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Abstract: We give necessary and sufficient conditions for a given element to
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f, v which ensure that the second tangent set is a cone. As an application of
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Sur les ensembles tangents du premier et
deuxieme ordre de certains ensembles dans L

et Whe

Résumé : On donne des conditions nécessaires et suffisantes pour qu’un
élément donné appartienne a l’ensemble tangent du deuxieme ordre du cone
positif K dans L. Comme, en général, on peut avoir T7(f,v) = () on étudie
des conditions sur f, v pour que Ty (f,v) soit un cone. Ensuite, on applique
les résultats obtenus pour calculer les ensembles tangents d‘ordre un et deux

de 'ensemble B = {u € W*(Q)||Vul* < 1}.

Mots-clé : cone tangent, ensembles tangents du deuxieme ordre, optimisa-
tion de formes



Calculating tangent sets to certain sets in functional spaces 3

1 Introduction

In the paper the set with local constraints on the gradient is considered. Such
sets are important for applications in plasticity [9], control problems with the
state constraints [7], [8], shape optimization [12].

For example in Hencky plasticity we have the following free boundary pro-
blem in the form of the variational inequality, see eg. [9] for details.

The problem describes the elastoplastic cylindrical rod with the Huber—von
Mises plastic yield condition which in the case of Hook’s law in elastic range
correspond to the isotropic case and can be formulated as follows.

In a domain 2 C R? find a solution to the variational inequality

ve K : /QV’U (Vo = Vu)dx > /Qf(ﬁ —v)dx VoveK;,

where
Ki={ve Hy(Q) | |[Vv|<1 ae in O} .
The domain € corresponds to a cross section of the cylindrical rod. The sought
function v is called a stress function. Components of the stress tensor can be
represented by the first derivatives of v.
We refer the reader to [4], [6] for the first and the second order optimality

conditions with the first and the second order tangent sets.
Let © C RY be a bounded domain. We consider the set

B ={ue W2 (Q)||Vu|* <1}.

Our aim is to find the tangent cone T;(u) for v € B, and the second tangent
set Tg(f,v) for v € Th(u).

For any subset A of a vector space Y, and any a € A, by T (a) we denote
the inner tangent cone of A at a, ie., v € T(a) if and only if for each ¢, | 0
there exists a sequence v, € Y satisfying

(1) lim, e v, = v,
(i1) for each n we have a 4 t,v, € A.

Moreover, for any v € T (a), T%(a, v) denote the second inner tangent set,
ie., w € T(a,v) if and only if for each ¢, | 0 there exists a sequence w, € Y
such that

RR n"3190



4 Fwa Bednarczuk Michel Pierre FElisabeth Rouy Jan Sokotowski

(1) lim, e w, = w,
11) for each n we have a +¢,,v + ﬁwn c A.
(i) 5

We have
B=FYK)={ue W (Q)|F(u) € K},

where F': Wheo(Q) — L>(Q), F(u) =1 — |Vu|?, and
K={fel”>Q)|f>0 ae.in Q}

is the positive cone in the space L*(). For simplicity we shall write f > 0
on ) for f > 0 a.e. on ().

The following characterisation of Ty (f) was given by Cominetti and Pe-
not [6].

Proposition 1.1 (Cominetti,Penot [6]) The tangent cone Ty (f) to the po-
sitive cone K of L>(Q) is the set P(f) of all v’s in L>() such that for any
sequence (Q)y,) in B one has

e fllee = 0= [[1@,v-[lec =0,

where B denotes the family of all measurable subsets of .

In the sequel we use the following refinement of the above proposition with
the particular form of @), .

Proposition 1.2 The tangent cone T} (f) to the positive cone K of L>(Q) is
the set P'(f) of all v’s in L>°(Q) such that

Henv-floo =0,
where Q, = {z € Q| f(z) < 1}.
Proof. By Proposition 1.1 we know that

Tie(f) = P(f) = {v € L= Q) |||1g, flle = 0 = ||Lg,v-]lc = Ofor any Qn € B} .

INRIA



Calculating tangent sets to certain sets in functional spaces 5

We shall show that
P(f)=P(f)={ve L) ||lg,v-|l.c — 0},

where @, = {z € Q| f(z) < 1}. Clearly, p(f) C P'(f).

To prove the inclusion P'(f) C f’(f) let us take any Q, € B such that
Nn = 15, fllee = 0. Without loss of generality we can assume that n, < 1.
For each & > 1 there exists N such that n, < % for n > N, . We define the
sequence {a,} as follows:

1

a, = 1 for all n such that Ny,_; <n < N,.
For each n we have 1, < a, , since for each n there exists k& such that Ny_; <
n<Nk,and77n§ﬁ:an.

Hence, all the sets 4, = Q, \ Q., are of measure zero and
g, v-llee < Mga,v=lloc + 114, vl -
Since v € P'(f) we have ||1g, v_||cc = 0 and we obtain the conclusion.
O

Remark 1.1 Since intK = {f € L*(Q)|ess inf{f(x) | « € Q} > 0}, by
Proposition 1.2, for f € intK, Ty (f) = L= ().

Remark 1.2 The condition v(z) > 0 on Z(f) = {x € Q|f(x) = 0} is clearly
necessary but not sufficient for v to be in Ty (f). This can be shown by some
elementary examples [6].

2 The first tangent cone to B.

The function F: Wh(Q) — L=(Q), F(u) = 1 — |Vu|*, is Fréchet differen-
tiable. We have

Flu+v)=1-|V(u+v)*=1~-|Vul* -—2Vu- Vo — |Vv|*.

RR n"3190



6 Fwa Bednarczuk Michel Pierre FElisabeth Rouy Jan Sokotowski

Moreover,

IVl

— 0
[[v]|w1.00

when |[v||w1~ — 0, since ||v]|wie > ||VU]s0 -

The mapping F'(u)h = —2Vu - Vh is clearly linear and continuous. The
continuity of F’ follows from the fact that there exists a constant ¢ > 0 such
that

V- Vh]oo < e||Vh]leo < cllhfwre -

We start by showing the following inclusion.
Theorem 2.1 For anyu € B
Th(u) C {o € WH(0)| g, (Vu- Vo) o = 0}
where Q, = {z € Q| [Vu[* > 1 -1},

Proof. This inclusion follows from the fact (see eg. Cominetti [4]) that in nor-
med spaces X ,Y for any subsets L C X, M C Y, and a Fréchet differentiable
map f: X — Y we have

Tins-1n(@) C Ti(x) 0 f' (@) Ty (f () - (1)

To make the presentation self-contained we give direct calculations conforming
to our problem.
If v € Tg(u), for any ¢, | 0, there exists a sequence v,, v, — v in

W= (), such that u 4 ¢,v, € B for all n. Hence
[1—|Vul*] + t,[-2Vu - Vo, + t,|Vv,|*] >0,

ie.
F(u)+t,z, € K,

where z, = —2Vu - Vv, — t,|Vv,|*. Since ||V(v, — V)]0 < ||vn — vl[wie (@)
we have z, — z = =2Vu - Vo = F'(u)v in L*(Q), which means that

z=F'(u)v € Tg(F(u)).

INRIA



Calculating tangent sets to certain sets in functional spaces 7

By Proposition 1.2,
g, (Vu-Vu)i|le — 0,

where @, = {z € Q| F(u) < L}. This proves the required inclusion. O
It is worth noticing that the inclusion opposite to that of (1) does not hold
in general. For the conditions ensuring this inclusion see eg. Cominetti [4],
Frankowska, Aubin [1].
The result presented below gives a direct proof of the inclusion converse to
(1) for our problem.

Theorem 2.2 For any u € B we have
{v e WH(Q) [|[1q.(Vu - Vv)i]le — 0} C T(u),
where @ = {z € Q|1 —|Vu|* <1},

Proof. We choose v,, in the form

1
UV, =V — —U
n

and we show that v, € Tj(u). Since Tj(u) is closed, this entails v € T (u).
To this aim we prove that for each n and all ¢ sufficiently small we have

V(e te— u) <1, &

ie.,

1 2 2
7f2(—2|Vu|2 — =Vu-Vvo+ |Vou|?) +t(—==|Vul* + 2Vu - Vv) + |[Vul|* — 1 <0.
n n n

We start by checking inequality 2 on the set Q,, = {z € Q|1 — [Vu[* < L}.
Observe that we may assume that Vv # 0. Denote

p=|Vul*, ¢=Vu-Vv, r=|Vv|.
With this notation inequality 2 takes the form
1 2 2
t%( g+71)+1(2¢ = —p)+(p—1) <0. (3)

—p-—=
n? n

RR n"3190
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Note that | 5
—p——q+r = n%|Vu|2 — %VUV‘U + |Vvl?
n g = [Vv — LVu]?
= [Vo,|?
and hence

A(z) = 4q — 7p)* = 4(p — 1)| Vo, |
=4(q = +p)* + 41 = p)[Vu,|* > 0.

Consequently, the positive square root of the left-hand side quadratic form

_ap—a+yRE
t(z) = L )

1

Since ||1g,.q4+]| = 0 we have ¢4 < 53 < = for € @, and all m suffi-

ciently large, say, m > m(n), and hence, for € Q,,, m > m(n), we have

of 3 is equal to

1 1 1 1 1 1 1 1 1
—p—q=-p—g¢+t+t¢>—-(1-—)—-5=-(1-—--)> —
n n n m n n m n n
form>4, n>2.
Moreover,
Alz) =4(g— ) —4(p = 1)(;zp — Za+7)

¢ —pr+.zp—2q+r)

4(
=4(¢* = 2pq+ 5p* — SpP+ Ipg—pr+ Sp—2q+7)
A( 2
Ag*+r(1 —p)+ [22p — 2q4] + 2¢-).

Since ¢4 < &5 for & € @y, m > m(n), m >4, and n > 2 we have

Finally, for Vv, # 0, we have

t(z)

A
B
5

[VenlP -

INRIA



Calculating tangent sets to certain sets in functional spaces 9

1
2n||Vunll3,
we have u + tv, € B. Observe that we can suppose that |Vv,||« # 0 since we
need to analyse only ||Vl # 0.

If 2 Qi , then |[Vu|* <1 — L e, (1 — [Vul?) >

This means that for z € Q,,, m > m(n), and any positive ¢ <

L Since
m

(1 —p) —2tVuVuv, — t}|Vu,|* > L — 2t|Vu,| - |Vu| — £2||Vu,]|?
> = 2| Voalleo - [[Vulloo — ][Vl

by taking t < m, we obtain
1 u
= 2Vl - [ Voo = £ Vunlll, > 3 — AT — 2

>0,

because for all m sufficiently large, m > my, m > (||Vullo + —25) .
Clearly, v, = v in W>(Q).

O

Remark 2.1 Since the choice of a sequence v, is crucial for the inclusion of
Theorem 2.2 it could be interesting to know whether other choices of v, are
possible.

Below we present another possible choice of v, in the one-dimensional case,
where Q0 = [ is an interval of reals.

We have
B = {ue W' ()| Fu) = 1 - >0},
or

l—uwle K={felL>)|f>0}.

Hence, for any v such that ||1g, (uzv:)+]lc — 0 and any ¢, | 0 we need to
find a sequence v, € W*(Q), v, — v in W*(Q), such that u + t,v, € B,

le.,

I —w? + [ 2upvpe — tvl ] =1 —ul + 1,2, > 0.

For any fixed 0 < § < 1 consider the set Z = {z € I'|u? > §}. On Z we seek
the sequence {z,} in the form

Zn = —2Uzvp + 19, (2 - upvy)y

RR n"3190
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We have z, — z = —2u,v, in L°(2). Note that by the construction of Penot
and Cominetti [6]
1—ui—|—t2n20. (%)

for t €]0, ——]. Hence, we want to find {v,,} such that

7 nflvl|Lee

Uy — 102, = —2ugv, + 2 1g, (Upvs)y

ie.,

], = 2t + Qs — 2+ Lo, (wevn)y = 0,
ie.,

tons + 2t — 20 +2 - 1o, (ueve) = 0,
ie.

tvfw 4+ 2uzvne + 2, =0.
For this quadratic equation
A = Aud — [z, +2 - 1o, (ugvy)y] = du’ — 4z, .
On Z we have

ul —tz, =ul—t(z, —2) -tz
>t — tln — 2l — e
>6—e>0,

for e < 4 and all n sufficiently large. Hence, the sequence

Ungz = = -

2t,, t

—2uy £ 24 /ul —tz, 1
= [—u, £ \/u —tz,].
1s well-defined on 7.
On I\ Z we have 1 —u2 > 1 — 4, and hence

1— ui + t[—2uzv, — t,v,] 1 —6) — 2 tugve|wie — t3]|03]|wi.eo

> (
>0, (*%)

for all n sufficiently large. Finally, we define

y _{ Houg £\ Ju2 —tz)) z€Z

Vg rel\Z

INRIA
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According to (%), () we have

u+tv, € B,
for t €]0, m] To complete the proof we need to show that v, — v in
Whee(1).
To this aim we develop the function /- in a neighbourhood of u?. Since
1
t= —1 t
Vv + \/5+2\/5 + o(t)
we have | ,
One = - te £ (fue] - 2|5| +o(tnza))],
where % — 0. By chosing 7 + 7 if u, > 0 and 7 — 7 if u, < 0 we obtain
n tn n
o a ol
2|ty | tn
and consequently,
Zn o(tnzn) z
Une = — * =w,
e = T T ua] "

in L>°(1), and according to the above choice of sign we now have w = v, . We
obtain the convergence v, — v in W'*(I) by integration.

3 Second order tangent set to the positive cone
in L
Following [1],[6] we use also the outer second tangent set 7% (a,v) to a subset
A of X at a € A in the direction v € X defined by the formula
A—a—tv

T3(a,v) = limsup —————
It is obvious that T%(a,v) C T3(a,v).
We start with the following characterisation of elements of the second order

tangent sets T/ (f,v), TE(f,v).

RR n"3190



12 Fwa Bednarczuk Michel Pierre FElisabeth Rouy Jan Sokotowski

Theorem 3.1 Let f € K and v € T (f), w € L=(Q). The following are

equivalent

(i) w e T(f,v) (we TA( v)),
(i1) limyo || [f—l—tv—l— w] H = 0 (there exists a sequence t,, | 0 such that

lisg |41 + tuo + Gu] [l = 0).
Proof.

(1) — (i1). We shall give here the proof for unbracketed part. Let w €
Ti(f,v),and t, | 0. There exists w, — w in L*(£) such that

2

2
f—l—tnv—l—Q—n'wnZO, ie., w, —w > —[ f—tw]—w a.e. on
where
2 2 2 2 2
g[—f —tpv] —w = g[f +tav+ Jwl- — g[f + v+ Jwly
Let

t2
Q, = {_f —tyv 2 ?nw}

Since [f + t,v + %'wh = 0 a.e. on ) , we obtain

W, — W >

2 2
12
’I'L

[f—l—tv—l—?w] > 0a.e on (%)

We clearly have [f + t,v + %'wh > 0 a.e. on O\, and consequently

2 2

t
[f+tv+ fw]_ =1, [f+ tev + 2—”'w]_ a.e. on ).

Since w, —w — 0 in L>=(Q), by the latter formula and by (%),
42 2

1 t
I+ 0+ G = e, 4 o0+ B =0,

and the conclusion follows.

INRIA



Calculating tangent sets to certain sets in functional spaces 13

(1) = (z). Put
2 2
w, = w + t—2[f +t,v+ Ew]_ )

By assumption, w, —w — 0 in L*(§). We have

t2 t
Y = f +t0+ gw + [f +tyo+ 2—”'w]_ >0 ae. on Q.

Moreover, [f +t,v + %w]_ =0a.eon Q\Q, ,and y, = [f+ 1,0+ %wh_ >0

a.e. on O\ Q; as well.

The following result follows as a corollary.

Theorem 3.2 Let f € K and v € T (f). The following are equivalent
(1) 0 € Tg(f,v),
(i) o | 1F + 0]l = 0.

Proof.
(1) = (i2). Let 0 € T¥(f,v). For any ¢, | 0 one can find a sequence w,, — 0
such that

L2 2
f+t,o+ 2—”'wn >0, ie, w,> t—2[—f —t,v] a.e. on (1.

Since %[—f —tv] = %[f + tv]- — %[f + t,v]4, by putting Q, = {vy =
0, t,v_ — f > 0} we obtain
2

Wy, > v

[f + tn’U]— >0 a.e. on €y,

which entails ||1q,, 75%[]6 + tv]-|[ec = 0.
Almost everywhere on Q\ €, , either (a) vy > 0, or (b) t,o_ — f <0, or
both. If (a) holds, then clearly [f + t,v]- = 0. In view of the inequality

f=taoo <[f + tuv]y,

RR n"3190
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if (b) holds, [f + t,v]+ > 0, and thus [f + t,v]- = 0. Therefore,
[f + tn'U]— = 1Qtn [f + tnv]— )

and the conclusion follows.
(1) — (7). By taking

2
Wn = t_g[f + tn‘U]_,

we have w, — 0 in L>() and

2

t
Yp = [ +tov + 2—”'wn =[f+t,v]+ >0 a.e. on Q.

O
Let us note that in general T/ (f,v) # () does not imply that 0 € T/ (f,v).
Let f, v € L*(Q). Define

}.

Proposition 3.1 Let f, v, w e L™(Q). If |1z,ng, W]l — 0, then

3|~

Qu={r Q@) <1}, Ru={reQn(e) <

1 Ran@nwl[e =0,

where Q, = {x € Q| f(z) < ¢}, Ro={x € Q|v(z) <r,}, and ¢, , r, > 0,
Qn,Tn — 0.

Proof. Immediate. O
Theorem 3.3 Let f € K and v € Ti(f). If0 € T (f,v), then
{we L*(Q) [ g, nr,w-llc = 0} C TR(f,v).

Proof. Let w € L*(Q) and ||1g,nr,w—||lcc = 0. According to Theorem
3.1 we need to show that

lim L[ 410+ & =0
im || Z1f + tv + Sl = 0.

INRIA



Calculating tangent sets to certain sets in functional spaces 15

We may suppose that v, w # 0. Since v € T} (f), for any sequence ¢, | 0 we
have

Q, ={—f—tw > w}
={vy =0, f <t — %w} U{v_ =0, f < —t,ug — %w}
C iy =0, f <tyom — 2w} U{f < tollvlloo + Blw]|es, vy < —t,/2w)
C {og < tallwllo} N {f < tallv]loo + 2[fw]loc} -

Denoting

Qn =A{f < tallvllee + tollwllec},  Bo={vs Stallwlle},
we obtain
1 2 .
t—2[f + t,v + gw]_ < Elgtn [f+ twv]- + 1o, AR, w— .
In view of the assumptions and Proposition 3.1 the conclusion follows.
O
Alternative proof. Let w € L™(Q) and |15, ng,w-|l<c = 0. Ifv =0, by

Proposition 1.2, w € T¥(f,0) = Ty (f). Now we assume that v, w # 0.
Let ¢,, | 0 be a sequence of positive reals. We denote

Qn={z € A f(2) <tallvllec +t2llwllec},  Bu={z € Q] vy (z) < taflw]loc}.

Define the sequence
2
W, =W —|— 1anQn’w_ —|— 1Q%0Rnt—2[f —|— tn‘U]_ 5

where Q7 = {z € Q[0 < f(z) < tolv]leo + 7 lwlec} s @n = Q5 U Z(f), where
Z(f) C Q is a subset such that f = 0 a.e. on Z(f). We have w, — w in

L>(Q). Put y, = f+t,v + %'wn.
1°. Suppose first that = & Q% . If € Z(f), then

2 7
Yn 2> tallv|leo + 5 ||w][oo + tov + 2w
2
> vy + 2]l — 2 J|lw]|e

>0

RR n"3190



16 Fwa Bednarczuk Michel Pierre FElisabeth Rouy Jan Sokotowski

If = € Z(f), then two situations may occur. If + ¢ R, , then y, > t,v —
%Hw”oo >0.Ifz e R,, then y, > t,v+ %'uq_ > 0.

2°. Secondly, suppose that z € Q% . If 2 € R,, , then y,, > tn'v—%Hme >0.
Finally, if z € Q° N R, , then

Yo > [f +tavls = [f + tav]- + B,

O
To show the necessity of the condition |15, ~g, w—|[cc — 0 for w to be an
element of T7(f,v) we start by showing the following auxiliary result.

Proposition 3.2 For v € Ty (f) we have
||1RnﬁQn’UHOO — 0 *

Proof. Let v € T (f). We have |[1g,v_||cc — 0, and hence, for = € R, N
Qn, we have v_(z) < n,, for a.a. © € R, N Q,, where n, is a sequence of
nonnegative reals, n, — 0. Hence,

1
lv(z)| =ve(x) +v_(2)<n+—=k, aeon R,NQ,,
n
and s, — 0.

O
There exist examples showing that in the spaces C'(Q) and L?(€) the second
tangent sets T7.(f,v) may be empty for some functions f, and v.

Theorem 3.4 [fw € T} (f,v), then
N #.ng,w-I = 0.

Proof
If we TJ(f,v), then for any sequence ¢, | 0 one can find w, — w such

that
2

t
f+tnv+2—”wn20.

INRIA
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Hence,
Consequently,

and
2 2
- < (wn - w) + Ef + E‘U- (*)

On D? = Z(f) N R, inequality (*) takes the form

2
w_ < (w, —w) + v

n

I1pzvlle
—_— n

By Proposition 3.2, |[15:v|| — 0, hence, by taking ¢,, =

we get
w_o < (w, —w)+e¢

and since ¢ is arbitrary, |[1p:w_|[c — 0.

On DY = R QY where Q% = {z € 2]0 < f(z) < 1},

< )+21+21
w_ w, —w)+ ——+ ——,
- t2n  t,n

n

and by chosing ¢, = we get

_2
logn

log’n logn
g n g‘

Mg w-leo < [tn — w]|oo +

1/2 1/2}

2max{||1 po flleo” (|1 po vl

Observe that one can also choose t, = . Indeed,

€

1150 flleo > [[1pov]|eo , then

IN

(i =)+ + o
(wn = w) + e/ + T T
H - wHOO + e? + I, ||1/2

e — wlle <2 + <l Tpg ol 42

IN

IN

RR n"3190

, where e > 0

if
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Since |[1pov|lec —+ 0 and ¢ is arbitrary we get the required convergence.
If [[1pov][oo > [[1p0 flloc » then

. < (7 — = ;
w- < (wn —w) e f I pg il L%
v —_ 62
< Hwn LU”oo + 115 0f||oof+ ||1D0 vl od

<l — w0l + 22 4 el g o122,

172V
which completes the proof.

Summarizing the above results we obtain
Theorem 3.5 Let f € K, v € Ti(f) and limyg Ht%[f +tv]_||co = 0. Then
Ti(fv) ={w € L*(Q) [ 11 z,ng,w-llc = 0},
where Q, ={z € Q| f <1}, and R, = {x € Q|vy <1},
In view of Proposition 3.1 of [4], if 0 € T¥(f,v), then T (f,v) = T}, (f)( v),
and hence, T/.(f,v) is a closed convex cone for any f, v, satisfying hmtw H S+
tv]-||lc = 0.

Remark 3.1 If w € Ty (f,v), then, by Theorem 3.5, w > 0 a.e. on Z(f)N
Z(v), where, as previously, f = 0 a.e. on Z(f). This latter condition is,
however, not sufficient for w to be in TE(f,v).

4 Second tangent set to the set B.

Basing ourselves on the results of the previous section we give formulae for the
second tangent sets to B.

Theorem 4.1 For anyu € B and v € Tg(u) we have
Tg(u,v) € {w € WH(Q) [[|1p,[Vu - Vw + Vo4 [l = 0},
where D,, = @n N ]:in, and

[u—

1 3
={zecQ|l —|Vu*< -}, R,={z€Q|2[Vu-Vv]_<-}.
n

3

INRIA
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Proof. In general, for a twice Fréchet differentiable function F' and any
w € Tg_l(K)(u, v) we have

F'(uw)w + F"(u) (v, v) € Ti(F(u), F'(u)v)

(see eg. [1], [4]). Indeed, let w € TH(u,v), and ¢, | 0. There exists w,, — w
in L°(Q) such that u + t,v + t%wn € B, ie.,

2

t ln
[1—|Vul}] - 2t,Vu- Vv — 2—”[2Vu -Vw, +2|V(v+ ?wn)m >0.

In other words ,

. RN S .
u+ 1,0+ 7wn €K,

where & = 1 —|Vul?, o = —2Vu-Vov, and v, = —2Vu-Vw, —-2|V(v+2w,)|?.
Moreover, w, — @ = —2Vu - Vw — 2|Vv|* in L=(Q), and @ € T} (a,0).
By Theorem 3.4,
1o, [[Vv[? + Vu - V]| — 0.

To complete our considerations we shall prove the following result.

Theorem 4.2 Let u € B, v € Tg(u), and limyyg ||5[1 — [Vul* — 2tVu -
Vv]_||lse = 0. The following inclusion holds

fw e W) | |[1p, Vo] + Vu- Vol o — 0} € Th(u,v),

where, as previously, D, = E)n N ©n7 and

~ 1 . 1
Qn={zeQ1 - |Vu*< -}, R,={reQ|2[Vu-Vv]_<—}.
n n

Proof. Letu € B, v € Tg(u), and limy o || £[1—|Vu*=2tVu-Vo]_|, = 0.
If v =0, then T§(u,0) = Th(u), and, by Theorem 2.2, the result holds true.
Hence, we may suppose that v # 0.

We shall show that for any w such that |[1p,[|[Vv|* + Vu - Vw]i|e — 0,
there exists a sequence w, — w in WH**(Q) such that for all ¢ sufficiently
small we have )

y(n,t) = 1 — [V(u+tv+ %'wn)|2 >0,

RR n"3190
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where

y(n,t) =1 —|Vul]* = 2tVu - Vo — *[|Vv|* + Vu - Vuw,|—
£2[tVo - Vw, + £ |Vw,|?]. (%)

We may suppose that ||Vv|l. # 0. Set
q=IVullo - [VVlloo, P =[VVI5 + [[Vullso - [Vto]|oo -

Observe that p, ¢ # 0. Put

5 _ 2 ) 1

Q,={z Q1 —|Vu|*"<—-¢q}, R,={zeQ|2[VuVv]_ < —-p}.
n n
By assumption,
11Qunr[IVOl* + Vu - V]|l = ki — 0,

and, for each n, there exists d(n) such that
R P <k Q0
t—z[u—l—tv]_ <k, a.e.on

for all ¢ < §(n), where, as previously, @ = 1 — |Vul?, 0 = —2Vu - Vv. We
choose w,, in the form
w, = w — 4k, u.

Consider first the case ||[Vwl|| = 0. Then

y(n,t) = 1 —|Vul* —2tVu - Vo — *|Vo|*+
+4k, 2| Vul*(1 — k,t?) + 4k,t°Vu - V.

If e ¢ Q,UR,, then [VuVv], =0, and
y(n,t) >2/n-q+ 2t(1 — 2k, 1*)[Vu- Vo]_ — £?||Vvl|%,
> 2/n - q+ (1 = 2knt?) - | Vo] 12, — 2] VollZ,

> 2fn g+ VoL (L —t - 2h,t?)
> 0 for t sufficiently small.

INRIA



Calculating tangent sets to certain sets in functional spaces 21

If z € @Q,\ R, , then
y(n,t) > t|[VollZ(; =1 — 2kat*) + 4k, 13 (1 — knt*)(1 = 2¢)

> 0 for t sufficiently small.
If x € R, \ @, then

y(n,t) > 2¢ —2t(Vu - Vo) +2t(Vu - Vo)
—*| VoA + 4k, ?[Vu - Voly — 4k, ?[Vu - Vo) _
> 2 — 2[Vu- Voly + 2t[Vu - Vo]_(1 — 2k,t%) — || Vol|Z,
> Lo~ L|Vol2. - Vol
> [0l (2 Vil — LIVl — 2]V 0])
> 0 for t sufficiently small.

Ifze@,.NR,, then

y(n,t) = [u+ 0] — 3| Vo |* + 4k, t*| Vul*(1 — t*k,,) + 4t%k,tVu - Vo
> 12 (—kp — ko + 4k (1 — 1) (1 — £2k,,) — 2524p)
= 2k, 1*(1 — 2q — 2tk, — Ltp)
> 0 for t sufficiently small.

Consider now the case ||Vwl||s # 0. Applying the formula for w, in the
second term of the right-hand side expression of (%) we get

y(n,t) = [1 — |Vul*] —2tVu- Vv — *[|Vv|* + Vu - Vw|+
+4k, 2| Vul* — t*2(n, 1),

where z(n,t) = tVv - Vuw, + §|V'wn|2 .
(0). Ifx € QU R, , then

y(n,t) > % cq+ % -p— |V + Vu - Vw] — t?z(n, t)
>L.g-t* —t%z(n,t)
for t< %

(12). If 2 € @, \ Ry, then

y(m,t) > £ p— VP + Vu- Vult
4k, t*|Vul? — t*2(n,t)
-1 Q) o t22(”7t)

n

RR n"3190



22 Fwa Bednarczuk Michel Pierre FElisabeth Rouy Jan Sokotowski

(127). If 2 € R, \ @y, then

y(n,t) > 2.q—2t[Vu-Vo]y + 2t[Vu-Vo]_ — t*p — t*2(n,t)
2oqg—L-p—t’p—t*z(n,t)

(g —=1p) + (g —tp) — t*2(n,1)

L.g-t2 —t*z(n,1)
r

t sufficiently small .

S

>
>
>
>
fo

(). lfz € Q,N R, , then

y(n,t)/t* > Lla+ 0] — [[Vo|* 4+ Vu - Vw]y + [|[Vo]? + Vu - V]
+4k,|Vu|? — z(n,t)
> Sla 4 to]y — Fla+t0]- — [|[Vu|* + Vu- Vuw]i + [|[Vuf* + Vu - Vu)_
+4k, (1 = 2 - q) — z(n, 1)
> 2k, + 4k, —%-kn-q—z(n,t)
> k(1 = 4 q) — (1)

In the cases (i) — (iv) we get y(n,t) > 0 if
t2
ZIVwallls + UVollee - [Vinlloo — e <0, ()

where for 1 = 1,..,4, ¢; > 0 and

¢ :{ o 4 for (i), (ii1)

1"~ 2¢) for (if), (iv)

The only positive solution to the equation

t2
FIVwllss + IV elloo - [Vatn]loo — e = 0,

o 2V [Vo]l%, 4 4ei = 2| Vol

" Va0 ’

which is well-defined since |Vw,||o # 0. Hence, in the cases (1) — (iv) we get
the required inequality for all ¢ small enough.

is
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