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Abstract: In the paper the existence of a solution to the three dimensional elastoplastic problem
with the Prandtl-Reuss constitutive law and the Neumann boundary conditions is obtained. The
proof is based on a suitable combination of the parabolic regularization of equations and the penalty
method for the elastoplastic yield condition. The method is applied in the case of the domain with
smooth boundary as well as in the case of an interior crack. It is shown that the weak solutions to
the elastoplastic problem satisfying the variational inequality meet all boundary conditions.
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Sur les équations de ’élastoplasticité : existence des solutions

Résumé : Dans cet article, nous prouvons 'existence d’une solution pour le probléme élastoplas-
tique en dimension 3 avec la loi constitutive de Prandtl-Reuss et des conditions au bord de type
Neumann.

La preuve repose sur la régularisation parabolique des équations et sur la méthode de pénalisa-
tion pour la condition ¢ € K de la loi de comportement.

Cette méthode est utilisée aussi bien dans le cas d’un domaine a frontiére reguliére que dans le
cas d’une fissure intérieure.

Nous montrons que les solutions faibles du probléme élastoplastique vérifiant I'inégalité varia-
tionnelle vérifient les conditions au bord.

Mots-clé : loi de Prandtl-Reuss, élastoplasticité, fissure intérieure, inégalité variationnelle
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1. Introduction

By standard approach to the elastoplastic problems the weak solutions are introduced in the form
of solutions to the variational inequalities. We refer the reader to [1-9] for the related results. The
variational inequalities are derived under assumption that solutions to the elastoplastic problem are
sufficiently smooth and the originally prescribed boundary conditions are satisfied. On the other
hand, the original boundary conditions are not easily recovered for the solutions to the variational
inequalities, even if such a weak solution is regular since the set of admissible stresses is not any
linear space. As the result at least a part of boundary conditions prescribed for the elastoplastic
problem is not obtained for the weak solutions. The problem has been solved in a satisfactory way
only in one dimensional cases; it has been shown that solutions of variational inequalities satisfy all
boundary conditions one expects to obtain for the elastoplastic problem [2, 10-13].

In this paper we consider the three dimensional elastoplastic Prandtl-Reuss model with the
Neumann boundary conditions and prove that all original boundary conditions hold. The proof
is based on a suitable combination of the parabolic regularization and the penalty method for the
constraints imposed upon the stresses. In section 2 domains with smooth boundaries are considered,
and in section 3 the case of a domain obtained by removing a smooth two dimensional surface from
its interior is analysed. The latter corresponds to elastoplastic problems for bodies with interior

cracks.
We start with notations and preliminary remarks. Let © C R® be a bounded and connected
domain with a smooth boundary I' having the exterior unit normal n = (ny,ng,n3). Denote

v = (v, v2,0v3), Vj; = g—;’;, = (z1,29,23) € Q,

€ij (U) = %(vm + vm-), t,7=1,2,3.

It is well known that if £;;(v) = 0in Q,7,5 = 1,2, 3, then v;(z) = ¢; + b;jz;, ¢t = 1,2, 3, where
¢, bi; € R, b;; = —bj;, 1,5 = 1,2,3. Linear space of all vectors v = (v, vy, v3), v;(z) = ¢; + b;;z;,
is called the space of rigid displacements and denoted by R(f2).

Summation convention over repeated indices ¢, j, k,l = 1,2, 3 is used throughout the paper. All
functions with two lower indices are assumed to be symmetric in those indices, eg. 0;; = 0j;,¢,j =
1,2,3.

To simplify the formulae below the inclusion v € L?(f) for the vector function v = (vy, ve, v3)
will mean v; € L?(Q),i= 1,2, 3, and the following notation is adopted for the scalar product of the
vector functions u, v,

(v,u) = (vs, u;) = /sz(w)uz(x)dw .
The same convention is used for tensor functions

o€ L*(Q) for o, € L*(Q),4,5=1,2,3,

(0,8) = (04j,€i5) = /QUij(-r)Sij(m)d-r .

In view of the convention we use the notation v € L?(£2) for the space of vector functions as well as
for the space of tensor functions, ie. we write

v e L*(Q) and o € L3(Q)

instead of v € [L*(Q)]? and o € [L*(Q)]°.
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Consider all vector functions with components from L?(€) satisfying the following conditions

/'U:O7 /(vm] vjz;) =0, 1,5 =1,2,3, v=(vy,vy,03). (1)
Q Q

It is clear that if p € R(Q) satisfies (1) then p = 0. In fact, we have L%(Q) = R(Q) @ R(Q)*,
and R(Q)* coincides with the subspace of L2() of vector functions with components from L2(Q)
satisfying (1).
Let
HY(Q) = {v=(v1,vz,v3)| v; € L}(Q), i =1,2,3, v;; € L*(Q),i,j=1,2,3}.

In the space H(2) we consider the following equivalent norms,

lvlli = llvll + Z [CHOIE (2)

6hj=1
th/m+§n/m% e+ 3 e (o)l (3
t,5=1 6j=1
Here, || - ||o is the norm in L%(Q). It can be shown by an application of the second Korn inequality

that the norm (2) is equivalent to the usual norm in H*(£2). For the norm (3) it is easy to see that
the first two terms in the right-hand side of (3) define the seminorm in H'(2) being the norm in
R(Q), and the statement follows from [1].

We can consider the scalar product in H'(Q) inducing the norm (2),

(u,0) = (u, v) + (g5 (u), £5(v)), w0 € HY(Q). (4)
In this case H*(Q) = R(Q2) & HA (Q), where
HE(Q) ={v=(v1,v2,v3) € H'(Q)| v satisfies (1)}.
This means that in HA () the following equivalent norm is defined

vl = E lleii (@)l -

1,J=1

Furthermore, the following notation is used. Consider the space
LD(Q) = {v = (v1,vg,v3)| v; € L (Q),i=1,2,3, ;;(v) € L*(Q),4,5 = 1,2,3}
equipped with the norm

lollLo@ = [lvlloe +ZH€U Mz - (5)

1,J=1

Let
LDn () = {v e LD(Q)| v satisfies (1)} .

Along with the usual norm (5) we shall consider the following norm in LD(Q) (see [1])

oleo yﬁuzdw%w|+zm]m

1,J=1 1,J=1
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Consequently, in the linear subspace LDy () of the space LD(Q2) the norm is defined as follows

3
1oLy = 2 e (0)llnie) -

7,7=1

The space of bounded measures on € is denoted by M1 (Q2); M (Q) = (Co(£2))* is the dual space of
the normed space Cy(2) of continuous functions with compact supports, equipped with the uniform
convergence topology. It is known that any bounded set in M!(Q) is relatively compact in the
(¥)-weak topology, ie. every bounded sequence in M*'(Q) contains a subsequence which is (x)-weak
convergent. We recall that h, € M'(Q) is (*)-weak convergent to an element A € M'(Q) as
m — oo if

hm (@) = R(p) Ve € Co().
Introduce the Banach space of vector functions of bounded deformations
BD(Q) = {v = (v1,va,v3)| v; € L}(Q), i = 1,2,3, &;(v) € M (Q),i,j=1,2,3}
endowed with the norm
3
lollBoi@) = vl + X llew (0)lme) -
7,7=1

In the same way as above,

BDn(Q) ={ve BD(Q)|v satisfies (1)}.

In the sequel we need the appropriate Green formula. Let o;; € L*(Q),4,5 = 1,2,3, 0;;; €
L%(), i = 1,2,3. Then o;;nj,7 = 1,2, 3, can be considered as elements of the space H='/%(T) on
the boundary I' and, moreover, the following formula holds [1]

~(01j,5,0) = (0}, 0,3) = (oijnj, Orpor V0 € H'(Q),i=1,2,3, (6)
where (-, -);5,r denotes a duality pairing between the spaces H=Y2(T) and HY?(T).
2. Domain with a smooth boundary

Let Q C IR? be a bounded and connected domain with smooth boundary I', @ = Q x (0,7), z =
(z1,22,23) € Q, t € (0,7). The elastoplastic problem for a body occupying the domain €2 in the
nondeformable state is formulated as follows.

Find the functions v = (vy, v, v3),0 = {04;}, 15,1, 7 = 1,2, 3, defined in ) and satisfying the
following equations and inequalities

—055; =f, 1=1,2,3, (7)

£ij(v) = cijuor +miy, 4,7 =1,2,3, (8)
(I)(U) <0, 772‘;‘(52']' - Uij) <0 V&, @(6) <0, (9)
oin; =0,1=1,2,3, onl' x (0,7), (10)
c=0, t=0. (11)

The functions v, 0;;, €;;(v) represent the velocity, components of the stress tensor and components of

the strain tensor velocity, respectively. The dot denotes the derivate with respect tot, eg. o = %.
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The convex and continuous function @ defines the plasticity yield condition. It is assumed that the
set
R ={o = {0y} € R® | 8(0) < 0) (12)
contains zero as its interior point, 0 €intK. We assume that the symmetry conditions ciiki(z) =
ciik(z) = expj(z) for 4, j, k, 1 = 1,2, 3 are satisfied and there exist two positive constants ¢q, ¢z such
that
cilo)? < CijklOkIO; < clo|* Vo= {oi; }. (13)

To simplify the formulae below we assume that ¢;;5 = 5};5{, 5; is the Kronecker symbol. Neverthe-
less, all the results obtained in the paper are valid in general case (13).

The functions 75, ¢, 7 = 1,2, 3, can be eliminated from (8), (9). In fact, multiply (8) by ;; — 0;
and sum up in ¢, 5. This leads to

®(0) <0, (6i; —€i5(v)) (04 — 03) 2 0 Vo, @(g) < 0. (14)

Inequality (14) is used as the definition of a weak solution to the problem (7)-(11).
Consider the set of admissible stresses

K = {0 =10} 0;j € L*(Q),4,j=1,2,3, ®(c(z)) <0 ae. in Q}

and denote by p the penalty operator related to the set K. The operator is given by the formula
p(o) = 0 — 7o, where 7 : L?(Q) — K C L*(Q) is the operator of orthogonal projection with respect
to the scalar product in L?(2). Recall that the operator p : L*(Q2) — L*(Q2) is bounded, monotone
and continuous, and we use the convention to denote L?(2) for [L?(Q)]°.

Let the brackets (-, -) denote the scalar product in L?(Q),

(1) = [ Gule), o0

for vector functions u,v € L3(Q), f = (f1, f2, f3)-
The space of statically admissible stresses is denoted by

Vo(Q) = {o = {oi;}| 0i; € L*(Q),4,5=1,2,3; 055, € L*(Q),i=1,2,3;

oin; =0,0=1,2,3, onl}.

Suppose that there exists a function & = {;;}, ¢, 7 = 1, 2, 3, satisfying the equation (7) such that
€€ C*Q),E(0)=£(0)=0and (14 K)E(L) € K NVp(Q), where k € R,k > 0, ¢ € [0,T].

Now we can prove the following existence theorem for the problem (7)—(11).
Theorem 1. Assume that f € L3(Q), f € L2(Q), f(0) =0, (f(t),p) = 0Yp € R(Q),t € [0,T], and
the above assumption on £ is satisfied.

Then there exist functions v = (vy, vy, v3), 0 = {o;;} such that

v € L*(0,T; BDN(Q)), o€ L*(0,T;Vo(Q), ¢ € L*(Q), a(t) € K, t € (0,7T),
(03j,4(0)) = (f,0) Vo€ L*(0,T; H'(Q)), (15)
(64,0 —045) + (vi, 045, — 045.5) >0 Vo € LQ(O,T; Vo(92)), (16)
with (t) € K a.e.in (0,7,
c=0, t=0. (17)
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Proof. First, an approximation of the problem (7)-(11) by penalization of the plastic yield condition
is introduced. Then, the parabolic regularization of the penalized problem is considered. The
auxiliary boundary value problem constructed in such a way depends on two positive parameters
«, 8. The parameter « is used for the parabolic regularization, the parameter § is used for the
penalty term. We prove the existence of solutions for the fixed parameters o > 0,6 > 0 and justify
the passage to limits as o, — 0. A priori estimates uniform with respect to «, ¢ are needed to
perform the passage to the limits. All necessary estimates (29), (31), (32) are derived below.

We consider in the domain () the following auxiliary boundary value problem. Find functions
v = (v, vg,v3), 0 = {0y} such that

at; —ogii(v) ;— o= fi ,i=1,2,3, (18)

Gij + aoij —ei;(v) + %p(a)z’j =0, 1,j=1,2,3, (19)
oin; +oe(v)n; =0,i=1,2,3, onI' x (0,7), (20)
v=0,0=0, t=0. (21)

The dependence of solutions to (18)—(21) on the parameters «,§ is not indicated in (18)—(21) in
order to simplify the formulae. Note that boundary conditions (20) do not coincide with (10); the
conditions (20) can be viewed as the regularization of (10) connected with the proposed regulariza-
tion of the equilibrium equations (7). Also, the artificial initial condition for v is introduced.

A solution to the problem (18)—(21) is defined in the following sense

ve L0, T HY(Q)), v.0,6€ L*Q), (22)

a(0,0) + a(gij(v),65(0) + (03,25 (v) = (f,0) Yo € L*(0,T; HY(Q)), (23)
Gij + aoij — &ij(v) + %p(ff)zj =0, 4,j=1,2,3, (24)
v=0,0=0, t=0. (25)

In this case the boundary conditions (20) are included in (23). At the first step of the proof we
derive a priori estimates. To this end it is assumed that the solutions to (18)—(21) are sufficiently
smooth. Multiply (18), (19) by wv;, 0;; — &, respectively, and integrate over €. Taking into account
that the penalty term is nonnegative this provides the inequality
1d 2 2 2
5 7 tellvllo +llolio} + allollo — {asij(v),; + o35, vi) = (26)
—(eij(v), 045 = &ij) = (f,v) < (a0 4+ 6,8).

For the sake of simplicity we do not show in (26) the dependence of v,0,&, f on t. The integration
by parts in the third term of the left-hand side in (26) can be performed. Recall that £ satisfies the
equation (7). As a result the following inequality is obtained

el O + o) +o 3 [ s () B < (1)

t

IA

(o ,£0) - [ (o), &+ 5 [l IBar

0
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Since (0, &) < 1||o]|3 + [|€]|3, the integration of (27) leads to the estimate

P, lo I + allvllfzg) + Z/ llei (v)lodr < (28)

1,J=1

with the constant ¢ being uniform in «, §, for @ < ag. Hence
sup_||o(0)|I5 + allvll7zo7,miq)) < ¢ (29)
0<t<T

The derivation of the following estimate requires the (a, §)-uniform boundedness of §p(c) in the
LY(Q) norm. By (29) it is easy to see that

[ oo - g < e

uniformly in «, §, provided that the penalty term is not neglected when deriving (26). Due to the
monotonocity of p

5/ ),o—a)dt <0 YoeL*Q), a(l) € K.

Summing up the two last inequalities we have

[ iptoro—gar<e

We can take here 6 = £ + &, HgHLoo(Q) < p, g > 0 is sufficiently small. By the hypothesis imposed
on £ the inclusions a(t) € K,t € (0,T), hold, hence

2 ) <o Ve el < 1

and, consequently,
1
sIP@licie) < e (30)

In the sequel this estimate is improved, namely, we show that %p(a) is, in fact, bounded in
L2(0,T; LY(Q)).

We derive a priori estimate for the time derivatives 0, 6. It follows from (18), (19), (21) that we
have the homogenuous initial conditions for the derivatives,

Differentiate with respect to ¢ the equations (18), (19) and multiply by ©;, 6;; — é}j, respectively.

Since the term

(o). 5(0)

is nonnegative for almost all ¢ € (0,7) (see [14], page 399) the above multiplication and integration
over 2 results in the inequality

5 SOOI 4+ 1513} + allol13 — (asis (8) + b1y,

s (8), 05— ) — {.8) < (a0 +6,6) + +(p(0),&).



ON SOLVABILITY OF BOUNDARY VALUE PROBLEMS IN ELASTOPLASTICITY 9

Boundary conditions (20) can be taken into account in order to integrate by parts in the left-hand
side of the latter inequality.
We integrate the last inequality with respect to ¢ over the interval (0,¢). This implies

-{au<nm+no H}+w»§:/!kw Jl[2dr <

1,j=1

1
< 000,806 - 5 [ tplo), Bar+
L. Lo o .
+@a%14wﬂm+5énww%r
By estimates (29), (30) and the condition £(0) = 0 the («, §)-uniform estimate follows

161172(q) + ellillZz(q) < e 31)

Let v = vy 4+ pn be the decomposition of v into the sum of two orthogonal elements, vy €
L2(0,T; HY(), py € L*0,T;R(2)). We should note at this point that L%(0,7; HY(Q)) =
L%(0,T; R(Q)) & L*(0,T; HA(Q)) provided that the scalar product (4) is used in H*(£2). For almost
all t € (0,7), vn(t) = (vn1(t), vna(t), vns(l)),

/UN(t):o, /(UNZ-(t) ~ o () =0, 4, j = 1,2, 3.
Q Q

Hence, by (29), (31) it follows from (19) that ;;(vn), ¢, = 1,2, 3, are bounded in L*(Q) uniformly
in « for any fixed 4. This implies the estimate

lonll 20,7311 0)) < €(9) (32)

with the constant ¢(6) depending, in general, on 4.

Now, observe that in view of the estimates (29), (31) we can use the Galerkin approximations
of parabolic problems with monotone operators [14] in order to show that for any fixed «, 4§ the
solution to (18)—(21) exists in the sense of (22)—(25).

The estimates obtained allow us to pass to the limit as @ — 0. Indeed, denote by v®, o the
solution to (22)—(25) and consider the decomposition v* = vS + p%;, v5 € L2(0,T; H (), p% €
L%(0,T; R(Q)). Note that the solution (v*, 0®) satisfies the estimates (29), (31), (32). Hence, from
the sequence v®, 0 one can choose a subsequence (with the previous notation for the subsequence)
such that for any fixed 6 > 0 and @ — 0

av® — 0 weakly in L%*(0,7; H'(Q)),
v% —v® weakly in L0, T; HA(Q)),
av® =0 weakly in  L*(Q),

o = 0% weakly in LA(Q),

6% = 6% weakly in  L3(Q).

Passing to the limit in (18), (19) as a — 0 it follows that

(035,25 (0)) = (f,0) Vo e L*0,T; HY(R), (33)
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1
O'f] - 52']'(’[)5) + gp(o-é)ij =0, +,7=1,2,3. (34)

A justification of the convergence p(a®) — p(o®) can be done by the monotonicity arguments. We
omit the details.

Now let us show that $p(0®) are bounded in L2(0,T, L*(Q2)) uniformly in 8. It follows from (33)
that for a.e. t € (0,7,

—(03(0),2:;(0)) = (J(t),0) Vo e H'(Q).
Hence, for almost all ¢ € (0,7)

—(a;(1),2i;(° (1)) = (f(8),v° (1)) (35)
Multiply (34) by O';-Sj — &;; and integrate over Q. This provides
(20 (0° (1)), o, (1) — & (1)) + %@(Ué(t))f(t) — o’ (1) = (36)

= (8°(1), (1) = £(1)).
By (29), (31) the right-hand side of (36) is bounded in L%(0,T) uniformly in 6. Summing up (35)
and (36) we obtain that

(p(a®(t)),0%(t) — £(t)) are bounded in  L2(0,T) (37)

| =

uniformly in 4. Introduce the convex functional on the space L*(Q),
F(o) =|lo = molls, o={o}i,j=1,23.

The Gateaux derivative of F' is given by (o) = 2p(0o). Let us take a function 6 = {6;;} € L*(Q).
Then by the conditions imposed on £ it follows that £(¢) + &(¢) belongs to the set K,t € (0,7),
provided that the norm [[G[| () is sufficiently small. By the convexity of F’ we have

(0 (1)), 5(0)) < 2(p(e* (1)), 0°(1) — £+ (39)

1 ~ 1
+55 P60 +5(0) = 5:F(o° 1),

The second term of the right-hand side of (38) equals to zero by the inclusion £(¢) + &(t) € K and
consequently, in view of (37),

%<p(o‘6(t)),5'(t)> are bounded in  L*(0,7T).

Since ¢ is an arbitrary element of the space L>(Q)) with a small norm we infer the desired estimate,

%p(aé(t)) are bounded in  L*(0,7; L*(2)).

Hence, from (34) it follows that
ng (Ué)HLQ(O,T;Ll(Q)) <cg, Za] = 17 27 3. (39)
The inequality (39) and the inclusion v® € L(0,7; HA(R)) yield the estimate

10° |l 20,7500 n(0)) < € 5
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uniformly in 6. Moreover, the space L!(Q) is continuously imbedded in M*'(Q), consequently

H‘U(SHLQ(O,T;BDN(Q)) <e. (40)

On the other hand the inequality
1012 (@) + 16° |2 () < ¢ (41)

is satisfied uniformly in §. Recall that BD(Q) C L?/?(Q) in the three dimensional space. Moreover,
we have the following estimate
lo°(@)llo < efllo’ @) + 16° 120} (42)

5§ =6

with the constant ¢ independent of functions ¢°, ¢°.
By (40), (41), (42) we can choose a subsequence (with the previous notation for the subsequence)
such that as é — 0,
o’ = o weakly in LA(Q),

¢® = & weakly in LA(Q),
v® = v weakly in  L%(0,T; L**(Q)),
gij(v°) = £ij(v)  (¥)-weakly in  L?(0,75; M (Q)), 4,5 =1,2,3,
o’ (T) = o(T) weakly in L2().
As a result, passing to the limit as 6 — 0 in (33), we obtain
(014,2:;(0)) = (J,0) Vo€ L*(0,T; H'(Q)). (43)
The equations (34) imply

(635,05 — o) = (e5j(v°), 055 — o) > 0 Vo € L*(0,T; Vo(Q)), (44)

o(t) e K,te (0,T).
The identity (43) provides the fulfilment of the equations

—ob o =fi, i=1,2,3, (45)
in the sense of distributions.
Furthermore, by (33)
§ ) ) 1)
(gi5(v )a%‘) = _(Uij,jvvi)

and, moreover,
(65 (), 00) = = (v],055,) Yo € L*(0,T;Vo(R)).

Hence, inequality (44) can be rewritten in the following form

(65,05 — 0%) + (v),05, — 055) >0 Vo € L*(0,T; Vo(Q)), (46)

o(t) e K,te (0,T).

By (45) the functions O';'Sj’j can be replaced by — f; and from (46) it follows that

L5 _ - 1 i
(Ufjvgij)‘l'(v?a(fij,j‘}‘fi) > 5“0‘5(T)H3 . (47)



12 Alexander M. Khludnev , Jan Sokolowsk:

Passing to the lower limit in both sides of (47) and replacing f; by —o;; ; we obtain (16). The inclu-
sion o(t) € K,t € (0,T), can be verified by the standard arguments. Since v® € L?(0,T; H\(Q)),
the convergence of v’ to v implies the inclusion v € L2(0,T; BDn(Q)). The property o(t) €
Vo(2),t € (0,T), actually follows from (43) taking into account the equations

—055,5 = fi7 1= 1727 37
and the Green formula (6). Therefore, Theorem 1 is proved.
3. Domain with a nonsmooth boundary (body with a crack)

In this section we prove the existence theorem for elastoplastic problem in the case of the domain
with nonsmooth boundary. In applications nonsmooth boundaries occur due to the presence of
cracks in the body. In the framework of elasticity the properties of the solutions in domains with
cracks are analysed in many papers, and we refer the reader to eg. [15-24]| for the related results.

Again, let Q C R® be a bounded and connected domain with the smooth boundary 9Q = T
and ¥, C 2 be a smooth orientable two dimentional surface with a regular boundary. We assume
that ¥, can be extended in such a way that the domain €2 is divided into two parts with Lipschitz
boundaries. The surface Y. is described parametrically

T; = xi(yhy?)v 1= 1727 37 (48)

where (y1,y2) € @,w C IR? is a bounded connected domain with smooth boundary v, @ = w U 7.

Oz

Jy;
(48) is one-to-one. In this case one can choose a unit normal vector to the surface X,

Assume that for any point (y1,y2) € @ the rank of the Jakobi matrix { } equals 2 and the map

oz Az

_ _9un X Y2
V—=—F—"—7F".

| oz % Az

9y Y2

Denote Q. = Q\ X.,,Q.=Q. x (0,7),T > 0.

The equilibrium problem for elastoplastic body occupying the domain €. can be formulated as
follows.

Find functions v = (vy,v,v3), 0 = {oi;}, ni;,%,7 = 1,2,3, defined in @, and satisfying the
following equations and inequalities

—0ij = fiy 1=1,2,3, (

i (v) = Cijrom + mij, 4,5 =1,2,3, (
®(0) <0, nij(045 = 0i5) <0 Vo, ®(a) <0, (51

oiun;=0,1=1,2,3, onl' x (0,7), (

oiv; =0,i=1,2,3, on ¥ x (0,7), (

c=0, t=0. (

The same notations are used as in sections 1,2. As we see, in this case the boundary of the domain
Q. consists of the parts I', ¥, X7, where ©F correspond to the positive and negative directions of
the normal v, respectively.

Introduce the space

HI(QC) = {v = (vy,v2,v3)| v; € LZ(QC),i =1,2,3;v;; € LQ(QC), i,7=1,2,3}.



ON SOLVABILITY OF BOUNDARY VALUE PROBLEMS IN ELASTOPLASTICITY 13

Note that functions from the space H'(.) have, in general, different boundary values on ¥+, This
holds for functions from functional spaces considered below provided that the boundary conditions
are well defined even in a weak sense.

In this section we shall consider functions satisfying the following relations

/ v=0, / (v —vja;) =0, 4,5 =1,2,3, v=_(v1,v,03). (55)
C QC
Let

LD(Q.) = {v = (vy,v2,v3)| v; € LY(Q.),i=1,2,3, &;;(v) € LY(Q.),4,5 =1,2,3}.

The subspaces H}A (€.), LDn(S2.) consist of all function from H!(Q.) and LD(£.) respectively,
satisfying (55). In the subspaces HA(€2.) and LDy(S2.) the following norms are introduced,

|U|H}v( ZH% Mose |U|LDN(Qc EHEU HLl

1,J=1 1,J=1

which are equivalent to the standard ones. Here || - ||o . stands for the norm in L?(f2.). The proof
of the norm equivalency uses the compactness of imbeddings H(Q.) C L?(Q.), LD(Q.) C L*(.)
which are obtained under the conditions imposed on Y. and I'. Indeed, let us prove that there exists
a positive constant ¢ such that

lvlLpy 2 clvllLp@,) Vv € LD(), (56)

where

ooy = | [, o1+ 31 [ wses =l + 3 les@llose,

7] 1 ,] 1
Assume that the inequality (56) is false. In this case there exists a sequence v*,
lo*ll L. = 1, (57)
& 1
[0"[LD(e) < T (58)

According to the assumptions on Y. we can divide the domain €2, into two subdomains ©; and €,
with Lipschitz boundaries. Since the imbeddings LD(€;) C LY(€2;),i = 1,2, are compact, it follows
that the imbedding LD(€.) C L'(€.) is also compact. Consequently, by (57) we can suppose that

vF = v strongly in LY(9Q.),

and hence, by (58)
vF — v strongly in  LD(,). (59)

In view of (58), we have ;;(v) = 0 in ., ie. v;(z) = ¢; + b;jz;, where ¢;,b;; € R, b;j = —bji, 0,5 =
1,2, 3. Moreover, the inequality (58) implies that v satisfies (55), whence v = 0 which contradicts
(57), (59). Therefore, (56) is proved.

Consider the following spaces,
BDn(Q:) = {v € BD(,)| v satisfies (55)},

UO(QC) = {U = {Uij}| 055 € Hl(QC),i,j = 1,2,3; 035, € LB(QC),i: 1,2,3;
o;n; =0,0=1,2,3, onI; o;;v7;,=0,1=1,2,3, on uE).
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Again, to simplify the formulae we assume ¢;;5; = 5};5{ . Recall that the set (12) contains zero as its
interior point. The set K is introduced in the same way as in section 2,

K = {0 = {o;}|oi;; € L*(Q),1,j=1,2,3, ®(c(z)) <0 ae. in Q.}.

The scalar products in L*(Q.) and L%*(Q.) are denoted by ()., (+,)., respectively. The space of
rigid displacements on €, is denoted by R(€2.).

We assume that there exists a function & = {&;;},4,7 = 1,2,3, £ € C*Q.), £(0) = £(0) = 0,
satisfying the equation

(€ijreij(0)e = (f,0)c W0 € L*(0,T; H' () (60)

and such that (14+k)&(t) € KNUp(Q), s € R,k > 0,t € [0, T]. Now we are in a position to prove
the theorem of existence of solutions to (49)-(54).
Theorem 2. Assume that f € L3(Q.), f € L*(Q.), f(0) = 0, (f(t), p)e = 0 ¥p € R(Q),t € [0,T],
and the above assumption on & hold. Then there exist functions v = (v, vy, v3), 0 = {oy;} such
that

v € L*0,7; BDn()), 0,6 € L*(Q.), o(t) € K, t € (0,T),

(045,€i;(0))e = (f,0)e VU E L*0,T; HY(Q.)), (61)

(63 0i; — 0ij)e + (03, G35 — 04j,1)e 2 0 Vo € L*(0,T; Up(€2)), (62)
(t) e K ae.in (0,7),

c=0, t=0. (63)

Proof. The general scheme of the proof coincides with that used for Theorem 1 and our attention
now focusses on details related to the nonsmoothness of the boundary.

Let p be the penalty operator related to the set K, p(o) = 0 —7wo, 7 is the orthogonal projection
operator of the space [L2(£2.)]° onto the set K.

Consider two positive parameters «, § and auxiliary boundary value problem in @. of the follo-
wing form. Find v = (v, vz, v3) and o = {o;;}, such that

at; —aeii(v) ;— o= fi ,i=1,2,3, (64)

Gij + aoij —ei;(v) + %p(a)z’j =0, 1,j=1,2,3, (65)

oin; +oe;(v)n; =0,i=1,2,3, onI' x (0,7), (66)
oiin; +agi(v)v; =0, i=1,2,3, on X x (0,7), (67)
v=0,0=0, t=0. (68)

We first obtain a priori estimates for solutions to (64)—(68). Multiply (64), (65) by v;, 0;; — &;; and
integrate over Q. In the same way as for (29) we derive

3 T
sup Ol + allvlitzn +o 3 / leij (0)][3,0dr < (69)

0 ig=1

with a constant ¢ uniform in «, §, a < .
>From (64), (65), (68) we have

5i(0)=0,i=1,2,3, 6:;(0)=0,4,57=1,2,3.
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Hence, the differentiation of (64), (65) with respect to ¢ and multiplication by v;, 6;; — 5” result in
the estimate

191122 (q.) + @llbllzz(q.) < e (70)
Moreover, if v = vy + pn, vy € L2(0,T; HY(Q0)), pn € L2(0,T; R(£2.)), then (65) provides
lonllz20,75m1(020)) < €(9) (71)

where the constant ¢(6) depends, in general, on §.
The estimates (69)—(70) allow us to prove the solvability of (64)-(68) for the fixed parameters
a, 4 in the following sense

v® € L*(0,T; HY(Q.)), o, 0% 6% € L*(Q.),
(0%, 0)e + aleij (v7),655(0))e + (0,855 (0))e = (f,0)e Yo € L2(0,T5 HY()), (72)
1p(o-a)ij — 07 17] — 17 27 37 (73)

)
v¥*=0,0"=0, t=0. (74)

o7+ a0l —ei5(vY) +

The solution of the above problem is denoted by v®, ¢%, and the following step is a passage to the

limit as & — 0. Note that boundary conditions (66), (67) are included in the identity (72).
In view of the estimates (69)—(71) for any fixed § > 0 one can choose a subsequence v*, ¢® such
that as @ — 0
av® — 0 weakly in L*(0,7; HY(Q.)),
vy — v’ weakly in  L2(0,T; HY(Q.)),
av® =0 weakly in  L*(Q.),
%, 6% = 0° 6% weakly in L*(Q.).

After the passage to the limit as «« — 0 we obtain

(03,i;(0)e = (f,0)e WO € L2(0, T3 H' (), (75)

1 .
od — e (V%) + gp(aé)ij =0, i,j=1,2,3. (76)

Analogously to (40) the following estimate holds
|0° lL2(0,1:BD(020)) < € (77)

being uniform in §. Consequently, without any loss of generality we can assume that there exists a
subsequence still denoted by v%, ¢® such that as § — 0

0% 6% 50,6 weakly in L*(Q.),

v® — v weakly in  L%(0,T; L**(Q.)),
g1 (V%) = eij(v)  (%)-weakly in  L2(0,T; MY(Q)),i,75=1,2,3,
o’ (T) = o(T) weakly in L2*(2).
>From (75) it follows that

(CTZ']',SZ']'(@))C = (f, TJ)C Yo € LZ(O,T; Hl(ﬂc)), (78)
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hence, the equations
—045,5 :fia i:172737

are satisfied in @), in the sense of distributions. Also, (75) implies that

—oli =l 1=1,2,3. (79)
Whence, by (75), (79) we have
§ 5 1) 1) )
(gi(v )a%’)c = _(Uij,ja 07 )e = (fiy 07)e-
Moreover,
(6ij(0°),3ij)c = = (0], T3 5).

forall ¢ € L%(0,T;Up(R.)). As a result, it follows from (76) for any o € L%(0,7;Up(R2.)),0(t) € K
a. e. in (0,7), that

(63,00 — 0%) e+ (), 5455 — 02 ;) > 0. (80)
The passage to the limit as 6 — 0 can be performed in (80) in the same way as in (46). Therefore,
we arrive at (62). The property o(t) € K,t € (0,7, is obtained in the standard way. Boundary
conditions (52) are fulfilled in the sense of the space H~'/?(T'), and the conditions (53) are satisfied
by identity (61) in the weak sense. This completes the proof of Theorem 2.
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