1 ’ll =AU+ 23 i \/’L) 0 (32.0)
leV(z l

(Unz +2u);1
QMZ Z p(nz)p + Y3 L A+
Vi

*lev(s)

~d 1 oo Aqp
bpius + 5 Y prugiy ity + Ugl(App — =45 uyy = gt U l(ny )y AV +

lev(2) 7
u+Ung); Uz + 26202 B2a%,U:7(ny); 11U? A
( )zl 2l zlpz'lAilU'i' 2l zl( )zl il 2
Yil Yi “z'z
Ung);1U; A;
—"_)” iy AaU + ’l_” =L (32.)
leV(z Yil Yi %4l
(Uny +2v)5
TR I I
M2 Z pr(ny); o P+
lev@) Yil
d Azp
5dtl)zvz+ > pvpiy ity + Uz (A it + palUsg|(na) g MgV +
leV(z) 1
(v+Uny);Us + 252021 ﬂ2a§lUil (ny)q1 — 05U A,Llp
p;1 AU +
Y Zl ’Ll Y
il il agy
Uny);U; vaUs A,
Z ﬂ2 —ny il lpilA’ilU+ ZlY'Ll 12”)] =0 (32‘0)
lem VYil il %1
2h;;
A p+
M2 / ’Ll
lev(z
54 Z - (hig +03) o Dgp | hag
piei + 5 (preg + py)ay iz + il 2 T 1Pl RalV +
ey ' Vi g Sy R
A uZ; + v? (h;; +a2,)U? Ag
Agp = L) oy U VigAggV + 52 er; L
leve) “il 2 il
U2 + 8°(hyp + 2a2,)U;
i = UW AU — == Z B2U AU =0 (32.d)
u leV(z)
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Comparing this system with the analogous one (15) obtained in the case with no precon-
ditioning, we note that now, dissipation terms of order 1/M?2 appear in the continuity and
energy equations and that all the dissipative terms of order 1/M, have disappeared. This
will force the pressure fluctuations to be smaller than in the case with no preconditioning. To
see that, we expand now the variables in power of the reference Mach number and introduce
these expansions in the equations (32). We obtain at order 1/M?2 :

1. Continuity equation

Azp°
3 ’lpo -0 (33)
lev@) Yz‘l
2. horizontal momentum equation
(U%ng + 2u°);
> pina)y + — =" AP’ =0 (34)
lev(2) Yil

3. vertical momentum equation

(U%n,y + 20°);
> pjny)y + deAilpo =0 (35)
a2l

lev)

4. energy equation

2h0
> A’ =0 (36)
leva)\/ "4l

with Y0 = (U2)? + 46%(ad;)*. Let us look for the solutions of (33) (34)- (35)- (36). This is
a system of four homogeneous “elliptic” difference equations for the N values of the 0-order
pressure p° at the interior points of the computational domain. Obviously, p° = constant is
a common solution of these 4 equations. However, depending on the boundary conditions,
these equations may also have non-constant solutions and the problem is to establish that
the intersection of the kernels of these 4 equations is reduced to constant vectors. For general
arbitrary boundary conditions, we have not been able to prove this result. However, we give
below two important cases where this result can be established.

First, we remark that in (33) and (36), the coefficients are positive, therefore the discrete
maximum applies and an interior point cannot be an extremum. Therefore, the extrema of
the pressure field are on the boundary. This implies that if the pressure is constant on the
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boundary of the computational domain, then it is constant everywhere in the domain.

We now proceed to show the same result if the density is constant on the boundary of
the computational domain. Assume that the p° pressure is not constant and denote % the
point where the maximum value of the pressure is attained (this point always exists because
there is a finite number of computational nodes). Because the maximum principle applies,
this point is a neighbor of a boundary node. To fix the idea, assume that this boundary
is the left one (see figure 4). Because, the pressure in ¢ is maximum, the differences A,L-lpo
for I € {N, S, E} are positive and this implies that p°(A4) > pg (this is indicated by a “>”
symbol on figure 4). Now consider equation (33) (or (36)) written at nodes E for instance,
because pg > p?(E) there must be at least one neighor of E whose pressure is less than the
pressure in E. Repeating the argument for this node, we see that we can construct a path
P ={A4,E,...,k,k+1,...} such that for any k in this list p}, > p} ;. Since this path
cannot make closed loops, it necessarily ends on the boundary. Let us call B the point of
the boundary where it ends. Obviously we have p°(A4) > p°(B).

k k+1

B

Figure 4: Path connecting points with decreasing pressures

We remark now that for any interior point, we can rewrite the system (33) (34)- (35)- (36)
in the form of a system of four equations for the four unknowns A;;p°. Since the coefficients
of the three equations (33) (34)- (35) are obviously different and arbitrary (they depend on
the velocity field), the only possible way for this system to have a non-zero solution is that
equation (36) is proportional to equation (33). This implies that the four values hgl are
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equal. Since hgl is an average of the value of h° in 4 and I we make the reasonable assump-
tion that this implies that the four values h? are equal. Now, considering again the path P

we see that this implies that the specific entalpy h° is constant along this path. But it is

easily checked from the 0 — th order state law that the 0 — th specific entalpy h° is defined
0

by h = ﬁ Thus if p°(A4) > p°(B), h°(A) = h°(B) implies that p°(A) > p°(B) but

this is impossible since we have assumed that the density is constant on the boundary.

We also remark from the previous proof, that if the temperature field is not constant
in the computational domain, then the hgl will be different and then the argument given

above shows that the p° pressure field is constant. We collect these results in :
Lemma 4.1 Assume either that :
i) The 0— order temperature field T° is not constant
ii) The O— order pressure p° is constant on the boundary
i) The O— order density p° is constant on the boundary
then the 1/M? equations (33) (84)- (35)- (36) imply that p? = cte V.

Since there are no 1/M, term in the equations (32), the order 1/M, equations that result
from the expansion (16) are totally identical to the order 1/M2 equations with p° replaced
by p'. Therefore the same argument as for the order 0 pressure can be used and we have :

Proposition 4.1 Under the assumptions of lemma 4.1, the solutions of the discrete equa-
tions with preconditioned dissipation support pressure fluctuations of order M? :

p(z,t) = Po(t) + M2 pa(z,t) (37)

Remark : Comparing the case of the preconditioned dissipation with the one of the
original Roe scheme, we note that in this latter case, the 1/M, equations link the pressure
differences with the velocity differences. A consequence is that the order M, pressure p' can-
not be constant. On the other hand, for the preconditioned dissipation, the order 1/M? and
1/M, equations involved only the pressure differences. The possibility to get a non-constant
pressure in this case is related to the fact that the kernels of the difference equations may
contain non constant vectors. This is a well known problem for the approximation of the
incompressible equations on collocated meshes that do not satisfy the inf-sup criterion. In
some sense the appearance of this type of problem was not unexpected.
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RE: MIN =71.2413 MAX = 71.907

PRESSURE: MIN = 7142.67 MAX = 7143.33

PRESSURE: MIN = 714285.5 MAX = 714286.2

Figure 5: Isovalues of the pressure, on a 3114 node mesh for M, = 0.1 (top), M« = 0.01
(middle), My, = 0.001 (bottom). Preconditioned dissipation.
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To conclude this section, we return to the numerical experiments performed in section
3. Figure 5 presents the pressure fields for the same three decreasing inflow Mach number
as in Figure 2 on the same fixed mesh. In contrast to the results obtained with the original
Roe scheme, we note now that the solutions converge to a unique solution (Actually, the
isovalues for these three Mach numbers are almost undistinguishable). Figure 6 presents
the pressure fluctuations with respect to the Mach number. As in the previous section, the
agreement with the theory is remarkable : the pressure fluctuations scale exactly with the
square of the Mach number as in the continuous case.

le-1 : ‘
Preconditioned dissipation order 1 -—
Preconditioned dissipation order 2 -
le-2 y=x% - |

,_\
®
@

(Pmax - Pmin)/Pmax
= =
® ?
4] IN

[
®
(2]

1le-07

le-3 le-2 MACH le-1
Figure 6: Pressure fluctuations versus inflow Mach number; solid line : order 1, dashed line
: order 2. For comparison, the curve y = z2 is represented by a dotted line.

5 Conclusion

Using an asymptotic analysis of the discrete upwind approximation of the compressible Euler
equations, we provide a detailed explanation of the mechanism that produces the failure of
compressible code to compute very subsonic flows. We show rigourously that in the low
Mach number limit, the discrete equations support pressure fluctuations of the order of the
Mach number while in the solutions of the continuous equations, the pressure scales with
the square of the Mach number. The theory is totally confirmed by numerical experiments.
We next examine the case where the numerical dissipation is altered with the help of the
preconditioning matrix proposed in [5]. For this latter case, we show that the solution
of the discrete equations possesses pressure fluctuations of the correct magnitude. Again,
numerical experiments confirm the theoretical results.
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Appendix I. Roe’s approximate Riemann solver
Let us write the 2-D compressible Euler equations (3) in the conservative form :

aq _
—+V-F(q)=0
1 +v-Fg) =0,
(38)
] Fi(q) )
F(q) = ,
(q) ( F(q)
where
p é)u pv
U pu +p puv
q pu ) 1(q) puv ) 2(Q) pU2 +p (39)
pe (pe + p)u (pe + p)v
Integrating these equations on a control volume C; we get :
52 L 5% ;) =0 40

levr)

where ®(q;,q;,7;7), the numerical flux function approximates % facz' nac F.itdl. For Roe

scheme, this function is defined by :

F(g;) + Flqp)

. »
3 “ngrt 5 | Al ngy) [ Aqg,

®(q5, a1, 757) =
where the matrix A(g;;,n7]) satisfies the following property:
Alazg i3) Dgpa = (Fgz) = Flgp)) - iy

If we introduce the eigenvectors of matrix A(q;;,n7y) :

0
Uil —(ny);

Ri(q;) = Ll | Ra(q;1) = (“ji;l ,

ua Vi
2 (41)

1 1

. + . 2 )3 oy — . z )3

RS(Qil) — | Ug Tag (n )zl , R4(q’i ) = Uzl — a1 (n )zl

vi1 + agp (ny)jg vi1 = a5 (ny)g
hit + a3 U hir — a3 U
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where

Uit = ugg (na)gp + ;1 (ny)41

Vit = —ugp (ny)41 + 51 (ne)jg-

these eigenvectors form a complete base of IR* and any vector X = (X1, X5, X3, X4)! can
be written as :

4
X = Z ak(X)Rk
k=1

where the coordinates oy in this base are defined by :

&
o = Xl_aT’ az = B
il
' (42)
N 1( & 4 A N 1( & A
3 = - |l=+—], o« = |5 ——
2 a%l a; 2 afl a
with
Uz 5
E = (7—1)(X4—ving—u,,:ng-l-TXl), (43)
A = (nw)ilX2+("y>ilX3_UilX1
B = —(ny); Xo+ (ne)jp Xz — Vi Xu

As remarked by Abgrall in [2], for any D # 0 the A;; operator obeys the following rules :
A’il(ab) = QAilb + I_)A,,:la

with

o= ttPa_at Doy

1+D 1+D
Moreover if D = /p;/ /Pl we have the additional property :
pa = pa (44)

This simplify to some extend the expression of the numerical dissipation since we obtain :

Aqp
a1(Q1e) = Dyp— ale ,
il
a2(8;19) = pirdaVs
az(Aq) = —( L=+ p; A-U),
2l 2%_1 agp 2l 2l
1 A'lp
Agg) = — (=HZ _po ALU ).
as(D;19) Day ( e Pil B4l )
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Writing the numerical dissipation under the form :

4

| Algz,737) | Aqra =Y on(Az30) | Me(azp) | Ris(gzp)- (46)
k=1
with the eigenvalue A (g;7) given by :
Moo= Uy, rao= Uy,
_ _ (47)
A3 = U’Ll + a;l, )\4 = Uzl —as15
we then obtain :
| A(qil) | Ajia =
Agp T
[ Uit | aa(Aq9) +dz ) +tdipg AU
1
114
| Usp | ea(Agpq) ua =Pt | U | (ny)gp AqgV +da a2, +ds pip AU
1
Ajp
| Uit | a1(Agya) va +oi1 | st | (ne)ig AggV +ds 2, s pip AU
1
uf —+—vf A
| Uit | eaa(Bqa) 5=+ | Ut | Vg 8V +ds azgll +d7 pip AU
1
(48)
with
U-
do = —al do = a
by 2l
d =%u~ +a;1(ng);; da=a;(Ung + u)
3 ag 2l el \"z)gl U4 = Uq] £ 2l
Uil (49)
ds = avil +ail(ny)il de = a; l(Uny +v) il
1
hit
d? UZl( l+azl) dg—a (h+U)l
'l/
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