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Les cones tangents dans les espaces de Besov

Résumé : Dans cet article nous caractérisons les cones tangents dans les
espaces des Besov pour des convexes déterminés par ”obstacles’. Pour cela,
nous utilisons la théorie non linéaire du potentiel.

Mots-clé :  cone tangent, mesure de Radon, capacité, potentiel capacitaire,
balayage, noyau, espace de Besov
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1 Introduction

The main result of the paper is the characterisation of tangent cones in Besov
spaces for convex subsets determined by obstacles.

The main ideas stem from non-linear potential theory.

In Section 2 we introduce kernels on IR™Y with values in (¢ (L?'(IM)) spaces.
The conditions on these kernels are general enough to include the Besov B2
spaces, 1 < p < o0, 1< ¢<oo, a>0. The action of any [?(L?(IM)) function
on this kernel then determines a potential on IRY and the action of any measure
on IRY determines a potential on [?'(LP' (IM)). The main result of this section,
Theorem 1, characterizes the elements of [¢'(L?'(IM)) which are non-negative
on elements of [7(L?(IM)) giving rise to non-negative potentials on IRY, as
potentials of non—negative Radon measures on IR"Y. Theorem 1, whose proof
is quite simple will be seen, in Sections 3 and 4 to be quite useful.

In Section 3, it is shown how Theorem 1 can be used to introduce balayage
and capacitary potential in this setup. These happen to be elements of smallest
norm in suitable closed convex sets. It is shown that there are given as non—
linear potentials. Even though capacitary potential appears in [1] in a more
general setting, balayage has not, to our knowledge, been discussed in the non—
linear setting. And the form of the capacitary potential alone does not seem
sufficient for the results of section 4 — we need the form of the balayage. We
propose to develop this non—linear balayage further in a later article.

Finally in Section 4, the results of Sections 2 and 3 and the characterization
of Besov B2? spaces given in ([1], Chapter 4) allows us to precisely describe
the form of the tangent cone Tg(z) for any z in the convex set

g={f € BY(IRM)|f(z) > ¢(z) qe} 1<pg<oo,a>0.
This result of the paper generalizes the previous results [2],[3],[4], obtained in
the framework of the Hilbert space theory of Sobolev spaces combined with

the linear potential theory to the general setting of non—linear potential theory
in the Besov spaces.
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4 Murali Rao and J. Sokotowski

2 A general result

We derive a result for [?(L?) spaces which will be useful for applications. The
same result can be proved for the L? spaces using the same arguments.
Let IM be a measure space with a o-finite measure v. Let

X=RVxMxIN,

where IN is the set of non—negative integers.

Fix 1 < p,q < oo. The spaces [7(LP(IM)) are defined by: the set of f =
fly,n),y € M,n € IN such that the following norm is finite

1 llna = (Snenll (5 nll2)* < 0o

ie., the sequence || f(-,n)||, € (9. The space {?(LP(IM)) is a reflexiv Banach
space with the dual space (17(L?(IM)))" = (7' (L¥' (IM)).
For any f = f(y,n) we write

S / F(y, n)w(dy) = / £ (g m)o(dydn)

Definition 1 By a kernel T on X we understand a non—negative function
T(x,y,n),w € IRN;y € M,n (& ]N, such that

1. 0 < T; for each fired (y,n), T(-,y,n) is continuous on R™ with compact
support. For each x € RN, T'(z,y,n) is measurable in (y,n).

2. For each compact set K ¢ RY
/I,T(;v,y,n)d:c e 17 (LP(IM)) .
3. There exists a non-negative A € 19(LP(IM)) such that
0(e) = Suen [ Tagem) Aly(dy) = [ Ty ) Al n)oldydn)

is stricly positive on RV,

INRIA
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Remark 1 For all non—negative f € 19(L*(IM)) the integral
1f = [ T,y (v n)v(dydn)

is well-defined on RY. Tf is a lower semicontinuous function on RY, from
condition 1 above.
For each non—negative measure y on IRY the integral

Tu Z/T(fﬁvyan)u(dl’)
is a well-defined non—negative function on IM x IN.
Remark 2 Condition 2 above implies that for each f € 19(LP(IM)),
Tf € Lig(RY), (1)

Moreover, the Holder inequality implies that T maps [9(L?(IM)) continuously
into L'(p) for each pu € M where

M = {u|px non—negative Radon measure , Ty € 17 (L' (IM))} .

2.1 Quasi—null sets

Now, we need the notion of a quasi-null set or a set of capacity zero.

Definition 2 A set € is called a quasi-—null set if € C B for a Borel set B
such that
p(B)=0 forall pem.

A countable union of quasi null sets is quasi-—null.
A property holds quasi everywhere written q.e. if it holds except perhaps
for a quasi-null set.

If felo(LP(IM)) the set

{z| T|f|(z) = oo}

RR n" 3182



6 Murali Rao and J. Sokotowski

is easily seen, using the Holder inequality, to be quasi-null. In particular, for
each f € [9(LP(IM)) T f is q.e. well defined.

Condition 2 above implies, of course, that quasi—null sets are of Lebesque
measure Zero.

We record another simple consequence:

Consequence. 1f a sequence {f,} C [?(LP(IM)) tends to f € [9(LP(IM))
then for a subsequence T'f, tends to T'f pointwise quasi-everywhere.

Indeed, choose a subsequence {f,.} so that

EZanz - fnz‘—alﬂz < oo

Then, by Fubini’s theorem and the Holder inequality, for any p € 9,

% / |Tfni_Tfni—1|d:u < Ei/T|fn¢_fn¢_1|d/~L < Ei”fm‘_fnz‘—lH%qHT/“LHp',q’ <00
Thus the g—measure of the set

{*77 | E2’|Tfn1‘ - Tfnz‘—1|($) = OO}

is zero, for every u € M.

2.2 Main result

With this setup we have the following theorem.

Theorem 1 For g € 19(LP (IM)) the following are equivalent:

1. fg(y,Nn)f(y,n)l/(dydn) >0 forall f €1?(LP(IM)) such that Tf > 0 q.e.
on IR™.

2. g= T/,L for some non—negative Radon measure p on R,

Proof. ~ We give the proof in simple steps.
Step 1 Let

¢ = {h € l”(L”(IM))|h = Tpu for some non-negative Radon measure p on RV}

INRIA
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We claim ¢ is a closed convex cone in [9'( L?' (IM)).

The only item not at once clear is the closedness of ¢. Let {h;} C ¢
converge to h € [9'(L” (IM)). By choosing a subsequence if necessary we may
assume hy(y,n) converges to h(y,n) p—a.e.y for all n. We have if hy = Ty

/W@M@w=/M@mMWMW@thMMMMM« (2)

The right side is bounded in k because {h;} converges in [9'(L?' (IM)).

Now, ® being a strictly positive lower semicontinuous function, is bounded
below on compacts. From (2) one concludes that {u;(K')} is bounded for each
compact K. By choosing a subsequence if necessary we may assume that there
is a Radon measure p such that

i [ plohmnlde) = [ ole)utds)

for each continuous function ¢ with compact support in IR". Since by assump-
tion, for each (y,n) € IM x IN, T'(x,y,n) is continuous in x and has compact
support, and since hi(y,n) converges for v—a.e.y and all n to h(y,n), we have
for v—a.e.y and all n

This shows that & € ¢ and thus ¢ is closed.
Step 2
(f € L MO)] [ Py pv(dydn) > 0 for all Fea} (3
= {g€?(LP(IM))|Tg >0 q.e. on R}

The set on the left in (3) clearly contains that on the right. On the other hand
let f € l9(LP(IM)) be such that

/F(y,n)f(y,n)l/(dydn) >0 forall Fec.

RR n" 3182



8 Murali Rao and J. Sokotowski

Since, |f| € (%(L*(IM)) and F € (7' (L¥' (IM))

o > / |y )| F(y, m)u(dydn) = / |y )| Ty m)pa(de ) (dydn)

Fubini’s theorem permits interchange of the order of integration. Therefore,
for all non—negative measures y on IRY such that T € 17(L*' (IM))

0< [ STty mvtdydn = [(T5)@hulde) (1)
If p € M, for any Borel set B, ug also belongs to M, where ug is the restriction

of u to B. From (4) we see that the set {T'f < 0} has g—measure zero for every
pw € Mie., T'f >0 q.e. Thus the sets are identical.

Step 3 This is the last step in the proof. To this end let g € [9'(L¥'(IM)) and
suppose

/g(y,n)f(y,n)z/(dydn) > 0 for each f such that Tf > 0 q.e. (5)

We want to show that g € ¢. If not, by the Hahn—Banach theorem, there is a
function ¢ € [?(LP(IM)) and o € IR such that

/F(y,n)ap(y,n)l/(dydn) >aforall FFecg (6)
but /g(y,n)ap(y,n)z/(dydn) <a.

Now ¢ is a cone so AF' € ¢ for all A > 0. From the first inequality in (6) with
F replaced by AF, we get

)\/F(y,n)go(y,n)l/(dydn) >a, forall A >0 . (7)
Dividing by A and letting A — oo we infer that

/F(y,n)tp(y,n)z/(dydn) >0 forall Fec

INRIA
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which implies from step 2
Ty(z) >0 qeonRY .

This last inequality in turn implies by (5) that

/ oy, n)p(y, n)v(dydn) > 0 .

But then, by the second inequality in (6) we must have o > 0. This, however,
cannot be valid by (7) since A can be chosen arbitrarily small.
This contradiction completes the proof. 0O

3 Applications
Keeping the above notation, let IB denote the space of functions on IR™:
B ={Tf|f €"(L*(M))} . (8)
IfuelB,u=Tf, we define
Jull = llulls = [ fllp.q -

IB is then a Banach space. By suitable choices of the kernel T" and the space
IM we get the Besov space BE?, a > 0. We return to this later.

Remark 3 Condition 2 on the kernel T' guarantees that

B c L. (IRY) .

loc

We have seen that if a sequence {ur} in 1B converges to uw € B then a subse-
quence of ug(x) converges to u(x) for quasi every x.

Remark 4 Using the strict convezity of LP—spaces it s not difficult to see
that, every closed convex set in IB has a unique element of smallest norm.

RR n" 3182
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Theorem 1 permits the introduction of balayage into 1B:
Let h be any measurable function on IRY and let

¢ ={ueBlu>hqe }. (9)

Assume ¢, is not empty.
From the above remarks we infer that ¢ is a closed convex subset of 1B
and there is a unique element of smallest norm in ¢j.
This element of smallest norm we call balayage of A and denote it by RA.
Let us look at this a bit more closely. Let

Rh=Te, ¢e€l(IP(M)) .

Then T'p > h q.e. and for any ¢t > 0 and any f € [9(LP(IM)) such that T'f > 0

q.e.
T(e+tf) =h qe.

In the other words ¢ + tf € ¢,. By the definition of ¢

[llpg <Nl +tfllpa t >0, Tf >0 qee. (10)
Written in full (10) is the same as

Enlle(n)lly < Zalle(n) + (5 n)ll; (11)

for all t > 0 and all f such that T'f > 0 g.e. Derivative relative to ¢ of the
n—th term on the right side is

ql\@(wﬂ)+tf(wn)H§i_p/|99(y,71)+tf(y,n)|p_2(99(y,71)+tf(y,n))f(y7N)V(d‘y),
(12)

whose absolute value is by the Holder inequality dominated by

D

qlleon) + LG o) alle () + ()1

= qlleCon) +tf Gl I Con)ll -
Using this estimate and the Holder inequality we see that the series of deri-
vatives of the terms on right side of (11) is uniformly convergent on compacts

INRIA
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Therefore, term by term differentiation of the right side in (11) is permissible
and (11) says the derivative at ¢ = 0 is non—negative. From (12)

anHw(-,N)HZ_p/Iw(y,N)lp_Qw(y,N)f(y,n)V(dy) >0 ifTf>0qe (13)
The function
a = a(y,n) = ()27 le(y, n) [P *e(y,n) (14)

belongs to (7 (L (IM)) as can be verified using the Holder inequality.
(13) and Theorem 1 imply

a=Tu (15)
for some non-negative Radon measure p on IR™. Using (14) and (15) we get

ely,n) = 1Tu(-,n) |07 (Tu(y,n))” (16)
This we state as:

Theorem 2 Let h be any measurable function and suppose the closed convex
set ¢, is not empty. There is a unique element Ty of smallest norm in ¢,
where ¢ is given by (16) for some non—negative Radon measure 1 on R"Y.

Remark 5 We have not used any special properties of RY or the Lebesque
measure. Therefore, in Theorems 1 and 2, RY can be replaced by a locally
compact second countable space provided with a o-finite measure satisfying
condition 2 of Definition 1.

In particular, if K is a compact subset of IRY which is not quasi null, there
is a measure 7 € M such that n(K) > 0. Replace R and the Lebesque
measure by K and the restriction of n to K to get the following, stronger
version of Theorem 2:

Theorem 3 Let K be a non—quasi null compact subset of RY, and let h be
measurable and suppose the set

Ch={ueBlu>h qe on K}

RR n"3182



12 Murali Rao and J. Sokotowski

ts not empty. Then, there is a measure p on K such that the unique element
of the smallest norm in Cy, is given by T'v where

oy, n) = |Tul, )% (Tuly, n)" . (17)

Specialising to h = 1x in Theorem 3 we get (by condition 3 of Definition 1 the
set Cj, is not empty).

Corollary 4 To each compact set K corresponds a measure 1 on K such that
T, where ¢ is given by (17) satisfies

Te>1, qe. on K

and ||¢l|p.q s minimum.

This unique element of IB is called the Capacitary Potential of K and the
Capacity of K is defined to be

CK) = llellz, - (18)

p,q

Using (17) we get

C(K) = ll¢lls, = I1Tul}, = /Ttﬂ(I)du(I) : (19)

For more information on capacities we refer to [1].

4 Tangent cones in Besov spaces

Much of the considerations below are valid in the more general setup of the
previous sections.

In this section we will denote by IB the Besov space B2¢(IRY), where o >
0,1 <p<oo,l <q< oo. Our reference for Besov spaces is ([1], Chapter 4).
B is a Banach space. The following characterisation of IB will be used (see
theorem 4.4.1, page 105 of [1]).

Fix a non negative C*° function n on IR" with support in the unit ball

B(0,1). We will assume
/n(m)d;{: =1.

INRIA
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Let
() = Q”NU(Q”:E)

for n > 0 so that ny = 7.
Then a function u € 1B iff there is a function sequence

f={f} el (L/(RY))
such that
u= 227", * fo, (20)

We may take the IB—norm of u to be || f]|,,4. All choices of n give equivalent
norms.

Remark 6 u defined by (20) is in LP. To see this let g € L. We have,
denoting the (Lp, Lp') pairing by (-, ),

(lul lgl) < Zg27" (nn * [ fal, |g1) < B5727" | fallp 177 * 9]l

1

< (SN (B2 glls) < oo

We have used:
177 gl < llgllp

because [ N,(x)dz =1, here 0, (x) = n.(—2).
Defining for (z,y,n) € RY x RN x IN
T(x,y,n)=2""n(z—y), n>0

v(dy) = dy Lebesque measure .

We can verify that Conditions 1,2,3 of Definition 1 are satisfied:
Condition 1 is immediately seen to be satisfied.

If f € LP(RY)

(| resms@]) <z [l

RR n" 3182
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/dy (‘/T(;c,y,n)f(x)d:c

because [ n,(z —y)dy = 1 for every n. Condition 2 follows.

so that

P
) < 2= g1

Condition 3 is similarly easy to verify.
Thus the Besov space B2? fall under our setup. The meaning of the notion
such as ¢.e. will be as before. For ease of reference let us emphasize that

elements of IB are of the form 7'f for f in 17(L?(IRY)) with norm || f]|,.,-

4.1 Tangent cone
Let ¢» € IB and & denote the closed convex set:
f={f € BIf(@) 2 ¥(a) qe) (1)
Given z € &, the tangent cone Tz(z) is the closure of the set
Ca(z) ={p € B|Ft > 0 such that =z+1ty € &} . (22)

Both €4(z) and T(z) are convex cones and contain all non—negative elements

of IB. Put

[1]

= {z|z(z) = ¥(2)} . (23)

Clearly every v € T¢(z) is non—negative q.e. on =.

Since Tg(z) is a closed convex cone, for each V € B, V — %4(z) is a closed
convex set and contains a unique element of smallest norm. This element ug
is the “projection” of V on the tangent cone:

IV = ol <[V —ull, weTs(z). (24)

As observed before, each non—negative element of IB belongs to Tg(z). Suppose
then that T'f > 0 q.e. Since Tg(z) is a cone, ug + tT'f € Tx(z) for all t > 0:
From (24)

IV =uoll < IV —wo—tTf|, t>0, Tf>0 qe.

Arguing as in the last section we get

INRIA
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Theorem 5 There is a Radon measure po such that
V—uy=-Tyo ,
where
20.= goly.n) = [ Tuolc. 5™ (Tl )"
More can be said about the measure pq:

Theorem 6 Let py be as in Theorem 5. Then

1.

/ud,uo >0, VYuegg(z).

2. po s concentrated on =.

3.
/uod,uo =0 e, po s concentrated on  {ug =0} .
4' ]f Ho 7é 0;
[ Vo =~ [ Teutohli) = ~|Tul, <0
Proof.

(25)

(26)

(28)

(29)

1. Note that Tz(z) being a cone, ug+tu € Tg(z) for each t > 0 and u € Tx(z).

Hence
[V = woll <[V —uo —tul| .

Write V —ug = —T'p and follow the proof leading to inequality (13) of the last

section to get (27).

2. Tt is known that D = D(IRY) is a multiplier for IB: u € 1B, € D implies

ou € B. See ([5], page 140).

RR n"3182
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Let ¢ € D, then ¢(z — ) € IB. Hence if t = |||},

et tp(z =) = (14 to)(z — ) 2 0.

It follows that
oz —v)€3s(z), ¢eD.

From the already established property 1

/@(Z—%/J)duoz(), p€D.

This can only happen if [ ¢(z —¢)dug = 0 ie., po is concentrated on =.

3. ug € Ta(z), hence tug € Tx(z) for all ¢ > 0.
Therefore,

Writing V' — ug = —T'¢g and following proof leading to the inequality (13) of
the last section (as in 1. above) we get

/’uodluo g 0.

But ug being in Tg(z), (27) and the last inequality give (28). Since ug > 0 q.e.
on = (all elements of T4(z) satisfy this) we see that pg is concentrated on the

set {up = 0}.
4. Integrate both sides of (25) relative to po and use (28) to get (29). O

The following corollary characterizes the tangent cone Tg(z):

Corollary 7 V € %a(z) if and only if
V>0 qeon =

Proof.

Immediate from (29). O

INRIA
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