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Abstract: The Blue Calculus is a direct extension of both the lambda and the pi calculi. In
a preliminary work from Gérard Boudol, a simple type system was given that incorporates
Curry’s type inference for the lambda-calculus. In the present paper we study an implicit
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Systéme de type polymorphe
pour le Calcul Bleu

Résumé : Le Calcul Bleu est une extension directe & la fois du pi-calcul et du lambda-
calcul. Dans un travail précédent, Gérard Boudol & donné un systéme de type simple pour
ce calcul qui comprend le systéme de type simple de Curry pour le lambda-calcul. Dans ce
rapport, nous étudions un systéme de type implicite et polymorphe qui s’inspire du typage
du langage ML. Nous montrons que ce systéme de type posséde les propriétés de “subject
reduction” et de type principal, ce qui conforte notre opinion que le calcul bleu est un modéle
bien adapté & la définition d’un langage de programmation concurrent d’ordre supérieur.

Mots-clé : pi-calcul, calcul bleu, type, polymorphisme



Implicit Polymorphic Type System for the Blue Calculus 3

1 Introduction

The purpose of this paper is to define a polymorphic type discipline for the blue calculus
(7*), a direct extension of both the A-calculus and the 7-calculus. As in Curry’s work, we
start from an untyped calculus, i.e., without type annotations, and we define a type system
on top of it. Types are used as a means of identifying a class of terms whose evaluation
is guaranteed to be safe, but Curry’s type system is limited in the sense that some “reaso-
nable” terms are ill-typed. The Hindley-Milner type system, used in the definition of many
higher-order functional languages like HASKELL or ML, partially overcomes this limitation
by introducing parameterization on types. In [8], a simple type system was given that in-
corporates Curry’s type inference for the A-calculus (see table 1 on page 9). Therefore, it is
natural to encounter the same limitation. Our goal is to apply to the blue calculus the same
program that benefited ML. In this paper we present a type system that combines both
safety: strong and static type checking, and flexibility: parametric polymorphism, implicit
type assignment and decidable type inference.

To get an idea of the blue calculus, let us see how the weak call-by-name A-calculus can
be encoded in the asynchronous 7-calculus [4, 7]. We suppose the set of A-calculus variables
is a subset of the m-calculus set of channel names. Lambda terms are given by the usual
grammar

M=z | .M | (M M)
and the lazy reduction relation M —; M’ is given by the two rules

(Az.M) N —; M[N/z]
M — M = (M N) -, (M' N)

The translation, [M],, from X to 7, takes as extra argument a channel name, u, representing
the “location” at which the A-term will have access to its next argument

|[x]]u =def TU

[Ae.M]. =der  u(z,v).[M],

[(M N)]u =aet  (vv)([M]o | (vo)(vzu|lz(w').[N]w))
[AeM) Nl = (o), w).[M], | (v2)(o2u|ta(w").[N]))

= (voz)([M]. | '2(w").[N]w)

The process D =ger z(w').[N]w can be interpreted as an agent, located at z, waiting for a
location u to trigger the process [N],. For example, in the reduction

[2]w | 2(w').[NTw — = [N]u

the output ZTu triggers a process “equivalent” to IV waiting for its next argument in u. We
choose to denote this special agent

D =4et (z < (w')[N]wr)

RR n~° 3244



4 Silvano Dal-Zilio

and we call it a declaration in the following. We also consider the associated reduction rule
zu | (z < (y)P) — Plu/y]

which can be further decomposed in the more elementary reduction steps fetching and “small”
B-reduction!

zu | (z = W)P) =, (y)Pu) and ((y)P u) —p Plu/y]

Therefore, the translation of redex ((Az.M) N) reduces to a process equivalent to [M], in
parallel with an agent perpetually offering IV at x. This situation is comparable to the call-
by-need calculus of Ariola et al [1], a A-calculus extended with the “let” operator together
with the reduction rule

(A.M)N — letz =NinM (1)

A comparison with g-reduction (Az.M) N — M[N/z] would have been less satisfactory
since, in our translation, only an “access” to N is transmitted and not the term itself.

The next step is to identify Zu with application and ()N with small A-abstraction
(a comparison already done by Milner in [28]). We have by definition that [z], =qer
Zu. Abstracting the extra argument wu, it follows that (u)([z].) = (uw)(Zu), which is n-
equivalent to Z. Likewise, if we denote {{M]} =qer (uw)([M]w), we have that (w')([N]w) =der
(w){{NT} w') =, {{N]}. Introducing a new notation for the infinitely available resource N
at =, namely (z = N) =ge!(x < N), it follows that the translation of redex (Az.M) N
becomes

[(Az.M) Nl =der (v0)((v = (Az){[{M]}) | (vz)(vz | (¢ = {N]})))

Reduction is again the combination of the two previous basic reduction steps, communication
(fetching) and small B-reduction

[(Ae.M) N =aer (v0)((v = (Az){M]})
| (va)(vz | (z ={N]})))
=5 (wor)(Ax){M]} 2) | (= ={N]}))
—p (vor){M]} | (z={N]}))

Together with Equation (1), this gives a definition of the let-construct in the blue calculus
letz =NinM =4 (vz)(M | (x =N)) (2)

The blue calculus syntax and operational semantic is very close to what has been in-
troduced in this translation from weak call-by-name A-calculus to w. We find both A and

Ismall is used to distinguish Church’s 3 rule, such that a term replace a variable, from the weaker relation
— g, such that variable are only instantiated with another variable.

INRIA



Implicit Polymorphic Type System for the Blue Calculus 5

m operators: application and abstraction in the applicative part and parallel (|) and new
names declaration (v) in the concurrent one. We also find new constructors for resources
declaration: (u < P) and (u = P), together with the reduction rule

uz...2n | (u=P) - ,Pz...2,

Equation (2) is another contribution of this translation. It links declarations and let bin-
dings, the construct at the heart of polymorphism in the Hindley-Milner type system. This
relation is extended to types in Section 3.1 and is the main theme that permits us to un-
derstand the different type system proposed in this paper.

The let-construct is definable in our calculus, we do not have to consider a new operator.
There is a sensible differences with the A-calculus though. One should remark that the
let operator is usually associated with a call-by-value evaluation mechanism whereas 7*
is associated with call-by-name?. Therefore, we have to differentiate the two mechanisms
bounded in the ML let-construct

Value sharing letz = Nin M — M[N/z] iff N is a value whereas, in 7*, computation of
N is duplicated in (vz)(M | (x = N)) if x appears more than once in M.

Polymorphism Type generalization is restricted to variable bounded in a let-construct.

It is interesting to compare this remark with the distinction made by Leroy in [24, 25]
between a construct, “let val”, for value sharing and a construct, “let name”, for type gene-
ralization. The same distinction is also introduced in [17], where it is stated that, in this
variant of ML, it becomes possible to define a correct “variant call-by-value CPS transform”
for a polymorphic type assignment system.

In Section 2 we briefly present 7* and its operational semantics. And in Section 3
we present the polymorphic type system and the problem of polymorphic recursion. We
define two type systems adapted from type discipline for ML: one (Fp) inspired by the
Damas-Milner type system and the other (denoted ) inspired by Milner-Mycroft’s one. In
Section 4 and 5 we prove subject reduction and principal type property for Fy, the most
expressive of these systems. In Section 6, we define a new constructor that binds the scope
of declarations and give a new type system, Fyg, for the extended calculus. In Section 7 we
prove that Fp and Fy both give an undecidable type assignment problem whereas typability
in Fyg is decidable.

2 The semantics of the blue calculus

We assume two denumerable sets of names, V for variables, ranged over by z,¥,... and
R for references, ranged over by u,v,.... We distinguish four syntactic categories in the
grammar of our calculus as

2there is no rule that allow reduction under a declaration

RR n~° 3244



6 Silvano Dal-Zilio

a = constants | x | u values
D == (u<P)|{u=P) declarations
A == a|(Az)P | (P a) agents
P = A | D | (P| P) | (vu)P processes

We denote fn(P) to be the free names of P. A bound name is either a (\) abstracted
variable or a restricted reference. Reference u is restricted in (vu)P but free in declarations
(u <= P) or {u = P), decl(P) denotes the free references in the subject of a declaration. In
particular decl({v < R)) = {u} U decl(R).

The operational semantics is presented using the chemical metaphor [2]. In particular,
structural equivalence over processes, denoted =, is defined as the combination of two re-
lations, cooling — and heating — (see Table 1). Axioms for the heating relations can
be deduced from those of = reading the rules from left to right (respectively right to left
for cooling). The rules (folding) and (replication) can conveniently be added, but are not
necessary.

Apart from for declarations, the constructors operational behaviour (given Table 1)
should be clear. (u < P) can be thought as a resource accessible through a call to reference
u. Rule (p), in the operational semantic, implements the “resource fetching” mechanism

(wzr...2n | {usP)) - Pz...2,

Likewise, (v = P) may be interpreted as an “inexhaustible resource”, related to {(u < P) in
the same way that !u(x).P, the 7m-calculus replicated input, is related to u(x).P. To unders-
tand the connections between resources, the A\ and the w-calculus it is interesting to study
how declarations are reminiscent of the A-calculus with resources and its deterministic ver-
sion, the A-calculus with multiplicities [5, 6, 7, 23], defined by Gérard Boudol in connection
with the encoding of the A-calculus in 7.

It should be noted that, contrary to the original presentation made in [8], references are
not first class in our calculus®. Although they can appear under a A-abstraction, they can’t
be abstracted. For example, (Au){u < P) is not a valid process. This restriction implies
that no new declarations on a given reference can be dynamically created. We does not lose
expressive power though. Indeed, from a m-calculus viewpoint, this restriction is equivalent
to the limitation that a name received during an input cannot be used as an input channel.
This restriction is present in Michele Boreale’s m’-calculus [3], and it has been shown that
the asynchronous m-calculus of Boudol [4, 19] can be faithfully encoded in its fragment 7% .

To conclude, let us see, in some examples, how the blue calculus takes the best from
both the functional and the process calculi world. It is possible to give example familiar

3in fact, the same discussion appears in conclusion of this paper

INRIA



Implicit Polymorphic Type System for the Blue Calculus

Table 1 structural equivalence and reduction

structural equivalence:

P=qQ (P=,Q)

PlQ=Q|P

(PlQ)IR=P|(@Q]|R)

(PlQ)v=(Pv)|(Qu)

(vo)P | Q = (vv)(P | Q (v  n(Q))

(vu)P v = (vu)(P v) (u #v)

(u=P)a= (u=P)

(u<=P)a = {(u<P)

(u=P) = (u<=(P|{(u=P))) folding/unfolding

(u=P) = (u<=P) | (u=P) replication
reduction:

(Az)P v — P[v/z] (B)

(u|(u«=P)) =P (p)

(u|(u="P) = P| (u=P) (1p)

P— P = (Pu)— (P u) context rules

P—P = (P|Q) — (Pl Q)

P — P' = (vu)P — (vu)P’

P>PandP=Q=Q— P

RR n~° 3244



8 Silvano Dal-Zilio

to people from the A-calculus world. Booleans encodings for example: T =g4e¢ (Azy)z and
K =4er (Azy)y, or pairs, [P, @], such that

[P, Q] =aer (vpg)(A)(b p q) | {p = P) | (¢ = Q))
[P,Q] T — Pand [P,Q] K — Q

We can also define classical concurrent processes, like process-based lists, non-deterministic
choice (@) or single state buffer (buff)

@ =aer (Azy)((vu)(u | (u = 2) | (u <= y)))

buff =aer (v0)(b | (b = (put < (Az){get <= (z | D)))})

Finally, some 7* specific operators are also definable. Like “higher-order” application or
recursion

(P Q) =aer (vu)(P u | (u=@Q)) (ufresh)

recz.P =q4¢ (vz)({z =P) | )

3 The type system

In the polyadic 7-calculus [28], contrary to the monadic case where simple channel names
are exchanged during communication, channels carry tuples. This led to a new behaviour:
tuples sent along a channel may not have the same length as the tuple expected by the
receiver. A situation comparable to runtime failure. To prevent this situation, Milner
defined a channel-use discipline, called sorts, which is the foundation of many type systems
for the w-calculus [32, 37] and for programming languages developed on its model (P1cT [35],
the join-calculus [16], etc).

Since communication in 7* is a combination of resource fetching and g-reduction steps
there is no notion of a polyadic calculus. There is also no corresponding operational notion
of runtime failure. But the notion of types for our calculus arises naturally from the A-
calculus, especially if one wants to introduce concrete values. Moreover, Boudol proved that
his Curry-Hindley style type system for 7* (Table 1) reconciles both the A-types and the
m-sorts paradigms.

We assume the reader is familiar with notations for the polymorphic type discipline of
ML. We use 3 to denote type variables (also called non-generic or applicative variables)
and a to denote generic type variables. By convention we use 7 and w to range over simple
(monomorphic) types and o, p over type schemes (polymorphic types). fn(7) is the set of
free types variables and T'|, denotes a type environment equal to I' everywhere save for z,
where it is undefined.

INRIA



Implicit Polymorphic Type System for the Blue Calculus 9

Type System 1 Curry-style type system for 7* (Fg)

T(u) = (taut)
I l_B u:T
kg P:7 T(z)=1 (abs) Tk P71 T(u)=7 (app)
Teke(Az)P:7' -7 P (Pu):T PP
TkFgP:7 ThHpQ:T kg P:T
(par) ————— (new)
TP | Q:T Tgbe(vo)P:7
Tt P:r T(w)y=r (decl) kg P T(u)=r7 (tdecl)
ke {(u<=P):w Phg{u=P):w

v = basetypes | o} | I}
T o= v | (1-7) simple types
o = 7 | Ya.o type schemes

Definition 3.1 (Generalization of a type and subsumption)

Given a set V of type variables, generalization of a simple type T is the type scheme
Geny (7) =qer V&.7, where & are the free generic type variables in T not belonging to V.. We
use Genr(.) as a shorthand for Geng,r)(.). The subsumption relation between type schemes
and types, <, is such that o < 7 iff there exist some simple types 7' and &, and variables &
such that ¢ = Va.r' and 7 = 7'[0/a].

We present a syntax-directed type inference system (see table 2 on the next page) in the
same vein as [12]. Note that, contrary to [14], we give simple types to processes and not
type schemes. An enjoyable propriety of such system is that the structure of a valid typing
sequent I' - P : 7 is P.

For convenience, we neglect to give a typing rule for multiple/replicated declarations
({u = PY)) since, like in Fg, it is essentially the same as for simple/linear declarations
({u < P)). Moreover, in a calculus with structural laws (replication) and (folding) (table 7),
one can derive the former rule from the latter. The rules for declarations deserve further
comment. A sequent I';u : 0 F P : 7 means that every occurrence of u in P has (possibly
different) type w such that ¢ < w. Suppose that the process @) is a resource accessible from
win P, e.g., P =Clu] | {u < Q). Therefore {u < Q) should have type 7 and @ should have
type 74 such that 7 < 7,. Therefore, we must be able to assigned any type to a declaration.
This is the meaning of type w in rule (decl+).

RR n~° 3244



10 Silvano Dal-Zilio

Type System 2 Polymorphic type system for 7* (k)

M (taut)
'Fx:71

TFP:7 T@) =1 TFP:7 -7 Tw)=<7

TeFQAz)P 7 -7 (abs) TF(Pu):7 (app)

THFP:71 FI—Q:T( ) 'kP:71
ar _—
TFP|Q:7 T, F (vz)P:7

(new)

'k P:7 T(u)= Genr(r)
FF{(u<eP):w

(decl+)

We implicitly assume here that we are dealing with terms up to a-conversion. Otherwise
we could not be able to type an example like (Az)(Az)x for instance. Thus we, can assume
that our type inference system is enriched with a typing rule that allows two a-equivalent
processes to share the same types and, for the rest of this paper, we assume that bound
names never clash.

Type System 3 «a conversion

TFP:7 PEaQ(

1ph.
TFQ:r alpha)

3.1 Polymorphic recursion

For our analysis, only a core fragment of ML is needed. It’s a A-calculus augmented with the
let-construct and the usual fix-point operator, namely rec .M. We recall that we distinguish
(Az)P, the blue calculus “small” abstraction, and A\z.M, the stronger A-calculus abstraction,
that allows substitution of terms over variables. We refer the reader to the note in page 4
and to [28, 8] where the same discussion appears. Terms of core-ML are defined by the
grammar

M:=a | (MM)|Xz.M |letz = NinM | recz.M

A type inference system, based on the one given by Damas in his thesis [14], is presented
in Table 4. A characteristic of the Damas-Milner Calculus is that occurrences of a function
inside the body of its (recursive) definition can only be used monomorphically. To overtake
this limitation, Mycroft [29] suggested a typing rule for polymorphic recursive definitions

INRIA



Implicit Polymorphic Type System for the Blue Calculus 11

(see Table 5 and rule (letrec +), table 8 on page 20). We differentiate those two type systems
by denoting with Fp sequents in the presence of (rec) rule and Fy whenever rule (rec +) is
used.

Type System 4 Type system for core-ML without recursion

Nz)=0 o=<T7 (taut) =M1 T,z:Genp(r')FM:7 (1ot
ka7 Prhletz=MinM:7
TF-M:7 T(x)=71 r-mM:7"-v THM:7
; (abs) ; (app)
TerXeM: 7' -7 r-(MM):r

Type System 5 Two typing rules for recursive definitions in ML

x:m,Lobp M7
[y bprecz.M: 7

(rec)

Damas-Milner type system (p)

x:Genp (1), T bu M : 7
Tz burecz. M : 7

Milner-Mycroft type system (Fy) (rec +)

The rule in Damas-Milner (DM) type system is conceivable if one considers recursive
definition as the result of applying a fixpoint operator to an abstraction, i.e., recz. M ~
(Y Az.M), where Y’s type is Va.(a — @) - @. On the other hand, in the Milner-Mycroft
(MM) type inference system, the definition of a function f can contain recursive calls to f
at different types. This ability is called polymorphic recursion. It was shown in Section 2
that the rec-operator is derivable in the blue calculus

recz.P =45 (vz)({z =P) | x)

this gives derived rules for recursion in our polymorphic type system (see table 6 on the next
page). Looking at the corresponding rules in ML, it appears that our type inference system
is closer to Mycroft spirit.

The Milner-Mycroft type inference system is proved sound and it preserves the principal
type property of DM calculus. But, contrary to Damas type system, type inference is not
a decidable problem. Automatic and practical type inference for ML has been achieved for
the earlier implementation [27, 13] and was a major advantage of ML with respect to other
applicative programming languages. However, results concerning the type reconstruction
complexity are more recent. For almost ten years programmers thought this problem had
polynomial time complexity until Maison [26] proved in 1990 that the polymorphic type in-
ference problem is complete for exponential time. Likewise, the MM type system from 1984,

RR n~ 3244



12 Silvano Dal-Zilio

Type System 6 Damas and Mycroft style typing rule for declaration and associated derived
rules for recursive definitions

Lu:tkp P:7
Ljy,u: Genr (1) Fp (u < P) 1w

(decl)

Diyu:tkp P17 Genr, (1) <7
(rec)

Ty, Fprecu.P: 7'

Py P:7 T(u) = Genr(r)
Fty{(u<P):w

(decl +)

Tty P:7  T(u) = Genp(r) < 7’
Iy Fyrecu.P: 7!

(rec +)

which has been “implemented” in a version of ML, was shown to be undecidable in 1990.
Henglein [18] and independently Kfoury, Tiuryn and Urzyczyn [22] shown that the typabi-
lity problem in MM is log-space equivalent to semi-unification, where semi-unification is the
problem of solving subsumption inequations between first order terms. Semi-unification has
been shown to be recursively undecidable. Thus we can’t reasonably expect typability for
our calculus to be decidable, and we prove the undecidability of the type inference problem
in Section 7.

To achieve decidable type reconstruction in 7*, it is possible to draw one’s inspiration
from the Damas-Milner typing rule for the “let” construct. This provides us with new typing
rule for declarations (decl) which contrasts with (decl +) in the same way that rules (rec)
and (rec +) differ. Those new rules, as well as the derived rules for recursion, are presented
in Table 6.

3.2 Example: a process-based cell

Just as there are more typable terms in the MM type inference system than in DM, there
are strictly more typable processes with rule (decl +). We propose a practical example to
illustrate this property.

A discussion on how to model cells in the blue calculus can be found in conclusion
of [8]. Cells, readers may be more familiar with the term reference, used with a different
meaning in this article, a classical example of mutable data structure encoded in process
calculi. Its behaviour is very much like the single buffer of Section 2 except that accesses
(messages on get) are not destructive. First, we introduce a new operator, (a < P, b < Q),

INRIA



Implicit Polymorphic Type System for the Blue Calculus 13

which combines two declarations in a single construct such that “resource fetching” becomes
correlated. This operator, subsequently denoted by pair-declarations, verifies

P

{(a<:P,b<:Q)|a ; 3)

(a=Pb<=Q)|b

bl

This construction provides us with an encoding for records [9, 33], but it is a special
kind of records since field extraction is not an application but a parallel composition. Thus
it is asynchronous and non-deterministic. In fact, pair-declarations are better understood
as “input-guarded choice”, {a < (AE)P,b < (A7)Q) being operationally equivalent to the
m-calculus process a(Z).P + b(7).Q. However it is interesting to observe that the restriction
on 7* that forbid abstraction on references is exactly the restriction in “ML-with-records”
that field names cannot be abstracted. Using the notation for pair-declaration, a cell is the
recursively defined process

cell =gef rec c.(Avg ) (put < (Az)(c z), get < (vo | (¢ vg)))

We invite the reader to consider the differences with “imperative” style references. In particu-
lar, non-determinism and behaviours arising from the asynchronous and call-by-name nature
of blue calculus. As an exercise the reader might like to find how (cell f | put g | get v1 .. .v,)
evaluates and why ((put get) | get) is a deadlocked process.

Starting from the A-calculus style encodings for pairs: [P, Q] =def Ab.(b P @), described
in Section 2, one can devise an encoding for pair-declarations in the blue calculus. For the
sake of brevity, we have indexed our translation with p, the “location” of the pair, and we
suppose that this name is never captured.

(a=Pb<=Q)p=dr(p<[PQ])[{a=pT)|(b=pK) (4)

Actually, this encodings is not faithful to Equation (3). References a and b must not appear
in subject part of other declarations and we have the property

(a=Pb<=Q)p|a— P|(b<pkK) 5
{<a<:P,ch>p|b—>Q|<a«:pT> 5)

stating, in particular, that after a communication on a, (¢ < P,b < Q), is still respon-
sive on b. This behaviour can be adjusted by replacing the definition of p in Equation (4),
namely (p < [P, Q]), with the more complicated process (p < ([P,Q] | (p < [a,}]))). Ho-
wever, since a cell is always responsive on both references put and get, a quick argument
shows that in the cell-example it is not necessary to change our definition.

It is possible to give results on the type of (¢ < P,b < Q) and ultimately of cell.

In the monomorphic type system, I' g P : 7, and [ b5 Q : 7, implies T Fg [P, Q] :
((1p = 74 = @) — «). Since T (respectively K) has type (o — 3 — ) (resp. (a— (- 3)).

RR n° 3244



14 Silvano Dal-Zilio

Then (a < P,b < Q) is typable in kg iff 7, and 7, are equal. This constraint is different
with a polymorphic type system. In particular we have the weaker requirement that a’s type
subsumes 7, and b’s type subsumes 7,. Their actual value depends on the type discipline
used.

For example, let us examine the cell process, where P =4¢r (Az)(c ) and Q =ger (Vo |

(c v0))-

p <= (vab)(Af)(f ad) | (a <= P) | (b<=Q)))
{(put <= p T)
(get < p K)

(
cell =qef recc.(Avg) | |
|
In its recursive definition, reference ¢ appears in both P and . In Fky, we can type
this process assuming ¢ : Va.(3 — a). It follows that cell is typable with the hypothesis
put : Ya.(f — a). This is not possible in Fp, where, inside its definition, ¢ must have a
monomorphic type. Therefore, without polymorphic recursion, the cell process is typable
with the stronger assumption that put have type (8 — 3). A consequence is that process
(u = (put 0 | P)), which resets the cell value whenever a message on u has been consumed,
is not typable in Fp if P is not an integer expression, whereas, for example,

put : Va.(int — a), get : int,u : Va.a by {u = (put 0 | (A\z)z)) : w

Readers familiar with ML may be surprised. Indeed the naive extension of the ML
polymorphic type system to mutable structures is unsound and we just proved that cells are
definable in 7* and can be typed. This difference in performance results from the difference
in evaluation strategy between the two calculi. Evaluation in 7* is by name: it is not possible
to reduce a process under a declaration, whereas evaluation in ML is by need: an expression
defined in a let-construct is evaluated at most once and its result is shared. This good
behaviour with respects to “imperative features” was already observed in the programming
language QUEST [10] where polymorphically typed expression are evaluated each time their
types are specialized. Another, more relevant, reference is MLN, the variant of ML with
polymorphism by name described in [25].

3.3 General properties

Our type system is not equipped with the usual instantiation/generalization rules. In parti-
cular, processes are always given a simple type. We choose instead to give a syntax-oriented
type system where these two operations are embedded in rules for instantiation (taut), ap-
plication (app) and declaration (decl). Nonetheless we can easily extend our type system
with generalization and instantiation and prove that both systems are equivalent. A natural
consequence is that types given to processes can “implicitly” be considered polymorphic.
Formally, the derived rule (sub) (Table 7), which states that the implicit meaning of sequent
TFP:7isT+ P: Genr(r), is sound. This property follows directly from (substitution)
Lemma 4.3, used in the demonstration of the subject reduction property. Another standard
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property that can be derived in our type system is (weak), which states, in particular, that
weakening is valid.

Type System 7 Subtyping and weakening

'tP:7 Genr(r)<7 (sub) T'FP:7 x¢n(P)

— - - (weak)
THP:7T Digyziob P

A direct application of rule (sub) is the derived rule for process application
THEP:7 7" THQ:7 Genp(r)=<7

TFPQ): (app)

4 Subject reduction

A commonly expected property from type system for programming languages is that well-
typed expressions remains well-typed after reduction. Moreover we expect to preserve ty-
pings. Thatis (' P : 7) and (P — Q) = I' F @ : 7. This property is called subject
reduction. But, as pointed out by Boudol in [8, sec. 4], the “message sharing rule”, i.e.,
relation (P u | Q u) — (P | Q) u, is not compatible with an extension of the blue calculus
to parametric polymorphism. That is, (P v | @ u) may be typable even if ((P | Q) u) is
not.

Example 4.1

We use the nil type constant to represent idle processes or “silent” termination of operators.
Suppose we have modeled a distributed application in which a message server, possibly
connected with different databases, is able to print request results on a private medium. In
m*, this server can be viewed as a simple replicated declaration {print = ...} with print of
type Ya.a — nil. We can define, in the same context, two specialized servers that applies
their argument to the integer value 1 and the boolean value true {app2one = (Af)(f 1)) and
(app2true = (M\f)(f true)) whose respective types are (int — nil) — nil and (bool — nil) — nil.
Then, the process ((app2one print) | (app2true print)) has type nil, while ((app2one |

app2true) print) is not typable.

We demonstrate the subject reduction property for a restricted version of the reduction,
— , such that structural equivalences is replaced by the weaker relation of heating — (see
Section 2). In particular — is not symmetric, and thus is not an equivalence. However it is
easy to be convinced that — is not necessary in reduction. Results proved in this section
are for Mycroft-style type system, by, but are valid with Fp. Subsequently we denote typing
sequent with - whenever a property is true for both system.

Theorem 4.1 (Subject reduction)
Reduction preserves typing

T'FP:7and P = Q impliesTHQ : 7
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It is easy to show that typing is preserved by the heating relation.

Lemma 4.1
Heating preserves typing

T'P:7and P — Q impliesT F Q : 7

Proof by induction on the structure of P — Q. O

To prove the main theorem we need to demonstrate basic substitutions lemmas. That is
properties between typings and substitution over processes and environments. Lemma 4.2
states that we can substitute a reference to a variable in a process whenever its type is more
general. Lemma 4.3 states that typings are invariant under substitution of simple type to a
type variable.

Lemma 4.2 (Substitution lemma (on references))
IfT,v:0,z: 7+ P: 7', with x variable and o < T, then

Tw:ok Pu/z]:7

Lemma 4.3 (Substitution lemma (on type variables))
let @ be a type variable and w be a simple type, then

'FP:7=Tw/ak P:1w/a]
Proof (Lemma 4.2 and 4.3) The proofs of these lemmas are similar and use induction
on the inference structure of sequent I',v : g, : 7+ P : 7 or ' b P : 7. The details are
self-evident. Lemma 4.2 is less standard than Lemma 4.3 and is only used in the case for

rule (3) in the following proof. It is interesting to remark that this lemma is not necessary
if we replace 3-reduction by the rule

((Az)P u) — (vz)(P | (z = u))) (v fresh)
inspired by Equation (1) presented in page 4 O

We can demonstrate the result stated at the beginning of this section

Proof (Theorem 4.1) we use induction on the inference P —=» Q.

case (struct): the result follows directly from Lemma 4.1 and the induction hypothesis.
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case (app): By assumption we have that Pu —=> Q u with P = Q and Tk (P u) : 7.
Therefore, it must be the case that
rtP:7 -7 Tw=0o<7

I'FPu:r (app)

We have I' - P : 7/ — 7, then, using induction, we have that T'F Q : 7/ — 7. Applying
rule (app) it follows that ' (Q u) : 7. Case (par) and (new) are similar.

case (3): the last reduction step is (Az)P u — Plu/z]. It must be the case that the last
rules used to infer sequent I' - (Az)P w : 7 are

Lz:7+P:71 (abs)
abs
TFAz)P:7 -7 Tu)=0=<71
(app)
TFMz)Pu:r

T,z : 7 F P : 7 and T'(u) = o < 7/, therefore, using Lemma 4.2, it follows that
Tt Plu/xz]: T
case (p): By assumption, we have that the last reduction step is (u | (v < P)) — P.
Therefore, the derivation for '+ (u | (u < P)) : 7 is
. ! —_ / —_
THP:7 T(u)= Genr(r) (decl 1) Tu)=c=<r71
PHF{u<sP):7 F'Fu:r
TF@|{usP)):T

(taut)
(par)

We have that Genr(7') < 7, therefore it exists a substitution S over variables from
fn(7") \ fn(T') such that S7/ = 7. Using Lemma 4.3, ST F P : S7’ and, as fn(T') N
domain(S) =0, ST =T. It follows that I' - P : 7.

O

To conclude, let us give a simple example that demonstrates the need to forbid reference
abstraction in the subject part of a declaration. Let R be the (invalid) process

R =4et (u<= P) | (Az){z <= Q) u) (unotin P or Q)
and I be a context such that I'(u) =0, T’F P:7m, and T'F Q : 74, e.g.,
Q=M2)(+21), 7y =int —int, P = (Az)z, 7, =a - o and 0 = Voa.7,

For R to be well-typed, it is sufficient that o = Genr(7,) (rule (decl +)) and o < 74 (rules
(decl +), (abs) and (app)). R reduces in one §-reduction step to

R— R ={ueP)|{ueQ) =(ue )| {ueOa)(+z1)

The conditions required to type R’ in I' are stronger, since we must have ¢ = Genr(7,) =
Genr(7,), constraints which are trivially false.
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This problem does not arise in system g, i.e., the monomorphic type system is sound in
the blue-calculus without restriction on reference abstraction. We are in a situation quite
comparable to the naive extension of the ML polymorphic type system to references.,and in
fact, to all imperative constructs. Many type systems, have been proposed for typing poly-
morphic references: Tofte [34], Mac Queen, Wright and Leroy ([24] gives a good overview).
It would be interesting to study how those systems can be adapted to 7*. An intuition is
given in Appendix A.

5 Principal types

Beside subject reduction, an important property for type systems is the principal type pro-
perty, which states that for any process P and context I', such that P is typable in I, there
is a type that represents all of the possible typings of P in T'.

Theorem 5.1 (Principal type)
If P is typable in the context T (i.e., A7',T' by P : 7' is derivable), there exists a “more
general” type scheme o such that for every derivable sequent 'ty P : 7 & o < 7.

Proof See Appendix B. O
We extend the subsumption relation < to type schemes and typing environments

c=<p ff Vrp<7T=>0<T
A<T iff V(u:o)el,I(u:p)eAandp=<o

the sequent I' F P : 7 is said to be more general than A - P : w if there is a substitution
S such that S(A) < T" and Genr(7) < S(Gena(w)). The intuition is that the most general
typing (if it exists) expects less from the context and provides more. With this definition,
it happens that a “most general typing” can’t be given in every case. More specifically, we
have that Fy lacks the principal typing property [20].

Example 5.1
a:Va.alk (aa):fanda:Va(a—-a)F (aa): -0

But we can prove that for every typable process P, there is a particular typing which
represent all the possible typing of P. A property comparable for ML to Theorem 1.5.3
in [11].

Theorem 5.2

For every typable process P there exists a most general typing I', - P : 7, such that: if
A& P :w, there is a substitution S such that Genr, (7,) < S(Gena(w)) and ', < S(A g(p))-
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Table 2 translation from ML to 7* [.] : ML + #*

[2] = =
[N M] = (A2)[M]
[MN] = (@o)([M]v]|(v=[N])) (v fresh)
= def (v = [N])in ([M] v)
[letrecus = Ny and ...inM] = (va)([M] | (us =[M]) | -..)
= def(u; =[M]) | ... in[M]

Proof The proof is a direct consequence of results shown in Appendix B. For example,
using the same notation as in Theorem 5.1, we associate with the process of Example 5.1
the vector (Va.a,Va.a), i.e., the typing a : Va.a b (a a) : a.

6 Relationship with ML

In ML, recursive definitions are only used in the definition part of a let-construct. This
yields a derived construct, letrec, which is a shorthand for

letrecx = Nin M =gt letx =recz.Nin M

Practically, the letrec construct is a more general operator which allows mutually recursive
function declarations in ML (letrecu; = Ny and ...in M).

Definition 6.1 (def Jin P)

We distinguish a new syntactic category in the grammar of 7*, namely declaration bodies,
which are the parallel composition of (linear or replicated) declarations B ::= D | --- | D.
The def-construct, def Bin P, is a 7* derivable operator used as shorthand for

def Bin P =4t (va)(B | P) where @ = decl(B)
with the restriction that decl(B) N decl(P) = 0.

Side condition decl(B)Ndecl(P) = @ ensure that there is no redefinition in P of references
defined in B. That is, there is no declarations in P with subject part in decl(B). This
property is preserved by reduction since, although the scope of restricted declarations can
be widened (this is the classical scope extrusion mechanism of 7-calculus), no declarations
can be dynamically created. Table 2 gives a simple translation from ML (with mutually
recursive declarations) to the subset of the blue calculus in which declarations are replaced
with def-operators.

Derived typing rules for the def-construct can be given in both our Damas and Mycroft
like type system but, drawing one’s inspiration from ML typing rules for the letrec construct
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(see Table 8), we define a new type inference system g such that we restrict type poly-
morphism to occur only in the def-construct. Rules for this new system are given in Table 9
with the derived rule for the def-construct in Fy. It is interesting to compare this new type
system with the implicit typing & la ML devised for the join-calculus [16], where authors
ran across the same classical limitation of typing for mutually-recursive functions.

Type System 8 Typing rules for letrec in ML

TU{u;:Gena, ()} Fu Ni:n TU{u;: Gena, (1)} Fu M = 7

. (letrec +)
T Fyletrecu; =Ny and ...in M : 7

TU{u;:m}trp Ni:mi T U{u;: Gena, (1)} o M o 7

- (letrec)
I'bkpletrecus = Ny and ...inM : 7

(where A; :FU{u]‘ 1Ty |]7$1})

Type System 9 Fyp, a new polymorphic type system for 7*

Tu {Ui : GenAi(ﬂ-)} Fu R i 7 Tu {’Lbz : GenAi(Ti)} by Pt

def
T by def ((u; < Ri))inP: 7 o
Tu:7kw P71 (decl 1)
Tu:Thw{u=P):w
PUfuisntbws Ri:mi TU{ui: Gena, (i)} bws P p (def -)

T Fyg def ((uz = Rz))lnP tp

(where A; =T U {u; : 75 |j;£1})

It is possible to demonstrate a result equivalent to the one presented by Boudol in [8,
Proposition 4.2]. Let I' = M : 7 [ML] denote sequents from the ML type system (see
table 4 on page 11). In the same way, let I' = P : 7 [7*] denote sequents inferred using the
polymorphic type system for 7*.

Theorem 6.1 (Equivalence on typings)

IFT bp M : 7 [ML] then T’ byg [M] : 7 [7*]. Conversely if T' byg [M] : 7 [r*] then
Aty M : 7 [ML] with A = T|(gn(r)\fn(p)) - This property is true with -y [ML] and by [7*].
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7 Type reconstruction complexity

As stated in Section 3.1, the typability in MM type inference system has been proved
undecidable [22, 18]. Therefore, an immediate consequence of Theorem 6.1 is

Theorem 7.1
The type inference problem for by [1*] is undecidable.

In fact, we can prove a finer property quoting F. Henglein in [18]: “for every system of
inequations I, there is a log-space computable expression of the form recx.M where e is
let and rec-free,i.e., e is a pure A-term, such that T is semiunifiable if and only if recx.M
is MM typable’. Another reduction is given by A. J. Kfoury et ol. in [22] with the same
characteristics. As the translation from ML-term to 7*-term preserve typings (Theorem 6.1),
we obtain a reduction from semi-unification to typabilty in Fy [7*]. Moreover,

Lemma 7.1 (semi-unification reduce to typability in )

for every system of inequations T, there is a log-space computable expression of the form
rec z.P such that P has no recusive definition (i.e., no declarations {u = Q) with u € fn(Q))
and that 7 is semi-unifiable if and only if rec z.P is MM typable.

Proof for Theorem 7.1 follows since semi-unification has been shown recursively undeci-
dable [21, 36]. We show in fact that typability in the Damas-like type inference system +p
is also undecidable

Theorem 7.2
The type inference problem for by [1*] is undecidable.

Proof To prove Theorem 7.2, it is sufficient to prove that the semi-unification problem re-
duces to typability in Fp. Suppose there’s a typing judgment T' -y rec u.a,, : p such that there
is no recursive declaration in a,,. We first prove that* T' by (vu)(def v = uin ({(u = a,) | v)) :
p- Let v be a new reference and a, = a,[v/u]:

Thp (vu)(defv =uin({(u =ay) | v)) : p

from the relation T by rec u.a, : p and the rule given in table 6 on page 12, we deduce that
there exists a type 7 such that (we use ¢ for Genr(7))

Tou:obyay:7 o=<p

rec +

Tbkyrecu.ay : p ( )
By hypothesis, a, has no recursive definitions (it is even sufficient to suppose that a, is the
translation of a pure A-term), then V7,T" by a,, : 7 = T Fp ay, : 7. Moreover, v is fresh. Then
T,v:0tpay,: 7 (weakening) and T',v : ¢ bp a, : 7 (same as lemma 4.2 on page 16).

4defv =uin ({v = av) | v) =det (Yv)({v =u) | (v = av) | v)
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Twiobpay,:7 u¢in(ay)

(weakening)
Tw:rw:obpa,:7

decl
Dou:o,v:0bp{u=(av)):p (dec) g=<p

Tu:ow:obp{u=ua,) |v:p (par)

It is also the case that

o=<T
—— (taut)
Tu:obpu:7 v fresh

Tww:ow:thkpu:7

decl
T,u:o,v:Genr(r) bp (v =u):p (dech)

Then, applying rules (par) and (new):
Thp (vu)(defv =wuin ((u =a,) | v)): p

using Lemma 7.1, it follows that for every system of inequations Z, we can exhibit a 7*
process P such that 7 is semi-unifiable iff P is typable in the system +p. d

8 Conclusion

We have presented, in the present paper, a type system for 7* with polymorphic recursion
adapted from the ML typing discipline, and we proved it enjoys subject reduction and the
principal type property.

These are interesting results for the blue calculus as a programming notation for higher-
order concurrency. But a type system is hardly helpful if one cannot gives an algorithm
that can tell whether or not a program is type-correct. A first approach will be to restrict
our type discipline. This is the intention behind the introduction of system Fvg. The type
reconstruction problem in Fvg trivially reduces to first order-unification and, consequently,
is decidable: it is possible, for example, to adapt the deterministic type inference algorithm
given in [14]. Other approaches use the more expressive system Fy. The simplest solution
is to provide explicit type declarations for every reference. One can also devise specific type
inference algorithms [29] or an algorithm based on semi-algorithms for semi-unification [18,
sec. 5]: we trade off expressiveness for a type inference algorithm guaranteed to finish only
for well-typed programs.

It is also interesting to understand why those algorithms are more complicated than for
the “ML with polymorphic recursion” case. Contrary to the ML let-construct (and the join
of [15]), the scope of declarations are not syntactically fixed in the blue calculus. Therefore,
if we think of 7* in terms of programming languages and of declarations in terms of function
definitions, we are in the case where all function declarations are top-level and mutually re-
cursive. Moreover, a reference can appear in subject part of many declarations, a situation
comparable to multiply defined functions. This problem is called incremental polymorphic
type checking with update by Mycroft in [30] and It is exactly the case of the programming
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language PROLOG where predicates are incrementally and mutually defined. Type systems
for PROLOG have been extensively studied [31] and it should be possible to adapt them to
our need.

An other interesting contribution of this work are the consequences we can draw on the
m-calculus. Simple translation exists between the blue calculus and the asynchronous «
calculus [4, 19]. Therefore, one can easily deduce that it is not possible to devise an implicit
type system “a la ML” for the 7-calculus along the lines of Fy. Indeed, the same arguments
applies in each case. For the same reason, one can easily derive a polymorphic type system
for ¢, Michele Boreale’s calculus [3], from our type system for the restricted version of 7*
used in this article, i.e., without abstraction on references. In fact, at the cost of simple
transformation, it is also possible to type 7I, the sub-language of the w-calculus such that
only private names can be exchanged among processes.
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A Polymorphism and higher-order references

An approach, commonly taken in ML to constrain polymorphism in references, consists in
tagging type variables that appears free in a reference type. Those variables are often called
weak or dangerous. Generalization is then redefined to make special treatments of weak
variables. The simplest, but over-restrictive, approach consists in forbidding generalization
of weak variables.

A weak variables is denoted a*. We extend this notation to types (7" —7)" =qef
7" — 7*). Drawing a parallel with ML, we redefine the type system to weaken poten-
tially dangerous generic type variables. In particular we have to consider a rule to type
abstraction on references

TkP:7 T(u)=1"
Dok (Au)P 7"~ 7
Remember that with our conventions, u is a reference and 7' is a simple type. Then, rule (abs
x) allows abstraction on « with the classical limitation that u’s type is not a type scheme.

Otherwise we have to consider system F' types such that quantification is not restricted to
be top-level.

(abs *)

We also redefine the subsumption relatiion < to be such that Va.a 4 7*. More formally,
we forbid weak variables in generalization of type schemes, i.e., Va.7 < w iff exist some simple
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types (7;)1<i<n such that w = 7[7;/&] and the 7,’s have no weak variables. Let us see what
happens with the example given Section 4

R =qer (v = (Az)z) | (A2)(z <= (Ay)(+y 1)) )
Using rule (abs ), it follows that

z: (int - int)* F (z < A\y)(+ y 1)) :w
= 0k (Qz)(z < Ay)(+y 1) : (int - int)" - w

With the new definition for subsumption, Va.(a — @) 4 int* — int*. Therefore the unique
valid typing is  : int* — int* F R : w, which is preserved after reduction.

We have only sketched out a polymorphic type system for the original blue calculus, i.e.,
without restrictions on references. But there is enough subtleties in the type discipline for
the calculus studied in this paper to reserve a full treatment for ongoing research.

B Principal type

This appendix contains a proof for the principal type property, Theorem 5, stated in the
paper.

B.1 Type semantics

Let 7 be the sets of all monomorphic and polymorphic types augmented with a greatest
element T, the error types, such that Vo € 7,0 < T. Theorem B.1 is a well known result.
It appears, for example, in [29].

Theorem B.1
(T,<) is a partial order with least element Va.«, greatest element T and such that any
subset X C T has a greatest lower bound [ ] X.

Let us briefly explain the intuition behind the use of partial order theory. We denote by
T(T, P) the set of P’s type in the environment I'

T(T,P)={o|T+P:0o}

and we consider the slightly modified type system where rules for instantiation and genera-
lization are added.

Type System 10 generalization and instantiation

'FP:oc a¢gfml) (gen) '-P:o a<p(inst)
't P:Vao T'FP:p
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In this new (equivalent) type system, rule (gen) can be used at the end of a typing to give a
type scheme to a process. This is reminiscent of our discussion on rule (sub) in Section 3.3.
Properties of our type system can now be rephrased in this formal framework. For example,
using Lemma, 4.3, we have the property that 7 (T, P) is an ideal

o1 €T(T,P)roy <03 = 02 €T(T,P)
Likewise, the principal type property is equivalent to
¢=[|7(T,P) isin T(T,P) (6)
since, by definition of the greatest lower bound, Vo,I' - P : ¢ = ¢ < . Such ideal are called
principal. In fact, it is sufficient to prove the weaker relation

{I‘I—P:al

Tk P:oy =>THFP:oiMoy (7

As we are interested in results for the syntax directed type system Fy, we demonstrate
instead the equivalent equation

'ty P:m
T'kuP:my ==THkyP:7 (8)

Va.r =111

B.2 Cartesian product over types

We introduce some notations necessary for the proof of Equation (8). Let 7, denotes the
set of type vectors of size n, or rather type schemes vectors

I == (Ti)1§i§n
¢ = (Uz’)1gign
¥ o= @ | Vol

We use ¢ to range over ® and v over universally quantified vectors (element of ¥). Sub-
sumption is defined like < on 7. Remark that <n is not the usual “product order” <™ =g¢
(< x -+ x <) such that ¥1 <™ s & Vi.(¢] < ¥3)

{ 7 simple types

Vi oilifa]<pi = O (Tizicn <o (Pigicn

this definition is extended to quantified type vectors

Y1 <n P2 iff VY, Y2 < ¢ = Y1 < @

Regarding the definition of type schemes given Section 3, it would have been more natural
to consider quantified vectors of simple types instead of type schemes vector, i.e., we could
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have replaced ® with II in definition of ¥. In fact, each element of 7, has an equivalent in
this form, e.g.,

(Va.a, Yo (B — ) ~2 Yagar (oo, (B — a1))

where ~ denotes the (classical) equivalence such that o ~ p <& ¢ < p and p < o. This is
equivalent to writing a type in its “canonical form” (remark that here, the representant is
not unique).

Theorem B.2
(7n,<n) is a partial order with least element (Vo.a), ..., greatest element (T), .., and
such that any subset X C 7, has a greatest lower bound [ X. T

Proof Let 11 and v be in 7,. We consider their representations in “canonical form”:
Y1 = Vau(Ti)1<;<,, and o = V6. (wi);<;<,,- It is easy to prove that subsumption between
type vectors is related to subsumption between types following the equation

wl <n¢2 < Vd'(Tl_’"'_’Tn)<vg-(w1_’"'—’wn)

In particular

Va.(m = =) =i <k (ng'(w{ o _’wi))
= Vau(Ti)i<i<n = [icj<k (vgj'(w’j)gign)

O

Remark that 7, is not equivalent to the sets of type schemes vectors, e.g., the vector
Va.(a,a) isin ¥\ ®. Let us denote D((0;),,<,) the set of type variables appearing free in
more than one o; -

D((04)1<i<p) =det {a|Fi # j,a € fn(0y) and « € fn(o;)}

We suppose, for the rest of the paper, that type vectors are given in the “second canonical
form”

T = Va.(0i), <<, With & C D((04)1<4<,)

B.3 Proof

We could associate to each environment I' (T' =qef 21 : 01, - - -, Zn : 0n) the type vector ¥ =ger
(01,...,0n) € @, and to each typing judgment I by P : o, the vector (o1,...,0n,0) € @,
also denoted (v,0). Inversely, we associate to Véa.(y,o) the typing I' by P : 7 such that
o = V.7 and § N fn(y) = 0. Remember that, with our convention, & C D((v,0)). Since we
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are not allowed to give type scheme to variables, the definition of T' is not immediate. Let
o; be the i*" component of . If z; is a reference, (z; : 0;) € T, else, let o; = Vij.w (7j fresh
variables), (z; : w) € .

Equation (8) is a direct sub-case of Equation (9) such that Ty =T =T

Fl }_M P i T1

TQ I_M P: T2

Va.(v,0) = (11,71) N (12, 72)
o =Vé.r

=>TkyP:7 9)

To demonstrate Equation (9) we need some basic properties on the greatest lower bound.
The proof of Lemma B.1 is a trivial adaptation of the argument in proof of Theorem B.2.

Lemma B.1

1. Y&.(03) 1 cien = I, (vai.(ag)KKn) = Vao;~ 1, (Va0

_ _ 3(7’1,T2).~0' :V5.(Tl - Ty)
2. Va.(y,0) =[1;(vi, 7l = 13) = { Va.(v,V0.m) =[1;(7i, 7)
Vo1 =[1,(17)

3. Vd'(’yvalva?) = Hi(vivaivaé) = Vd.(’y, 01) = Hi(’yiao'i)

Proof
proof is by induction on P.

case z: 7 is a reference We have, by assumption, that Va.(v,0) = (71,71) N (72, 72) and
Ti(z) =0 <0;. Orolne? =< (i €{1,2}) = olno?2<m M m. Therefore,
using Lemma B.1, proposition 1, with I'(x) =4ef 0, we prove that the following
diagram holds

2

~ ~ 1
Vé&.0, —o  MNo;

l<

Va.o<——m1 M T

Then V.o, < Vé.o, which implies 0, < o < 7, where o = V6.7 and 6N fn(y) = 0.
Using the (taut) rule, we have I'(z) = 6, < 7 = T' by x : 7 as required.

x is a variable We use the previous notations with the differences that the o’s are
monomorphic (¢% = 7;) and that T'(z) = 7, with o, = Vaij.7, ~ ol M o2

Va.(Vij1e)  ~

7'1|_|7'2

Va.(vé.r)” ™
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case

case

case

case

case

Then, it is sufficient to choose 6= 7] to prove the result.

(P u): We suppose here that u is a reference since, like in the previous case, we
can easily adapt the proof if u is a variable. It must be the case that there is 7/
and 75 such that T; by P : 7/ — 7 with Ti(u) = o < 7] (i € {1,2}). Using the
induction hypothesis, it follows that ' by P : 7 with Va.(v,Vé.7) = [,(vi, 7 — 7).
Moreover, using Lemma B.1, proposition 2, there is w’ and w such that 7 = W' - w,
Vé.(v,Vé.w) = [1(7,7:) and Yad.w' = [](7]).Therefore T by P : ' — w and, using the
proof from the previous case, we have I'(u) = o, < Vé.w' < w’. The result follows after
application of the (appl) rule I' by (P w) : 7.

(Az)P: There is 7] such that T';,z : 7/ by P : ;. Let Va.(vy,0) = [|(vi, 7] — ™) and
o = Vb.7 with § fresh variables. Using Lemma B.1, proposition 2, it follows that there
is w’ and w such that 7 = (W' —w). Moreover, Yé.(v, V6., Vé6.w) = [1;(vi, 7{,7:). Using
the induction hypothesis (z is a variable), we prove that T,z : 7/ by P : 7. Remark
that this is coherent with the proof for the first case since Vé.w’' and Vé.w have the
same quantified variables. The result follows using the (abs) rule I' by (Az)P : o' — w
with Vé.(v,¥8.(w' — w)) =[1,(v, 7/ — 7).

(Py | P,): We have, by assumption, that I'; Fy (P1 | P») : 7;. Therefore T'; by Py : 7;
(resp. P2). Using induction we have that I' by Py : 7 (resp. P») with Va.(v,Vé.7) =
[1;(7i, 7i). The result follows by using the (par) rule I' by (P, | P») : 7.

(vu)P: Tt must be the case that there are two type schemes, p; and py, such that
Ti,z:pi b P 7. Let Vau.(v,p,0) =[1,(vi,pi,7:) and 0 = V6.7 with & fresh. Using
induction, we have that I',u : p Fy P : 7 and using Lemma B.1, proposition 3, we
have that Va.(y,Vé.r) = [1,(7,7:). Therefore the result follows by using the (new)
rule T by (vu)P : 7.

(u <= P): We have, by assumption, that T'; by P : 7;. It must be the case that
T; bu P : w; with T;(u) = o, = Genr, (w;). Let Va.(v,0) = [1;(vi,w;) and T'(u) = oy
Using Lemma B.1, proposition 1, we have that

Va.o, ~ [0 =T],Genr,(w;)
Va.o ~ [T, ws

We first show oy, ~ Genr (o) proving o, < Genr (o) and Genr(o) < oy,

= Va.o, <wi Mwy

= Va.o, < Va.o

= O0u=0

= o0y < Genr(o)

The last step of this deduction is proved by reducing it to the absurd. Suppose
Va.o,, A Genr (o). Since o, < o, there must be a generic type variable, e, free in
both o and ¢, and not in fn(T). Or € € fn(o) (resp. € € fn(o,)) implies € free

1. ob <w;,i€{1,2}
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in w; (7 € {1,2}) (resp. Genr,(w;)) and € ¢ In(T") implies € ¢ (fn(I'1) N n(Ty)).
Then ¢ is generalized in one of the Genr, (w;), which contradicts the fact that e
is free in Genr, (w1) and Genr, (ws).

2. Ya.o < w;,i€ {172} = Genp(‘v’d.a) < Genri (wi),i S {1,2}
= Genr(Va.o) <[], Genr, (w;)
= Genr(Va.o) < Va.o,

= 0<0y
Here the first step deserves a proof. This is left to the reader since it is basically
the same argument that in the previous demonstration.

Let w be the instantiation of ¢ to fresh variables. Using induction we have I' -y P : w
with T'(u) ~ Genr (w). By applying rule (decl+), it follows that for every type 7, T by
(v < P) : 7. For example, let 7 be a type such that Vé&.(y',V#.7) = [],(vi, 7:). Using
Lemma B.1, proposition 3, we have 7' = v. Therefore I by P : 7 with Va.(v, Vij.7) =
[ (v 73)-

O
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