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Abstract: We present in this report two modelizations of vibrational relaxation processes in
a gaz: the Landau-Teller (LT) model and the master equations (ME). We give different models
for VT and VV rate constants. We propose an algorithm to solve the equations of vibrational
relaxation (LT or ME) coupled with conservation equations of momentum and total energy. Both
models are compared on the computations of the flows around an infinite cylinder, at different
Mach numbers.
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Analyse numérique de différents modeles de relaxation
vibrationnelle pour les Equations master.

Résumé : Nous présentons deux modélisations des processus de relaxation vibrationnelle dans
un gaz: le modeéle de Landau-Teller (LT) et les equations master (ME). Nous donnons différents
modeéles de taux de relaxation VT et VV. Nous proposons un algorithme de résolution des équations
de relaxation (LT ou ME) couplées aux équations de conservations de la quantité de mouvement et
de I’énergie totale. Les deux modeéles de relaxation sont comparés pour le calcul d’un écoulement
autour d’un cylindre infini, a différents nombres de Mach.

Mots-clé : Equations master, Landau-Teller, taux de relaxation vibrationnelle, méthode des
volumes finis.
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1 Introduction

When computing supersonic or hypersonic flows, vibrational energy transfer between diatomic
molecules can play an important role. The most classical model, taking into account vibrational
processes, is the so-called Landau-Teller model. This model supposes the population of each
vibrational level to be given by the Boltzmann equilibrium distribution. Unfortunately, it is not
valid for high Mach number flows because of the presence there of strong non equilibrium effects.

It is necessary therefore to consider a more appropriate model to compute the population cor-
responding to each vibrational level. This is achieved by the master equations. They govern the
particle motion among different quantum states. These equations are coupled with the classical
equations (Euler or Navier-Stokes) of gas dynamics.

In the second section we recall the governing equations of a flow: the Euler equations, the
Landau-Teller equation and the master equations. We detail VT and VV processes for master
equations and we describe different existing models of VI and VV relaxation rates. The next
section is devoted to the numerical approximation of the different equations mentioned above.
Finally we give some numerical results to compare solutions obtained by solving either Landau-
Teller equation or master equations.

2 The governing equations

2.1 The Euler equations of conservation

The Euler equations describing the mass, momentum and energy balance written in conservation

form, are

(1) % + %(w) =0,

(2) ag;tij %(pyyﬂo@ =0,
3) %Jr a%((pe +p)u) =0

where e is the total specific energy. Considering a gas of one diatomic species, the total energy e

can be written

uw? 5

(4) e= o+ R +ey,

where e, is the vibrational specific energy, the second term of (4) is the contribution of transla-
tional and rotational modes to the internal energy and the first term is the kinetic energy. The
temperature 7' is the translational-rotational temperature. That means that the translational and
rotational degrees of freedom are in thermal equilibrium. Finally, the thermodynamic pressure,
that does not depend on internal degrees of freedom, is given by the standard state equation

(5) p=pRT.

2.2 Landau-Teller equation for vibrational relaxation

The Landau-Teller equation models the temporal rate of change of vibrational energy e,. The pro-
cess is caused by the molecular collisions which lead to the energy exchanges between translational-
rotational and vibrational modes. Here, the molecules are considered as harmonic oscillators and
the transitions can only occur between the adjacent levels; they are mono quantum. Furthermore
the particle distribution is supposed to be the Boltzmann equilibrium distribution

o (S5
(6) ﬁc%zw, i=1,2 .,
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where &; = (i — 1)hwe, are the permissible energy states for a harmonic oscillator, w. being the
frequency of the oscillator, h the Plank constant and ) is the partition function which is written
as

b B () ()]

. C . hw . .
Introducing the characteristic vibrational temperature 6, = ——, equation (7) can be written as

k

o4

Finally, the distribution f; can be written

(9) fi=

corresponding to a vibrational energy at equilibrium given by

. e R,
(10) e = ;flgl =

Here T is a local temperature.
Considering the rate of change of the population of each quantum level it is easy to derive the
balance equation for vibrational energy [23], [2], which is

Jdpey 0 B
(11) ot + g Pevt) = pSu,

where e, is the vibrational energy. The source term of equation (11) is written as follows
* p—
(12) =222,

T

with 7 a relaxation time. That means that the vibrational energy of the oscillators relax towards
the equilibrium e} .
The relaxation time is written in the general form

A B
(13) T= Eea@p <W+C’) ,

where A, B and C are some constants deduced from experiments. In computations we will consider
the constants proposed by Blackman [8]

A=171210"° B =124.07, C=0,
as well as the constants proposed by Millikan and White [18]
A=1., B=22135 ( =-2484.

The vibrational temperature T, is determined from the equation (10). Replacing T" by T,,, we write

(14) T, =0, [1+log (fig)]_l

Note that the convention of zero energy for the ground state (ie. the first quantum level) has been
applied.

INRIA
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2.3 The master equations for vibrational relaxation

As we have seen in the previous section, the Landau-Teller model assumes some restrictive hypothe-
sis imposed on the vibrational phenomena. As the temperature increases, strong non equilibrium
effects have to be taken into account. In particular the Boltzmann distribution is no longer a valid
description of the population of each quantum number. Furthermore, it is necessary to consider
the molecules as anharnonic oscillators. To this end, we introduce the master equations (ME).
They describe the individual evolution of the population of each vibrational level. They read

Op; Opiu
ot oz

(15) =(SHYT+(SHYY,  i=1,2,.. 1y,

where p; is the density of level i. The term (S!)V? gives the variation of the ith level’s popula-
tion due to the vibrational-translational energy exchanges, and (S!)¥V the variation due to the
vibrational-vibrational energy exchanges.

The ME are coupled with Euler equations (1)-(2)- (3). To be coherent with the Euler model
we have to neglect the diffusive terms in the ME. The coupling is realized thanks to the energy
equation (4). The mean vibrational energy, e,, is obtained by summing the amount of energies of
all vibrational level, as shown by the following formula

lm
(16) €y = A—/Z P,
m i=1 P

where N is the Avogadro number and m the molar mass of the molecule.
In the case of an harmonic oscillator, the local vibrational energy ¢; is given by

| kO, (. 1 B
(17) g; = ko, <z— 5) [1—X4Ed <z— 5)] , 1=1,2,..,

where k is the Boltzmann constant, £y is the dissociation energy and y is a parameter equal to 0 in
the case of harmonic oscillator and 1 in the case of anharmonic oscillator. As the quantum number
increases the energy jump between adjacent levels decreases. The maximum quantum level [, is
such that its vibrational energy level is less than the dissociation energy Ej4. For nitrogen (N2)
molecules, [, is equal to 46. But in practice, we will not consider all quantum levels because of an
evident problem of computational time.

The vibrational temperature 7, is finally determined according to the expression for vibrational
energy in equilibrium

Im 6,63329( €; )
L kT,
(18) €y = N =i .

m m

1

2P\ T,
i=1

From a practical point of view, it is necessary to use the Newton procedure to compute the

vibrational temperature from (18).
In the following section we detail the VT and VV process using the notation of [18].

The VT transitions

During VT energy exchanges, a molecule gains or loses one or several quantum states due to a
collision. The change of vibrational quantum level affects only one molecule of the colliding pair
and changes the relative kinetic energy to conserve the total energy of the colliding pair during the
collision.

Considering ith level, the population changes according to the following reactions

(19) Ny(i+ j) + Ny = Na(i) + No,

RR n"3263



6 F. Mallinger,

i=1,2, =1, j=1,. by —i
(20) No(i) + Ny = No(i— j) + No,
i=2 by, j=1,..0— 1.

Considering reaction (19), the forward reaction leads to the gain of molecules for level i while
backward reaction leads to the loss of molecules for the same level and inversely considering reaction
(20).

The variation of ith level population (S!)V7?, due to VT processes, is the difference of balance
in reactions (19) and (20). It reads

Im—1 i—1

(21) (ST =m > gd-md wl, i=2. 1,1
j=1 j=1

For the ground state, ie the first level, only reaction (19) is valid, and the balance is given by

Lm—1
(22) (S =m Y &,
j=1
while for the last level, only reaction (20) is valid, leading to

i—1
(23) (ﬂﬁyT:—mE:#M
j:l

The reaction rates are given in terms of partial densities according to the standard rate expressions

: piti P pi p
(24) & = Fji—*— = Biiyj ——,
i= 1= 1, =1, dp—i,
: Py i
(25) wi = Fiij EZ p — Biji —ij P

i=2 .l j=1,..0— 1.

The backward coefficient B is calculated from the forward coefficient F' in order to guarantee a
perfect balance in each individual reaction

& —Ei—j
(26) Bi—ji = Fii—jexp <—TJ) ;

i=2, 5y, j=1,..,i— 1
In the next section we propose two different models for the forward coefficient rates
The VV transitions
In this case, both particles change their quantum level such that the energy lost by one molecule

is gained by the other one.
Considering ith level, the population changes according to the following reactions

(27) Na(i+j) + No(k —j) = Na(i) + Na(k),

i=1,dm—1, j=1,  lp—i, k=j+1, .. L,

INRIA
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(28) Na(i) + Na(k —j) = Na(i—j) + Na(k),
i=2, by, j=1,i—1, k=j+1, .. 1ln

The variation of ith level’s population (S?)¥" | due to V'V processes is therefore written as

(29) (sEyY <_m§: f: mE:Eist

J=1 k=j+1 J=lk=j+1
1 =2, .., — 1.

For the first and the last levels, it can be written as

(30) B mm § S

J=1 k=j+1
and
(31) (Stm) _—mXIE:sz
J=1k=j+1

respectively. The rate expressions for the reaction rates =7 ,, Q! are
: :

(32 =, = FGi P R gl B
i=1, =1, j=1,lm—i, k=441, .. 0L

and

(33) ng — k- gk Pi Ph—j Bk,k_—jbp_k

i m m =0t o, om)
1=2, 0 lm, 7=1,..,i—1, k=73+1,.., 0,

The backward coefficient B is calculated from the forward coefficient F' according to the detailed
balance of each reaction at equilibrium

kk—j E—jk € —E&i—jt+Ek—j— €k
(34) B = F erp( T ),

i=2, 0l j=1,i—1, k=j+1, .. 1n

To complete the description of ME we have to define the forward VT and VV rate coefficients.
This is done in the next section.

2.4 The vibrational rate coefficients

Different theoretical approaches exist for deriving VT and VV rate coefficients. The main diffi-
culty encountered when deriving some formulas is their validation. Unfortunately, there is a lack
of experimental data relative to No. The experimental datas available in the literature concern
only a few species, such as CO, NO or O3, and only at low temperatures. Thus, the validation is is
conducted through they comparison of different theoretical models. Among theoretical methods,
we mention the semiclassical method developed by Billing-Fisher, which is considered now as one
of the most reliable. Their method, described in [5], [6], [7], uses a semiclassical collision model
and a realistic molecular potential. The cross sections are obtained by running classical trajec-
tories. Then the time-dependent Schrodinger equation is solved, using an operator approach for
obtaining energy-dependent transitional probabilities. Finally, the rate coefficients are expressed
as functions of temperature by averaging the transitional probabilities over equilibrium distribu-
tions for translational and rotational energies. Billing and Fisher propose numerical values for VT

RR n"3263



8 F. Mallinger,

rate coefficients for Ny in the temperature range 200-8000K and for the quantum number up to
20, including mono- and multi-level jumps [4]. They give also VV rate coefficients in the tempera-
ture range 200-2000K. Some others VT and VYV rate coefficients have been computed by Capitelli
et al. [9] in the temperature range 200-6000K . Unfortunately, Billing-Fisher model can not be
used directly to solve ME due to a considerable time which would be required. Nevertheless, the
numerical values resulting from their method are often used to validate other theoretical models.

2.4.1 Gilordano et al.’s VT rate coefficients

The analytical formula proposed by Giordano et al. for VT rate coefficients [4], is a parameteriza-
tion of the numerical values given by Billing-Fisher. This formula is written as

(35) Fiioy= (i = )f(T)eap ((i — 26(T)), i=2,...0m,
where r
(36) F(T) = 107° N eap (—3.24093 - %) ,

(37) 5(T) = 0.26679 — 6.99237 1057 + 4.70073 10972,

In this formula the transition are mono-quantum. The unit of the forward rate coefficient is
m3/mol.s.

2.4.2 Doroshenko et al.’s VV rate coefficients

The forward VV rate coefficient are calculated according to the formula given by Doroshenko et
al. [12]. The resulting formula is

o T 3/2
(38) Fi{Zt=25100"N (i—1)(i — 1) <m)

erp(—%“'—jo [1.5—0.5emp<—%|i—j|)],
(Vi =2 b)) i= 2,0l

The unit of the forward rate coefficient is m3/mol.s. This formula was derived with an assumption
of a Landau-Teller mechanism for relaxation in the collisions between N molecules, and the coef-
ficients were obtained from the experimental data for the quantities Foly’lo, [18], [3] while the values

of Fij’l-J;_ll are determined on the basis of theoretical relations in [14], [16], in which anharmonicity
is taken into account.

2.4.3 Adamovich et al.’s VT and VYV rate coefficients

The following VT and VV rate coefficients were proposed by Adamovich et al. [1]. They used
a semiclassical non-perturbative analytic solution for VV and VVT transition probabilities for
the harmonic oscillator acted upon by an external exponential force [24], [15], [19]. This solution
is called the “forced harmonic oscillator “ model (FHO). Starting from the analytic expressions
for VT and VVT transitional probabilities derived in [24], [15], [19], thermally averaged FHO
probabilities are obtained [17]. By averaging these simplified probabilities over the Boltzmann
distribution, thermally averaged VT and VV rates coefficients were derived. The rate coefficient
from the initial level ¢ to the final level f is

05 0\ (NS fam\ 1P s/
(39) I ;= Zexp <ﬁ) Cvr <SVTW) (T) ns (7) (s1)?

INRIA
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o \'/? 2 e 1
o | 23 (2 _z ve L N 3
exp l s <T) <1 ﬂ_arctan(qb)) ( 5 + CVT) s(1 = Cyp)

where A
s=li—f], ns_ma'J:(%,f'),
V.o - (27rwskT) 1/3
ap
Anw?p AE
§ = = — AFE =¢; —
a?k sk’ GiTE
s34+ 1 —BC"?}T 2w ’
CVT avmoCVT
2Dk
O=1]—5
BV
and y
Svr 0 [ 2n'? 2w
C = 1-— — 1] e -
vr l s Pi\s+1 ) P\ eV Crr
(40) 2 1/3
2 ni/s g [ 4w
| 2 oepp o —1F
8(8 + 2) s+ 1 Ve |l9| p avmoCVT

In this formulas, V,,, is the Landau-Teller most effective velocity, Sy is a constant, a and D are
the exponential repulsive parameter and the well depth of the Morse potential respectively, and
i = mpy, /2 is the reduced mass of colliding particles. Finally Z is the ratio of an elastic frequency
and the number density. The unit of the forward rate coefficient is m3/s.

For the reaction Na(il) 4+ N2(i2) — Na2(f1) + N2(f2),the VV rate coefficients is given by the
following formula

s s —(s+1
41 Fiz,f2 _ Zn51n32 P0—>1 $ 1 2ni{ nié P0—>1 ( : 0(3_ C)
(41) infi = 8!_< 150) |1+ 5,4-71< 30) —
where

21' fll' 22' f2'
Ns1 = MAT { ——, ~ | Ns2 = MAT |~ 7 |
filh ! fal’ il

s =iy — fi|

Syva’kT
0—1\ _
(P3) = 2w
0 — 72 pw?
a?k

o 4 (0 | AE |
= ex _— — - '
P\T9\T 92E,s)

AE =¢gj1 +¢ein — €51 — €42,
1
E, = E(l@l —ep |+ |ein — ep2]).

To take account of the anharmonicity, the classical frequency w is replaced by

w1 + wsa
- )

2

RR n"3263



10 F. Mallinger,

with | |
€i1,2 — €512 .
,’—’, Z;ﬁf
li—f]h
W12 =

| €i+11,2 — €i1,2 |
— 5

2.4.4 Comparison of the rate coefficients

The formulas (39) and (41), proposed by Adamovich et al., contain two parameters Sy and Syv .
In the present case, they have been chosen in such a way that the FHO probabilities P(1,0 — 0,0)
and P(1,0 — 0,1) match with the results of Billing-Fisher [4]. Adamovich et al. have pointed
out that the values Syp = 1/2 and Syv = 1/27 are temperature independent. Probably they
should be modified for higher temperatures. However, as mentioned by Adamovich et al., for
higher temperatures the main difficulty is not the choice of parameters Sy 7 and Sy v, but rather
the importance of VVT transitions. That means that VT and VV processes are strongly coupled
and the VV rate coefficient (41) not valid anymore. Adamovich has observed that reactions such
as Na(1) + N2(0) = N3(0) + N2(3) become important as the temperature increases. It seems that
a satisfactory solution would be to factorize the probability P(i1,i2 — f1, f2) as

(42) P(i1,i2 = f1, f2) = P(i1 = f1)P(i2 = f2).

The figure (1-A) shows a very good agreement between Adamovich et al.’s VT rate coefficients
and the values given in Billing-Fisher [4], for the temperature range 200-8000K and for all quantum
levels. On the other hand, the Giordano et al.’s formula for VT rate coeflicient seems to be worse for
high quantum numbers and high temperatures. In particular, for high temperatures, this formula
over predicts the VT process.

Considering VV rates, figure (1-B) shows again that Adamovich et al.’s rate coefficients are good
as compared with Billing-Fisher rate coefficient, for the first mono-quantum transition. But the
difference increases for double-quantum transition, with an over prediction for Adamovich et al.’s
rate coefficients, figure (1-C-D).

INRIA
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A Kvt (cm3/s) N2(i)+N2-->N2(i-1)+N2 1607 B Kvv (cm3/s) N2(1)+N2(0)-->N2(0)+N2(1) le11
11e-08
11e-09
11e-10
1le-11 11e-12
J1e-12
11e-13
1le-14
11e-15 11e-13
11le-16
11e-17
11e-18
{1e-19 11le-14
11e-20
11e-21
! ‘ TR ‘ ez ‘ T(K) ‘ -
0e+00 26+03 5e+03 8e+03 1et04 1et04 0e+00 1e+03 2e+03 3e+03 4e+03 5e+03 6e+(]5§
C Kwv (cm3/s) N2(10)+N2(10)-->N2(9)+N2(11 009 D Kwv (cm3/s) N2(18,19)+N2(12,11)-->N2(20)+N2(10) 1610
1le-11
11e-10
1le-12
1le-11 11e-13
1le-14
1le-12
1le-15
- - T(K) - - 13 - T - 1e-16
0et00  1e+t03  2e+03  3e+t03  4e+03  5e+03 6e+%)e§ 0e+00 4e+02 8e+02 1e+03 2e+03 2e+03

Figure 1: Comparison of VT and VV rate coefficients between Billing-Fisher (circles), Adamovich

et al. (solid line) and Giordano et al. (dashed line).
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3 Numerical approximation

In this section, we describe briefly our numerical approximation of Euler and of the master equa-
tions. The numerical approximation of Landau Teller equation follows the steps of the master
equations approximation. We use an explicit time discretization.

3.1 Approximation of Euler equations

The spatial approximation uses a finite volume formulation on an unstructured mesh. We construct
the cell C; around node 7 by joining the centers of gravity of the triangles whose 7 is a node. We
denote by 9C; the boundary of cell C;, and by v; the outward unit normal vector to 9C;.

Figure 2: Integration cell C;

Introducing the notations W = (p, pu, pe) for conservative variables and F (W) = (Fy (W), Fa(W))
for the Euler fluxes, equations (1-2-3) take the abstract form

(43) %—Vtv + div F(W) =0.

The Green’s formula applied to equation (43) gives the following weak formulation

(44) / Wi —1—/ F(W) v;do =0.
c; ac;
Using a first order accurate finite volume method as spatial discretization, we can write this as

VVZ»TH_l _ VVZn

4 i FW™) -v;do = 0.
(45) | C; | N, +/60, (W™)-vido =0

Formula (45) can also be written, splitting the integral on the boundary of Cj, as

wrtt — e
j st 8C,naC;#0 Y 9C:NC;
8C;NTy 8C;NToo

For the internal node i, the boundary integral is

() S [y mde= Y ey,
j st 8C,naC;#p Y 9CN9C; j st 8CiNAC;#£0

INRIA
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where '/ is the the normal integrated along 9C; N 9C;

n = / v do,
aCinaC,

and ®(W, WE, 17"} denotes a numerical flux splitting approximating the flux of W" across the
interface. In our code, we have implemented Roe and Van Leer schemes.

Van Leer scheme
The Van Leer [22] flux splitting, for the 2-D case, can be written for a face orthogonal to e,

(48) Qv (U, V)= Ff (U) + Fy(V),
with
(49) FY (U)=F((U) ife<u,
it
1yt 20

(50) Fr (U) = 7 o if —c<u<e,

% (((7 _,V?EL 2¢)° n vz)
(51) FfL(U) = ifu<—c
where ) y )
(52) = ylad (Z + 1) :

Moreover, we have
- _ ot
o, =1 —-F7;.

These formulas are used in the following way. Introducing the rotation Re (figure (3)), the

n

D8 j

Figure 3:
numerical flux ®(W;, W7, 7"} can be written

(53) (W Wi ) = [InV || Rg' @y i(ReW:, ReW)).

Roe scheme
The Roe scheme [20] can be written as follows
_ By(Wi) + Fig(W5)

» 1
(54) Qrop (Wi, W;, ") = 2 + 3 | B | (Wi — Wj),

RR n"3263
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where Fj; = nijFl + n;sz, and B is the Jacobian matrix of the flux Fj; evaluated at the point

VT/Z'J' such that
~ Wi + W
NN

To compute the Jacobian matrix B, we need u, v, /~1, h being the enthalpy defined by

o
3]
—_

(56) h=

+ 5w +v7),

P 1u2 o2} =
AR A e

(v—1

1/2 is the speed of sound.

where ¢ = (yp/p)

Modification for the real gas
The preceding formulas, for Van-Leer and Roe schemes, are valid for a perfect gas. In this case
the state law may be written

(57) p=(y—1)pe,
where e is the internal energy. Furthermore, v = C,/C, is a constant and the speed of sound, as
have already been mentioned, is given by the simple formula

1)

(58) p

In the general case, the state equation has the general form p = p(p,e). Now, v is no longer
constant, and the speed of sound is then given by ¢? = (9p/dp)s. Nevertheless, several authors
define a pseudo-v, noted % such that

(59) p=(y—1)pe.

Using this new value of v, a pseudo-speed of sound ¢ and a pseudo-Mach number M are defined

by

(60) 2=22  jr=
p

If we use the Van-Leer and the Roe schemes for real gas, we inject these variables in the usual

formulas. Furthermore, when evaluating the Jacobian matrix B, for Roe scheme, we compute ¥;;

using the formula (55).

ac &

3.2 Discretization of the master kinetic equations

We introduce the notations A = (p;);é = 1,...,1,, for unknowns in the the master equations and
T = (piu);i=1,..., 1y for corresponding fluxes. The finite volume discretization reads
AP — A7
(61) |Ci | —F—"+ / T(A™) -y do = / S"dzdy
At Z 8CinaC; i

j st 8C,NAC;#0
Noting ¥ the numerical flux for the master kinetic equation, we write
(62) > / T(A") -v;do = > (AL, AT i)
j st 8CinaC;20 Y 0CNIC; j st 8CiNOC;£0

If the Van Leer scheme is applied to the Euler equations, the flux ¥ is given by the following

formula "

n n A? + n A] - n
(63) V(A :Aj ) 77ij) = TFVLl(Ai a77ij) + 7FVL1(AJ':77U):

where F;Ll and Fy;,, are the components of the Van Leer flux splitting for the mass conservation
equation.

INRIA
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If the Roe scheme is applied to the Euler equations, the flux ¥ is given by the following formula

7iFROE1 if Frop1 >0
(64) \II(A;L: A;L: 771']') = n

TJFROEl if F'ror1 <0,
where Frogi is the component of the Roe flux splitting for the mass conservation equation.

3.3 Computation of the translational rotational temperature

We recall that we assume equilibrium between the translational and rotational modes which leads
to the definition of a single temperature 7" for both modes. The temperature 7" is computed from
equation (4) for the total energy following the algorithm:

e initialization : ey = €™ and 7o) = ",
e iterations:
Ly
Pa) = ((Va=1) = 1) { €(az1) — gY
P(a)
Ty = —=
(@) oR
145 5
€(a) = §u + §RT(Q) + ey
Plo
V() = 1+ e )1
€(a) = 4

2

e if the convergence is reached at the iteration «, then
P = pla), T = Ty, €1 = €(0), 7" = Y(a)-

This algorithm is widely used; see for example [11], [10]. The flowchart of the global algo-
rithm we use, including Euler and master equations approximations and the computation of the
temperatures, is represented on figure (4).

3.4 Boundary and initial conditions

Boundary condition on the wall
For the wall boundary integral we use a slip condition, implemented in a weak variational way. It
may be written as

0
(65) / F(W™) -vdo = / p*.v | do.
8CNly, 8CNI'y, 0

Boundary condition at the free stream
We use the modified Steger-Warming [21] splitting. It gives

(66) / F(W") - vdo = AY (Wi, i) Wi + A~ (Wi, i) Weo
8C:NT oo

(67) = (AT (Wi)mix + AT (Wi)miz) Wi + (A7 (Wanin + A3 (Wi)ni2) Woo,
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t=t +dt

)

EULER STEP

EVALUATION OF THE TEMPERATURE

MASTER EQUATIONS STEP
OR
LANDAU TELLER STEP

EVALUATION OF THE TEMPERATURE

Figure 4: Global algorithm.
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where AT and A7 (resp. A; and A7) are the positive and the negative contribution of the Jacobian
matrix of the Euler flux Fy (resp. Fy).

Initial condition

The Euler algorithm is initialized at each node by the macro parameters given at free stream.
Considering the Landau-Teller model, the energy is initialized according to formula (10). For
master equation the initial density population for level i is given by

i

(68) pi = p—l:w (_"7_7;) .
S5}
i

3.5 Second order scheme

The second order scheme for spatial approximation is constructed following the MUSCL method.
The numerical flux ®;; = ®(W/, Wj",nij) is computed, replacing the nodal values by some in-
terpolated values W;; and Wj; at the interface of the cell C;. The quantities W;; and W;; are
computed averaging a centered scheme and a completely non centered scheme. More precisely,

1 1
W = Wi+ dve (W) (6= X5), 500 = 0)))

1 1
Wy = Wy = ve ( SW); - (X = X0, 500 = W) )

where (VW) is an approximation of the gradient of W at node k, and Awve is the Van Albada-Van
Leer limitor

2 b b2
tuea,t) = LRI s o
=0 if not ,

(69)

¢ being a fixed small number.

4 Numerical results

The first test case we consider was proposed by Giordano et al. [13]. Tt concerns the flow around
an infinite cylinder, with a free stream temperature of 300K and a pressure of 50Pa. With this
choice, the translational temperature behind the shock wave is less than 3000K which ensures that
the gas is chemically inert.

For the present test we compute only the first ten levels, for the ME, which is reasonable for the
range of temperature we deal with. We have to keep in mind that each quantum level is associated
with one equation. Therefore, the time of computation increases very significantly when increasing
the number of levels. We give the numerical solutions computed using Giordano et al.’s VT rates
and Doroshenko et al.’s VV rates with a first order Roe scheme.

The mesh we used is shown figure (5-left). It is a regular mesh of triangles, with 8591 nodes.
The radius of the cylinder is 1.m.

Figures (5-right), (6-left), (6-right), (7-left), (7-right) present the Mach number, density, pres-
sure, translational and vibrational temperature isolines, respectively..

The relaxation is clearly seen from the temperature profiles along the stagnation and body
lines. On the stagnation line, behind the shock, we have a strong compression, as shown in figure
(10-left). The pressure increases up to the stagnation point which is located on the body. On
the other hand, the body line, from the stagnation point up to the top of the cylinder, coincides
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with the expansion flow zone; figure (10-right). Note that the pressure is correctly predicted by the
Landau-Teller model with Blackman and Millikan-White relaxation. The density profiles along the
stagnation and body lines are given in figures (11-left and right). The density is under predicted
by the Millikan-White relaxation.

The other four figures present different profiles of the translational and vibrational temperatures.
The comparison between the solution computed by Giordano et al. and our solution is shown in
figure (8-left). Figure (9-right) gives the comparison between the solutions computed with VT-
VV transitions and VT transitions only. The solution are quasi identical. That means that
the VV transitions have only a very small influence on the relaxation process for the range of
temperature considered here. The comparison between the master equations and Landau-Teller
equations can be observed in figures (9-left) and (9-right), which present the temperature isolines
along the stagnation and body lines. We obtained the same results as Giordano et al.. The solution
computed with Blackman relaxation is very good as compared with the master equations solution.
On the other hand, the Millikan-White relaxation is slower and under predicts the vibrational
temperature. Furthermore, we see in figure (9-right) that the thermal equilibrium point (7' = T,)
has not the same location considering master equations and Millikan-White solutions.

The conclusion concerning the temperature relaxation are confirmed the by profiles of relative
density along the stagnation line, for levels 1 up to 5 (figure (12)).

The next figures present the distribution of population over vibrational quantum levels at dif-
ferent points along the stagnation and body lines. The population for each quantum level is compu-
ted in our code for the master equations and computed according to formula (9) for Landau-Teller
model. Figures (13-E and F)show the distributions across the shock. The distribution predicted
by the master equations slightly differs from the Boltzmann distribution up to the third level. The
population for higher levels is under predicted by the Boltzmann distribution. Figures (13-A-...-D)
show the distributions along the stagnation line from the shock to the body. The distribution of
population for master equations progressively tends to the equilibrium one. The distributions of
population along the body line, at different locations from the stagnation point to the top of the
cylinder, are given in figures (14-A-...-F). In all cases the distributions obtained from the mas-
ter equations has Boltzmann behavior and coincide very well with the distributions predicted by
Blackman relaxation.

The present test cases shows that the Landau-Teller equations with Blackman relaxation models
correctly the relaxation process.

The next test case is the flow around a cylinder, at Mach number 10, with free stream tempera-
ture of 250K and the pressure of 4.16 Pa. We consider here Adamovich et al.’s VT rate coefficients
and use the first order Roe scheme as numerical approximation.

The mesh we used is shown figure (15-left). It is a regular mesh of triangles, with 8591 nodes.
The radius of the cylinder is 1m.

Figures (15-right), (16-left), (16-right), (17-left), (17-right) present the Mach number, density,
pressure, translational and vibrational isolines respectively.

The distance between the shock and the body is too short for the flow to reach complete equili-
brium near the body. That can be seen in figures (18-left and right) which present the translational
and vibrational temperatures along the stagnation and body lines. Furthermore, neither Blackman
relaxation nor Millikan-White relaxation predict correctly the relaxation process; both relaxations
being too slow. Nevertheless, it seems that Millikan relaxation is slightly better.

Figures (19) and (20) show respectively the density and pressure profiles along the stagnation
and body lines. As in the previous test case, the pressure is correctly predicted by the Landau-
Teller equation independently of the relaxation model. The previous observations are confirmed
by the relative density along the stagnation line, for level 1 to 5 (figure (21)).

Figures (22-A-...-F) show the population at different locations along the stagnation line. In
figure (22-A) (the point is in the stream flow), the distribution obtained with Blackman and
Millikan-White relaxation coincide. The distributions across the shock are given in figure (22-B).
The considerable difference between the Boltzmann distribution and the distribution predicted by
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the master equations is due to a very strong nonequilibrium. As shown in figure (22-C-...-F), this
nonequilibrium decreases towards the body, but the real distribution never has the Boltzmann
shape. From figures (22-A-...-F) we can conclude that we do not have equilibrium along the body
line.

For this test case, the macroparameters, except the pressure, are not correctly predicted by the
Landau-Teller model. The usage of master equations here is therefore justified.

5 Conclusion

In this paper we have described two approaches to model vibrational processes in a gas of Ns
molecules. For low Mach numbers, the Boltzmann behavior of the vibrational population enables
us to use the Landau-Teller model with Blackman relaxation. On the other hand, as Mach number
increases, strong nonequilibrium effects make one use the master equations to predict the correct
vibrational distribution population. Furthermore, we have described Adamovich model for VT
and VV rates coefficients. These coefficients are in very good agreement with Billing-Fisher rates.

In a forthcoming paper, we will propose some other test cases for external flows around different
geometries. Furthermore, we will try to introduce diffusion effects in the master equations to be
able to compute more complicated flows and determine the influence of this modeling on the wall
coefficients.
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MESH

Figure 5: The mesh used for the flow at mach number 6.5 (left) and the Mach number isolines
(right).
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Figure 8: Translational and vibrational temperatures along the stagnation line.
3000 Tempereture (K) 2750 Temp. (K)
2500 25007 S
20004 2250,
15004 2000
1000, 17501
_ --LT(MW) T o ME(VV-VT) T
- -LT (MW) Tv o ME(VV-VT) Tv
—LT(B) Tt —LT®)T
5004 , —LT(B)Tv 1500\ 1 @) Tv
50000000000009 o ME (VT-VV) Tt - -LT(MW) T
‘ ‘ ‘ L (m) . Lo ME(VT-VV) T\ — LT (MW) Tv . Angle ‘
% 15 14 13 12 11 10 1250, 2 20 60 80 100

Figure 9: Translational and vibrational temperatures along the stagnation line (left) and along the

body line (right).
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Figure 11: Density along the stagnation line (left) and along the bbody line (right).
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Figure 13: Population distributions at different locations along the stagnation line.
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Figure 14: Population distributions at different locations along the body line.
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Figure 18: Translational and vibrational temperatures along the stagnation line (left) and along
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Figure 19: Density along the stagnation line (left) and along the body (right).
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Figure 20: Cross sections of the pressure along the stagnation line (left) and along the body (right)
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Figure 23: Population distributions at different locations along the body line.
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