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ABSTRACT

The present study deals with the problem of extracting information contained in complex
signals. We assume that time dependent non-linear systems are the source of these signals.
Two problems of choice are to be confronted, namely, i) how to represent the signal, i.e., in
mathematical parlance, to select an appropriate basis, and ii) which information measure to
employ. Both problems are discussed in this communication. With respect to the first one, we
compare the classical Fourier analysis with the more modern wavelet based multiresolution
‘one. Four different measures are confronted, in what respects to the second choice problem. -
We work with and discuss a) the orthodox Shannon one, b) the set of non-extensive Tsallis
measures, ¢) multiresolution Shannon measures, and d) multiresolution Tsallis ones. Several
applications are discussed in which diverse combinations of representation and measure are
tried out. Particular attention is payed to complex signals of biological origin, with emphasis
-on electroencephalograms (EEG’s). Our more relevant conclusion is that a Tsallis
multiresolution environment appears to provide one with more detailed information than the
more conventional ones. '

Keywords : Wavelet Transform, Multiresolution analysis, Tsallis Information Measure,
Nonlinear Systems.

Résumé

L’étude porte sur des signaux fournis par des systémes non linéaires non stationnaires.
Un analyse multirésolution ou interviennent des ondelettes et 1a mesure d’information de
Tsallis est utilisée. Plusieurs applications sont présentées. La mesure de Tsallis permette
d’obtenir dans ces exemples une information plus détaillée que la mesure de Shannon.

Mots clés : Ondelettes, analyse multirésolution, mesure d’information de Tsallis, systémes
non linéaires.
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I. INTRODUCTION
A. Objectives of the present communication

The last years have witnessed a systemic breakdown of the orthodox Boltzmann-Gibbs-
Shannon’s (BGS) stzmtistfcs for systems with long-range interactions, long- time memory, or
fractal space-time structure [1], which has motivated the search for possible generalizations of
the BGS structures. A recent and very successful approach in this sense is the so-called gen-

‘ .

eralized statistics of Tsallis, usually referred to as “Non-extensive Thermostatistics” (NET)
[2,3]. In the present effort we investigate, within the generalized Tsallis framework, particu-
lar aspects of the relation hetween signal (m.(tlysis, on the one hand, and nounlinear dynamics,
on the other one. E}ll])llzn.sis is placed on the detection of changes in the parameters of non-
linear‘dynamical systems, by recourse to inlormation gathered by analyzing experimental
data, in the understanding that information measures, and particularly NET ones, should
be of relevance in this endeavor.

Whenever the nonlinear dynamics can be represented by differential e(vluations, there
exist a variety ol methods that provide a quantitative and qualitative characterization of
the system’s behavior. The spectrum of LS!;L]ﬂU]OV exponents [4], for insta.n(;e, has proven to
be one of the most useful dynamical diagnostic-tools for chaotic systems. For systems whose
equationé are explicitly‘l\'uo\.\'n there are techniques for computing the Lyapunov.spectrum
[5,6]. However, in the more frequent case in which the underlying equations of the nonlinear
system are not explicitly available, and one Las to manage just with experimental data, these
methods can not be straightforwardly applied [7]. Consequently, othe.r a,ppm.zu:hes have been
advanced that use the measured data (e.g., time series) and include the computation of the
correlation dimension [8],‘ Lyapunov exponents 7], phase space topography [9] and others.
The stationarity of the signal to be analyzed is usually taken for granted. When this is
definitely NOT the case, different roads are to be traversed. We intend to pave one of them in

the present considerations, assuming from the outset that we have to analyze nonstationary
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signals in dealing -wﬁh changes in the nonlinear dynamical systems that produce our signals
(the experimental data).

In reference [9], a modification of Wolf methods-{7] is proposed that aims to evaluate
the Lyapunov exponents by taking into account the nonstationarity of the signal. The
computational cost of this metho;’l, however, is very high due to the nature of the concomitant-
algorithm and to the large amount of dat-a needed. Pesin [10] has pointed out that, under
some hypothesis concerning the nature of the pertinent nonlin&mr system, Entropic- and
Lyapunov exponents-concepts become 1:(:*.lated.

We intend here to delve deeply into such entropic considerations and confront thus the
following scenario: a) changes in a noustationary signal are related to the Lyapunov expo-
"nents and b) these exponents are connected with the notion of entropy [10]. But the entropy
by itself is not too useful for analyzing nonstationarities. In fact, as pointed out 'l)y. Torres et
al. [11], the Shannon entropy of the signal cannot always give reasonable account of changes
-introduced in _the parameters of nonlinear models.

Looking for an improvement of the “entropy performance”, Torres et al. [12,13] proposed
an entropic measure with wavelet transforms that are generally acknowledged to be useful
for studying nonstationary phenomena [14,15], called the multivesolution entropy (MRE).
This MRE, a combination of the multiresolution wavelet analysis with the idea of Shannon’s
entropy, has been worked out and shown to provide one with an ablé tool for the analysis
of nonstationary signals and for the detection and localization of slight changes in nonlinear
dynamical systems [11]. This combination will here be \‘vorked out within a NET-framework.

Interestingly enough, Tsallis’ entropy, and not Shannon’s, will prove to be a better vehicle
for our investigations. We shall present a new guise, called the Tsallis’ multiresolution
entropy (MRET), that will be shown to exhibit, as in Shannon’s case [11], the following
advantages : 1) over the “non-wavelet” way of computing entropies, because it is capable to
detect changes in a nonstationary signal due to the localization characteristics of the wavelet
transform, a.nd 2) over the caleulation of Lyapunov exponents, l)(;*.ca.l_lse the computational

burden is significantly lower, since the algorithm iuvolves only entropic computations and
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“uses fast wavelet translorms in a multiresolution framework.

Of course, in order to achieve our goals several additional choices must ll)e made, once
we have elected to combine NET tenets with Wavelet ones. We must ascertain which is the
best Wavelet_ basis, on the one hand, and which of the (in principle, infinite) different Tsallis
statistics is the most suitable one for our purposes. The fact that electroencephalographic
(EEG) nonstationary signals from epileptic patients are believed to possess a fractal structure
makes them a suitable test-subject for our ideas.

The organization of this communication is as follows: in ofcler to make our presentation
as self-contained as possible, we devote the rest of this introductory Section to review the
most important conceﬁts of Information Theory and of Tsallis Statistical Mechanics. In the
same vein, Section ITis a brief review of some the multiresolution analysis concepts (and of
the digital filters used for calculating the wavelet coefficients in fast form).. Section 1T deals
with the problem of evaluating the entropic content of a complex signal in a time-dependent
context. A wavelet extension of the concomitant ideas and the notion of nnﬂtiresolution
entropy are introduced in Section 1V. Examples are given in Section V. First we present
nonstationary signals generated by recourse .to simulations of typical ninineer systéms,
with an "external” time dependent parameter. Then we deal with the results obtained with
reference tf) a "real-life” situation, namely electroencephalographic (EEG) nonstationary
signals from epileptic patiehté obtained using depth electrodes. Finally, some conclusions
are drawn in Section VI

B. Essential Concepts of Information Theory

It is a main contribution of Information Theory (IT) that of ]l)rovicling one with a recipe
for 111athénmtically ascertaining the amount of information that an observer possesses ‘con-
cerning a given phenomenon when only a probability distribution (PD) is known. Such
an amount is referred to as an Information Mcasurc (IM). The informational content of a

normalized probability distribution P(¢), (i = 1,..., N), where the subindex ¢ runs over all




4 Tsallis Information Measure, MRA and Noulinear Dynamics

the accessible states of the relevant system is given by Shannon’s IM [16]
N

H == P@)in[P@)], (1)

i=1
" where the choice of the logarithm basis is used to fix the informational units. 1f the basis is
2 then H is measured in bits. |

In formal fashion one is led to consider Kinchin Axioms [17] as providing the concep-
tual foundations of 1111'01'111ati011 Theory. Consider a system ¥ composed of two subsystem
(=1, ¥?). Let P™ be a PD associated to subsystem £™ (m = 1,2). The PD corresponding
to the total system is labelled by two subindexes 'i,j', one for each of the subsystem. In
general, ~the two subsystems will be correlated. Enters here i) the conditional probability
Q(j]i) of finding £? in state j, when one is sure that the state of E' is that labelled by 1,
and 1) a concomitant conditional IM, expressed in terms of Q(j]¢). Kinchin axioms read

1) For a system £ described by a PD P(¢), < = 1,.... N, the IM is a function only of the

P(7)
H{P} = H(P(1),..., P(N)). o (2)

2) For such a system H{P} < H{uniformPD}, where the uniform PD is, of course,
Puniforn; - '}V, for all .

3) Suppose that, instead of dealing with N states we confront N + 1 ones, with the
proviso that P(N + 1) = 0. Then H remains unchanged.

4) Let ¥ be composed of two subsysﬁems, as explained above. Then
H(Z) = H(SY) + Y P H{Q}i}. : 3)

These four axioms lead in univocal fashion to Shannon’s IM (1). To most people, the
first three axioms appear self-evident. However, the last one does not seem to enjoy the
same status.

It may perhaps scem that a more natwral phirasing of the fourth axiom would read
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4)
H{P} = H{P'} + H{P*}, (4)

but the ensuing, modified set of axioms leads not to just one but to two IM’s. One of them
is Shannon’s. The other reads
‘ N i . . .
Hpy = (1 - )" ln(z P{’); AeR, (5)
: i=1 _ '
which is known as Rény’s IM and has found extensive applications in connection with fractals
and Cantor sets [18].
Jaynes [19] has shown that if one chooses Boltzmann’s constant as the informational
unit and identifies Shannon’s IM with the Thermodynamical entropy, then the whole of
Statistical Mechanics can be elegantly reformulated, without any reference to the notion
of ensemble, by extremalization of Shannon’s H, subject to the constraints posed by the @
priori information one may possess concerning the system of interest (the Maximum Entropy
Principle (MEP)) [20,2]. R.éx})f’s IM cannot be regarded as a physical entropy, as it does not
'have a definite concavity ‘when expressed as a function of the pertinent P(z).
Can one devise an alternative version of the fourth postulate that will yield an IM of
definite concavity different from Shannon’s one? Assume ;V(i enact the following axiom

4”)
H{P} = H{P'} + fi{PZ'} + (1 —‘(/)H{P.l} H{P*}; qeR, ' (6)

which will lead to a new IM that happens to coincide with a generalized entropy recently

“introduced by Tsallis, inspired by multifractals [3,21,22], of the form
Hy=(q—1) Z[P i)"), (7)
“which is related to Rény’s IM H,,(R) in the following fashion

H(R) = (1 —q)" ln(l +(1=¢q) H,,). | (8)
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C. Tsallis’ Generalized Statistical Mechanics

Within a classical Gibbsian context, Tsallis [6,7] showed that his entropy leads to a Gen-
eralized Statistical Mechanics (GSM). Consider a system ¥ with M possible microscopic
configurations and let {p;} stand for the probability of finding the system in the configura-
tion i. As stated above, the associated Tsallis’ IM, to be regarded here from-as a physical

- entropy, reads

Al Y
]_]( — Zi:l (pl pz)’ . (9)
! g—1 .

with ¢ a real parameter (we have a different statistics for every possible g—value) and

DL - o)

In order to study the limit ¢ — | we write
‘ 1 — 6(q—l) Inp,
Hy=) piqd————», 1
7 Zl { 71 (11)

and find that for ¢ — 1

H, = lin} H, = —].,'Z]),‘ Inpi, : (12)

q—

i.e., for ¢ = 1 Tsallis’ entropy coincides with the Gibbs-Shannon one.

iFrom its definition H, > 0 always (posilivity)?. H, vanishes (for all ¢} in the case
M = 1; and, for A > 1, ¢ > 0, whenever one of the p; equals unity and the remaining
ones, of course, vanish. A global, absolute maximum of H, (for all ¢) obtains, according to
the niodiﬁal Kinchin’s axioms, in the case ol equiprobability, when all.p,- = ﬁ In such an
instance we have |

M-t — 1]

]1,, = /\'
I —y¢q

, | | (13)

that, in the limit ¢ — 1 leads to the celebrated Boltzmann expression

I, =k Indl. (14)
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| Tsallis’ entropy (1‘.\'|xil:)il.5 a series of notable properties that l'(’filll.(i)l'(ls:fvt;ll(‘.‘- idea that H,is
indeed a ])1‘1y.§i<_‘,a,l quantity. We list some of them helow.

Concavity Let us consider two PD’s {pf } eLnn(l {pt}, where 7 labels the members of a set

of M microstates. For a real /\"such that 0 < A < 1 we define an “intermediate” distribution

{p:} by recourse to
pi = Api+ (1= At | (15)

One easily verifies that -

3

g>0 - H,[p) = AH, [p*] + (1 = ,\)Hq[pb] (16)
. - )
¢ <0 — Hp] < H,[p]+ (1 = N H,[ph]

The functional H,[pi] is concave for ¢ > 0 and conveafor ¢ < 0 (H, being constant (= M —1)
for ¢ = 0).
Pseudo-aditivity Consider two independent systems A and B characterized by pos-
sessing M, and A, microstates, respectively and assume that the corresponding PD’s are
A A A B B B -
A— {])] A ,])M“} , B — {p, Py ’7"\11.} ) (17)
The total, composite system AU B (of microstates given by all possible pairs of A- and

de B-microstates ) is described by the PD

AUB _ A B .
]’i;’u :l’ill'f}v - (18)

and one easily finds that its associated entropy is
yAUB _ prA B A B
H =H+ H7+ (1 —q)H] H. | (19)
As a consequence we have

HMB < HM+ HE if q>1
I'/";‘UB > 111}4 + II(IB I_/ q < 1 o (20)
HME = H'+ HP if ¢=1

S——

extensivity
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[o.2]

so that, except for ¢ = 1, Tsallis’ entropy-is a non-crlensive quantity, this being its main
difference vis-a-vis the orthodox one.
Canonical ensemble Tsallis found that by extremalization of H, under the constraints

posed by both normalization and assumed knowledge of the internal energy, that is

one obtains the generalized canonical distribution [6,7]

pr = Zlq[l — Blg = ) | (23)

where
Zr =1 =plg— D)UY, (24)

is the generalized partition function.
However, more interesting results obtain il one introduces as constrain the generalized

internal energy [7]

U, = i]’lg’fi» (25)
i=1
which leads to the PD
! , /=)
=z (1 = 31 = q)<i] ; (26)
with
Zy=[l =Bl =g/ )

Curado and Tsallis [7] found that the whole mathematical (Legendre-transform based)
structure of thermodynamics becomes in this fashion invariant under a change of the g—value

(from unity to any other real number). Indeed, one finds. for example, relations of the form
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D (7T =1\ |
) =l . e
z)/a( I —q ) Vs, (%)
J (H, A ‘
AR | |
(ﬁ) +pBU, = H,, (30)

identical to their well-known ¢ = I-counterparts if one replaces In Z by

AR o
—Il——q—' (31)

One immediately realizes that

q
—q

. .
(H)[U,]), and <l—l-> (3], (32)

are related by a Legendre transform.

D. Generalized Entropies and Information Theory

Plastino and Plastino [23] have generalized the work of refs. [3,21,22] l:)_y" 1) embedding
it within a purely quszal (Hilbert space) context and 2) l.ising_ Jaynes’ approach to SM,
which allows one to deal with (the IT equivalent of) any ensemble, accommodating both
equilibrium and off-equilibrinm situations on an e,qu.a.l footing.

We begin the present Sectioﬁ, accordingly, with some notational conventions, which are
known as the Dirac ones. A vector belonging to an abstract Hilbert space is denoted by the

sign

1), | | (33)

which is called a ket, while a linear functional belonging to the associated dual space, called

a bra, is denoted as

(l. | ()
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If some additional identification is necded, letter(s) are inserted within the bra’s or the ket’s
that help to identify the vectors one is relerring to. An operator, say A, acting on a Hilbert
space vector is denoted as “A”. The internal product of two vectors | @) and | «y) is denoted

by {(a; | a2). In particular, we may have
y = /\1)2, : : ’ (35)

and then we write the corresponding internal product in the fashion (a; | Ab,). If A happens
to be an Hermitian operator, the internal product is often written as (a | Al b,). Further,
if the vectors | a1) and | by) coincide we speak of the expectation value of the (Hermitian)
operator A and abbreviate it as

(A) = (0 | A]a). ©(36)

The first step in addressing a purely Hilbert space context is, of course, the construction
of a statistical operator (or density operator, or density matrix) p able to account for all
the available information, on the one hand, and that maximizes Tsallis® entropy, on the
other one. The available (a priori or prior) information can be cast in the form of a set of

exl)ecmtié“ values (EV), which are always of the form (see Eq.(36))
(l‘i>q=1 = 7’7-“(:6’(/3/:\), ) (37)

where it is understood that one has i) constructed matricial representations of the two
operators above referved to, ii) multiplied the concomitant matrices, and iii) taken the Trace
of the product-matrix.

Here we need, however, generalized Vs, in the spirit of Curado and Tsallis [22] (see
above the definition ol a generalized internal energy ), which entails modifying the preceding
formula. Within the present context we assume prior knowledge of M generalized EV’s,

-

corresponding to A/ (Hermitian) operators 0O,
(0.), = Trace(p'O;), i=1,...,M, (38)

where, we insist, gencralized EV's are being employed, according to the definition
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-~

{0y = (7" 00, (39)
with an ordinary (¢ =1, as in (36) ) EV on the r.lus. Of course, normalization entails
Trp=1 (40)

After a bit of algebra, recourse to that Lagrange multipliers method provides us with
the normalized density operator that reproduces the M known (generalized) EV’s (Cf Eq.
(38)) and maximizes Tsallis” entropy. One finds [3]

1/(1-q)
p=27"" 1—('1—(/)2/\;0" o _ (41)

1

where Z is the partition function

-\ Y(1=q) :
Z="Tr (1 —(1=q)) N (5,-) , | (42)

and we have M Lagrange multipliers A; that guarantee compliance with the M EV-related
constraints. However, a small difficulty remains. The density operator is a definite positive
one and, as it stands; this is not guaranteed by Eq. (41). Consequently, we must require

that the operator
A=1=(l=q@)> X0y (43)

appearing between the parenthesis in (41) be a positive definite one. This entails that the
eigenvalues of A must be non-negative quantities. An ad-hoc requirement (to be justified
below) is.then to be introduced at this point. An heuristic cut-off is needed. Instead of (41)

we write

. . I . " 1/(1-q) - .
p=27" [de(A)] 7, | (44)
with Z given by
n N ]/(1—() " .
7 =Ty -[A R (A)} " < (45)

and O(x) Lhe_stc-b (Heaviside’s) function
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_ 0 for « <0 . ’
Ox) =. : (46)

I for >0
Equations (44- 45) should be interpreted as follows. Let | 2 > and ay, respectively, the

eigenvectors and eigenvalues of the operator (43), so that (spectral decomposition)
A=Y alis<il, | (47)
In this special basis p adopts the appearance
p=27"> Jlai) [i><il, . (48)
: .

with f(z) defined according to

_ 0 . for <0,
J(x) = ‘ . (49)
L= for x> 0.
Using now the shorthand notation
B = B6 (B) (50)
and
B=1-U-9) X0 (51)
the generalized entropy f, is given by
5= ——1r (i [ = 1]), | (52)
(g—1) |
that is
i, = ——1v (p |27 B~ 1]) (53)
(g 1) '
le.,
AN - T (p!
H, = T (ﬁq B/) 47 (p ) (54)
(q—1) (q—1) |
Obviously, the operators p and A commute. Thus, their product can be expressed in the

common basis that diagonalizes them. Assiuming this hasgbeen done, a bit of contemplative

reflection should convince one that
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P (i —(1 - (,)Z,\,- (’)i> 0) (i ~ (1 —.(,)Z,\,-(")‘,-) = pY (i U IS (3,-) . (55)

i
where, of course, all negative eigenvalues (of A) have been conveniently dropped (our cut-

off). With a clear conscience we can now write

H, = ————Z:: Lr, (f)‘f) + 2z Z A Tr (,sv (f),-) = ———Z‘:,_l L (i) + 27! Z i (0.
(56)
.Now, from the very definition of the g.enemlizecl entropy H, we have,
Tr(p")=1+(—-qH,, (57)
so that (56) and (57) yield the Generalized Eulér’s Theorem [23]
Hy= M+ Z i (O;)q, | _ (58)
where the .](Lyn(:f parameter Ay is given by |
;= ﬁ%i (59)

The parameter (59) plays, within this generalized context, the role of the logarithm of
the partition function in the orthodox SM.

Generalized EV’s ((j;}l,, Jaynes parameter /\J,.ill](l the Lagrange multipliers A; obey cer-
tain strictures that constitute the heart of a Ll'nenno(lyrmtnicul description. Partial derivation
of Ay with respect to the X\; (e = 1,..., M) yic.l.ds (consider here that our primed operator
isB=1-(1-q) 3, x0) ‘

oA, 07 |
D\ =7 DA : (60)

lLe.,

DAy Z- . /=) ) [ R '
5/\—;,—1_(/ f?{[B} ()—/\l“(l—(l—(/)Z/\,(),)}, (61)

that is
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()AJ _ =y g, oY) ’I/(l—l’) fA )
= AT {{/3} O (62)
which leads to
OAy v o g v .
O _,—77 (/) ().'), | (63)
that 1s
dXy A )
K - _<Oz.)q7 (64)

that, together with Euler’s theorem; tell us that

()<Oi>q j=1

that is
I, - )Y Ix; : ,
o= {—(o.,»,, T <oj>,,}+x, (66)
()(().,‘>(, j=1 (.)((),’)q ()(‘()5%, .

and allows for the very important result [23]

OH,
(0,

= A (67)

Edllatioxls (64) and (67) constitute the basic IT 'l’ela,tions in order to build lll]) quantum
SM 4 la Jaynes. In deriving them we reach the result that the whole of quantum SM is
invariant under a change of ¢ (from unity to any other real number).

The generalized EV’s can be shown to obey an Elrenfest’s theorem [23]. Consider a
density operator D(t) (not necessarily of the maximum entropy form) that evolves (in time)
according to Von Neumann’ equation

7O R P
— = —[H, Dj, : : 68
dt ‘l,ﬁ[ ' ] (68)
where H is the system’s hamiltonian. Let | ¢:(1) > and a; be, respectively, the eigenvectors

and eigenvalues of D. According to (68) the latter do not depend upon the time while the

¢:(t) > are solutions ol Schroedinger’s eqnation
S |
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1 . ] .
m% Loil)>= 11 | &) > . . O (6Y)
i

From the fime-independent nature of the a; one gathers that if
D=3 ai lailt) >< éult) |, ~ (70)
i
is a solution of Von Neumann’s equation, another such solution is given by
D' =" al [ dilt) >< ¢ilt) | (71)
i
Thus, if D¢ fulfills Von Nenmann’s strictures, the generalized EV’s ((j)q will necessarily
verify Ehrenfest’s theorem [23]

L0 = 0., (72)

E. Physical Justification of Tsallis’ Formalism

Plastino and Plastino [24] have justified the GSM discussed above with reference to an
argument similar to that en‘lployed by Gibbs [25] himself in deriving his canonical ensemble.
The idea is to go back to Gibbs’ microcanonical ensemble (GMLE).

Consider a system S with energy levels denoted by €, weakly interacting with a thermal
bath B and assume one describes the “total” system T = S + B by recourse to the GME

when its total energy [ lies in the interval

Lo—A<LE<Ey+ A, . ' (73)
with

A << Ly, o _ (74)

As usual, the energy spectrum of the bath B is re arded as being of a quasi-continuous
’ 8y 5] g £ [
character. Plastino and Plastino [24] traverse a new road, however, 1n assuming that B 1s a
Al 1 o

finite system, of finite energy [,
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As the total system 7" is microcanonically described. the probability p; of finding S in a
state | 7 > of energy &; is proportional to the total number v of T-configurations compatible
with such a situation. In view of the quasicontinuous character of the B-energy spectrum,

v will be given by
v : ZA"](EU - 5!)’

where 7( E) represents the number of states (per unit energy interval) of B in a neighborhood
(76)

of £ . Thus,
pi kL

‘Let us assume that the number of states M (L) of B with energy smaller ( or equal)

than E grows as a power o of E. Such a growth-law is often encountered. As examples we

mention
a) A set of N independent harmonic oscillators (o = N),
b) A set of N free (nonrelativistic) particles confined in a D-dimensional box (o = DN/2),

c) A set of N plane, rigid rotators (o = N/2).

With this last assumption we find
() o B

(1= /L)1

(EU — <
)C\—l

because (E) is essentially the derivative of M (L) with respect to E. Thus
)L'l'-'] B (l _ ei/E())O—l

Pi _
pi (Lo—¢j
so that, after multiplication by the convenient normalization factor Z7', with

2= (-2)

[

‘we arrive at

-1
-]

(80)
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Setting :
(o =12 §
and
(a = 1) :
3 — ! ,“._.
p=lot) ()
we obtain Tsallis’ canonical distribution
pi= 271 = Bl - q)zi] T, | (83)

with
Z, =3 [ = Bl = g)=] 7, | (84)

q being, of course, Tsallis’ characteristic parameter. In the limit ¢ — 1 one recovers Gibbs’

conventional expressions

Zy =Y e (86)

i
The physical meaning of the ¢ — 1 limit deserves special attention. So as to fix ideas let
us consider that our thermal bath consists of N independent. Harmonic oscillators (o = N).

Eqs. (81-82) give

(N =2)
_ Yy = 37
and
. N -1
p=ZD (55)
I—'JU .

The limit ¢ — 1 corresponds to that situation characterized by N — o0 and

Ey, — oo, the process proceeding in such a fashion as to keep coustant the energy per
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oscillator W = Ly/N. Consequently, Tsallis’ gencralized canonical disiribulion describes a
system in thermal contact with a finite rescrvoir. Stricto sensu, infinite baths do not exist _
in nature, so that, in some sense, Tsallis” distribution can be regarded as the natural one,
Gibbs’ being, instead, a convenient mathematical “idealization”.

The interpretation given in [31] to Tsallis GSM allows one to conclude:

1.- The values adopted by Tsallis’® p.z‘u’zuneter ¢ are determined by the nature of the
appropriate thermal bath

2.- The cut-off ad-hoc condition needed so as to determine Tsallis’ statistical operator
appears here in a natural fashion. The 1‘)1\:>l:)a‘|)il‘it,_v pi associated to the microstate | 7 >

vanishes whenever
Bl =q)ei 2 1, S (89)
which 1s equivdlent to the condition

i > Lo. (90)

o,

Obviously, (90) implies p; = 0: the energy of the system S caunot exceed Ly, that of the

total system T = S + B.

F. The usefulness of Tsallis’ Formalism

Th¢ last years have witnessed a systemic breakdown of the orthodox Boltzmann-Gibbs’
statistics for systems with long-range interactions, long- time memory, or fractal space-time
structure [1]. Instead, the generalized statistics above discussed has been able to successfully
deal with these problems for which Boltzmann’s fails [1].

Plastino and Plastino [26], in what constituted the first application of Tsallis” GSM to
a realistic physical problem, where able to invokeithe Maximization of Tsallis entropy for
explaining important features of galaxy formation. Here recourse to the GSM avoided the

infinities one encounters when working with the orthodox entropy.
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Another striking success ol GSM .is that related to the relaxation of two-dimensional
"Euler turbulence [1]. In the relaxation of Euler turbulence several identifiable stages can
be identified: an initially hollow vbrticity profile develops a linear diochotron instability
which ssztll"zxp(:ss with the creation of long-lived vortix patches. These patches move about
for hundreds of diochotron periods, shedding filamerits, and eventually mixing and inwardly
transporting. This process-gives rise to an axisymmetric metaequilibrium state, whose
density decreases monotonically with radius, which then persists for tens of thousands of
diochotron periods [1]. The shape and radial vorticity profile of the metaequilibrium state
1s an ihteresting and fundamental problem. As such, one could anticipate that it could be
described by a variational principle. The most l)iLLl‘,ll’ilvl‘()ll(“. applying ;vithin this context 1s
Jaynes’ maximum entropy principle, using Boltzmann-Gibbs” entropy. This yields, however,
highly unsatisfactory results in this case [1]. Tsallis” entropy, liowever, allows for the use of
Jaynes’ variational principle and givesv, for the first time, a convincing explanation of this
phenomenon, which makes it possible the construction of a (:ompr_ehensi\.-'e t-hermodynamic

description of Euler turbulence [1].

II. WAVELET TRANSFORMS AND TIME-FREQUENCY ANALYSIS
A. A Review of Basic Concepts

In order to investigate the spectral properties of an analog signal s(1) from its Fourier
Transform (FT), full knowledge of Lh(; signal in the time-domain is l'('_-‘.(']l,li.l'(ﬁ%(l (thi‘s refers also to
“future” information). In addition, if a signal suffers modifications in a small neighborhood
of some temporal location, this affects the whole spectrum. A serious problem with the FT
revolves around the impossibility of determining the beginning and the end of, fo‘r example,
frequency bursts in s(¢). As a consequence, in several instances, such as the analysis of
non-stationary signals, the Fourier transform procedure, by itself, does not provide useful

information.
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The lack ol temporal localization in the I'T is due to thie fact that the underlying test .
functions €' are periodic, and thus not localized in any particular region of the time-axis.
A possible way of surmounting this difficulty is that of Gabor [27], who introduced a time-
localization “winclow- function” g¢(t — b), with b c IR, where the parameter b is used to
translate the window in order to cover the whole time-domain in such a fashion that one
can extract local information from the Fourier transform of the signal. Gabor’s transform,
the so-called “short-time Fourier transform” (STIT) has rigid time-frequency \viud.ows (28]
and is thus not very effective in detecting events in signals with high frequencies or for
investigating signals with low frequencies.

One is then forced to look for alternatives. This led to the introduction of the “integral
wavelet transform” (IWT) [29)].

A “basic wavelet function” #(#)is such that verifies [15]

(b )
/ P(t)dt = 0. (91)
—
Assume that (t) € L2(R) is any basic wavelet. The integral wavelet transform Wy [ of a
finite energy signal s(1) is defined by [17]

(H'?,.ﬁ)(b, ) = |u|—1/2 /N .S(/.)‘l/’(t — b)(l/., (92)

—

a

where « is the scale parameter, b/a is the time-shift, and the bar indicates complex conju-
gatioxl. When « = 277 and b = k 279, Eq.(92) vields a Diadye Wavelet transform (DWT).
Thus, the DWT uses a set of variable window-sizes that are proportional to 277 and operates
| at all dyadic scales so as to extract information about data structures that "live™ at different
scales. Under appropriate conditions on (1), this transform can be inverted zu;cl we can get
an stable reconstruction of the original signal.
There is a class of DWT that can be implemented ;,xsiug extremely cfficient algorithms
[29-31]. These types of wavelet Lm'nsl'orm are associated with mathematical structures
called multivesolution approrimations of L*(R) (MRA) [29,30]. The basic idea is to obtain a

sequence of fine-to-coarse sigiial approximations by recourse to a series of successive projec-
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tions on subspaces 1 ol L*(R), which are generated l'mm translations ol a scaling function
#(t) at the appropriate>1'«_'so]-\ixtiou level [28,31,32] |
Vi= 3 ck)dialt), ¢ € lap s (93).
k€L ’
where ¢; () = 279/2¢(2771 — k) are dilatations (or reductions) and translations of the
function ¢(t), relerred to as Lhe scaling function. Moreover, for fixed j, the set {¢; (1), k €
ZL} must constitute an unconditional basis of VJ_ The spaces V; zm; also required to satisfy

the additional properties

1. ..cviclV,cCcV_,C.

2. Vy is a closed subspace of L*(IR); -
3. Vow = Clos(Ujez Vi) = L
4. Vo = ﬂ,e?& ;= {0}. ’

Thus, a multiresolution approximation can be viewed as a “ladder” of embedded spaces.
Because of the properties (1) — (4), the scalingfw,nu;tion (1) used to generate the MRA
cannot be arbitrarily chosen. Since i) V| C Vp, ii) 21/2¢(1/2) € V4, and iii) ¢(t) € Vg, the

generating function 272¢(1/2) must be a linear combination of the basis {&(t — k)} o4 of

Vo and
o(tf2) = 212 " h(l)(t — k).. (94)

This last relation is often called the two-scale relation or the refinement equation, the
sequence h(k) being of crucial importance in the implementation of the DWT associated
with multi resolutions.

One of the basic methods for constructing wavelets involve,._s' the use of “cardinal B-spline
functions” [14]. These functions are widely regarded as heing the most efficient ones for both
software and hardware implementation [28,33] among the s<3£ of simple possible functions

with compact support.
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(o

B. Localization Problems and Polynomial Wavelet Transforms

We are now in a position to state the aims of this communication in precise fashion:
we wish to deal with event localization problems within the framework of polynomial spline
wavelet transforms [33]. The nmltiresolution representation obtained from this wavelet trans-
form and the digital filters consequently derived will enable us to achieve an efficient time
localizatio.n in the case of complex signals (such as, for instance, those resulting from EEG’s
epileptiform activities) in such a way that the above specified requirements are verified.

We will work with the multiresolution representation given by [33], using the compact
support cubic spline ¢(1) as scaling function, i.e.

L= [t (1/6)]] = (1/3)(1 = [t if i < 1
o(t) = (2 - |t])*/6 it <t <2 ' (95)
0 _ if t] > 2.

The corresponding wavelet function (1) is

P(t) = Joagy [—0(20 +6) + 1246(20 +5) = 16T7(2t + 4)+
FTI04B(2L + 3) — 1SI826(20 + 2) + 242645(2t + 1) —
— IS4826(20) + TI04B(21 — 1) — 16TT(2t — 2) +

+ 124¢(2t = 3) — &(2t — 4)].

In order to analyze the time-frequency localization properties, we ca]culat@ the values of
the center and radius of the time euAul frequency windows, respectively, and obtain the
value of the window’s area in the time-frequency plane area = 2.0013 (almost equal to the
A(‘)ptimal value 2, of the minimum possible window’s area {28]). Thus, the selection of this
wavelet guarantees a good localization in the time-[requency plane, which was the main one
among the specifications of the above consid(—:l'ati(ﬁls. The numerical implementation of the
pertinent algorithm Vwill be discussed below. )

The wavelet decomposition {or a gi\wm.signul s(t), initially represented by its polynomial

A\l
spline coefficients at resolution 0, is given by
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s = Y ket - k)
k=—o
- Z en(k )(/)()”Nt——/ +Z Z A (M) (277t — k), (96)
h=—-x J=1 k=-o00

where the numbers d;(k), dy(k),...,dn(k) are the wavelet coefficients, and the sequence
{en(k)} represents the coarser resolution signal at resolution level N. If this decomposition
is carried out over all resolutions levels, the wavelet expansion

— i YZ Ky (27t — k), (9

is obtained. At each level j, the series in E(].(E)T) has the property of "complete oscillation”
[28], which makes the decomposition useful in applications to event-time-localizations.

At this point, it is convenient to introduce two digital filters that can be profitably used
in connection with this algorithm ( [33,34]). They are given by the transfer {'1.m<:tioné
0

4z 44
5040

AN 2 =
(=) B4 )l 16+ 1191(z + =71) + 120(=2% + =72)

“where z is a complex variable.
As it is usnal, we indicate with 0= (k) and «~'(k) the impulse responses of these filters.
Following [33,34], we employ a fast recursive scheme, for obtaining the expansion coefficients

i (96). The pertinent recipe reads

co(ke) =[b7" *S](/.) ‘ _ (98)
cipr (k) = [0 * ¢l a(k) (99)
A (k) = [w* # ¢ 20k),, ‘ (100)
where
v (k) = (1/2)[[« 2 * @ * ] (k) (101)

w (k) = (1/2)[[a T2 * us * §](k), | (102)
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and -
ws(k) = (=D)Fu(k), & xalk)=alk—1). ' _ (103)

The symbol * means discrete convolution, w(k) is the binomial kernel corresponding to the
cubic spline (of order 3), provided by the two scale relation (94), and is defined by
n+1

- (1/2)° iflk| <= (n+1)/2 |
w(k) = o \k+(n+1)/2 (104)

0 otherwise
And [a]2(k) stands for ..., a(=2),a(0),a(2),... , while [a]2(k) = a(k/2) if k is even
and [a]2(k) = 0 if & is odd.
We conclude this section by reiterating which is our core-procedure: the coefficients of

the expansion (96) are to be computed using the digital filters (101) and (102).

III. THE ENTROPY CONCEPT AAS APPLIED TO A SIGNAL
A. Preliminary Considerations

It is possible to define the entropy H(1) ol a signal s({) in different ways (see, for in--
stance, [35-37] and references therein). (;Ii\-'en the signal s(t) and a time lapse (0,17), what
one generally considers is the entropy of the (whole) associated “s- c.u_rve” for the concomi-
tant temporal interval. Such an entropy is not very helpful for our present endeavor. We
need, instead, a time dependent entropy (TDE), so that previous definitions [35-37] become
unsuitable. In order to devise such a TDE we need an adequate partitioning of the pertinent
time-interval, which in turn 'Ca.n easily be accomplished by introducing the idea of a “shiding
window”. As proposed by Torres et al. in [11,12] in Shannon’s case, by recourse to this
sliding window concept we shall in what follows cast the m'anl.)i(‘ notion in a fashion that
will be proven to be of utility.

Let s(1) denote the temporal behavior ol a given signal. It is ussun‘wd that s(f) 1s

produced by some nounlinear dynamical system. We hope to gather plysical information by
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studying this signal. Consider the graph “signal amplitude s(4) vs. time” and a discrete-time

set of amplitude values
D= {s(ty), k=1,...,K}. : (105)

‘In order to compute the pertinent probability distributions to be associated with the

relevant data, we consider an equipartition of D with the help of an appropriate number

LelN
Sp < $p <85 <. < S, . (106)
where
$0 2 min (D] = 111/}11 {s(tr),k=1,...,K}, (107)
and -
N . ' L
sy = max|[D] = m['.n‘x{s(ik),l.:: I,..., N}, _ (108)

We introduce at this stage the set {f; = [si—1, %), [ =1,..., L}, of disjoint intervals such

that
. L .
D= U/,. , (109)
=1 .
We define now a sliding temporal window W depending on two parameters: the width

w € IN (an even number), and the sliding factor A € IN. This sliding window (of data) is

defined according to
W(m;w, A) = {s(t), 1 =1+mA,...,w+mA},m=0,1,2,.. M. (110)

where A and w are selected such that w < K and (K — w)/A € IN. Tor exam-
ple, it w = 10 and A = 5, W(0;10,5) = '{.s(ll),.s(l,-z),...,.sf('/,w)}, and W(1;10,5) =
{.s(t(;),,s('é7),...,.s(ils)}, ete.  For the sake of a simplér notation we write here {rom
s(k) = s(te). The center of the window (110) is s(w/2 +mA). Thus, the window slides

- temporally and m “controls” the ensuing time displacement.
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We will denote with P (1,) the probability that the signal s(k) € W(m;w, A) belongs to
the interval /;. This probability is the ratio between the number of s(k)-valies of W(m;w, A)
found within /; and the total number of s(&)-values in W(m;w,A).

The Shannon information measure to be associated to this probability set is now, ac-
cording to the usual recipe,

L

Ss(m) - = > P(L) P, (111)

]
while the corresponding Tsallis’ one reads

L

Sim) = (¢ =107 [P0 = (PR (112)

=1
The notation here employed becomes necessary becanse, as the reader will soon appre-
ciate, several entropies are to be studied in this Communication.
As stated above, the temporal dependence of these entropies is governed by the integer m.
We will refer to both eq.(111) and-eq.(112) as “usual” or “canonical” information measures

(IM), so as to clearly distinguish them [rom the wavelet-hased IM’s to be introduced below.

B. Multiresolution Information Measures

As our present leit motiv, we introduce now information measures in a new guise, using
wavelet parlance. As pointed out above, wavelets have interesting localization properties
in the time-frequency plane. The wavelet coeflicients corresponding to the level j of the

multiresolution analysis are
DJ‘: {{lj(l\f),' k= l,-...,[\’j}, (]13)

and, if the total amount of data I to be analyzed can be accommodated so as to be given
by a power of two, i.c. 2V the number of coellicients in the level j is a smaller quantity,
represented by 2V 7/ due to the above deseribed decimation effect.

Let us assume for simplicity a fixed resolution level and its wavelet coellicients
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D = {d(k), /..'=l,...,1\'}, - (114)

calculated as explained in Section 11

As promised, concepts introduced in the preceding Section are now to be translated
into wavelet language (a preliminary report on the subject has been given in [11]). On
the set (114) of wavelet coefficients we again define a sliding window depending on the two
parameters width w € IN (an even number), ancl. sliding factor A € IN, where, once more,

we define the sliding window ol data in the fashion
W(ms;w. A) = {d(k), k=1+md, ... w+ mA}, m=0,1,2,..., M. (115)

with A and w selected in such a mauner that w < K and (N —w)/A € IN. The center of
the window (115) is d(w/2 + mA). Once again, m is a time-control and, for each window

W (m;w, A), the partition

dy = (1(7;1,) <dy <dy < ...<dp = D(m), - (116)
is to be considered, where
1](1‘71‘)—“_— min [ (15w, A)] = mkiu [({d(k), k —1 FmA, w4+ mA)], (117)
and
D(m)= max [W(m; w, A)) = max [{d(k), k = L4+ mA,. .. ,w+mA)]. )

Attention is now focused upon the vset {6 = [(11_1,(11). 1 =1,....L}.of (lisjoinL.inter\r'als
such that
-

W(m;w,A) = 1. , (119)

=1 .

We will indicate 1)“‘.(11) the probability that the \\’ELV(?,I.(-&L coefficient d(k) € W(m;w, )

belongs to the interval /. This pml:)zixl)ility is the ratio hetween the number of wavelets

coefficients of H"'.('m.; w, A) in I and the total number of wavelets coefficients in W (m;w, A).
We define the Shanuon’s mullivesolution cutropy (MRI) as

\
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S
o]

(m) Z/) (I)log(p™ (L)), m=0,1,...,M, : (120)

and Tsallis’ one in the fashion

L
m

Hy(m) = (¢—1)7" Z

=1

])”L(I{))l,]’ 771':031""’/‘/13 ) (121)

( to be abbreviated as MRET). '

MRE and MRET allow one to follow the entropy evolution (time-control m) of the
wavelet coefficients at the considered 1'-(')50I|,1tion level.  Of course, in the general case we
have M = M;, D = D;, K = N;, L = L;, W(m;w,A) = Wi(m;w,A), p" = pI" and
H(m) = H;(m). |

If we plot at each level either the MRE or the MRET vs. time, focusing our attention
upon the points {w/2+mA, H;(m)}, m =1, ..., M}, this approach possesses the localization

properties of the wavelets. Thus, it should be useful in detecting parameter changes.

IV. APPLICATIONS TO DYNAMICAL MODELS

We discuss now some first applications of the formalism described in the preceding Sec-
tion. We begin with the treatment of signals generated by recourse to well-known dynamical
models, when one of the pertinent parameters is changed. We also report on the behavior

of the MRET and of the “nsual”™ entropy of signals obtained with constant values of the

relevant parameters.

A. Henon’s Map.

We start by considering a bi-parametric example in which the temporal evolution is
studied with reference to the behavior of a variable @, whose values are recorded at discrete
intervals denoted by an integer figure n. The delining equations read (the parameters are

called a,, and b) [33]
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. 2
£y = I+ Y-t — Uy Ty
Yn = b -177{—1 y
and we assume «, to be assigned either i) a fixed value 1.0623718334 (case A) or ii) a varying

one, that changes according to the rule

RO it n<ng
an = $ a4 [(n —m)(az —a)/(ng —n)] if np <n<ny (123)
ay ‘ > gy,

(case B) with «; = 1.062371338, a, = 1.080744879, n; = 1000, n2 =-1030, while in all

cases we have 0 = 0.3.

The full curve in Fig. | depicts @, vs n for case A, while the dashed one js a plot of the
difference

5= tp(cased) — a,(caseB). ‘ ' (124)

We compute now, and display in Fig. 2, Tsallis’ canonical ‘entropy for ¢ = 5 using both

:'L‘,L(C‘dSG A) (dashed curve) and x,(case B) (solid one) as the relevant input.” Here we use,
of course, the recipe of- Section HI in evaluating S,. Notice the “jump” at n :-.810. In
Fig. 3, instead, we deal'with MRET results, in depicting Tsallis” multiresolution information
measures built up with the signals @, (cases A and B) at three different levels. Figs. 4 and 5
are the counterparts of, respectively, Figs. 2 and 3. In the latter, lu)yvever, we use Shannon’s
information measures. Notice that the NET entropy is a clearer indicator of the underlying
dynamics’ change, as a simple glance at the pertinent figures will confirm.

In all our examples we have selected small linear variations in the parameter, that can
not be detect(-(l. by rccoursc to a 'IIIET"I‘(I visual inspection of the signal.

4

B. Signal Generated by a Continuous Time Model.

[

In this example we use the celebrated Lorenz equations [38]
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i (1) = oly(t) = ()
i) = xR —=W]-yl) (125)
(1) = a(0y(t) - b=()
with parameters o = 16.0, b = 4.0. R(!) is used as a variable parameter that varies according
to a continuous version 'of Eq. ( 123), where,mutatis mutandis, Ry = 45.92, R, = 55.92
¢, = 980 and ¢, = 1020. The Lyapunov spectrum [or the initial value Ry is that represented
by Ly = 2.16, L, = 0.0 and L3 = —32.4 [7], so that we face a chaotic dynamics for the initial
value Ry of the parameter R. The Runge-Kutta method is employed with a At-step of
0.001 and initial values 2(0) = 10, y(0) = 1, =(0) = 0. We compare in Fig. 6 the temporal
evolution of two signals y(t), n?xnu‘ely, one (dashed line) with R = 45:92 = constant and
other (solid) wi‘th R varying as described above, both corresponding to the second state y.
Figs. 7 and 8 depict the two ensning Tsallis’ entropies (¢ =5),1.e. usual and MRET, while
Figs. 9 and 10 display the concomitant Shannon information measures. The multiresolution
results correspond in both instances to three different levels. Notice in Fig. 9 that Shannon’s
entropy is rather insensitive to dynamical changes. We see (bottom of Fig. 8) that the only
noticeable feature of Tsallis’ third-level MRET plot is just a valley in the region of parametric

change.

V. APPLICATIONS TO BIOLOGICAL MODELS
A. Introductory Remarks

During recent years several methods of linear and nonlinear analysis has been ";\.pplied to
electroencephalographics (EEG) signals [37,39-43]. The community of neurophysiological
researchers has understooél that EEG signals stem from a highly nonlinear system [44,45,37)].
Multiple feedback loops have been encountered at each of the hierarchical levels of the central
nervous system. Also, individual neurons themselves appear to be highly nonlinear elements.

’1‘1 o N M PR S ey PR I - e X N R b
ws, a combination of spectral and nonlincar measwres would seem to offer promissory
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perspcctives in undertaking EEG analysis [37]. In thi.ﬁ communication we compare the
ability of sc'.v.c'ra.l classical and recent techniques to recognize 1) the presence ol.' ‘le.\,rg(-.‘..sha,rp
waves (LSW) in turtles and 1) interdritical focal epilepsy activity (IFEA) in a given part
of an EEG signal. Furthermore we will assess the efficiency of these techniques with a
specific goal in mind: that of constructing an automatic device able to detect the intercritical
activity in focal epilepsy. The automaltic (letectign of epileptic spikes should be particularly
valuable in this dealing with this patllology,_sp(:*.(:ially when surgical treatment is indicated
[46].In this work we will apply different analytic tools: Fourier Transform; Wavelets Analysis;
Entropy E\"Oh,lhi()l‘l, and Multiresolution Entropy. As discussed in the first part of the present
communication, two types ol entropy are to be used: Shannon’s and Tsallis’s. The wholé

weaponry enumerated above lias been applied both to the EEG signal and to its derivative.

B. Biological Paradigms

The epilepsy is a medical etity characterized by recurrent seizures. In the last century
(47], an English neurologist, hypothesized that the complex clinical manifestations observed
during seizure are due to ﬁn excessive discharge of neuronal aggregates. This hypothesis was

» confirmed by Matsumoto and Aj mone-Marsan in 1964, who described the cellular correlates
of the interictal and ictal manifestations [:’18,4‘1-9]. Epileptic seizures can be partial or gener-
alized. In partial (or focal) epilepsy the seizure begins in a restricted brain region and either
remains localized or spreads to adjacent cortex. The clinical manifestations of a partial
seizure reflects the region of the brain involved. From an electrophysiological point-of view
two types of bioelectrical signs can be distinguished in epilepsy: the interictal and the ictal
activities. The interictal spike is the hallmark of the epileptiform activity and represents an
intermediate epileptic state with a high degree of synchrony [50]. In the human electroen-
cephalogram interictal epileptic spikes appear as brief (30-150 ms) negative transients with
_an.lplitudes usually ranging {rom 30 to 250 microvolts. The ictal activity is characterized by

a sudden chanuge in frequency where a new type of rhythm develops to dominate the tracing
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[51]. This type of electrographic activity is correlated with characteristic ictal behavior. The
study of the cellular basis of the interictal an ictal manilestations would be greatly facili-
tated by the use of an in vitro preparations. However, most in vitro preparations imply the
cutting of long range neural circuits which my limit the capability to generate seizure-like
activity. In turtles, the outstanding resistance to hypoxia [52] enables the isolation of large
blocks of nerve tissue in vitro [53). The electrographic activity of the in vitro brain of the
turtle [53] essentially resembles that recorded in vivo [54]. The cortical field potential or cor-
ticogram of the turtle is dominated by a low-voltage (10‘.— 20 V) non-rhythmic background
activity with a distinct peak in the power spectrum around 2 to 5 Hz [55]. In 80 % of
cases this background activity is randomly interrpted by spontancous high voltage (50 to
700 V) large sharp waves or spiiuzs. The cellular spikes correlate, is a slow, high amplitude
depolarizing wave crowned by a burst of ;L(I'ti()ll potentials. This bioelectrical sign is similar
to the paroxysmal depolarization shift described by Matsumoto and Ajmone-Marsan [48]
and led us to propose that these randomly occurring spontaneous spikes could be equivalent

to interictal electroencephalographic spikes.
1 Sra| ]

C. Methodology
1. Signals

Digital recordings of five specimens of fresh water turtle Chrisemys D’orbigny EEGs taken
from the medial cortex of a complete hemisphere in vitro have been used (300s recording for
each specimen). The recordings have been performed according to the technigue described in
[53], with 300 H = sample rate (150 H = low pass filter), and with 200/ = sample rate (100 Hz
low pass ﬁlter). The signals have been classified in 6000 samples segments with LSW and
without LSW. In order to perform statistical analysis, 10 seglﬁent’.s with LSW have heen
compared faced to 10 segments without LSW obtained in similar number from five turtles

(sample rate 300 /1=, low pass filter 150 H=). All compared samples had the same voltage
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calibration .](5,‘:\’(-‘1 at the EEG ordinate scale. The linman individuals digital recordings have
heen obtained from 5 adult patients with local epilepsy at sleep stage 1-2 (300 seconds
_1'ec01'ding from ({fitCil patient). The recordings have been obtained with a standard clinical
device with 16 channels with a reference electrode plzll.(:ed at the patient’s nose. Sample rate
has been of 102.5 Hz and the low pass filter hias been of 51.25 Hz. The signals have been
classified in 1500 samples segments with IIFEA and without 1I'EA. Tor statistical analysis
purposes 20 segments with IFEA have been compared faced to 20 segments without II'EA,
obtained in similar number [rom & epileptic patients. The selected segments have been
recorded from the occipital, [rontal, temporal and central derivations. Tach pair, without
IFEA and with IFEA, has been obtained from the same derivation. No significant differences
have been observed in the measured magnitudes within segments without IFEA of different
derivations, nor \\:'ithin segments with IFEA of different derivations. This fact allowed us
to compare all the segments without IIFEA against all the segmeunts with IFEA mixing the
dist‘iuct derivations: Furthermore, in the general statistic, the significant differences founded
between segments with IFEA and without IFEA (mixing l(leri\"ati(ms) lave been the same
than those observed in the statistics computed separately for each derivation. As in turtle’s
signal cases, all samples compared had the same voltage calibration level at the EEG ordinate

scale.

2. Data Processing

The EEGs of both species used have been classified in segments with spikes and with-
out spikes for statistical comparisons purposes. Each segment has been analyzed with the

following tools:
1. EEG signal (voltage as time function)

2. Fourier transform. Evaluation of the proportion of area corresponding to different

frequency intervals at the spectrogram relative to the total area, have been calculated.
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3. Multiresolution analysis dyadic wavelet transform at six frequency levels. Computation
of the wavelet coefficients’ energy at cacli level 1 relative to W = W, + W, + W5 +

"V4 + W, 5 + I’V()

4. Entropy and multiresolution entropy temporal evolutions. Classic Shannon’s entropy
and Tsallis entropy with ¢ = 5. Both entropies have been analyzed with 123 samples

windows and plotted at the same time scale than the EEG signal.

5. Tools 2, 3 and 4 have been applied both to EEG signals and to their derivatives.

Statistical comparisons between the signals have been performed with the one-way
ANOVA test. The significance level has been set at P < 0.05. It has been chosen in

order to allow the recognition of the presence of spikes with a confidence interval of 0.95 %.

D. Results
1. Turtles

In Fig. 11, 20 s (21000 sumﬁlex, sample rate 200 Hz) of turtle’s EEG are shown; IMig. [la
shows an EEG segment without LSW (large sharp waves), Fig. 11b shows a segment with
a clear LSW around 1 = 2000 samples. The wavelet analysis (Fig. 12) shows that this spike
appears at all the scaling levels (See Fig. 12a without spike, Fig. 12h with spikes. Thus
it is a complex spike: it includes components at all the frequency levels (Frequency ranges
are printed above each figure). The spectrogram (Fig. 13) shows that the LSW presents
a different area proportion (listriljn,xtio_n at the frequency intervals. The area corresponding
to 0-15 Hz enlarges while the area corresponding to 40-100 Hz diminishes in the signal
segmeﬁt with LSW in comparison to the sc_‘gmenlt without LSW. Table IA shows a statistic
of the observed Fourier areas changes (n = 10 segments, 5 turtles, sample rate 300 Hz).
The observed behavior is similar to the case exemplified at Fig. 13: an enhancement in

the interval 0.58-4.69 Hz and a decrease in the interval 37.5-150 Hz. The differences with
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P < 0.05 are indicated with an asterisk. Some of these differences can also be ax:(_'.()l_mte(liby
the comparison of the wavelet's coeflicients energy proportion at cach level W, relative to
their energy sum W. In Table IB the comparison of the relative (-.sn(asrgy of each level (1-6)
in segments with LSW and without LSW (n = 10 segments, 5 turtles, sample rate 300 Hz)
is shown. The differences with P < 0.05 are indicated with an asterisk. Shannon’s exitropy
evolution shows an abrupt fall during the LSW (IMig. 14a). Using the signal’s derivative, the
LSW can be detected more clearly with Shanuon’s entropy evolution than when a.pplying it
to the original signal (Fig. 14b).- Tsallis’s entropy e\r'olutim; shows a clear fall during the LSW
(Fig. 14c).. The relation between the amplitude of this fall and the oscillations’ amplitudes
~ of this entropy at the EEG’S without -LSW background, results clearly greater than the
one observed in Shannon’s entrbpy case (Fig. 14a). This lact can be seen as a "sleeking”
of the EEG part without LSW. The entropy fall due to the LSW is enhanced, resulting
an impl“ovAecl detection power. Nevertheless the absolute magnitude of the entropy’s fall is
clearly smaller than with Shannon’s entropy. Considering the signal’s derivative, this fall
in Tsallis’s entropy during the LSW results more than 20 t,in-nes enhanced. improving even
more the discrimination power between the LSW and the background EEG (Tig. 14d). In
the analyzed cases the derivative did not introduce false positive detections .iu the segment
without LSW. As can be seen at Fig. 15a and Fig. 15b, the fall during the LSW appears
simultaneously at the two first MRLE 1'(-*.30]11Li0n. levels when applied either to the original
signal or to the signal’s derivative. In the analyzed-segments without LSW the derivative did
not introduce simultaneous falls in the entropy at several levels. The Tsallis’s multiresolution
entropy, applied to the original signal (Fig. 15¢) as well as its derivative (Fig. 'l.-r)cl), clearly

detects the LSW at the two first resolution levels.

22, Humans: Focal epilepsy

Fig. 16 shows the EEG of an occipital human channel, segment without intercritical

epileptic activity (IFEA) (Fig. 16a) and segment with IFEA (Fig. 16b). The wavelet analysis
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..

sliows that this IFEA (intercritical focal epilepsy activity) appears at levels Hy — W, while
it is hardly detected at Wy (g, 17a with IFEA and Fig. 11h without IFEA). The IFEA
can also be detected by means ol the wavelets relatives energies changes along the different
levels as shown in Table 11A. The segments with IFEA show a significant diminishing of
the relative energy at Wi and W,, and a significant enhancement at Ws. The levels at
which the changes are more clearly detected are 1V, (diminishing) and W (enhancement).
More sensibility can he obtained in certain cases by comparing the wavelet’s coefficients
energies addition at convenient levels. For example in this case, if we compare the segments
with and without IFEA, we can appreciate that the former has less relative energy at levels
Wi + Wy, and a higher relative energy at levels Wy + Wy + Ws + Ws. These changes can
Valso be accounted at the spectrogram: the segment with IFEA has a higher area proportion
in the interval 0-12.8 Hz (related to levels Wy + Wy + Wy 4+ W), and a lower one in the
interval 12.8-50 Hz (related to levels 1 + 1) than the segment without IIMEA (Ta.l’)lé [IB).
The differences with £ < 0.05 are indicated with an asterisk. In respect of the dillerences
observed in the spectrogram areas and wavelet coellicients energies, the use of the signal’s
derivative enhanced only slightly the detection sensibility of the changes mentioned above.
The frequency intervals in which the differences have been more clear resulted to be shifted
to higher frequency values, for example, the segment with IFEA has a bigger area in the
interval 3.2-12.8 Hz of the spectrogram (related to Wy y 1) and a smaller one in the interval
25.6-50 Hz (related to M) than the segment without IFEA (Table TTTA and Table 111B). As
above, the differences with P < 0.05 are indicated with an asterisk.

Shannon’s evolution entropy shows abrupt falls during the IFEA (Fig. 18a). As shown at
Fig. 18b), the IFEA can be detected more clearly by means of Shannon’s entropy evolution
performed over the signal’s L‘lerix-’ati\«’e, thau while using the original siglie\.l. It does not
introduce false positive detections in the segment without [FEA. Tsallis’s evolution entropy
presents a clear fall during the IFEA (Fig. 18¢). The relation between this fall amplitude and
the entropy oscillations’ amplitude in the EEG without IFEA background. results greater

than in the Shannon’s entropy case (Fig. 18a). Once more, this effect can be seen as a
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"sleeking” of the EEG portion without [FIZA, while the entropy fall due to the IFEA is
enhanced, resulting an improved detection power. Nevertheless the absolute magnitude
of the ent.ropy {all is clearly smaller than with Shannon’s entropy. Cousidering the signal’s
derivative, the fall in Tsallis’s entropy during the IFEA results more than 20 times enhanced,
improving even more the discrimination power between the IFEA and the background EEG
(Fig. 13d). In the analyzed cases the derivation did not introduce false positive detection in
the segment without 1FEA.

As can be appreciated at Fig. 19a, the fall during the LSW appears simultaneously at the
two first MRE analysis levels while applied to the original signal. The MRE of the signal’s
derivative (Fig. 19b) also detects IFEA with more sensibility, nevertheless the diﬁerencje 18
not as clear as in the Shannon’s entropy evolution case. '

Tsallis’s multiresolution entropy clearly detects thé LSW at the two first levels, while

applied both to the original signal (Fig. 19¢) and to its derivative (Fig. 19d).

E. Results Discussion

The IFEA detection can be performed by means of the falls localization at the two
first levels at Tsallis multiresolution entropy, and at the Tsallis evolution entropy of the
signal’s derivative. This phenomenon is not specific of the focal epilepsy, these falls in
Tsallis entropy also’occur in the spikes of generalized epilepsy EIEG. Furthermore the relative
areas in the frequency intervals 0-12.8 Hz and 12.8-50 Hz of the sl)(-‘*(t".tr(')gra‘n], and ‘the
wavelet coefficients relative energies. at levels Wy (diminishing), and W5 (increasing), can
also be useful as detection criteria. The low standard deviations values in Tables ITA and B
indicate that, within the considered ])(')[)l.l/lil.ti()ll of patients with focal epilepsy disease, the
chanlges observed in relative wavelet coefficients energy and the spe(:tré)gram areas are highly
homogeneous. Thus, all the comparisons performed between segments without IFEA-with
IFEA have showed a similar redistribution of wavelet ml.a.tive energies. We hiypothesize that

the changes observed at these particular three wavelet coefficients levels might be a specific
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feature of the focal epilepsy; in order to confirm this hypothesis, a larger EEGs samples
analysis will be perform. The enhancement at Wy occurs because the IFEA contains higher
‘energy at this frequency range. Since abnormal spatio-temporal synchronizations ol big
populations of neurons are believed to be the underling phenomenon of the epilepsy spikes
[48,49,51] the wavelet coefficients’ energy diminution at levels Wy and W, may be due to
the lack of the normal functional activity of some part of the neuronal population recruited
in the spikes. This does not mean the conservation of the total energy l:)(at\\'(%t_%l] the signél
without IFEA and with IFEA. In fact the total energy is clearly enhanced in the signal with
IFEA. Similarly, in the case of turtle’s signdls, the enhancement at level Wy occurs because
the EFS contains higher energy at this frequency range, and the decrease at level 1y may
be due to the lack of the normal functional activity of some part of the neuronal population
recruited in the LSW.

As stated above, our ultimate aim is that of devising an automatic methods for the
intercritical activity in focal epilepsy detection. The results obtained encourage us in the
idea that 1t sh_ould be possible to design such a detector, but a larger amount of signals
should have to be analyzed in order to obtain a better estimate of the confidence of the

methods here proposed.

VI. CONCLUSIONS

In the present effort we have presented a new method, based in an appropriate mix
of Multiresolution and Ent,ropkaasml methods, in order to 1)erf01‘m elaborated analysis of
complex signals generated by nonlinear dynamical systems.

The main idea is that of being in a position to generate, from a given complex signal, a
suitable probability set, which has been accomplished in Section HI. Once the probabilities
are determined, Shannon’s and Tvsallis entropies are computed according to the pertinent
definitions. The ensuing information measures have heen here called the usual, or canonical

T ones.
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Multiresolution analysis allords one the possibility: ol introducing a different, and per-
haps more elaborate, information measure, that naturally incorporates all the advantages
of wavelet analysis. In Section lV. both Shannon and Tsallis multiresolution entropies are
defined. With reference to \\-'v.ll-kno\vﬁ dynamical systems one sees that both entropies are
able to detect changes in the dynamics. However, Tsallis” one scems to be the more sensitive
(larger accompanying amplitude variations) one. In addition, our algorithms require smaller
amounts of data samples than other procedures (e.‘g.’, those of the Ly%qn.1nc>v sorts).

- The four ensuing information measures have been applied in analyzing the outputs of
diverse x‘xd]lhum.r systems in Section V. It has been clearly shown that Tsallis nonexten-
sive measures provide one with considerably more detailed information than their Shannon
counterparts. |

We conclude by pointing out that application of nonextensive information measures to the

analysis of complex signals should receive renewed impetus from the present considerations.
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" VIII. FIGURES AND TABLES
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FIG. L.- Henon Map. Temporal evolution of the first state (CLEq. ( 122)) obtained with fixed
parameters ¢ = 1.06237I8381 and b = 0.3 (full line) vs. the dilference between thie same state and

that obtained with one variable parameter as in Fq.( 123)(dashed line).
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FIG. 2. Henon Map. Temporal evolution of Tsallis Butropy (¢ = 5) for the first state of equation
( 122) with fixed parameters (dashed line) vs. that obtained fur the signal with a variable parameter

(full line) (For additional details, see IMig. 1).
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FI1G. 3. Henon Map. Temporal evolution of the ¢ = 5-Tsallis based Multivesolution Eutropy
(Mrst three levels) for the fivst state of Eq. {122) with fixed parameters (dashed line) vs. that

obtained for the signal with a variable parameter (full line) (For additional details, see Fig. 1).
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FICG. 4. Henon Map. Temporal evolution of Shaunon’s Entropy for the lirst state of Bq. ( 122)
with fixed parameters (dashed tine) vs. that obtained for the signal with a variable parvameter (full

line) (See Figure 1).
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FIG. 5. Henouw Map. Temporal evolution of the three first resolution fevels of Shannon based

Multiresolution utropy for the first state of g, (0 122) with lixed |V);x|';1.nwl,«\|'.\' {dashed line) vs,

that obtained for the signal with a variable parameter (full line). (SG(‘ Fig. 1).
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FIG. 6. Lorenz equations. Temporal evolution for the second state of k. (0 125), solved by
resource of the fourth order Runge-Kutta method, with a step A £ = 0.01 and initial values
z(0) = 10, y(0) = 1, z(0) = 0. The dashed line corresponds to a fixed parameters-model and the

s
full line to a variable parameter-model, according to Bq.( 123).
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FIG. 7. Lorenz equations. In the case of the signals depicted in Fig. 6 we plot the temporal

evolution of the ¢ = 5-Tsallis entropy. Additional details ave as in Fig. 6.
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FIG. 8. Loreaz equations. Temporal evolution of the ¢ = 5-Tsallis multiresolution entropy

evaluated for the signals displayed in Fig. 6. For additional details, see the corresponding figure’s

caption.
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FIG. 9. Lorenz equations. Graph of Shaunon’s entropy temporal evolution of the signals depicted

in Pig. 6, where additional details should he consulted.
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IFIG. 10, Lorenz equations. Shannon’s multiresolution entropy tetiporal evolution. Siguals are

that portrayed in Fig. 6, where additional details should be consulted.
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FIG. 11. A 20 s EEG turtle’s signal (sample lrequency 200 Hz, low pass filter at 100 11z). a)

segment without LSW. b) segment with LSW in sanmiple around 2000.
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FIG. 12, Turtle’s EEG wavelet decomposition. Turtle’s EEG shown at Fig. 11 wavelet decomn-
position ; frequency ranges at cach level are printed above each plot. a) Sewment without LSW.

b) Segment with LSW. The LSW has components at all wavelet lovels.
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FIG. 13. Spectrograi ol the same signals shown in Fig. T Sample requency 200 Hz, low pass
filter at 100 Hz. o) segment without LSW. b) segment with LSW. Note that the arca within (0-15

Hz) enhances,in the segment of signal with the LSV in comparison to the segiment without LSW.
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FIG. LE Shanuon’s entropy evolution of the signal shown at e 11-h. The entropy has been
caleulated with 128 samples windows. a) Shanuon’s entropy evohition of the original signal. b)

Shannon’s entropy evolution of the signal’s derivative. ¢) Psallis’s entropy evolution ol the original

amplitudes of the entropy oscillations in the background of the EEG without LSV, is greater than
Fig. 14-a. d) Tsallis’s entropy evolution of the signal’s derivative. The magnitude ol the fall is

enhanced and no additional falls are introduced.

signal. Note that the relation between the amplitudes of the cutropy [all during the EFS and the

Shannon's entropy Shannon's entropy
0.22 0225 e ot
~ - - ol AV
=02 taid g b JAA S ; ~
g J'L\,,!k',, J,Wk,'w Wl )]/ | NNW . ED.a75| L
50.18 \ it 0.125
‘5 .

foss ' 0075{__

0.14 ..

0 1000 2000 3000 4000 0 1000 2000 3000 4000
Tune(Samples) . Time(Samples)
a) : _ b)
Tsallis's entropy Tsallis's entropy

025 ~ 0.255
U Ny tie WY N Ea
g2 TAa''s W “ Foaas
50,248 ﬁu.;z;
&

0.247 - 0225 :

] 1000 2000 3000 - 4000 0 1000 2000 3000 4000
Time(Samples) ' _ TimeSamples)
) . d)




Tsallis Information Measure, MRA and Noulinear Dyvnamics

FIG. 15. Multiresolution entropy of the signal shown at Fig. 11-b. The entropy has heen caleu-

lated with 128 samples windows. a) MR of the original signal. H)MRIE of the signal’s derivative.

¢) MRET of the original signal. d) MRET ol the signal’s derivative.
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FIG. 16, Human EEG. A 50 see. EEG signal ol a patient with {ocal (‘])i|(‘|;5_\’. Sn.mplé frequency .
102.5 Hz 5 low pass filter at 51.25 Hz. a) segment without LSW. b) segment with 1.SW in samples

between (0-800).and (3800-1500).
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FIG. 17. Wavelet decomposition-ol the FEEG shown at Fig. 16; frequeney ranges at each level

are printed above cach trace. a) segment without LSW. b) segnient with LSW. Note that the LSW

appears at levels 1, — .
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FIG. IS, Eutropy evolution of the siguad shown at Fig 16-b. The entropy hias been caleulated
with 128 samples windows. a)Shannon’s entropy evolution of the original signal. b) Shannon’s
entropy evolution ol the signal derivative. (Note that the LSW can be detected with more clarity
than at Fig. 18-a.) «¢) Tsallis’s entropy evolution of the original sigual.  d) Tsallis’s entropy

evolution of the signal derivative.
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FIG. 19. Multiresolution entropy ol the sigual shown at Fig. 16-b. The entropy has been caleu-

lated with 128 saunples windows. a) MRE of the original signal. b) MRE of the signal’s derivative.

¢) MRET of the original sigual. d) MRET of the signal’s derivative.
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TABLES
A)
frecuency interval 37.5 - 150 Hz. *_ 469 - 37.5Hz.
signal . NOSW WSW nosw WSW
area 0.3326.4 x 10 ]0.2343.92 x 103 0.4943.66 x 103 [ 0502544 x 107
significant level p=2.63 X 10~ p=0.93
frecuency interval 0.58 - 469 Hz *
signal nosw WSW
- area 0.132.9 x 107 |0.2422.35 x 1673
significant level p=1.30x 107"
B)
wavelet level W1* W2 W3
signal nosw WSW nosw WSW nosw WSW
energy 0.0321.2x10-7]0.0124. x1073 [0.03£1. 1x1073]0.02£2.3x107%] 0. 12 1.6x1073 0. 1 1£2.26x10"3
significant level p=5092x10" p =043 p=0.87
wavelet level w4 ‘ W5 We6*
signal nosw WSW nosw WSW nosw WSW
energy 0 2121 11x10-2 0.19%6.1x10-3 0. 11215 [x 10730 15£2 87x107] 0.1 1£1.2x1073 0.2126.08x 10
significant level p=10.68 p=0.14 p=104x10"2

(nosw = no sharp wave ; wsw = with sharp wave )

TABLE I. A) Statistics comparison (means ( STD)) of relative Fourier areas between 10 seg-
ments without LSW and with LSW, taken from 5 turtles (sample rate 300 Hz, low pass filter at
150 Hz). The differences with P < 0.05 are indicated with an asterisk. B) Statistics comparison
(means ( STD)) of relative wavelet coefficients cuergy of 10 segments (without LSW and" with
LSW), taken from 5 turtles (sample rate 300 Hz, low pass filter at 150 Hz). The diflerences with-

P < 0.05 are indicated with an asterisk.
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TABLE 11 A) Statistics comparison of relative wavelet coellicients’ cnergy of 20 segments (with:
oul EIS and with EI'S), takeu from 10 patients (saunple rate-102.5 1z, low pass filter ;l,L‘51.25 Hz).
The differences with 2 < 0.05 are indicated with an asterisk. 13) Statistics comparison of relative
Fourier arcas ol 10 segments (wiLhouL' LS ;u.ul with EFS), taken frone 5 turtles (sample rate 300

Hz, low pass filter at 150 Hz). The diflerences with £2 < 0.05 are indicated with an asterisk.

A)
wavelet level WI1* W2* W3
signal | nosw WSW nosw WSW nosw WSW
energy 0.042+0.002] 0.01£0.0001 [0.142£0.001}0.10£0.001 [0.28+0.002 | 0.30+0.07
significant level p=1.8 x10-2 p=1.75 x10-3 p=3.77x10"!
wavelet level W4 W5 : W6
signal nosw WSW nosw WSW nosw WSW
energy 0.30+0.004} 0.31£0.004 |0.17+0.003| 0.21£0.003 |0.064+0.001 | 0.058+0.001
significant level p=7.40 x10-1 p=4.51 x10-2 p=5.24 x10-!
Wi+ W2*
nosw WSW
0.18+0.004 | 0.11£0.002
p=1.17x10" X
W3 + W4 +W5*
nosw WSW
0.76%0.003 | 0.83+0.004
p=2.16x10"
W3 + W4 + WS +
Wo*
| nosw WSW
0.82+0.002 { 0.88+0.002
p=2.30x10"%
B)
frecuency interval 0 - 128 Hz. * . 128 - 50Hz *
signal nosw : WSW nosw WsW
area 0.65+0.001 0.74+0.003 0.34+0.001 0.25+0.003
significant level p=2.35x 107 p=2.09 x 107

(nosw = no sharp wave ; wsw = with sharp wave )
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TABLE I1I. A) Statistics comparison of relative Fourier arcas of the derivative of the same
signals shown at Table TIA and Table HB. The dillerences with I’ < 0.05 are indicated with an
asterisk. B) Statistics comparison ol relative wavelet cuergy ol the derivative ol the samne signals

shown at Table ITA and Table 1. The diflerences with /2 < 0.05 are indicated with an asterisk.

A)
frecuency levels 32 - 128 Hz. * 2562 - SOHz *
signal nosw WSW nosw WSW
area . 0.27+0.001 | 0.38+0.006 | 0.34%0.002 | 0.25+0.003
significant level p=2.0 x 107 p=3.0x 107
B)
wavelet level WI* W2 W3*
signal nosw WSW nosw WSW nosw WSW
encrgy 0.30£0.003 | 0.16£0.006 | 0.40£0.003 | 0.38+0.007 [0.22+0.003[0.35+0.015
significant level p=2.36 x10° p=4.18 x10"} p=5.7 x10°0
wavelet level W4 W5 W6
signal nosw WSW nosw WSW nosw WSW
energy 0.07£0.001 | 0.10£0.001 | 0.011x1x107 | 0.01426x10 0.0 0.0
significant level p=8.69 x10-3 p=1.03 x10-1
(nosw = no sharp wave ; wsw = with sharp wave )
W1 + W2*
NosSw WSW
0.69+0.005 | 0.53+0.020
p=2.80x10"4
W3 + W4*
NOSW WSW
0.29£0.005 | 0.45£0.020
p=4.2x10-4
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