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Séquences équilibrées et routage optimal

Résumé : L’objectif de cet article est double. La premiére partie présente une vue
d’ensemble sur le probléme combinatoire suivant: est-il possible de construire une suite in-
finie sur n lettres dans laquelle chaque lettre est distribuée aussi réguliérement que possible
et apparait avec une fréquence fixée? Le deuxiéme objectif de cet article est de montrer
I'intérét d’une telle construction dans le cadre du routage optimal dans les réseaux de files
d’attentes. Nous montrons sous des conditions assez générales que le routage déterministe
optimal est une suite équilibrée.

Mots-clé : suites équilibrées, multimodularité, graphes d’événements, controle optimal
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1 Introduction

It is a rather general problem to consider a system with multiple resources and tasks. Tasks
can be performed by any resource and arrive in the system sequentially. The problem is to
construct a routing of the tasks to the resources to minimize a given cost function. Such
models are common in multiprocessor systems and communication networks, where the
cost function may be the combined load in the resources.

Here, we show that under rather general assumptions, the optimal routing sequence in
terms of expected average workload in each resource is given by a balanced sequence, that
is a sequence in which the option to route towards a given resource, is taken in an evenly
distributed fashion.

This motivates the first part of the paper which is essentially based on word combina-
torics and uses its specific vocabulary. This part relies heavily on results in [10] and also
in [15, 16, 13|.

The second part will show an application of balanced sequences for routing problems.
This part uses results from convex analysis, mainly from |9, 2, 1]. It shows the link between
balanced sequences and scheduling problems, such as routing among several systems.

The paper is structured as follows. In the second section, we introduce a formal defi-
nition of balanced sequence and we present an overview on their properties. The section 3
makes the link between the notion of balanced sequences and the optimal scheduling in
networks and is also devoted to prove the optimality of balanced words for routing cus-
tomers is a multiple queue system. Section 4 presents special cases for which the optimal
rates can be computed.

2 Balanced sequences

In this section, we will present the notion of balanced sequences, which is closely related to
the notion of Sturmian sequences [13]. This presentation is not exhaustive and many other
related articles can be consulted for further investigation on this topic [17, 10, 3, 5, 15].
Although the section is self contained and presents several result of interest by their own,
we mostly focus the rate problem (see Problem 2), which will be used in the application
section (§ 3).

2.1 Preliminaries

Let A be a finite alphabet and AN the set of sequences defined on .A.

If u € AN, then a word W of u is a finite subsequence of consecutive letters in wu:
W = Uqlgyi1 -+ - Uark—1- The integer k is the length of W and will be denoted |W]|.

If a € A, |W]|, is the number of a’s in the word W.

Definition 2.1. The sequence u € AN is balanced if for any two words W and W' in u of
same length, and any a € A,

1 W — W < 1.

RR n- 3180



4 Eitan ALTMAN Bruno GAUJAL and Arie HORDIJK

If a € A, we also define the support in u of the letter a as the function d,(u) : AN —
{0, 1} by, 84(u); = 1 if u(i) = a and 0 otherwise.

Definition 2.2. A sequence d € {0,1}" is reqular is there exists two real numbers 6 and
p such that d,, = [(n+ 1)p+ 0] — [np+6].

We can establish the following relation between regular and balanced words.
Theorem 2.3. A sequence u € A" is balanced if and only if 6,(u) is reqular for all a € A.

Proof. First, let us prove that d,(u) regular implies —1 < |W|, — |[W’|, < 1 for any words
W and W' in u. The interval |k, k +m] in u contains exactly e = |0 + pk +pm]| — |0 + pk|
times the letter a. Now, |pm| + |0 + pk| — |0 + pk] < e < [pm] + |0 + pk| — |0 + pk].
This shows the value of e can differ by at most one when k varies so u balanced in a, and
this holds for all a.

Conversely, it is shown in [7] using combinatoric arguments that if for a given letter a,
-1 < |W|, — |[W'|, < 1 then the sequence d,(u) is characterized by two real numbers, 6
and p and we have: §,(u), =0if # +np mod 1 € [0,1 — p) and 1 otherwise.

At this point, an easy induction shows that d,(u), = [(n+ 1)p+ 0] — |np + 0.

U

In [12], the sequence u is said to have the reduction property if §,(a) is regular for all

a € A. Theorem 2.3 shows that u has the reduction property if and only if it is balanced.

2.2 Constant gap sequences

Constant gap sequences are strongly balanced sequences, in the following sense.

Definition 2.4. A sequence G is constant gap if for any letter a, §,(G) is periodic, with
a period of the form 0---010---0.

Note that this explains the fact that G is said to have constant gaps for the letter a,
since each a is separated from the next a in G by a constant number of letters.

Proposition 2.5. Constant gap sequences are balanced.

Proof. For each letter a, 0,(G) is of the form (0"10™)“. Therefore, 6,(G) is regular with
p=1/(m+n+1)and § = m/(m+n+1). Using the characterization of balanced sequences
given in Theorem 2.3, this shows that G is balanced. O

Proposition 2.6. Constant gap sequences are periodic.

Proof. For each letter a, 6,(G) is periodic of period p,. The period of G is lem(pa,a €
A). O

In the next lemma, we give a characterization of constant gap sequences that stresses
the fact that constant gap is some kind of strong balance.

INRIA
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Proposition 2.7. G is constant gap if and only if, for any two finite words, W and W'
included in G with ||W|— |W'|| < 1, then for each letter a, ||W|, — |[W'|.] < 1.

Proof. Let a be a letter in the alphabet.

First, assume that G is constant gap. Let us call [, the gap between two a in G. If
\Wl, — |W'|. = 2, then, necessarily, |W| — |[W’'| > 2. Conversely, let W = aUa and
W' = aU'’a be any two words in G with no a in the subwords U and U'. If |U| > |U’| + 1,
then we have ||U| — [W'|| < 1 and ||U|, — |W'|.| = 2. This is a contradiction. Therefore
|U| = |U’'| and G is constant gap. O

Since a constant gap sequence is balanced, each letter appears with a given rate in the
sequence. note however that since a constant gap word is necessarily periodic, the rate of
each letter is rational.

As we will do in section 2.4 for the case of balanced words, we now address the following
question:

Problem 1: Given a set (qi,---,qn), with ¢ +---+ gy = 1 is it possible to
construct a constant gap word on N letters with rates (¢1,---,qn)?.

We will not solve this problem for a general N. We will only give some properties

of the set (g1,---,qn) which will be useful in the following. A characterization of such
(g1, -+ ,qn) is given in [18].
As a general remark, note that (gi,- - -, qy) are rational numbers of the form ¢; = k;/d,

with d the smallest period of G. Therefore, we have, ). k;/d = 1 and for each i, k; divides
d. By definition of the rates, we also have ¢, = 1/p, for all letters.

This problem has been addressed in [18] under a different point of view where the name
of exact covering sequences was used instead of balanced sequences.

Definition 2.8. The couples {(0;,9;),i = 1--- N} is called an exact covering sequence if
for every nonnegative integer n, there exists one and only one 1 < 1 < N such that n = 6;
mod g;.

We have the following result.

Proposition 2.9. The rates (q1,--- ,qn) are constant gap if there exists N numbers cal-
led phases, 01, -0y such that the couples {(0;,p;),i = 1---N} form an ezact covering
sequence.

Proof. This property is a simple rewriting of the fact that each letter a; in a constant gap
sequence appears every {6; + kp;, k € N}. O

Now, suppose that {(6;,p;),i = 1---N} is an exact covering sequence. Then in the
series

k
S(x) E D)l

i=1 k>0

RR n~3180



6 Eitan ALTMAN Bruno GAUJAL and Arie HORDIJK

the coefficient of ™ in this series is equal to 1, Vn > 0. Therefore, we have

! 1
S(x):,21—xpi “1-z

=1
Using this characterization we have the following interesting property.

Lemma 2.10. Assume {(6;,p:;),i =1---N} is an ezact covering sequence and that P =
max; p;. LThen P appears at least twice in the set py,--- ,pn.

Proof. The proof given here is similar to the discussion in [18] on the exact covering

sequences. Let w L e2in/r for some integer r > 1. By definition, w is a primitive 7-
th root of one. We have:

k
_ (w—z)z! w—x
w-nst =3 = s
Let x — w. This yields
. )

©r|p;

Now, take r = P. The set {i : P|p;} is exactly the set {7 : P = p;}. Equation (1)
specified for r = P can be written

E w’ = 0.
©p;=P

This implies that the set {i : P = p;} cannot be reduced to a single point since w is not
Z€ero. ]

To give some concrete examples, we consider the cases where N is small. First, note
that in the case where the k; are not all equal, (assume k; is the largest of all), we have

> kifki=d/ki —1=1,
i#1

where [y is the gap between two letters a;. This implies,

L<N-2 (2)
Proposition 2.11. There exists a constant gap sequence G with rates (p,1—p) if and only
ifp=1/2.
Proof. Let a be a letter in G with gap [. Since the alphabet contains only two letters,
[ = 1. This means p = 1/2. O

INRIA
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Proposition 2.12. There erists a constant gap sequence G with rates (p1,p2,p3) if and
only if the following holds: (p1,ps,p3) = (1/3,1/3,1/3) or (1/2,1/4,1/4) (up to a permu-
tation).

Proof. Assume that (p1,ps,p3) # (1/3,1/3,1/3) (otherwise, G = (abc)* is constant gap).
Using Equation (2), Iy = 1 and p; = 1/2. Therefore, the sequence obtained from G when
removing all the letters a; is constant gap. Applying Lemma 2.11 shows that p; = p3. The
only solution is p; = 1/2,p; = 1/4 and p3 = 1/4. The associated constant gap sequence is
(a1aza1a3)". O

Proposition 2.13. There ezists a constant gap sequence G with rates (p1, p2, ps, p4) if and
only if {p1,pa, p3, pa} belong to the set (up to a permutation),

{(1/4,1/4,1/4,1/4),(1/2,1/4,1/8,1/8),(1/2,1/6,1/6,1/6), (1/3,1/3,1/6,1/6)}.

Proof. Tf the rates are all equal, then (p1, p2, p3,ps) = (1/4,1/4,1/4,1/4). Now, note that
Equation 2 implies that if the rates are not all equal I; < 2. We consider any letter a;, 7 # 1,
assume that the number of a; in between two a; is not constant and takes values m and n,
m > n. then we have [; > (n—1)l;+n on one hand and I; < n(l;)—3 on the other hand. This
is impossible since /1 < 2. Therefore, the number of a; in between two a; is constant. This
is true for all 4. The sequence formed by removing all a; is still constant gap. It has rates
of the form (1/3,1/3,1/3) or (1/2,1/4,1/4). From this point a case analysis shows that
the original word has rates (1/2,1/4,1/8,1/8),(1/2,1/6,1/6,1/6)or(1/3,1/3,1/6,1/6)} by
inserting the letter a; in a constant gap sequence over the letters as, as, as. O

These few examples of constant gap sequences illustrate the fact that the rates in these
sequences have very strong constraints.

2.3 Characterization of balanced sequences

Several studies have been recently done on balanced sequences [12, 15, 16, 8]. In [10], a
characterization involving constant gap sequences is given.

Proposition 2.14 (Hubert). Let U be a balanced sequence on the alphabet {0,1}. Construct
a new sequence S by replacing in U, the subsequence of zeros by a constant gap sequence G

on an alphabet Ay, and the subsequence of ones by a constant gap sequence H on a disjoint
alphabet Ay. Then S is balanced on the alphabet Ay U A,.

Proof. We give a proof similar to Hubert’s proof. Let a be a letter in A; (the proof is
similar for a letter in A,. Let W and W' be two words of S of the same length. Then,
the corresponding words X and X' in U verify ||[W|o — |[W'|o| < 1 since U is balanced. If
we keep only the 0’s in X and X', then the corresponding Z and Z’' words in G satisfy
||Z] —|Z'|| < 1. Since G is constant gap, and using Lemma 2.7, ||Z], — |Z'|.| < 1.
We end the proof noting that the construction of Z and Z' implies |Z|, = |W]|, and
2o = [W'la. O

RR n~3180
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Conversely, we have the following theorem.

Theorem 2.15 (Hubert). Let u € AN be balanced and non periodic. Then there erists a
partition of A into two sets Ay and Ay such that the sequence v defined by:

vn=1 if u, €A, (3)
v, =0 Zf Uy € ./42, (4)

1s reqular. Furthermore, the sequences z; and zo constructed from u by keeping only the
letters from A, and Aj respectively have constant gaps.

The proof of this theorem is technical and can be found in [10]. It is not reported here.

2.4 Rates in balanced sequences

Now, also note that a balanced sequence has several asymptotic properties, such as the
following lemma.

Proposition 2.16. A balanced sequence S has an asymptotic rate for any letter a € A,
that 1s:
|S[1,n])|a

n—oo n

. S n atm S nlla
Proof. Since |Sp njla < 1, then [Sta.m < | “;L” . Now,

n+m

‘ ‘S[l,n]‘a - |S[1,n—|—m]|a | ‘S]n—l—l,n—l—m]‘a +m

<
n n-—+m n
|Sim—1la +m+1
< }
n

When n goes to infinity, this quantity goes to zero, for all m. This proves that there

exists p such that lim,, . W =p

O

Note that we have given an elementary proof of the existence of the asymptotic rate.
Using Theorem 2.3, it is easy to see immediately that the asymptotic rate does exist and
is equal to the real number p given in the definition of regular sequences.

Next, we formulate the problem which we will study in this section:

Problem 2: Given a set (p,---,pn), is it possible to construct a balanced word
on N letters with rates (py, - ,pn)?

We will see in the following that this construction is not possible for all the values of

the rates (p1,--- ,pn). If a n-tuple (py,-- -, py) makes the construction possible, the tuple
is said to be balanced as well.

INRIA
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2.5 The case N =2

This case is well known and balanced words with two letters have been extensively studied
(see for example [6, 13]). The following result is known even if it is often given under
different forms.

Theorem 2.17. For all p, 0 < p < 1, the set of rates (p, 1 — p) is balanced.

Proof. The proof is similar to the proof of the first part of Theorem 2.3. We construct
a sequence S as the support of the function s(n) = |pn| — |[p(n — 1)|. S is a balanced
sequence because the interval |k, k +m] contains exactly e = |pk + pm| — | pk] elements of
S. Now, |pm|+ |pk|—|pk| < e < [pm]+ |pk|— |pk]. This shows the value of e can differ
by at most one when k varies so S is a balanced sequence. If S’ is the complementary set
of S, then it should be clear that S’ has asymptotic rate 1 —p and S’ is balanced because

S)y, k) CONtains m — e elements. O

Note that the proof of Theorem 2.17 also gives a construction of a balanced word with
the given rates.

2.6 The case N =3

The case N = 3 is essentially different from the case N = 2. In the case N = 2, all possible
rates are balanced while when N = 3, there is essentially only one set of rates which is
balanced. This result was partly proved and conjectured in [12] and consequently proved
in [15].

Theorem 2.18 (Tijdeman). A set of rates (p1,p2, ps) is balanced if and only if,

(p1,p2,p3) = (4/7,2/7,1/7)
or two rates are equal.

Proof. We give a proof slightly simpler than the proof in [15]. First, assume that p; = p,.
Then, let S be a balanced sequence with two letters {a,b} constructed with the rates
(p1 + p1,p3). In S, replace alternatively the “a“s by the letters ai, as, we get a word S’
on alphabet {a;,as, b} with rates (p;,p1,ps3). Let us show that S’ is balanced. Since S is
balanced, the number of “a”s in an interval of length m is k£ or k + 1, for some k. Now, for
S’, the number of “a;”s (resp. “ay”s) in such an interval is either (k — 1)/2 or (k +1)/2 if
k is odd and k/2 or k/2 + 1 is k is even. This proves that S’ is balanced.

Now, assume that (p1, ps, p3) are three different number. We assume that p; > ps > ps.
We will try to construct a sequence W with these respective rates on the alphabet {a, b, c}.
step 1: the sequence “aca” must appear in W.
There exists a pair of consecutive “a” with no “b” in between since p; > p, . This means that

(135}

the sequences “aa” or “aca” appear. If “aa” appears, then a “c” is necessarily surrounded

[1™h)

by two “a’s.

RR n~3180



10 Eitan ALTMAN Bruno GAUJAL and Arie HORDIJK

step 2: the sequence “baab” must appear in W.
There exist a palr of consecutive “b” with no “c” in between. This sequence is of the form
“ba”b” Now, n < 1 is not possible because of the presence of “aca” and b-regularity.

> 3 implies the existence of “a" 'ca™ " by a-regularity which is incompatible with

“ba"b” because of b-regularity. Therefore n = 2. Note that this also implies the existence
of “aa” and of “abaaba’.

step 3: the sequence “abacaba” appears in W.
the word W must contain a “c”. This “¢” is necessarily surrounded by two “a’s since “aa”
exists by a-regularity. This group is necessarily surrounded by two “b”s since “baab’ exists,
necessarily surrounded by two “a’s. We get, the sequence “abacaba’.

Last step: W = (abacaba)® .
No letter around this sequence can be a “c” because a sequence with four letters and no
“c” exists: “baab”. None can be a “b” since a sequence with three letters and no “b”, namely
“a”’s. Then note that the following two letters

[1P%}]

“aca” exists. Therefore, they have to be two
cannot be a “c” (because of the existence of “abaaba”), nor an “a” (because of the existence
of “bac”) so it is a “b”, then followed necessarily by an “a”. At this point, we have the
sequence “xabaabacabaabax”. Both x are necessarily “c”’s

To end the proof, note that a “c” necessarily has the sequence “abaaba”’ on its right
and the same sequence on its left. Finally note that the sequence “abaaba” is necessarily

surrounded by two “c’s. Therefore the word W is periodic of the form (abacaba)®. O

2.7 The case N =4

The case N = 4 is very similar to the case N = 3 for distinct rates. However when two
rates are equal, this case is more complicated.

Theorem 2.19. A rate tuple (p1, pa, 3, ps) with four distinct rates is balanced if and only
if (p1,p2,ps,ps) = (8/15,4/15,2/15,1/15).

Proof. We suppose that p; > p, > ps > ps and we show that there is only one balanced
word with frequencies p; > py > p3 > p4 and those frequencies are (8/15,4/15,2/15,1/15).
The proof involves different steps.
Step 1: W contains the sequences “aca” or “ada” or “acda” or “adca’.

[1P=})

There exists two consecutive “a”’s with no “b” in between because p; > py. Therefore,

either “aa” or “aca” or “ada” or “acda” or “adca” exist. If “aa” exists, then, a “c” is

surrounded by two “a’s.

Step 2: W contains the sequence “baab”

First, we show that if a sequence “ba™b” exists, then n = 2. Indeed, the fact that “ada”
or “aca” or “acda’ or “adca” exist makes “bb” and “bab” impossible. On the other hand, if

> 3, the existence of “a™ 'ca™ 1" is necessary by a-regularity and is incompatible with

the existence of “ba™b” because of b-regularity.

Now, if no sequence of the form “ba™b” exists, then there exist two consecutive “b’s with
one “d” and no “c” in between. This sequence (s1) is of the form: “a’ba’da*ba’”. Note that

the numbers i, 7, k, l may be equal to zero but i + j + k + [ > 1 by b-regularity.

INRIA
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There also exist two consecutive “c’s with no “d” in between. This sequence (s3), is of
the form: “ca™ba™c”. Note that 4, j, k,l, m,n are integers that can differ by at most one,
the length of sy, len(s;) > max(4,2(n+m)+1) > n+m+3 = len(sz). This is impossible
by c-regularity.

step 3: the sequence “abacabaabacaba” exists in W. There exists two consecutive “c’s
with no “d” in between. from the proof of Lemma 2.18, we know that a “c” is necessarily
surrounded by the sequence “aba”. Therefore we have: “abacabaabal caba”, where U is a
sequence that contains no “d” and no “c”. U cannot start with an “a” (because of “bacab”)
cannot start with a “b” (because of “aca”) cannot start with a “¢” and cannot start with a
“d” by construction. Therefore U has to be empty.

Step 4: W 1s uniquely defined and is periodic of period “abacabadabacaba” somew-
here, W contains a “d”. From this point on, we can extend the sequence uniquely as:
“abacabadabacaba” around this “d”, and the sequence “abacabaabacaba” has to be surroun-
ded by two “d’s. This ends the proof. O

To complete the picture, it is not difficult to see that

Proposition 2.20. If the tuple (p1, p2,p3,pa) is made of less than two distinct numbers,
then it is balanced.

Proof. First, if the rates are all equal, they are obviously balanced. If three of them are
equal, say p; = pa = ps, then, we can construct a balanced word with rates (3p;, ps) and
we construct a balanced word with rates (pi,p1,p1,ps) by using Proposition 2.14 (where
we take G = {p1,p2, 3}, and H = {p,}). If two pairs of rates are equal, say p; = py and
Ps = p4, then we construct a balanced word with rates (2p;, 2ps) and we apply Proposition
2.14 twice, once for each sequence.

O

If the tuple (p1, ps, p3, p4) is made of exactly three distinct numbers, then this is a more

complex case which is not studied here.

2.8 The general case

In this section, we are interested in the case of arbitrary N. First, note that Proposition
2.20 easily generalizes to any dimension.

Proposition 2.21. If the tuple (p1,ps, ps,--- ,pN) is made of less than two distinct num-
bers, then it is balanced.

Proof. The proof is similar to the proof of Proposition 2.20. O

Proposition 2.22. If (p1,ps, - ,pn) 18 balanced, then (p1/k,- -+ ,p1/k,p2, -+ ,pn)is ba-
— ———

k
lanced.

RR n~3180
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Proof. The proof is very similar to the first part of Theorem 2.18. If W is a balanced word
with letters {ay,- - - ,an}, consider the word W’ constructed starting from W and replacing
alternatively each “a;” by “b;”, “by”, --- , “b;”. Note also that W' has the following set of
rates, (p1/k,- -+ ,p1/k,p2, ., DN)-

Next, we show that W' is balanced. Since W is balanced, for an arbitrary integer m, the
number of “a;”s in an interval of length m is n or n+ 1. Now, for W', the number of “b;”s in
such an interval is either [(n —1)/k| or |(n+1)/k]. This proves that W’ is balanced. O

For the general case and distinct rates , it is natural to give the following conjecture:

Conjecture 2.23. A set of distinct rates {p1,--- ,pn} is balanced if and only if

o onh = 25 @Y 1), 28 1), 1Y - 1)),

We have not been able to prove this fact. We only have partial results given in the
following lemmas.

Lemma 2.24. The sequence (2V71/(2N —1),--- ;2N /(2N —1),--- ,1/(2V —1)) is balan-
ced, for all N € N.

This lemma is the “if” direction of the conjecture.

Proof. We construct a balanced word Wy in the following inductive way: We assume
that Wy_; is periodic of period 2¥-! — 1, Wxy_; = V* where V is a finite word in the
alphabet {ai,---,an_1 and we construct Wy = (VayV)“. First note that Wy has rates
(2NN —1),--- 2N77/(2V —1),--- ,1/(2Y —1)). Then, we show that Wy is balanced
by induction. For the word Wy, the support for all letters (say letter N — 7) is periodic
with the same period and is of the form of 2V — j — 1 intervals of the same length (27)
except one of length 27 — 1.

By construction of Wy, this properties still hold and therefore, Wy is balanced. O

Lemma 2.25. Let W be balanced with rates p1 > -+ > py, then, W 1is periodic. In
particular, this means that p; € Q, V1 <7 < N.

Proof. If W is not periodic, Theorem 2.15 says that W is composed of two constant gap
words. At least one of these words has at least two letters, and therefore two letters have
rates which are equal by Lemma 2.10. Therefore, the rates in W of these two letters are
also equal. O

Lemma 2.26. Let W be balanced with rates py > --- > py, with the following property:

for any 1 < i < N, there exists two consecutive letters “a;” with no a; in between, with

j>i. Then, (p1,---,px) = (2N1/(2N —1),--- ,2¥=i /(2N — 1), ... 1/(2N —1)).

This lemma is a partial “only if” result for the conjecture.

INRIA



Balanced Sequences and Optimal Routing 13

Proof. The proof holds by induction. V) denotes the period of the balanced word with
rates (2571/(2% —1),--- 2k71/(2¥ —1),--- 1/(2%¥ — 1)). We recall that according to the
proof of lemma 2.24, V,, = Vi_1a,Vi_1. We will prove by induction that W is periodic of
period Vy.

We first prove that W contains the sequence Vi _1a;Vi_1Vi_1a0:Vi_1 and that for the
sequence Vj,_; and that each letter in W, “a;”, 7 > k is surrounded by Vj_,, for all possible
k. Now, for the first step of the induction (k = 1), note that according to the property
on W, W contains the sequence “aja,” which is the same as “V1V;”. Therefore any other
letter is surrounded by two “a;”s. This also implies the existence of “ajasaia;a2a,” which
ends the case k = 1.

For the general case, by the induction assumption, a, is surrounded by Vi_,, and we
have the sequence: “Vj_saxVi_s” The existence of “Vi_sar_1Vi_oVi_sar_1Vi_o” proves that
this sequence is surrounded with two “a,_1”s. Therefore, two consecutive a, form the
sequence:

Vi—2ak—1Vi—2ax Vi—20k—1 Vi 2aU Vi _sak—1 Vi—2ai Vii—2a—1 Vi—2,

where U does not contain any letter “a;”, j > k. If U contains “ax_,”, then U is
“Vi—oar_1Vi_o”. This is impossible because of the existence of “ar_1Vi_osarVi_sar_1”". If
U contains any other letter “a;”, then U is reduced to this letter, and by construction of
Vi_a, the presence of “a;V;_1a;” contradicts the existence of “a;V;_1V;_1a;”. Therefore, U is
empty and we have the second part of the proof.

Now, we finish the proof by noticing that the letter ay is surrounded by Vy_; and by
noting that Vy_; is necessarily surrounded by “ay”. O

Lemma 2.27. Assume that W is balanced. Assume that p, > 0.5. Then the projection
W' of W over the alphabet A — {a} is also balanced.

Proof. Choose two sequences V{, V] of length n in W’. Let V; and V; be any two sequences
in W whose projections over the alphabet A — {a} are V} and Vi, respectively. Assume,
furthermore, that the first and last letters in V7 and V5 are not a. Let k = |V;| — n and
I = |V4] — n denote the number of appearances of the letter a in V; and V3, resp.

Step 1: If | = k then the difference in the number of occurrences of any letter b in V/
and in VJ is at most 1, since W is most regular, and since the number of 0’s in V] (resp.
V) is the same as its number in V} (resp. V).

Step 2: Assume that [ > k + 1.

- Let V, be the word obtained from Vs by truncating the first and last letter. Then
|Vg| =n+1—2, and the number of a’s in Vy is L.

- Let Vl be the word obtained from V; by adding to it the next m =1 — k — 2 letters that
appears after V7 in the sequence W. Then |171\ =n+l—-2= |Vz\, and the number of a’s
in V; is not larger than k +m = [ — 2. This is a contradiction with the fact that W is
balanced.

Step 3: It remains to check [ = £+ 1. Add to V5 the next letter that occurs in W to its
right, to form the new word V,. If it is not a then we have two successive letters that are
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14 Eitan ALTMAN Bruno GAUJAL and Arie HORDIJK

not a, which contradicts the fact that a has an asymptotic frequency of at least 1/2. If it
is a, then V5 and V; have the same number of a’s. We can now apply the same argument
as in step 1 and conclude that the number number of occurrences of any letter b in V{ and
in VJ is at most 1.

Combining the above steps, we conclude that W' is balanced. O

2.9 Extensions of the original problem

So far we have only analyzed the case where all the rates add up to one. The different
results tend to prove that very few rates are balanced.

Now let us look at a generalization when all the rates do not add up to one. Assume
that S is a sequence on the alphabet {ai, as,- -, ax, *}. We only require that S is balanced
for the letters aq,--- , ag, but not for the special letter x.

On a more practical point of view, the question can be viewed as whether this allows
more possibilities for rates to be balanced when “losses” are allowed (represented by the
letter x). Then again, in general, the rates are not balanced, even if the total sum is very
small as illustrated by the following lemma.

Lemma 2.28. For an arbitrary € > 0, there exists two real numbers p; and py such that
p1+p2 < € and no sequence S on the alphabet {a,b, x} with asymptotic rate py for letter a
and py for letter b which is balanced for a and b.

Proof. Choose two irrational numbers p; and p, with p; + ps < € such that p;,p, and 1
are not linearly dependent on Z. Now assume that there exists a sequence S on {a,b, *}
with asymptotic rate p; for letter a and p, for letter b which is balanced for a and b. By
Theorem 2.3, then there exists two real numbers z,y such that §,(S)(n) = 1 if x + pin

mod 1 € [1 — py, 1] and 0 otherwise. 6,(S)(n) =1if y+pyn mod 1 € [1 —py,1] and 0
otherwise. In the cube [0, 1]?, the set of points (z,y) +n(p1, p2) mod (1,1) is dense (see for
example, Weyl’s ergodic theorem [14]) and therefore hits the rectangle [(1—p1, 1—ps), (1,1)].
This is not possible. 0

More on this kind of problems can be found in [16].

To end this short overview on balanced words, we must mention on the positive side
that “usual” rates, such as (1/k,1/k,---,1/k) are often balanced. In Appendix 4.3, some
examples of balanced sequences and rates are given.

3 Routing of customers in multiple queues

The notion of balanced sequences gives birth to an large set of elegant properties in word
combinatorics. However, they are rarely used in other domains. The balanced sequences
in dimension N = 2 have been used for computer discrete line drawing [13] and also for
scheduling optimization in [9, §].

However, the case N = 2 behaves differently than for higher dimension (as illustrated
by theorem 2.17) and does not really grasp all the complexity of the model.

INRIA



Balanced Sequences and Optimal Routing 15

Here, we present an application of balanced sequences in any dimension to scheduling
optimization.

We consider a system where a sequence of tasks have to be executed by several pro-
cessing units. The tasks arrive sequentially and each task can be processed by any server.
The routing control consists in assigning to each task a server on which it will be processed.
The routing is optimal it it minimizes some cost function that measures the performance
of the system.

These kinds of models have used to study load balancing within several processors in
parallel processing problems as well as for efficient network utilization in telecommunication
systems.

3.1 Presentation of the model

In this section we consider a more precise queueing model of the system that we described.
Customers enter a multiple queue system composed of K nodes. Each node is made of
several queues which form an event graph. Event graphs are a subset of Petri nets with no
more than one input transition and one output transition per place. More details on the
dynamics of event graphs can be found in [4]. In particular, their dynamical behavior is
linear in the so-called (max,+) algebra ([4]). Many queueing networks can be represented
as event graphs, as long as there is no inside choice for the route followed by the customers.
(see [1] for a more complete discussion on this issue).

The routing of customers to the different nodes is controled by a sequence of vectors
{a,}, with a, is in {0,1}¥ and @’ = 1 means that the n-th customer is routed to queue i.
Note that a is a feasible admission sequence as long as for all n, >, al, = 1.

The link between a feasible routing policy and an infinite sequence on a finite alphabet
comes from choosing the alphabet A composed by the letters

{(1,0’ ’0)’(0’1,0’...)’... ’((],... ’0’1)}

Using this alphabet on K letters, a feasible routing policy can be viewed as an infinite
sequence on A.
Figure 1 shows an illustration of the system we are considering.

We denote by 7, the epoch when the n-th customer enters the system. We assume that

Ty = 0. The inter-arrival time sequence is {d;} def {T;;1 — T;}. Finally, 0% will denote the

n
service time of the n-th customer entering the j-th queue in node 1.
The sequences {§;} and {o}’} will be considered as random processes. We also make
stochastic assumption on these sequences. The inter-arrival time of the customers and the
service times form stationary processes independent of each other.

3.2 Optimal admission sequence

In each node i we pick an arbitrary server s; (which may be the last server in the node
for example). The performance criteria for node i will be the traveling time to server s;
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node 1

node 2

node K

Figure 1: Illustration of the routing of customers in a K node system

of a virtual customer that would enter node ¢ at time 7,,. Under the routing policy a,

this quantity only depends on the values of the n first routing choices. From the routing

sequence a, we can isolate the routing decision for node i: if a‘, = 1 then the customer is

admitted in node 7 and if !, = 0 then the customer is rejected (for node 7). We denote
(2

the traveling time at time 7,, by Wi(al,--- ,a}). We will be more particularly interested

in the expected value of the traveling time with respect to the service times in all the
servers contained in node i and with respect to the inter-arrival times: W (a%,--- ,a’) o
E,.f(Wi(al,---,a.)), where f: R — R is any convex increasing function.

If we focus on a single node 7, the function W (at,--- , @) has been studied in [1]. Tts
most remarkable property is the fact that this function is multimodular. See [9, 2] for a
precise definition and several properties of multimodular functions. Here, we merely point

out that multimodularity is a kind of integer analog to convexity.

Proposition 3.1 ([1]). Under the foregoing assumptions, the function W (a},--- al)
satisfies the following properties.

(1)- Wi(d},--- ,a’) is increasing in a;,

(2)' Win(oa o 7070'%7"' ,CL;) = WZ’L(G/?[7 ) 7“2); me >n,

(3)- Wi(ai,--- ,al) is multimodular.
Proof. These properties are shown in [1]. O

Using these properties, one can derive as in [2]|, a lower bound B(N, «,p) (which is
increasing in N, « and p and continuous) for any routing a’, for the following discounted
cost.

oo

D (11— a)a"'Wi(al,dj....a) > B(N, o, pa), (5)

n=1

where p, € (1 — ) Sore aFla.
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Also, for a given p, we define the regular sequence with rate p and are arbitrary phase
0,

a*(0) = |np+6] — [(n—1)p+4],

(see the definition 2.2). One can show as in [2]| that a?(6) satisfies

Jm S Wi al(6), -+ @ (6)) = BN, 1,p). ©)

Here, however, we are interested in the performance of all nodes together. Therefore,
we choose as a cost function, the undiscounted average on n of some linear combination of
the expected traveling time in all nodes.

Let h be any increasing linear function, h : RE — R. We consider the undiscounted
average cost of a feasible routing sequence a,

N
def = 1 1 K
gla) = th_,ooN nEZI h(W,, ... W.).

From this point on, we mimic the general method developed in [2] for our case.
We use the following notations.

Bi(aa pZ) déf sup Bz(Na aapi)a
N

and

def
B;(p;) = sup B;(«, p).

agl
Our objective is to minimize g(a).

Theorem 3.2. The following lower bound holds for all policies:

gla) > inf  A(Bi(p1),..., Bk(pk))-

p1+..+pr=1

Proof. Due to Littlewood’s and Jensen’s inequalities as well as Equation 5, we have

N

1

im — > AW, .., W)
n=1

N—oo N
> }Ea — ) ; "W L W
> Clxijmlh ((1 - a) i "TWE (1 - a) i a”_1W£{>
ne1 n=1
> lim h(Bi(e, pi(a)), ., Bx(a, pic(@))) (7)
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where
pHe) = (1-a)) o (8)
k=1

We note that S5  P¥(a) = 1. Hence, one may choose a sequence a, 1 1 such that the
following limits exist:

lim pf () = p;, 1=1,.., K (9)

and S p; = 1. From the continuity of B;(c, p;) in p and o we get from (7)
=1

g(a) = h(Bi(p1), ..., Bx(pk)) (10)
2 p1+..i.I—|l—£K:1h(B1(p1)’”"BK(pK))'
O

Note that there exists some p* that achieves the infimum

inf  h(Bi(p1), ..., Bk(pk)),

p1+...+pr=1

since h(Bi(p1), ..., Bk(pk)) is continuous in p = (py,- - , Pk)-
Consider 6 = (6, -+ ,0x) and the routing policy a?” (#) given for each i by

ai”" (6:) = |kp} +6;] — |(k — )} + 6. (11)

There are some p* for which the condition of feasibility of the policy a?” () is satisfied,
that is, there exists some 6 = (), ..., 0k ), such that the regular policy a?” (6) is feasible.

Using the correspondence between a routing policy and a sequence on the alphabet A,
these p* correspond precisely to balanced rates.

Theorem 3.3. Assume that p* is balanced. Then a? (0) is optimal for the average cost,
i.e. 1t minimizes g(a) over all feasible policies.

Proof. The proof follows directly from Theorem 3.2 and Equation (6). O

4 Study of some special cases

The problem which remains to be addressed is to find in which cases, the rate vector p* is
balanced. We will present several simple examples for which we can make sure the optimal
rate p* is balanced.
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4.1 The case K =2

If K = 2, then, the optimal rate vector is of the form p* = (pj,1 — p}). Theorem 2.17
says that p* is always balanced and therefore, the optimal routing sequence is given by an
associated balanced sequence. Note that this approach does not give any direct way to
compute the value of p*, however, it gives the structure of the optimal policy.

4.2 The homogeneous case

Now let K be arbitrary and each node is made of a single server, all servers being identical.
This model is displayed in Figure 2.

_JO
10

Figure 2: Routing in homogeneous queues.

Also assume that the function A is symmetrical in all coordinates (for example, just
the sum of all waiting times) By symmetry and convexity in (pi,---,px) of the function
h(V(p1), ..., VE(pK)), then, p* = (1/K,--- ,1/K), which is balanced. The associated
balanced sequence is the round robin routing scheme. Applying Theorem 3.3 yields the
following result which is new (to the best of the author’s knowledge).

Theorem 4.1. The round robin routing to K identical ./G/1 queues, minimizes the work-
load for the conver increasing order in all the queues over all admission sequences with no
information on the state of the system.

In [11], the round robin routing is proved to be optimal for a slightly different cost
function for K identical ./GI/1 queues. Their method uses an intricate coupling argument,
where as our proof is a simple corollary of the general theory on multimodular functions.

To illustrate the advantage of our approach, we further generalize the result to a system
composed of K identical (max,+) linear systems with a single entry. In this case, the
symmetry argument used in the case of simple queues still holds. Then again, the round
robin routing policy minimizes the traveling time in each system. This case includes models
such as routing among several identical systems composed of queues in tandem, for example
(see Figure 3).
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Figure 3: Routing in queues in tandem

4.3 Two sets of identical servers

As a consequence of the two previous cases, we can consider a system composed of K;
identical queues of type 1 and K, queues of type 2. Again, assume that h is symmetrical.
Then, by symmetry arguments, the optimal rate vector p* is of the form

(L. L 1-r 1_p)
K17 ’Kl’ K27 Y K2 *

This sequence is balanced indeed, which implies that the optimal routing is of balanced
type.

Many other examples of this kind can be derived from these examples through similar
constructions.

Appendix

This is a collection of balanced rates. For some rates, we give a corresponding balanced
word.

1/7,2/7,4/7) is balanced and S = (abacaba).

1/11,2/11,4/11,4/11) is balanced and S = (abcababcabd)®.

1/11,1/11,3/11,6/11) is balanced and S = (acabaabadab)®.

(

( ) (
(1/11,2/11,2/11,6/11) is balanced and S = (abacaabacad).
( ) (

( ) (

1/14,1/14,4/14,8/14) is balanced and S = (abacabaabadaba)® .

For all real number 0 < p < 1, the rates (1 — p,p/4,p/4,p/2), with a balanced word
constructed from a regular word with rate p where all 1 are replaced in turn by the
sequence (abac)® and each 0 by the letter d.
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e for all N, ((2NV-1/(2V —1),.-- 2N=1/(2¥ —1),--- | 1/(2Y — 1))) is balanced. The
associated balanced sequence is constructed recursively. If Sy_; is balanced on the
alphabet {ag, tee ,CLN}, SN_1 = Wju\;_l, then WN = WN_16L1WN_1 and SN = WX;

e (1/k,---,1/k), a balanced word with those letters is: S = (ajaq9a3 - - ag)®.

e (p,---,p,B3,---,0). A balanced word with those rates is constructed in the following
way: Choose a balanced word S on letters, (A, B) with rate (3.5 p, " 8). In
S replace all the A (resp. B) by ai,as,---,a; (resp. by,---,by) in a round robin
fashion to get a balanced word with the required rates.
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