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Séminaire algorithmes, 1996-1997
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consacré a ’analyse d’algorithmes et aux domaines connexes. Les théemes abordés
comprennent : combinatoire, calcul formel, analyse asymptotique et analyse en
moyenne d’algorithmes et de structures de données.



ALGORITHMS SEMINAR
1996-1997

Bruno Salvy'
(Editor)

Abstract
These seminar notes represent the proceedings of a seminar devoted to the analysis of

algorithms and related topics. The subjects covered include combinatorics, symbolic com-
putation, asymptotic analysis and average-case analysis of algorithms and data structures.

This is the sixth of our series of seminar proceedings. The previous ones have appeared as INRIA
Research Reports numbers 1779, 2130, 2381, 2669 and 2992. The content of these proceedings
consists of English summaries of the talks, usually written by a reporter from the audience?.

The primary goal of this seminar is to cover the major methods of the average-case analysis of
algorithms and data structures. Neighbouring topics of study are combinatorics, symbolic compu-
tation, asymptotic analysis and probabilistic methods.

The study of combinatorial objects—their description, their enumeration according to various
parameters—arises naturally in the process of analyzing algorithms that often involve classical
combinatorial structures like strings, trees, graphs, and permutations.

Computer algebra plays an increasingly important réle in this area. It provides a collection of
tools that allows one to attack complex models of combinatorics and the analysis of algorithms via
generating functions; at the same time, it inspires the quest for developing ever more systematic
solutions and decision procedures for the analysis of well-characterized classes of problems.

Asymptotic analysis is an essential ingredient in the interpretation of quantitative results supplied
by the resolution of combinatorial models. Various asymptotic methods are found to be relevant
to the analysis of particular algorithms. These proceedings include singularity analysis, the saddle-
point method, Rice’s method or Mellin transform techniques.

The thirty-two articles included in this book represent snapshots of current research in these
areas. A tentative organization of their contents is given below.

PART I. COMBINATORIAL MODELS

In addition to its own traditions rooted in mathematics, the study of combinatorial models arises
naturally in the process of analyzing algorithms that often involve classical combinatorial structures
like strings, trees, graphs and permutations.

In [1], classical asymptotic methods used in the analysis of algorithms are used to provide
information about the shape of unknown generating functions of combinatorial objects. The enu-
meration of self-avoiding walks in dimension d is a very old open problem of combinatorics. A
related simpler problem is solved in [2]. A formal language approach to problems related with

!This work was supported in part by the Long Term Research Project Alcom-I1T (#20244) of the European Union.
2The summaries for the past six years are available on the web at the URL
http://www-rocq.inria.fr/algo/seminars/.



the study of DNA sequences is taken in [3], while [4] uses probabilistic tools to treat one of these
problems. The last summary [5] applies the combinatorics of heaps of coins developed in Bordeaux
to task resource models.

[1] Solvability of Some Combinatorial Problems. Tony Guttmann

[2] Staircase Polygons, Elliptic Integrals and Heun Functions. Tony Guttmann

[3] Some Combinatorial Problems Related to the Genome. Mireille Régnier

[4] Predicting Progress in Physical Mapping Projects: Effects of Inhomogeneity. Sophie Schbath
[5] Heaps of Coins: Performance Evaluation and Task Resource Models. Jean Mairesse

PART II. SYMBOLIC COMPUTATION

A generalization of Zeilberger’s fast algorithm for definite summation and integration is presented
in [6]. A bottleneck in the current implementation of this algorithm is the search for rational
solutions of linear systems of equations. An approach to this problem in the differential case is
described in [7]. Linear differential operators can be factored by a simple algorithm [8] which relies
on differential Galois theory. In [9], differential algebra is used to perform computations on the
singular and general solutions of differential algebraic equations. The next summary [10] describes
the mathematical tools used in symbolic asymptotics. Some of these tools are applied in [11] to
give an algorithm computing the asymptotic behaviour of implicit exp-log functions.

[6] New Algorithms for Definite Summation and Integration. Frédéric Chyzak
[7] An Efficient Algorithm to Compute the Rational Solutions of a Linear Differential System.
Moulay Barkatou
[8] Absolute Factorization of Differential Operators. Jacques-Arthur Weil
[9] Minimal Decomposition and Computation of Differential Bases for an Algebraic Differential
Equation. Evelyne Hubert
[10] Differential Equations, Nested Forms and Star Products. John Shackell
[11] Asymptotics of Implicit Functions and Computer Algebra. Bruno Salvy

PART III. ANALYSIS OF ALGORITHMS AND DATA STRUCTURES

The techniques of analytic combinatorics are applied to polynomials over finite fields in [12].
These techniques provide general results on limit distributions of combinatorial parameters which
are presented in [13], illustrated by the example of random mappings which has applications in
integer factoring algorithms. Similar methods are used in [14] to obtain results about patterns
in binary search trees, which are related to the performance of paged binary search trees. The
height of binary search trees is discussed by probabilistic methods in [15] while [16] presents a
randomized variant of binary search trees which produces trees that are more balanced. The model
of binary search trees is also the basis of a nice use of multivariate generating functions [17] for
the analysis of multiple quickselect, a variant of the quicksort algorithm which finds simultaneously
the kq, ..., k.th elements among n without sorting them. A different model, digital search trees, is
studied in [18] for the analysis of the Lempel-Ziv compression algorithms. Tools from dynamical
systems are used in [19] for the study of these trees. A combinatorial algorithm is studied in [20]
by Brownian motion techniques. Probabilistic tools are also used in [21] and [22].

[12] Counting Polynomials over Finite Fields and Analysis of Algorithms. Daniel Panario
[13] Images and Preimages in Random Mapping. Michéle Soria

[14] Patterns in Random Binary Search Trees. Philippe Flajolet

[15] On the Height Concentration of Binary Search Trees. Mike Robson

[16] Randomized Binary Search Trees. Conrado Martinez
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[17] Multiple Quickselect. Helmut Prodinger

[18] Towards Analytical Information Theory: Some Recent Results on Lempel-Ziv Data Compres-
sion Schemes. Wojciech Szpankowski

[19] Dynamical Systems and Average-Case Analysis of Digital Trees. Brigitte Vallée

[20] Asymptotic Properties of Algorithms for Random Generation of Under-Diagonal Paths. Guy
Louchard

[21] Algorithms for Variable Length Subnet Address Assignment. Mike Atallah

[22] Nearest-Neighbour Search in High Dimension and Molecular Clustering. Frédéric Cazals

PART IV. PROBABILISTIC METHODS

The techniques from analytic combinatorics are complemented by probabilistic methods. For
instance, the Wiener-Hopf factorization, presented in [23] applies to the study of maxima of random
walks. This has applications in computational biology as shown in [24]. Markovian models of
resource sharing and load transfers are described in [25,26]. Relations to number theory are
exemplified in [27] and [28]. Conversely, analytic combinatorics are used in [29] to study properties
of a distribution. Finally, the Lovdsz local lemma is used in [30] to analyze a graph colouring
algorithm.

[23] Wiener-Hopf Factorization: Probabilistic Methods. Philippe Robert

[24] Wiener-Hopf Factorization and Maximal Scores in Biological Sequences. Pierre Nicodéme
[25] The Philosophers’ Process on Graphs. Bernard Ycart

[26] The Load Transfer Model. Bernard Ycart

[27] Probability and Number Theory: Some Examples of Connections. Jean-Marc Deshouillers
[28] Sums of Cubes: Algorithmic and Numerical Aspects. Francois Hennecart

[29] Some Properties of the Cantor Distribution. Helmut Prodinger

[30] Graph Colouring via the Probabilistic Method. Bruce Reed

PART V. MISCELLANY

Functional analysis and Dirichlet series are used in [31] to study the density of reals with con-
strained continued fractions and a short history of cryptology is the subject of [32].

[31] The Dynamics of Continued Fractions with Periodic Constraints. Brigitte Vallée
[32] A History of Cryptology. Francois Morain

Acknowledgements. The lectures summarized here emanate from a seminar attended by a commu-
nity of researchers in the analysis of algorithms, from the Algorithms Project at INRIA (the organiz-
ers are Philippe Flajolet, Frangois Morain and Bruno Salvy) and the greater Paris area—especially
Ecole Polytechnique (Jean-Marc Steyaert), University of Paris Sud at Orsay (Dominique Gouyou-
Beauchamps) and viTp (Michele Soria).

The editor expresses his gratitude to the various persons who actively supported this joint en-
terprise and offered to write summaries. Thanks are also due to the speakers and to the authors of
summaries. Many of them have come from far away to attend one seminar and kindly accepted to
write the summary.

We are also greatly indebted to Virginie Collette for making all the organization work smoothly.

The Editor
B. SaLvy
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Solvability of Some Combinatorial Problems

Anthony Guttmann

Department of Mathematics, University of Melbourne, Australia
December 2, 1996

[summary by Dominique Gouyou-Beauchamps]

Abstract

Some of the most famous results in mathematics involve a proof of the intrinsic unsolvability
of certain problems—such as the roots of a general quintic. In mathematical physics such
results are largely unknown. I will describe a powerful numerical technique that provides
compelling evidence for (but is not a proof of ) the unsolvability of a wide variety of classical,
unsolved problems in Statistical Mechanics and Combinatorics, in terms of the “standard”
functions of mathematical physics (including D-finite functions).

1. Inversion relation

An inversion relation is a functional relation satisfied by a transfer matrix, and hence satisfied by
the partition function (and hence satisfied by correlation functions). It is connected with concepts
of integrability and the star-triangle relation (Onsager [7], Baxter [1], Maillard, Stroganoff [8]).
An inversion relation exists for many unsolved models e.g., 2d Ising model in a magnetic field, 2d
Potts model (non-critical), 3d Ising model (H=0) etc. It gives a strong constraint on the partition
function and correlation function.

We first consider the transfer matrix for the Ising model with d = 1 and
H # 0 (see [4, 3]). The free energy is

—-0H =K Z 0;0; + HEUZ'
<i,7> 7
with j = ¢4+ 1, 0; = £1 and ony41 = o01. The interaction energy
between each pair of successive atoms depends on whether their internal
coordinates are alike or different: w(1,1) = u(-1,-1) = —u(1,-1) =
—u(—1,1) = —K. The canonical partition function Z(K,H) of the
model is defined as

Z(K,H)= Z e™PM = Z exp (— Z w(ok, Oky1) — Hak>

o 0’1,0’2,...,0’]\]::&1 k

= Z exp (Z(I(ngk-l-l + HUk)> .

01,02,...,0’]\7::&1 k



We express this sum in terms of a transfer matrix 7" whose elements are

(O'|1§7|0'/) — e_u(070")+H60.70.I — eI{OUI-I_Hé‘O',c'

where 6 is the Kronecker delta function. Then the summation over (o1, 03,...,0n5) is equivalent to
matrix multiplication, and we obtain

2(K,H) =Y (01| TN|o1) = Tr(TV),

g1

1:; _ eK-I—H G_K
- e—Ix’ eIx’ +H

The transfer matrix 7 is

and by inspection
T(K, H)T(K + % _H) = 2isinh(2K)1
and the partition function verifies
Z(K,H)Z(K + ? ,—H) = 2isinh(2K).
This inversion relation can be confirmed taking the partition function definition:

Z(K,H) = e’ cosh H + (¢*X sinh? H 4 e~ 2K)1/2,

For the anisotropic 2d Ising model [7], the free energy

is J

—ﬁH = K, Z (1)02'0]' + Ko Z (Q)UZ'U]‘. 1
<t,y> <6,j>
The diagonal-to-diagonal transfer matrix leads to the
following inversion relation for the partition function J
Z(K1,K3)Z(— Ky, K2+ %) = 2isinh(2K5). 2

Let t; = tanh(Jy/kT), t; = tanh(Jy/kT). We define the reduced partition function
A(t1,19) = (2 cosh K cosh Ky) ' Z( K1, Ks).
This satisfies the functional relation
In A(ty,t9) + In A(1/ty, —t3) = In(1 — 13).
Now a series expansions gives:

In A(ty,1,) E A 12127

5
S R R R Rt §t;‘t§ + 1342 + 1515 + 51515 + 5t1S + - -

and a partial sum over m yields:

o0

InA(ty, 1) = ERn 13y2n
dn=1



where R, (1) = Y. @y, t3™ is the generating functions for graphs with 2n vertical steps. From
graphical expansion, we obtain
12— 1/2t1 + 1/2(§

(1-13)

Ry(17) =

and from higher order terms we see a pattern [1]

Pon_1(17)

R, (13) = (1= @)1’

The fact that the only singularity of the denominator occurs at ¢ = 1, plus inversion relation,
plus obvious symmetry (A({1,¢2) = A({2,1)) completely determines the polynomials Py, 1 (%),
and hence implicitly yields the Onsager solution [1].

The zero-field susceptibility of the triangular lattice Ising model [5], with coupling constants K7,
Ky, K3, and ¢; = tanh(K;), satisfies an inversion relation [6] x(¢1,%2,%3) + x(—t1, —t2,1/t3) = 0.
Since the anisotropic square lattice can be obtained by setting one of the anisotropic coupling
constants to zero, it follows that the anisotropic square lattice susceptibility satisfies the inversion
relation x(t1,%2) + x(1/t1, —t2) = 0, as well as the symmetry relation x(¢1,t2) = x(t2,41) = 0.
Writing the high temperature expansion

00 00
X(tlth) = Z Cmnt71n 3 = ZHn(tl) 37
m,n=0 n=0

the inversion relation then implies H,(¢1)+(—1)"H,(1/t1) = 0. The first five values of H,(z) were
given in [5], and I. G. Enting and A. J. Guttmann recently reported the calculation of H,(z) for
n < 14.

1+1 2(1 +1)?
Ho(t) = —— Hy(t)=2-"2
o0 =1=3 0=
2(1 4+ 6t + 8t + 61° + ¢*) 2(1 4 8t + 10¢* + 8¢ + t*)

Hy(t) =

a-oavn o 0= -0 ’
Ha(t) = 2014 110+ 15(¢ 4+ 1) + 71(12 + 3) + 192(£3 4+ ¢7) + 326(¢* + 15) + 388¢°) -
(1= -0)*141)3 ’
2(1 4 134 + 45(1 + 133) + 758(1% + 132) + - -+ + 1075878111 (216 + '¥) + 1131919146¢17)
(1= )71 =1y (1 4 17 '

In all cases enumerated, the numerator polynomial is unimodal and symmetric with positive coeffi-
cients. The numerator and denominator polynomials (with no common factors) are of equal degree.
The susceptibility of the Ising model can be expressed as an expansion in terms of (2k + 1) particle
excitations [9]. Hence the structure of the denominator is clear. The contribution of the terms
from the 2k + 1 particle excitations, which first contribute at, say, O(*™), correspond to poles at
12kt = 1 in H,,(t) in the anisotropic expansion above. We can identify the first occurrence of the
term (1—¢?**1) in the denominator with the first occurrence of a (2k + 1) particle excitation. From
this observation, we see that structure of H,(¢) is that of a rational function whose poles all lie on
the unit circle in the complex ¢ plane, so that poles become dense on the unit circle as n gets large.

Hence x(t1,%2) as a function of ¢ for ¢, fixed (i.) has a natural boundary; (7i.) is not algebraic;
and (777). cannot be expressed in terms of the “usual” functions of mathematical physics, such as
elliptic integrals, hypergeometric functions etc.

*

Hlo(t) =

5



One family of solutions that does suggest itsell as a possible candidate is the family of g¢-
deformations of standard functions. Several examples are known already in the work done in
both Camberra and Melbourne, as well as Bordeaux and various other places.

Now this suggests a powerful tool: generalize to the anisotropic model and study the distribu-
tion of zeros in the denominator of the analogue of H, functions. Then we can distinguish between
those that appear to be solvable in terms of standard functions—when there is just a finite num-
ber of singularities on the unit circle—and those which are not, with an infinite number of such
singularities.

2. The anisotropic model

We have applied this approach to a number of other unsolved problems in statistical mechanics
of two dimensional systems.

Staircase polygons (or parallelogram polyominoes). H,(z?) is the generating function for
staircase polygons with 2m vertical bonds.

9 z? 9 z? _
M= =g -
2 2 2 2, .4
oy (14 2%) oy x¥(1432% 4+ 2*)
Hg(.f )_ (1_$2)5 5 H4($ )_ (1_$2)7 )

o @14 622 + 62t + 2%) 225, (2?)
Hs(2%) = (1—a2)? 1 (1_x2)2m—1'

Spm(z?) is a symmetric unimodal polynomial of degree (m — 2). H,,(2?) satisfies the inversion
relation

G H(2?) =

Hy (2 + 272V H, (1/:%) =0
and it follows that the generating function P(z,y) verifies
2242
P($7 y) = 1 _ £U2
The complete solution is implicitly determined by these relations, initial conditions and the fact
that the only singularity of the denominator occurs at 22 = 1.

+ G(z,y) where G(z,y)= —2*G(1/z,y/z) and P(z,y)= P(y,z).

Convex polygons. H,(z?)is the generating function for convex polygons with 2n vertical bonds.

2 2 212
n_ 7t o _ 7T (1+27)
M@ = =5 M) =y
ac2(1—|—8ac2—|— 13334—}-2336)
H3(l‘2) = (1_$2)5 ’
2 2
2N _ X T (2?)
Hy(2%) = (1—a2)2n—1 L‘

T, is aunimodal (with positive coefficients), asymmetric (n > 2) polynomial of degree n. Absence
of symmetry precludes solution by this method.
6



Row convex polygons.

P(z,y) # P(?/af)a
P(z,y) = E 2l ( EyzmA

H,.(y?) = T.(y?)/(1 —y*)*! where T,(y?) is a symmetric, unimodal polynomial of degree
2n — 1in y? and H,(y?) = —H (1/y*) so P(=, y)—l—P(m,l/y) =0.

Ap(2?) = Up(a )/(1 z?2)?m=1 where U,,(z?) is an asymmetric (m > 2), unimodal polynomial
of degree 2n — 1 in 2? Absence of symmetry precludes solution by this method.

3 choice polygons. The number of 3 choice polygons of 2n steps grows like

22n—5
(15.13161 + @lnn).
VIRT s

If H,(y?) is the generating function for 3 choice polygons with 2n horizontal bonds, then the general
generating function P(z,y) for 3 choice polygons satisfies

P(a,y) =) o™ Hu(y?).

n

H2(y2) = 71 ‘
(1 _ y2)3’ :v
3+ 29° Starti ]

2y _ T Tes arting
H3(y ) — (1 _ y2)57 point
I 6 4+ 19y? + 15y* + 4¢°) ; Unique starting
4(y) = Y 2 ’ i
(1-y?)"(1+y?) point

10 4+ 75y% 4+ 194y* + 23795 + 161y® + 669'0 — 5y12 — 129 + 1696 — 6320 + 29?2
(1= y2)°(1 + ) |

Hy(y*) =
The denominator in general is
H, = (1 _ y2)2n—1(1 1+ y2)2n—7 — (1 _ 3/2)6(1 _ y4)2n—7 for n > 3.
This is consistent with solvability and the solution is probably D-finite.

Square lattice polygons (I. Enting). We have no inversion relation for this model but P(z,y) =
P(y,z). We define R, (%) by the relation

= i R, (a*
n=1

Numerators of the R, (z?) are unimodal, positive, but not symmetric. The degree of the numerator
is equal to that of the denominator. The denominator is (1 — 2?)?"~! for n < 4, but for n > 4
powers of 1 — z* enter, and for n > 6 we see powers of 1 — 2 entering, while n = 8 marks the first

occurrence of powers of 1 — z® [3].
7



Self avoiding walks on square lattice (A. Conway). We have no inversion relation for this
model. We define H,,(z) by the relation

Clz,y) =Y Hu(z)y"

H,(z) (now known up to n = 12) is equal to A7 /B where A7 and B} are polynomials of degree
m, A is unimodal and B is equal to

B™(z)=(1-2)*(1+2)°(1+ 2+ 22)(1 + z*)°.

Upton=9,wehavea=n+1,5=2(|n/2|)withn>1,y=n—-4withn >4and § =1,1,3 for
9>n>6[2]

Honeycomb polygons (brickwork). H,(z%) = P,(2?)/Q,(2?). The denominator pattern is
quite regular. The denominators always have zeros only on the unit circle [3], just at 2% = 1
for n < 3, with powers of 1 — z* appearing at n = 4, powers of 1 — 2 entering at n = 7 and
so on. Numerators are positive coefficients, unimodal, but not symmetric. The numerator and
denominator are not of equal degree.

Anisotropic, hexagonal directed animals (A. J. Guttmann and A. R. Conway). The
generating function is G(z) = >, a,2" where a,, is the number of animals with n sites and one
source. For square and triangular Tattice Dhar showed

— that the generating function is algebraic;
— that the model is equivalent to hard squares in some sense;
— an ~ p"/y/n with g = 3 for the square lattice and g = 4 for the triangular lattice.

For the hexagonal lattice, Dhar found g = 2.0252 £ 0.0005 and no generating function could be
found. We extended the series to 99 terms, found g = 2.025131 4+ 0.000005 but no exact solution.
The study of an isotropic model G(z,y) = > <o Hn(2)y" gives Hy(x) = Ny(x)/Dy(x) where the
denominator pattern can be guessed. In this case, we have the symmetry G(z,y) = G(y, z).
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Staircase Polygons, Elliptic Integrals and Heun Functions

Anthony Guttmann

Department of Mathematics, University of Melbourne, Australia
December 2, 1996

[summary by Dominique Gouyou-Beauchamps]

Abstract

We discuss the perimeter generating function of d-dimensional staircase polygons and relate
these to the generating function of the square of the d-dimensional multinomial coefficients.
These are found to satisfy differential equations of order d — 1. The equations are solved
for d < 5, and the singularity structure deduced for all values of d. The connection with
complete elliptic integrals, Heun functions and lattice Green functions is also found. The
original article by A. J. Guttmann and T. Prellberg can be found in [4].

1. Staircase polygons

Any d-dimensional staircase polygon [3, 6] of perimeter 2n may be considered as made up of
two paths, each of length n, with common origin and end point, and with successive steps joining
neighbouring points on the lattice Z? The two paths are constrained to have no point in common
other than the origin and the end point, and successive steps must be in the positive direction
in all d coordinates. The number of paths of length n having k; steps in direction ¢ (1 < i < d)

is (k1+"'+kd) with k1 4+ ---+ k4 = n. Then the number of pairs of such paths is <k1 ” kd)z. The

A
generating function Z4(z1,...,zq) for these pairs of paths, including a walk of zero length for later
convenience, is
00 2
kit +ka\" o 2k
Zg(®y,...,2q) = Y L
d( 1 ) d) Z ( k’l,...,kd 1 d
k1yeeskg=0

This generating function produces a chain of staircase polygons, each links of which comprises
either a staircase polygon or a double bond. The generating function for double bonds is 2?21 z?
and we denote the generating function of staircase polygons in d dimensions by G4(z1,...,z4). Let
H(z1,...,24) be the generating function for a link

d
H(zy,...,2q) = Zx?—I—QGd(:cl,...,xd).

=1

Due to the orientability of walks, each staircase polygon is produced twice in the definition of
H(z1,...,24). We set 2y = --- = 24 = z. The construction “chain of” corresponds to the

functional relation
1

Z(x) = m



Hence, by inspection

(1) Gy(z) = % (1 —da? - Zdl(:c)> = % 1 —da? - (Z Séd)xQTb)

with

2
dy _ n
Sé) a ZE: (klv"'vkd) .

b+ thg=n
For d = 1 we get S =1 and G1(2?) = 0. For d = 2 from the identity > ,_, (2)2 = (*") we find

Ca(a?) = = (1-20% = V1-122).

2

For d > 2 we observe the recursion
@_ 5 (") g
St = Sl
0-3 (1) st

By expansion and inspection (aided by computer algebra), we get

n§) = 2(2n — 1)5(2) n?S() = (10n? — 10n + 3)5(3 - 9(n — 1)25(3_)2.

n—12 n—1

These recurrences can be reexpressed as differential equations

! — =
Zy(x) 12 Zy(z) =0,
1 - 20z + 2727 3(1 - 32)
7 Zh(x) - () =
CCO e s iy p LG s e S P R ICO R
3(1 - 30z + 128¢2) _, 1 - 68z + 44822 4

7' () +

2(1— 4z)(1 - 162) a(e)+ 22(1 — 42)(1 — 162) a(@) = 22(1 - 4$)Z4($) =0

These differential equations are all Fuchsian, with regular singular points at the origin, at infinity,
and at z = 1/d?, 1/(d—2)% 1/(d - 4)%, ..., the sequence of singular points terminating at = 1
(d odd) or # = 1/4 (d even). Moreover, the solutions that are regular in the neighbourhood of
z = 0 have singularities with exponents (d — 3)/2 at the other regular singular points, so that, in
particular, the dominant singular behaviour is given by

Za(z?) By(1 — d?z?)(1=3)/2, d even,
xT ~
! Ba(1 — d22?)4=3/21y(1 — d*2?), d odd.

where By is a constant whose amplitude can be calculated.

2. Heun functions and lattice Green Functions

For d = 3 the differential equation can be rewritten as Heun’s equation [7], a generalization of
the o 1 hypergeometric equation to the case of four, rather than three, regular points. We denote
the solution as

11 1 9 3 2
Zy(e)=F (= 21,1, 1,122 ) = ——F (2, -2 1,1, 1,1, ——— ) .
93 1—922 \8' 4 22— 1/9



Joyce [5] (and Watson for P5(1)) has shown that this Heun function is related to the simple-cubic
lattice Green function

(2) /// d.fld.’EQd.’Eg
1 — £(coszy + coszy + coszs)

through
9 -1 8 o
4 2
F(gv 717171717333) % (1— —$1> (1—.’131)% (1— —$3> s
1 L 1 92 Ty
=—4+ = - -y/(1—az2)(1 - 4 S
(3) ma= gty —gV-w)I-nM)= g5, o o — 1
1 1
(4) x1:§ %—5\/1—35 (1-2/9), z =
Further
2\ 2
( — —$1) 1- $1)_1 (-) I((k+)]((k_)
T
where

1 = 11 1
=gt (=) - 12— w)(1- )7,
and K (k) is the complete elliptic integral of the first kind. Hence we conclude that
92\ 2
(5) 2 = (2) (-t - o KRG
T

where the argument of the complete elliptic integral is given implicitly as a function of w through
equations (2), (3) and (4), and so G3(z?) follows immediately from (5) and (1).
Similarly, for d = 4, the Heun function can also be transformed [1, 7] to give

1 111 1 2 111 1 2
F —,——;—,—,1,—;4552 =|F 47__;_7_717_;16$2
4’ 82727772 2'2727779
4
(6) 3

where

Z4(£L'2)

[l
=
—~
T
+
~—r
=
—~
B
~—

1 1o
KL= g £t (1-42®)® — S(1-8a?)(1- 1625)2 .

Note that Z4(?) is simply related to the lattice Green function [5] for the face-centered-cubic

lattice as
1111 4 2
Pf.c.c.(z) = 3 F 47 B i 17_; z
3+ 2 2'2°2" "2'34+ 2

and for the diamond lattice as
11 2
a2 17 ) 22 .
2 2

11
Pdiam(Z) = (F (47 _57 57
Finally, G4(2?) follows from (1) and (6).

For d > 4 the theory of generalized hypergeometric functions with five or more regular singular
point is not known to us, though the full singularity structure of the differential equations is given
for d = 5 and d = 6, and is readily constructible for other values of d.
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3. Bessel functions
Bessel functions [8] are the solutions of the differential equations
(7) 212+ 2f'(2) + (27 = v f(2) = 0.
Let J,(2) be a solution of (7) which is analytic near the origin. Then we have

s D3
Tu(2) = 'mz::O m!I'(v+m+1)

when 2v is not an integer. J_,(z) is also such a solution. The first of the two series defines a
function called a Bessel function of order v and argument z, of the first kind. When v is an integer,
the function

J(2) = (“1)"T_(2)

Y, (z) = lim
v—n VvV —n
is called a Bessel function of the second kind of order n. Note that
_oJ.(2) L 0J_,(2)
=T T

v=n

It has seemed desirable to Nielsen to regard the pair of the functions J,(2) £ Y, (z) as standard
solutions of Bessel’s equation (7). In honour of Hankel, Nielsen denotes them by the symbol H

HY = J,(2)+ Y, (2),  HP =J,(2) - iV, (2).

v

Physicists consider the equation

() 2P+ 2f(2) — (22402 f(z) = 0.

The solutions of this equation are called modified Bessel functions. It is usually desirable to present
the solution of (8) in a real form, and the fundamental systems J,(iz) and J_,(i2) or J,(iz) and

Y, (iz) are unsuited for this purpose. The function e_é_””Jl,(iz) is real in z and is a solution of (8).
It is customary to denote the modified Bessel function of the first kind by 7,(z) so that

I(2) = 2” .
(2) mz::O m!I'(v+m+1)

00 (1 ~) v+2m

The modified Bessel function of the second kind is

Koo = iy " (1= Lul)

v—n 2 v —n

Note that

The following formulae are valid:
25 1 Ko(s/u)
T Jo u?V1—u?

2/2)271 1 /oo 0 1 /oo 3
9 I — 7 - Z COSs de _ = sz d i
(9) o) Z (n!)? T Jo ‘ ’ z 0 c s

n=0

(m!)? = /000 1(t/2)*™ Ko(t) dt, e’ = du,

12



Philippe Flajolet remarks that a natural tool to attack the calculation of G4(z) are Bessel gen-
erating functions [2]. The Bessel generating function of a sequence s, of numbers is defined as the

sum

= (n!)?
For instance, the Bessel generating function of the constant sequence s,, = 1 is given by the modified
Bessel function

o0 n

: ~ z
J(z) =1 (2v/z) = Z ()
n=0 ’
The Bessel generating function of the number of pairs of paths with same origin and end and
positive steps in a d-dimensional lattice is given by the product

d
| JELED)

where x; marks the steps in dimension . It follows that the Bessel generating function of the
numbers ST(Ld) with respect to the length n of the paths is j(z)?. In dimension 2, the generating
function Z,(z) is algebraic. In higher dimension, Z4(z) belongs to the larger class of holonomic
functions. This class is closed under sum, product, Borel and inverse Borel transforms. The Borel

transform is related to the inverse Laplace transform and is defined by

Borel (i 5n$”> = i Sijn

n=0 n=0

We proceed to get Zy(z) by the formula
Zg(z) = <B0rel(_2)) <]($)d) .

4. The 4D simple-cubic lattice Green function
This section is due to the help of L. Glasser. The 4D simple-cubic lattice Green function is

//// d$1d$2d$3d$4
T 1 — 2(cosxy + cos x5 4 cos x3 + cos z4)

= F/ e’ (/ eZSCOSkdk) ds:/ e *I3(sz2) ds.
0 0 0

From (9)
oo (2/2)2(n1+n2+n3-|—n4) /oo it
P zZ) = e SS ni1+no+ns+ng dS
2)' 23 ns o] )
= TLZ 2 ni An . 2
Z{ n1'n2'n3'n4) ( / ) nz::O ( / )
where A, = > () Byt if we remark that

1 -|—n2 -|—‘n3 -|—7"L4 =n (n1 !ng !ng !n4)2

Z (n1!n2!n3!n4)_2 = 2n Z M =2ng,

! 1\3
mn1-M9.
ni+tnz+nz+ns=n 13 ni4ng=n ( 112 )



where (1/2),,, = I'(ny + 1/2)/1(1/2), then we have

Py(z) = / eI (s2)ds =
0

o0

Sy 3 202

o ybra=n (nllng!)S

Using the following identities
(_1)n—kﬂ.
(/20172 w)(1/2 = )

(1/2)s = T(n =k +1/2)/T(1/2) = = and (n— k)l = ——2 "

we obtain

g _ (=t (1/2p(=m)e(=n)s(=n)e _ _ (=1)"x'/? [1/27—"7_"7 NG
" T T(1/2 = n)(nl)? (De(D)e(1/2 = n)ek!  — T2 -n)(a)2 7] 1,1,1/2—n;

and 47 (2n)1(1/2) 1/2
n)! n , =T, — N, — N
An = W“FS[ 1,1,1/2 — n; 1] '
We can also solve the fourth order differential equation with 4 regular singular points (0, 1/16,
1/4, 00). An indirect method leads to an integral representation whereas a direct method leads to
Kampé de Fériet functions.
For d > 4, we have

1 T d .o d 00 9 1Z 2.2 d2
Pa(z) = —d// L :/ e*Iy(sz/d) ds = _/ ZawZ/d) o,
T o 1—3(coszy+ -+ cosaq) 0 TJo VI-u?

with Zd(x):/ tKo(t)13(xt) dt.
0
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Abstract

We present a few enumeration problems that arose in computational biology. We point out
on several examples how symbolic enumeration methods allow for simplifying and extending
previous results. We also present some asymptotics.

1. Secondary Structures

As a first example, we enumerate here combinatorial structures associated to RNA sequences,
e.g., secondary structures, hairpins, cloverleaves, ... ). This study has been started in [11, 13, 8,
4, 12] with inductions on the size of the RNA sequences. We show here that symbolic enumeration
methods allow to find directly equations on generating functions and extend previous results. More
precisely, these inductions may deeply depend on the values of the parameters involved such as
the minimal size h of the helices, the minimal size b of the loops, ... Due to the number of initial
conditions, the recurrence relations may become very intricate. We avoid this unnecessary step.

A secondary structure is a set of helices, i.e., paired subsequences of the same size. Two paired
subsequences are separated by an embedded secondary structure or by a non-paired subsequence,
called a loop. Secondary structures satisfy three additional conditions. First, the helices must have
a minimal size, h. Second, the loops must have a minimal size, b. Third, two helices cannot overlap.

We now count the number of different secondary structures that may be built on the RNA
sequences of a given size:

THEOREM 1. Let Syl’b] be the sel of RNA secondary structures of size n, where the minimal heliz
size and loop size are h and b. The generaling function S[h’b](z)satz'sﬁes the second degree equation:

b
(1) (SP)2(2) 228 4 §RB()[(2 — 1)(1 — 22 + 220 — 2%11_—2] F1-2% 422 =,
— Z

(A,0]

We consider the external helices, and get S from the following decomposition:

where W is the set of of non-paired subsequences, and 71" the set of secondary structures that do

not start or end with a pairing. Otherwise, such a pairing would be part of the external helix. In
15



this scheme, we assume there exist & external helices of sizes h],...,h}. Two external helices are
separated by non-paired positions, which is coded by language W. We get the set decomposition:

(2) St = W s Upso[AM) x T 5

where A" is the set of couples of subsequences of the same size k' > h. One can prove a simple
relation between 718 and S, Namely:

(3) S[hvb] — A[h] X T[hvb] + T[hvb] + y[b]

where Y[ counts sequences of length smaller than b (no structure is possible). Le. YIl(z) =
Ef;é 2. We plug (3) into (2) and, applying translation rules, we get (1) after simplification.

REMARK. For h =1 and b = 1, we get the equation in [10].
The next theorem directly follows from Darboux’s theorem and equation (1).

THEOREM 2. When n — oo,

1 1 —(n+2h
) St e 47n? [—pA} (p)]2 'ph,(b .

where p is the smallest positive root of the discriminant Ay (z) of (1).

REMARK. The location of the roots is discussed in [9]. Notably, it is proven that 1/py, ; decreases

when A and b increase and that, for any h and b, Ap 3(2) has one root pyp in ]0, 1] and that Ay 5(2)

has one root in ]0,1/2[. It follows that Sl grows exponentially and that S > 9n . Numerical

values of p have been computed using Maple.

One also derives functional equations satisfied by the generating functions of specific structures:
the so-called hairpins and cloverleaves. Asymptotics follow similarly.

2. Counting alignments
2.1. Language decomposition.

DEFINITION 1. An alignment of k sequences of size (n;);=1 is a sequence of k-tuples

(a[lj] ...,agj],...,a[j])

such that:
[J]

— each subsequence (") is increasing from 0 to n;;
— two successive k-tuples are not equal.

An aligned position is a an integer j such that

a[j]:agj—l]JrL i=1,...,k.

K3

A b-block is a subsequence of aligned positions of length at least b.

The number of k-alignments is counted in [2]. A first generalization is proposed by [3], for
k = 2. Blocks of size below some threshold b are considered as non-significant, and one eliminates
all alignments containing such small blocks. Nevertheless, the authors still count separately non-

aligned letters. E.g. fg; # Ef_j We extend this counting for any £ > 2.

A second generalization is proposed in [11] for £ = 2 and b = 1. One identifies ?5 and gﬁ

We extend it for matching blocks of size b greater than 1. The motivation is the following. In [3],
one considers only matching blocks of size at least b as significant. It follows that the difference
16



between ?5 and gﬁ should be considered as non significant. Hence, in this section, we identify
all alignments that differ by a set of positions without a b matching block. When b =1 and k = 2,
this is the generalization described in [11].

THEOREM 3. Let f(ny,...,ni) be the number of alignments between k sequences of lengths
ni,...,ng. The associated multivariate generating function is, in the ordered case:
1L—t+¢
(5) ¢(Zl7"'72k)

Tl s(1—t4 ) —¢

where t = Hle z; and s = Ele z;. The bivariate generating function is, in the ordered case:
1

I—(p—D(1—t+1t°)—1t

(6) 21, 2) = (1=t + 1)

where p = Hle(l - %).

When b = 1 and k£ = 2, this simplifies into ¢(21,22) = 1/[1 — (21 + 22)]. It follows that
gi(n,m) = (”";m) which is the result proved in [3] by a combinatorial approach.

The proof relies on the derivation of a coding language for sequences f(ny,...,ng). For example,
one proves, for b = 1, that £, = [Hle(l + Z;)—1]* [2]. Let us build an alignment from left to right.
In each position, one may choose, for each sequence, either to align one character or to introduce a
gap. This contributes either by Z; or by 1, and we get, for independent choices, Hle(l + Z;). The
only choice to be excluded is the choice of a gap in all sequences, which is associated to 1% = 1.
Hence, we get Equation (5). It is worth noticing this is a bivariate function of s and ¢.

2.2. Asymptotics. A possible, and usual, assumption is that aligned sequences have the same
size. Hence, one is interested in

f(n) =21 - 2510z, s 28).
The generating function ) f(n)z" is called the diagonal of the generating function ¢(z1, ..., 2x).
One can find general results on diagonals in [1, 5]. We provide here a simplified scheme of the
approach in the particular case of the alignment of two sequences. We prove:
THEOREM 4. Let us define:

A(t)=(1=1)? —4t(1 -t +1%)

Ag(t) = (1 =2 + ") —a1(1 —t 4+ 1°).
We have f(n) ~ an~'2p=" where p is the (posilive) root of smallest modulus of Ay (1) (respectively
Ay(t)) in the non-ordered (respectively ordered) case.

Proor. When k£ = 2, s and p depend only on two variables, { and z;. Namely, one has:
s=(z14+t/z1)and p=1+1+ 2 +t/z. In both cases, one has:

F(ty=>_ f(n)t* =[]/ (21, 1/ ).

Applying the Cauchy formula, we get:

L [ fGeuta) 1 [ ()
F(t) = %/ ) le = % P(t721) le

where P(¢,z) is a polynomial in ¢ and z of degree 2 with respect to the second variable z. One

proves that the discriminant of P(¢,z) with respect to z is Aq(¢) (respectively Ay(t)) in the non-

ordered (respectively ordered) case. We first compute the integral. Then, applying Darboux’s
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theorem, we get that f(n)/p™ has a polynomial growth, where p is the smallest positive root of
61(t) (respectively Ay(t)). Darboux’s theorem also provides the dominating term of f(n)/p™. We
refer the reader to [11] where this term is explicitly given for the non-ordered case. O

3. Miscellaneous problems

Many other parameters of interest to biologists can be studied through a generating function
approach. One can cite the longest runs [11] or filtration methods such as the statistical distance [6].
This talk presented new results for the statistical distance in a non-uniform probability model.
Finally, statistics for the number of occurrences of a given set of words is also of great interest. We
presented a generating function approach [7]. We proved the limiting distribution is asymptotically
normal and provided formule to compute the moments or the probability of occurrences in the
finite range, for Bernoulli and Markov models.

Bibliography

[1] Furstenberg (Harry). — Algebraic functions over finite fields. Journal of Algebra, vol. 7, 1967, pp. 271-277.

[2] Griggs (J. R.), Hanlon (P.), Odlyzko (A. M.), and Waterman (M. S.). — On the number of alignments of k&
sequences. Graphs and Combinatorics, vol. 6, n° 2, 1990, pp. 133-146.

[3] Griggs (Jerrold R.), Hanlon (Philip J.), and Waterman (Michael S.). — Sequence alignments with matched
sections. SIAM Journal on Algebraic Discrete Methods, vol. 7, n° 4, 1986, pp. 604—608.

[4] Howell (J. A.), Smith (T. F.), and Waterman (M. S.). — Computation of generating functions for biological
molecules. STAM Journal on Applied Mathematics, vol. 39, n° 1, 1980, pp. 119-133.

[5] Litow (B.) and Dumas (Ph.). — Additive cellular automata and algebraic series. Theoretical Computer Science,
vol. 119, n° 2, October 1993, pp. 345-354.

[6] Pevzner (P. A.). — Statistical distance between texts and filtration methods in sequence comparison. CABIOS,
vol. 8, n° 2, 1992, pp. 121-127.

[7] Régnier (M.) and Szpankowski (W.). — On the approximate pattern occurences in a text, 1997. In Proceeding
SEQUENCE?97, Positano.

[8] Stein (P. R.) and Waterman (M. S.). — On some new sequences generalizing the Catalan and Motzkin numbers.
Discrete Mathematics, vol. 26, n° 3, 1978, pp. 261-272.

[9] Tahi (F.). — Méthodes formelles d’analyse des séquences de nucléotides. — Thése de 3e cycle, Université de Paris
XI, Orsay, 1997. 155 pages.

[10] Viennot (X. G.) and Vauchaussade de Chaumont (M.). — Enumeration of RNA’s secondary structures by com-
plexity. In Capasso (V.), Grosso (E.), and Paven-Fontana (S. L.) (editors), Mathematics in Medicine and Biology.
Lecture Notes in Biomathematics, vol. 57. — Springer-Verlag, 1985.

[11] Waterman (M.). — Introduction to Computational Biology. — Chapman and Hall, London, 1995.

[12] Waterman (Michael S.). — Secondary structure of single-stranded nucleic acids, pp. 167-212. — Academic Press,
1978, Advances in Mathematics Supplementary Studies.

[13] Waterman (Michael S.). — Combinatorics of RNA hairpins and cloverleaves. Studies in Applied Mathematics,
vol. 60, n° 2, 1979, pp. 91-96.

18



Coverage Processes in Physical Mapping by Anchoring Random Clones

Sophie Schbath
INRA

February 10, 1997

[summary by Mireille Régnier]

1. Introduction

A complete physical map of the DNA of an organism consists of ordered overlapping fragments
spanning the entire genome. A large number of fragments, called clones, are chosen at random
from a library in which the entire genome is represented. The anchoring approach, efficient for
large clones and then for very large genomes, uses an additional random genomic library of anchors
and is based on the anchor-content of the clones. These anchors consist of any short sequence
of DNA that occurs exactly once in the genome. Thus, clones containing an anchor in common
overlap. Clones that overlap are then assembled into islands which cover some regions of the
genome.

To plan a physical mapping project, it is therefore important to study, for instance, the proportion
of the genome covered by islands, the number and the length of islands, with respect to the number
of clones and anchors considered. To study the statistical properties of the islands, we must
model the clones and anchors processes. This problem is typically part of the theory of coverage
processes [6]. The aim of this paper is to provide a mathematical analysis of physical mapping by
anchoring random clones, in a general model.

2. Notation and preliminary results

We consider the genome linearly as a discrete sequence of bases of length . We assume that
clones have independent and identically distributed lengths L, with mean £L. We define g = G/EL.
Since the anchor length is very small compared to the clone length, the anchors will be considered
to be points. We assume that right ends of clones occur on the real line according to a non-
homogeneous Poisson process of rate a(t), and we label them {C;,7 € Z} such that --- < C_; <
Co £0<Cp <o <Oy <9< Oy <05 N(t) = N((0,1]) denotes the counting
process of clones and represents the number of clones ending in (0, ¢]. Similarly, the anchors occur
according to a non-homogeneous Poisson process of rate A({) and are labelled {A;,7 € Z} such
that -+ < A1 < Ag <0< Ay < < Apg) £ 9 < App(g)41 < -+ o5 M(t) = M((0,1]) denotes the
counting process of anchors and represents the number of anchors in (0, ¢]. We assume the process
of anchors and the process of clones are independent, and the rates @ and A are positive functions
such that their integrals are finite on bounded sets, but are not finite on unbounded sets.

ProposiTION 1. The probability J(t;x) that the pointst and t + « (x > 0) are not covered by a
common clone is

J(t;2) = exp (_ / Calt4 u)]—"(u)du) .
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3. Main results

We introduce the following terminology: a clone containing an anchor is an anchored clone,
and the clones containing one or more common anchors are assembled into anchored islands An
anchored island can be composed of a unique anchored clone. A region between two anchored
islands is an ocean.

Several theorems give properties of unanchored clones, anchored islands and notably the singleton
anchored islands, composed of a unique anchored clone. The next theorem is about the proportion
of oceans, in other words the proportion of the genome not covered by anchored islands.

THEOREM 1. The probability ro(t) that ¢ is not covered by any anchored island is

o= [ [T EE s o e (- [ @) dva

The mean proportion rq of the genome not covered by anchored islands is

Under probabilistic assumptions that are satisfied for periodic rates a and A, the author states
the weak law of large numbers for the number of anchored islands and the number of anchored
clones. Moreover, the length of the anchored islands, the mean number of clones and the mean
number of anchors in an anchored island are derived. Notably, we get:

THEOREM 2. (i) The process of anchors covered by clones is a Poisson process with rate given
by

v(t) = A)(1 = J(;0));

(ii) the average number of anchors per anchored island ending in (0,g], denoted by H,, is such
that

— TN ))dt Pr

g as g — o0.

fo

where p1(t) is the probability that a clone ending at t is the rightmost clone of an anchored island.

Whereas an ocean is a region not covered by anchored islands, an actual ocean is defined to be
a region not covered by clones.

THEOREM 3. The probability ps(t; x) that an anchored island ending at t is followed by an actual
ocean of length at least x is

ps(t;x) = J(t+ x;0)exp (— /ttﬂ a(u)du) 1;17‘5)(”‘

where q1(1) is the probability that a clone ending at t contains no anchor.
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4. Applications

The author presents numerical results for a genome of length G = 100,000 kb, 2300 clones
of fixed length I = 250 kb and 500 anchors, that corresponds approximately to the physical
mapping project of Arabidopsis thaliana genome [5]. The normalized genome length is g = 400,
and the mean number of clones and anchors in (0, g] are respectively EN = EN(g) = 2300 and
EM = EM(g) = 500.

We focus on four quantities, namely the mean number of unanchored clones, the mean number
of anchored islands, the average length of anchored islands and the mean proportion of the genome
not covered by anchored islands. The first non-homogeneous model assumes each rate is piecewise
constant and can take two values. It means the genome is composed of alternating rich and poor
regions of clones, and of anchors. This is the hotspot model introduced by [4]. The second model
allows some sinusoidal fluctuations around the constant rates.

4.1. Hotspot model. These are the main trends. When the hotspots are in phase, the number
of unanchored clones decreases as the level of clone hotspot increases. As both of the hotspot levels
increase, the mean number of anchored islands and the mean length of an anchored island decrease,
leading to an increase of the mean proportion of the genome not covered by anchored islands.

When the hotspots are completely out of phase, the number of unanchored clones increases as
both of the hotspot levels increase. As the level of clone hotspot increases, the mean number
of anchored islands increases and then drops, whereas it decreases as the level of anchor hotspot
increases. The mean length of anchored islands decreases as the level of clone hotspot increases.
The mean proportion of the genome not covered by anchored islands increases as the levels of
hotspot increase, rather dramatically when the level of clone hotspot increases.

The most important effect is undeniably that the more the model departs from the stationary
model, the greater the mean proportion of genome not covered by anchored islands. Finally, the
simulation results given by [4] and the theoretical calculations are quite close.

4.2. Sinusoidal model. We consider the following rates
a(t) = ag + ay sin(ayt), A(t) = Ao + Aqsin(Aqt).

The mean number of unanchored clones seems not to depend on a; and increases as Ay increases.
Increasing either oy or Ay has the same effect on the average length of anchored islands and the
mean proportion of genome not covered by anchored islands: the length decreases whereas the
proportion increases. The stationary case, @3 = Ay = 0 minimizes the mean number of anchored
islands and the mean proportion of genome not covered by anchored islands and maximizes the
average length of anchored islands.

5. Conclusion

Undeniably, the inhomogeneity in the clone and anchor locations along the genome substantially
changes the predictions in a physical mapping project. Since the goal of a physical mapping project
(at least the first step) is to obtain few long anchored islands and a small proportion of genome
not covered by anchored islands, the previous applications clearly show that using homogeneous
Poisson processes for clones and anchors provides an overly optimistic assessment of the progress
of the mapping project. The difficulty in practice remains to model the inhomogeneity occurring
in the genome. The detection of regions rich or poor in restriction sites involved in the cloning
process, for instance, could be a first step in characterizing some hotspots. Since longer DNA
sequences are becoming available, modelling heterogeneity has become an important problem in
sequence analysis.
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Heaps of Coins: Performance Evaluation and Task Resource Models
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Abstract

We introduce a model which generalizes the representation of trace monoids as heaps of coins
(Viennot 86). Intuitively, one stacks (& la “Tetris”) coins with a polyomino shape. This
model makes it possible to study the behaviour of 1-bounded temporized Petri nets. The
height of a heap of coins is recognized by an automaton with multiplicities in the semi-ring
(max,+).

Using this representation as a starting point, various results of performance analysis are
obtained: asymptotic average-case, worst-case and best-case behaviours, optimal scheduling.
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[summary by Bruno Salvy]

Abstract

In 1978, W. Gosper gave an algorithm to compute the indefinite sum of an hypergeomet-
ric sequence. This algorithm has been incorporated in most computer algebra systems as
the basis of their summation routines. Then, in the early 1990’s D. Zeilberger applied a
version of Gosper’s algorithm in a clever way to the efficient calculation of definite sums
of hypergeometric sequences. Zeilberger also gave a very general but slow algorithm for
the general case of holonomic functions. F. Chyzak shows how Zeilberger’s fast algorithm
can be extended to a much more general context, including summation and integration of
holonomic functions and sequences.

Introduction

F. Chyzak’s algorithms [7] aim at computing automatically the right-hand side of identities like
the following ones, given their left-hand side:
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More precisely, for indefinite summations or integrations, the output of the algorithm is an ex-
pression for the right-hand side in terms of the left-hand side, while in the definite case, these new
algorithms will produce a linear operator or a system of linear operators annihilating the right-hand
side. From there, the solution can be found by Petkovsek’s algorithm [9] in the recurrence case, by
its g-version [4, 5] in the ¢-case, or by algorithms on differential equations [10, 11] in the differential
case.

These examples are treated in a unified manner by considering algebras of linear operators

01,...,0, with coefficients in a suitable field K. In most applications, these operators are partial
differentiations, shifts or ¢-shifts. Then one considers 0-finite terms t which are such that the
(1) 9% -t =070 - L, a; €N,

span a finite-dimensional vector space over K.
Examples are:

— exp(z?) for D, (derivation) over Q(z) (with dimension 1);

— the binomial coefficient (}) for S, and Sy (shifts) over Q(n, k) (with dimension 1);

— the Bessel J,,(z) functions, the Tchebychev polynomials T},(z), the Legendre polynomials P, (#)
for 5, (shift) and D, (derivation) over Q(n, z) (with dimension 2);

— the product of Bessel functions Ji(az)li(az)Yo(z)Ko(z) for D, and D, (derivations) over
Q(a, ) (with dimension 16).

In the case of shifts, d-finite terms corresponding to 1-dimensional vector spaces are exactly
the hypergeometric sequences. In the differential case, Zeilberger’s holonomic functions [12] are
also 0-finite. The closure properties under sum, product and the 9;’s generalize to this context [8].

1. Indefinite 0-finite summation and integration

Given a 0-finite term and a basis by,...,by of the vector space generated by its 9% as in (1),
Chyzak’s first algorithm finds solutions in this vector space for equations of the form

P(dy,...,0,) X = B,

where P is a polynomial in K(0y,...,d;), X is the unknown and B is a given element of the vector
space. The first step of the algorithm consists in setting

X =¢1by+ -+ onby

with undeterminate coefficients ¢;’s in K. The left-hand side of the equation is then expressed
in the basis of the b;’s. Identifying coeflicients then yields a system of linear equations satisfied
by the ¢;’s. It then suffices to find rational solutions of this system, i.e., solutions in K. Several
algorithms developed by S. Abramov and coauthors are available for this purpose, depending on
the 9;’s [1, 2, 3, 6].

An important special case of this algorithm is when P = 5,, — 1, which correspond to indefinite
summation. In this setting the problem solved by Gosper’s algorithm corresponds to vector spaces
of dimension 1, and then a single rational coefficient has to be found.

For instance, consider computing the primitive of the integral cosine,

Ci(z) = /0 costt) .

t

From the differential equation satisfied by cos(t), one readily computes a third order linear differ-
ential equation satisfied by Ci. In the algebra A = Q(z)(D,), we thus work in the vector space
28



generated by Ci, Ci’, Ci”. Thus we look for
T = ¢ Ci+¢y Ci' +¢, Ci”, such that D, -T = Ci.
This leads to a simple system whose only rational solution is
do(z) = 2, ¢1(z) = 1, $2(2) = z,

or in other words

/ Ci(z)dz = z Ci(z) — sin(z).

2. Definite J-finite summation and integration

Zeilberger’s algorithms for definite summation and integration are based on creative telescoping.
To simplify, we describe this method in the case of summation, i.e. we consider a J-finite term t,
when 0y = 5, is a shift with respect to a variable n, and we want to compute

b

> b,

n=a

or more precisely an operator annihilating this sum.
If we can find two polynomials P and @ in the algebra such that P commutes with > and

(2) Pty = (S0 = 1)Q - b,

then interchanging P and )  we get

b
P Ztn = [Q 'tn]g'
n=1

When moreover the bounds @ and b are such that ¢, and all its %’s are zero there (the so-called
case of natural boundaries), then this computation has for consequence that the right-hand side
telescopes, whence the name of the method.

In the hypergeometric case, Zeilberger’s fast algorithm [13] to find P and @ relies on the ob-
servation that (2) is equivalent to P - ¢, being Gosper-summable. He then shows that Gosper’s
algorithm can be extended to handle undeterminate coefficients in P and find conditions on these
coefficients for the sum to be hypergeometric. The algorithm then increases the order of P (and
consequently the number of indeterminate coefficients) till the extended Gosper algorithm finds a
sum. Termination is guaranteed via Bernstein’s theory of holonomic functions.

Chyzak’s second algorithm is an extension of Zeilberger’s algorithm to the more general context
of J-finite terms. Gosper’s algorithm is replaced by the algorithm of the previous section, which is
first extended to handle undeterminate coeflicients and find conditions on these coeflicients for an
indefinite ! to exist in the vector space. Termination is guaranteed only when Bernstein’s theory
can be invoked.

As an example, consider Neumann’s addition theorem on Bessel functions:

(3) Jo(2)* 42 i Ji(2)? = 1.
k=1
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In the algebra A = Q(z,k)(D,, Sk), the sequence of functions Ji(z)? satisfies the system

2D? + (=2k+ 1)D, — 25,2z + 2z,
2D, Sk + 2D, + (2k + 2)S, — 2k,
228% —4(k + 1)2Sk — 22(k + 1)D, + 4k(k + 1) — 22,

from which follows that Ji(z)? is d-finite and generates a vector space of dimension 3 with ba-
sis {Jk(2)?%, Sk - Jk(2)%, D, - Ji(2)*}. The output of the algorithm is

ko1
P:D27 Q:;+§D27

which means that

DY Jk(2)* + (@ Ju(2)*] 5, = 0.
k=0

After some rewriting and considering the initial conditions, this is indeed equivalent to (3).

(1]

(2]
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An Efficient Algorithm to Compute
the Rational Solutions of a Linear Differential System

Moulay Barkatou
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[summary by Philippe Dumas]

The talk is in two parts: first a presentation of Abramov’s algorithm for linear differential
equations, next a generalisation to differential systems.

The aim of Abramov’s algorithm [3] is to find all rational solutions of a linear differential equation
with polynomial coefficients, that is an equation of the form

(1) an(2)y " (@) + - + ar(2)y () + ao(w)y(z) = b(2),

where a,(z),...,a0(z), b(z) are polynomials. The first step of the algorithm is to bound the
denominator g(z) of a possible solution f(z)/g(z). By a bound, we mean a polynomial ¢(z) such
that g(z) divides g(z). The coefficients of the polynomials ax(z) lie in a number field K. The
key argument uses the splitting field K of the polynomial a,(z). If £ is a root of a,(z) and the
coeflicients read

ap(z) = (¢ — f)ﬁkhk(x), hi(§) #0, k=0,...,n,

-~

a rational solution y(z), which necessarily belongs to K(z), may be written
y(z) = (z - €)"2(x)
where ¢ is neither a zero nor a pole of z(z). The term ag(z)y*)(z) of (1) behaves like
a(ﬁk)
r(r—1)(r—k+1)2—(z—&)rtok
B!
near £. But the right-hand side of (1) is a polynomial, hence the exponent r is larger or equal to
the minimal integer root —p of the indicial equation E¢(r); this equation is the coefficient of the
lowest power of x — £ in
n P
Dol =)=k ) -
k=0 ﬁk'
This crude description does not give an efficient way to obtain a bound of the denominator g(z).
Indeed it is possible to avoid any use of K(z) by greatest common divisor techniques. Essentially
the previous argumentation is applied to each irreducible factor f(z) of a,(z) in place of each z —¢
to give an indicial equation E¢(r) = 0. As a result, a bound ¢(z) for the denominator is obtained.
Next p(x)/q(x) substitutes for y(z) into (1) and the polynomial p(z) is to be determined. This is
the second step of the algorithm. The degree of p(z) is the order of 0o as a pole of a solution, and the
technique of the first step provides a bound N for the degree of a polynomial solution. At this point

it is possible to proceed by brute force collection of like powers of z, but the bound N is not accurate.
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It is more efficient to find the coefficient py of z in p(z) and to write p(z) = pya™N + p*(z) with
p*(z) a polynomial of degree at most N — 1. In this manner, the coefficients of p(z) are obtained
in turn. If there is no rational solution the process stops at some stage.

The classical approach for the search of rational solutions of linear differential systems consists
in reducing them to the scalar case. This idea goes back to Birkhoff [5, 7]. The reduction uses the
concept of cyclic vectors. Its major drawback is the growth of coefficients.

Barkatou [4] proposes a direct approach to the linear differential systems, which uses the same
ideas as Abramov’s algorithm. The difference is the use of matrices instead of scalars, as exemplified
in [6] or [8]. The differential system under consideration reads

(2) d(2)Y'(z) - A(2)Y (2) = B(a),

where A(z) is a square matrix and B(z) is a vector, both with polynomial components. The
coefficient d(z) is a polynomial; for each irreducible factor f(z) of d(z) there is an indicial equa-
tion F¢(r). Contrary to the scalar case, the indicial equation may reduce to 0 = 0, but a convenient
linear change of variables eliminates this problem. The indicial equation gives a bound for each
irreducible factor of d(z), and a bound for a common denominator of the components of Y (z). It
remains to determine a polynomial solution of linear differential system, as in the scalar case.
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[summary by Frédéric Chyzak]

1. The Problem

Consider the linear ODE y™) (2)+a,_1(2)y" V()4 - +ao(z)y(z) = 0, where the coefficients a;
are rational functions of £ = C'(z) for an algebraic closure C' of the rational number field Q. Solving
this equation is an easier task when the corresponding linear differential operator in 9 = d/dz,

L=0"+an1(2)0" "+ -+ ap(2),
admits a factorization I, = LyL; where the product denotes composition. The Leibniz rule
d-ay=(ay) =dy+tay =(@d+d)-y (ack)

defines a degree on the non-commutative ring A = k[d], which makes it left and right Euclidean.
Consider the operator

1 3
L=0%--0°+ 0% —z.
1 T
It can be proved to be irreducible in A, i.e., it admits no factorization LoLq in A. However, L

factorizes over the extension ring k(4/z)[0]:
L= (0 104 1y~ VE) (0~ va) = (9~ 104 oy 4 VE) (07 4 V).
x 422 T Az2

Note that since /z and —+/z are algebraically and differentially indiscernable, the conjugates of
a right factor of I are other right factors of L. In the example above, L is the least common lefl
multiple of both conjugate right factors.

More generally, an operator I € A is called absolulely reducible when there exists an algebraic
extension keyxs of k such that L is reducible in Aeyy = kext[0] (for a suitable extension of the action
of 0 on kext). For an absolutely reducible operator L with a right factor L; € Ay, let L be the
least common left multiple of the algebraic conjugates of L. As a simple result of differential
Galois theory, L is stable under the action of the differential Galois group of the extension Ay
over A (to be defined in the next section). This entails that L € A. Since L divides L, we have
that L is irreducible but absolutely reducible in A if and only if L is the least common left multiple
of the conjugates of a right factor Ly € Agys.

The example above motivates the following problems, sorted by increasing complexity:

1. find an algorithm to decide absolute reducibility;
2. find an algorithm to compute a factorization on an algebraic extension;
3. find an algorithm to compute a factorization on an algebraic extension with absolutely irre-

ducible factors.
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The algorithms to solve these problems, reduce to solving ODE’s for solutions in special classes. A
solution y such that y € k is called a rational solution, while a solution y such that y'/y € k is called
an exponential solution! and a solution y such that y'/y is algebraic over k is called a Liouvillian
solution. An early study on this topic dates back to Liouville [6, 7]. The first algorithm to solve
for rational solutions was developed in [1]. It relies on the resolution for polynomial solutions,
for which an optimized algorithm is presented in [2]. Next, algorithms for factorization as well
as algorithms to solve for Liouvillian solutions rely on the resolution for rational or exponential
solutions. Algorithms for factorization are given in [3, 4, 9, 12]. The first algorithm to solve for
Liouvillian solutions of second-order ODE’s is due to Kovacic [5] and was later elaborated in [11],
again in the second-order case. A prototypical algorithm for higher-order equations is to be found
in [8] and was highly improved on in [10] in the third order case.

In the remainder of this summary, we comment on an algorithm to solve the second problem.

2. Differential Galois Theory

In the suitable analytical framework, the solution space V' of the equation L-y = 01is the C'-vector
space generated by n linearly independent solutions y;. However, these solutions satisfy algebraic
differential relations

-1 _
Pi <’y173/17---73/§n )7---7%73/;7---7 7(;2 1)) =0

for polynomials P; in n? variables and with coefficients in k. As an example, any solution y; of the

equation y” + y = 0 satisfies an algebraic equation y? + y{? = ¢ € C. For a given L, we would like
to describe the ideal J generated by all algebraic differential relations. A description is obtained
by differential Galois theory.

For a differential field extension K of k, the group of automorphisms ¢ of K that induce the
identity on k and such that o(f') = o(f)' for f € K is called the differential Galois group of K

over k and is denoted Gal(K/k). Let K be k (yl, .. .,y§n_1), ey Uny e .,yfzn_l)), i.e., the smallest

differential field extension of k& which contains the y;’s and does not extend the field of constants C.
This field is called the Picard-Vessiot extension of L. The group Gal(K /k) is called the differential
Galois group of L and denoted Galg(L). A computational representation of G is obtained as follows.
Assume y to satisfy L -y = 0, then for any automorphism o € G, L - o(y) = o(L -y) = 0. In other
words, each automorphism moves a solution of L to another solution. Consequently, o(y) is a
linear C-combination of the y;’s with coeflicients that are independent from y. This yields a matrix
representation of G. Thus G is linear algebraic and the ideal J is stable under the action of .

We now proceed to introduce a lemma which is crucial to the algorithm discussed in the next
section. Assume that L admits a right factor L; with solution space V3 C V. For any v, € V; and
any automorphism o € G, Ly -o(vy) = (L1 - v1) = 0, so that V; is stable under G. We want to
prove a converse property.

For an r-tuple (vq,...,v,) € K", the Wronskian Wr(vy,...,v,) is classically defined as the ma-
(j)}

trix {vz . The corresponding determinant induces an application from K" to K. This application

is an alternate r-linear form and satisfies
o(det(Wr(vy,...,v,))) = det(Wr(o(v1),...,0(v,)))
for any o € G. Below, we more intrinsically use r-exterior products, i.e., formal alternate r-linear

symbols vy A -+ - A v, that satisfy o(vy A---Awv,) = 0o(v1) A---Ao(v,) for any o € G.

'Such a solution is also frequently referred to as a hyperezponential solution.
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Let us assume V; to be a 2-dimensional C-vector subspace of V' with basis (fi1, f2) and stable
under the action of G. More specifically, for each o € GG there exist ng) € C'\ {0} such that

o(fi) =7 i+ el fo
Then in the exterior power A%(Vy) where f1 A fi = fa A f =0,
o(finhfa)=0(fi)No(f2) = (craca2 —c1pc21)(f1 A f2).

More generally, assume that Vj is a C-subspace of V stable under G and with dimension dim V; =
r < n=dim V. Then, the exterior r-power \"(V) is a 1-dimensional vector space with basis w =
fiN---A f.. For each 0 € (G, there exists a non-zero ¢, € C such that o(w) = ¢,w. In fact,
¢, = det o when o is viewed as a C-linear automorphism of V;. Now, for y € V, write

Ly -y = det(wr(y7f17"'7f7“))
VY et We (s )

This makes L a linear operator of order r. For any ¢ € G,

o o(det(Wr(y, f1,..., fr)))  coo(det(Wr(y, f1,...,fr))) .
o(lr-y) = (@t (Wi(f1r o ) coo(det(We(fi,. o 1)) 1Y

The coefficients of Ly are therefore left fixed by all elements of G, and Ly € k[D)].

LEMMA 1. An operator L with solution space V admils a right factor Ly such thatl the solution
space V1 of Ly is a subspace of V' if and only if there exists a non-zero proper subspace of V. which
is stable under G.

3. The Beke-Bronstein Algorithm

Wronskians relate the solutions of an ODE to its coeflicients. In particular, the Wronskian w =
det(Wr(y1,...,yn)) = det [Y, Y', .. .,Y(”_l)] where Y is the column vector of the y;’s satisfies

n—1
w' =Y det [Y, YUy )y i) .,Y(”_l)} + det [Y, N .,Y(”_Q),Y(”)}
=1

n—1
=— Z a;(z)det {Y, . .,Y(”_Q),Y(i)} = —ay,—1()det {Y, Y',.. .,Y(”_l)} = —ay_1(z)w.
=0

In short w’' 4 a,,—1(z)w = 0 (Liouville relation); the other coefficients of L satisfy similar relations.
The algorithm developed and implemented by Bronstein after Beke’s work and described in [4]
makes use of Wronskians in the following way. To obtain a right factor of the operator L:

1. solve L -y = 0 for exponential solutions; if solutions are found, they yield first-order right
factors of L;
2. similarly, find first-order left-hand factors by the method of adjoint operators [4]; if solutions
are found, they yield right factors of L of order n — 1;
3. if no solution was found, look for right factors of order r (2 < r < n — 2) as follows:
(a) build an equation whose solution space is spanned by all Wronskians of order r;
(b) solve for exponential solutions;
(c) test which solutions are Wronskians, i.e., pure exterior products, and obtain a right
factor.

As a comparison, Singer’s method, which was implemented by Van Hoeij, relies on solving for
rational solutions only.
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4. An Example
Again, consider the operator L = 9* — %33 + 250% — z. Both first steps of the algorithm above

4z
fail, so that the only possible factorizations are of the form L = LyL; with factors of order 2.

Write w = y19) — y1y2 for any two solutions of L. By computing its first derivatives, reducing them

by L on the basis <y¥)y§j)) . , and looking for linear dependencies by Gaussian elimination,
7=,
we obtain that w is annihilated by
5 21 69 8z° 4 15
P:.5__.4 AL a3 U o9 9.
? Qxa + 4962a 8wSa + 2z4 ?

The only exponential solutions are the constants A € C'. This entails that L; = > — Ad + r(z) for
an algebraic function r. By identification, one finds

1 A 3
_ 02 - P 2 - N
Ly =0 +(/\ $>0+(/\ x+4x2 r(.r)),
where r(z) = ﬁ (2/\2302 — Az £ VA 24 — 8X\323 + 130222 — 152 + 16305). Realizing that A = 0,
we get 7(z) = £4/2 and the factorizations of the first section.
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Minimal Decomposition and Computation of Differential Bases for an
Algebraic Differential Equation

Evelyne Hubert
LMC, Grenoble

September 21, 1996
[summary by Bruno Salvy]

Abstract

Singular and general solutions of algebraic differential equations can be expressed in a differ-
ential algebra setting regardless of the existence of closed-form. Theoretical and algorithmic
tools in this area are presented.

1. Types of solutions

Consider the following differential equation:

(1) y'"? — dzyy' + 8y* = 0.
This equation admits three solutions of different types:
4
(2) o) =a(z—a)’,  yle)=0,  ylo)=5za”.

The first one is the general solution and the two other ones are singular solutions. The solu-
tion y(z) = 0 is actually a special case of the general solution and is called a particular singular
solution; the third one is an essential singular solution. As showed by Figure 1, both singular
solutions appear as envelopes of the general solution. In general, this is true of essential singular
solutions of first order equations.

00’"

n, W

f»:

Ficure 1. Solutions of (1)
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In the general case of an equation

P(:E7y7 y’? e y(n)) = 07
where P is a polynomial, the singular solutions are the simultaneous solutions of P and its sepa-
rant (?P/(?y(”). Through differential algebra, a meaning can also be given to the “general” solution
even when no closed-form exists. It is also possible to distinguish algebraically between a particular
singular solution and an essential one. The aim of E. Hubert’s work is to provide algorithms dealing
with general and singular solutions in this framework.
To an ordinary differential equation like (1) is associated a differential polynomial

p=yi — 4xyoy + 842 € Q(z){y}.

More generally, the differential ring A = A{y} is a ring of polynomials in the variables yo, y1, y2, - - .
endowed with an operator ¢ which is a derivation on the commutative integral domain A and
which is such that éy; = y;41. A differential ideal is an ideal stable under §. For instance the
differential ideal generated by a differential polynomial p is the polynomial ideal generated by p
and its derivatives:

[p] = (p,ép, 6%p,...).

Of particular interest is the radical of this ideal:

{p} = VIl ={acA|3keN,d €]}
This is the set of differential polynomials vanishing on all the solutions of p. A differential ideal
is prime when abel =>aclorbel.
We now restrict to A = Q(z) for simplicity, but the results can be stated in much more generality,
see [4, 5]. An important property is that a radical differential ideal R can be decomposed into a
finite intersection of prime differential ideals:

e An
k=1

When none of the Py is included in another one, this decomposition is called minimal and is unique.
These Py’s are then called essential components of R. In the same way as {p} corresponds to the
solutions of p, each of the essential components of {p} corresponds to one type of solutions of p. In
the same example as before, a decomposition is

{p} = {p, v — 2295 + 2y1, 43} N {yo} N {27yo — 42°},

each term corresponding to one of (2). This decomposition is not minimal since the second ideal
obviously contains the first one and therefore corresponds to a particular singular solution. The
minimal decomposition is obtained by removing this second term. Testing the inclusion of the
general component (the first one here) into one of the other ones is related to Ritt’s problem; its
algorithmic resolution via the computation of a differential basis of each component is one of the
aims of [3].

While the singular solutions obviously correspond to components of the ideal {p, s}, where s is
the separant of p, the general solution corresponds to the quotient of {p} by s, where the quotient
of a radical differential ideal R by an element s € A is defined as

R:s={a€Alsae R},

which is itself a radical differential ideal. Two properties are of interest: for any non-empty subset o
of A, one has {o} = {0} : sN{o,s}; when p is irreducible as a polynomial in yo,y1,... and s is its
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separant, the ideal {p} : s is prime. Thus G, = {p} : s is an essential component of {p} which is
called the general component of p.

2. Algorithms for minimal decompositions

We now turn to the actual computation of the minimal decomposition
{py=G,N R N---N Ry

Ritt showed that each essential component R; is the general component of some differential polyno-
mial @;. The computation of a minimal decomposition then requires finding these a;’s and insuring
that the decomposition is minimal.

Ritt’s low power theorem states that when an irreducible differential polynomial p of a differential
ring A{y1,...,yn} is contained in one of the ideals {y;}, then {y;} is an essential component of {p}
if and only if the lowest degree terms of p do not contain a derivative of y;. This theorem can be
used to give a criterion for a G, to be an essential component of {p} after a preparation process
which rewrites p as a differential polynomial in a:

k. 2: Qg Qe
Sap_ Cozo,...,ozeao ”'ae ’

AQ ey

where s, is the separant of a, a; = 6ia, Cap,...a. & Gq and e is the difference between the order n
of p and the order m of a. This reduction process is performed in three stages: for ¢ from 1 to e,
a; = da;_1 can be rewritten a; = Sq¥Ymyi + t; for some t;. Then y, is replaced by (a. — t.)/s, in p.
After normalization this yields

skep = Z Ca, 0%,

where the coefficients do not involve derivatives higher than y,_;. The process is then repeated with
the y,,—; in succession. This rewrites all the y,,,1; for ¢ > 0. Then in each monomial cqaj™ - --al,
the coefficient c¢q is rewritten éqaq®, where ag is the largest integer k such that ak divides cq,.

In our previous example, the reduction of p in terms of yg is tautologous; the lowest degree terms
of pis —4zyoy; + 8y2 and thus {yo} is not an essential component. The reduction of p in terms
of a = 27yy — 422 is more interesting. The separant s, = 27 is constant and the first step of the
reduction process yields a; = 27y; — 1222, Then p is rewritten successively

P =y — 4eyoy + 895,
19683p = af + 362%ai — 1082(27yo — 42%)ay + 216(27y — 22°)(27yo — 42°),
19683p = @ + 362°a; — 108zaga; + 216(27ys — 22°)ao.

The lowest degree term is 216(27yo — 22%)ag which does not involve a; and thus {27y — 423} is an
essential component. (There also exists a simpler algorithm in this case since p is of order 1 [2]).

The computation of the @;’s relies on the Rosenfeld-Grébner algorithm [1] which has been im-
plemented in Maple by F. Boulier. Given a system Y of differential polynomials and a ranking,
this algorithm computes a decomposition of the radical ideal {¥} as a finite intersection of radical
differential ideals:

(Y=7,n---n7,,

each Z; being described by a system of polynomial equations and inequations and a characteristic
set. This decomposition makes it possible to test membership in the Z;’s and therefore in {¥} by
simple reductions. Note that the Z;’s are not necessarily prime.
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A lemma of Lazard’s combined with Ritt’s result mentioned above shows that the Z;’s corre-
sponding to essential components of {p, s} must have a characteristic set reduced to one differential
polynomial. This makes it possible to filter out some of the radical ideals. Then prime differential
ideals can be obtained by factorization. This leads to the following algorithm.

Input: An irreducible differential polynomial p.
Output: aq,...,a, such that G,,G,,,...,G,, are the essential components of {p}.
G:=Rosenfeld-Grébner([p, s]);
A= ];
for each R in G with cardinality 1 do

for each factor b of R[1] do

if low-powers(preparation(p, b))=cbj then A := A U [b];

Return A.

In our example, the output of Rosenfeld-Grébner is

{wo}, {27y — 42°},

from where the computations above have been performed.

It is possible to avoid the factorization and perform only gcd computations. In some cases, this
algorithm can also be extended to compute a differential basis of G,. This is helpful to compute
power series solutions when the initial conditions lie on a singular solution. We refer to [3] for
details.
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Differential Equations, Nested Forms and Star Products

John Shackell
University of Kent at Canterbury, U.K.

September 9, 1997

[summary by Frédéric Chyzak]

Abstract

This presentation is in two parts. First, we recall the definition of two types of asymptotic
expansions known as nested form and nested expansions. This theory makes it possible to
adapt the asymptotic scale to the function under expansion and is based on the theory of
Hardy fields [1]. Next, we suggest a reformulation of nested forms in terms of generalized
products called star products, and a prospective theory of multivariate Hardy fields called
partial Hardy fields.

PART I: ASYMPTOTIC NESTED EXPANSIONS
1. Hardy fields

From the asymptotic viewpoint, C* real-valued functions do not behave as nicely as holomor-
phic functions. In particular, asymptotic comparisons of functions that involve the symbols O, o
and ~ cannot be termwise differentiated. A simple example is provided by f(z) = & + cosz ~ z,
whereas f'(x) is not asymptotic to 1. In rough terms, this defect is due to allowing the functions
to oscillate. A remedy to this problem is the use of Hardy fields instead of rings of functions. A
construction is as follows. In order to deal with fields of functions, one first considers the ring G of
germs of C*° real-valued functions at 400, where two functions are identified when they agree on
a neighbourhood of +00. Then, a Hardy field H is a subring of G which is also a differential field.
An example is R(z) viewed as a ring of germs with the usual derivation.

Considering fields of germs has nice consequences. A non-zero function f of a Hardy field H is
invertible with C* inverse, so that asymptotically it never vanishes, and is therefore of asymptoti-
cally constant sign. This defines a total order on ‘H by f < ¢ if and only if g — f has asymptotically
positive sign. The derivative f’ is also of asymptotically constant sign, so that f is monotonic
and tends to a limit in R = RU {—oc,+00} when z goes to +00. Applying this property to the
ratio f/g of two functions in H, we obtain that either f = o(g) or f ~ ¢g for a non-zero real
constant ¢ or g = o( f).

For f in a Hardy field H, an elementary result is that both differential ring extensions H(exp f)
and H(In f) are again Hardy fields. Let {o(z) = z and for n > 0, {,,41(z) = In|{,(z)|. Similarly,
let eg(z) =  and for n > 0, e,41(2) = expe,(z). For n < 0, define e,, = ¢_,, and ¢,, = e_,,. Then,
for a Hardy field H, there is a Hardy field extension containing each of the £,(f) and e,(f). Again
for a function f in a Hardy field H, it follows from a theorem by Rosenlicht that there exists a
smallest Hardy field containing R, f, and each g2 for g > 0 and d € R. This field is denoted R{({f)).
A computationally interesting fact is that f& = (In|f|) = f'/f € R({f)) even when In f ¢ R{(f)).
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2. Comparability classes

In view of various types of expansions, we need to extend asymptotic equivalence ~ to coarser
and coarser equivalences. In particular, beside asymptotic equivalence (z is equivalent to z + Inx
but not to 2z), we need to consider asymptotic equivalence up to a non-zero constant factor (z is
equivalent to 2z but not to z?), asymptotic equivalence up to powers (z is equivalent to 2 but not
to exp z). For two functions f and ¢ in a Hardy field H and with limiting values 0, —co or +o0,
we define f &, ¢ to mean that there exists a non-zero constant ¢ € R such that £,(f) ~ cf,(g).
Furthermore, we agree that f =, g when both functions tend to finite non-zero limits. For each n >
0, this defines an equivalence relation on H \ {0}. Call v,,(f) the class of f # 0 and T,,(H) the set
of equivalence classes.

Beside this, we need to measure the accuracy of an expansion (a series in Inz is finer than a
series in ). This is done by defining an order between equivalence classes. Set v,(f) < 7.(g)
to mean £,(f) = o({,(g)). For each n, this defines a total order on YT, (H): £.(f)/l.(g) is in a
suitable Hardy field extension of H, so that it has a limit @ in R (independent of the extension).
Either a = 0 and 7,(f) < 7x(9); or a = £o0 and 7n(g) < 7u(f); or ¥ (f) = Vn(g)-

Here are a few examples:

Yo(lnz) < 70 (exp (€2(2)?)) < 70(z) = Y0(z +Inz) < 70 (%) < 70 (exp (In(2)?)) < 7o(exp(z)),
7(lnz) <71 (exp (€2(2)?)) < 11(z) = 71(z +1Inz) = 31 (2?) < 711 (exp (In(2)?)) < 71(exp(2)),
D2 e) = 72 (exp (6(2)2)) < 72(2) = 72(e +1n2) = 3 () = 71 (exp (In(2)?)) < 72(exp(2)).

The previous equivalence relations extend known cases: =g is the valuation map with the usual
ordering reversed; the elements of T;(H) are Rosenlicht’s comparability classes.

3. From v, to 7,41

In view of the examples above, one proves that the ~,, are coarser and coarser relations: if v,(f) =
Yn(g), then v, 41(f) = Ynt1(g). Thus for n > 0, the map 7,41 factors through Y,,(H): vn41 = 7070
for a surjection 7, from Y, (H) to T, 41(H). Taking the direct limit, we get Yoo (H) and 7o, such
that for any k£ > 0 and any non-zero d € R,

Too(ln2) < 7o0(@) = 7o (%) = 700 (e (£1(2)) ) < voolexpa).

On the contrary, inequalities are not always preserved by the n,’s: when v,(f) < 7v.(9), i-e.,
0, (f) = o(L,(g)), it is not always true that 7,41(f) < 7.41(¢). For instance,

70 (271) <ro(lnz) <yo(z)  but  p(lnz) <p(e) =7 (7).
However, the property is valid when comparing functions that are infinite at 400, as shown by the
examples of the previous section.
On the other hand, comparing v2(f) to 72(fy—1(2)) yields information on 1 (L,(z)f%(2))
where L,(z) = 1/6,(z) = aly(x)---£,_1(x). The key idea is to restrict to functions f with in-
f=) (=)

finite or zero limit at +oo and to use L’Hopital’s rule: if f,g — 0 or +oc, 7w~ g,l(—l,). Applying
this rule to £3(f) and £,41(2), we obtain
Ay
218)) ~ IZ G and hence Lp(x)fA(JU) ~ = ]|

loyr(z)  In|fl ) ()1 (z) In [ | f]]

Taking logarithms whenever appropriate, we then get:

L if y2(f) > 72(fp-1(z)) then 71 (L, f2) = y(In f);
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2. i y2(f) < 72(p—1(2)) then In (LpfA) ~ =Ly ();
3.1 y2(f) = v2(lp—1(2)) and Lo(f) % €y11(z) then 4 (LpfA) = 11(Lp(2));
438 G(f) ~ Ly (@) then 31 (Lpf2) < 11(€p(2)) = 1(ln f).

4. Nested forms

For an integer m > 0, reals d > 0 and ¢ > 0 and a function ¢ such that v1(¢) < v1({n(2)),
consider f = €2 (z)p(z) and g = (&+<(z). Then In(f/g) = In¢(z) — elppir(z) = —elpiq(z) +
0(£41(x)) is negative infinite at +o0o. Thus f = o(g). If similarly € < 0, ¢ = o(f). In view of
the previous relations, we define a partial nested form for a function f that is infinite at +00 as an
expression of the form

f=e (Eh(2)9)  where s,m >0, d € R and 71(6) < 71(bn()).

Not every function f in a Hardy field admits a nested form. In fact, if f — +oc, then ei-
ther y2(f) > 72(es(2)) for all s > 0; or for all m > 0, there exists f,,, € R{(f))such that f,, ~ £,,(2);
or else f admits a partial nested form f = e, (ﬁfn(a@)oﬁ). The first two cases are strange situations
in which, for example, f cannot satisfy an algebraic differential equation over R. In the third case,
R((f)) contains an element asymptotic to ¢. So the previous result applies to one of £¢* and the
function ¢ may in turn admit a partial nested form. Continuing in this way, we produce a sequence
of ¢;’s which either stops on a ¢; for which the second case above holds, or is an infinite sequence
with decreasing 71, or contains a ¢; asymptotic to a non-zero constant A.

This gives a recursive definition of a nested form: a function f has a nested form if there exists
a finite sequence of ¢;’s, ¢ = 0,...,n, with ¢9 = f, such that each ¢;41 is the function ¢ which
appears in a partial nested form of ¢; and ¢, = A + o(1) for a non-zero real A. (A few other
technical constraints are added to ensure the uniqueness of the nested form of a function, in the
case of existence.) For example, the following are two nested forms:

e (ﬁ%(m)eg(ﬁé/S(x)(Q—l—o(l)))), and  —e! (x%(:c)eQ(ﬁgi(:c)(13+o(1)))).

As a consequence to the previous results, if f belongs to a Hardy field and T1(R({f))) is well
ordered, then f has a nested form. In particular, when f satisfies an algebraic differential equation
over R and belongs to a Hardy field, then T{(R((f))) is finite, with cardinality bounded by the
order of the differential equation. It follows that only finitely many nested forms are possible for
such solutions, and that those possible forms can be listed.

5. Further expansions

Nested forms only give a certain amount of asymptotic information. In particular, nothing is
known about the o(1). In certain cases, a possibility is to give a nested form representation for
this o(1), and continue recursively. We then get nested expansions, which extend asymptotic expan-
sions, with no presumption of convergence. Nested expansions are guaranteed to exist for solutions
of algebraic differential equations in a Hardy field and yield a unique representation. In particular,
nested expansions can be calculated for exp-In functions (modulo an oracle for constants); and for
Liouvillian functions, although there is difficulty specifying which integral or algebraic function is
under consideration. There are also known algorithms to add and multiply nested expansions, but
this may be awkward. On the other hand the functional inverse of a nested expansion can be easily
computed by an algorithm due to Salvy and Shackell.

43



PART II: PROSPECTIVE RESULTS

6. Star products

In view of the identities ab = exp(lna+1Inbd) and ab = In (e“eb), we define the star products i by

axp b= ek(ﬁk(a) + ﬁk(b)) = ek_l(ﬁk_l(a)ﬁk_l(b)), for k € Z.

We have a g b = a + b, a %1 b = ab. For r € R, we also define a*s = ey(rfy(a)). These definitions

yield properties which give star products their name: each #; is commutative and associative; #41

is left and right distributive over ; %41 admits ex41(0) as a neutral element and e(0) as a zero.
Sample expressions that involve star products are:

x xg 1(z) = exp(£1(z)la(x)), (exp x)*g = exp (2%), e’ x_1 2z =1In(ez() +€”),

21 =1n (2¢") =z 4+ In2, (exp x)*g #9 l1(z) = €3 (((2)) %2 (1) = ey (€1 (€3(2)) L(2(x)) .
Of course, any exp-ln function can be written as an expression in the real constants and the
functions e, for n € Z using star products #; for k € Z only.

The advantage of star products is their nice behaviour with the v;’s: if @ and b have infinite limit
at 400, then v4_1(a*ib) > max{yr_1(a),7%-1(b)} and yx(a*b) = max{vyi(a),7%(b)}. Furthermore,
taking #; powers does not affect asymptotic relations between e (z)’s. In view of these results, we

expect to find a better presentation of nested expansions in terms of star products and hope for
simpler algorithms to deal with nested expansions.

7. Partial Hardy fields

We say that a ring ‘H of functions of two variables z and y is a partial Hardy field if

1. for sufficiently large yo, {f(z,90) | f € H} is a Hardy field;
2. for sufficiently large zo, {f(z0,y) | f € H} is a Hardy field;
3. for f € H, limy 1o f(2,y) is either identically +o00 or else an element of a Hardy field;
4. for f € H, lim; 40 f(z,y) is either identically £oo or else an element of a Hardy field.

The point of this definition is to allow for multivariate nested expansions.

Let f(z,y) be a function in a partial Hardy field. Provided R{((f)) is a partial Hardy field, the
sequence of ¢;(z) obtained by taking the nested expansion of f(z,yo) for fixed y = yo becomes
independent of yq for sufliciently large yg. Thus with an assumption of well-orderedness, we obtain
a first nested expansion,

ey) |~ e (et (eyett (et (e (2)(B(w) + (1) )
where by point (4) of the definition, ¢ belongs to a Hardy field. Now, with reasonable assumptions,
¢ admits a nested form.

Once again, if f satisfies an algebraic partial differential equation, there is a limitation on the
nested forms allowed to occur. However, a complication is that solutions of PDE’s contain arbitrary
functions, which can be set by specifying the limiting behaviour of f in one direction.

Bibliography

[1] Bourbaki (N.). - Eléments de Mathématiques, Chapter V: Fonctions d’une variable réelle (appendice), pp. 36-55. —
Hermann, Paris, 1961, second edition.

44



Asymptotics of Implicit Functions and Computer Algebra

Bruno Salvy

Inria Rocquencourt
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[summary by Joris Van der Hoeven]

Abstract
We describe several algorithms for the asymptotic inversion of functions, from the computer
algebra viewpoint. We start with some classical results, such as the inversion theorem of
Lagrange. We next consider functions which can only be expanded in more complicated as-
ymptotic scales. Finally, we briefly discuss the problem of finding the asymptotic behaviour
of implicit functions.

1. Introduction

Let f be a sufficiently regular function which admits a functional inverse f* in the neighbour-
hood of some point. One often encounters the problem of determining the asymptotic behaviour
of f™ in terms of the asymptotics of f. For instance, this problem arises systematically when
computing integral transforms by the saddle-point method. If the function admits a power series
expansion near the point of interest, then Lagrange’s inversion theorem can be used, or Brent and
Kung’s fast algorithm for power series inversion (see section 2).

However, one often has to deal with logarithmic or exponential singularities, whence a more
general device for asymptotic functional inversion is needed. A first approach would be to consider
more general classes of singularities of a particular form. For instance, one may consider functions
which admit an asymptotic expansion of the form

f=¢€ea" Z dyz™" (z — o0);

n>0

see section 3. More generally, one might consider the class of exp-log functions, i.e. functions built
up from Q and z by +, —, X, /,exp and log. A first algorithm to obtain asymptotic information
about functional inverses of such functions—in the form of a so-called nested expansion—was given
by Salvy and Shackell [6]; see also section 4.

An interesting more general problem than the inversion problem is to find an algorithm to
determine the asymptotic behaviour of implicit functions, say the solutions of exp-log functions in
two variables. A partial algorithm to determine the potential nested expansions of such functions
was proposed in [7] and will be discussed in section 5.

More generally, one might require complete asymptotic expansions of the inverses of exp-log
functions and solutions of implicit equations. A nice algorithm to compute complete asymptotic
expansions of exp-log functions themselves was given in [4]. Notice also that extending the tech-
niques from [4], solutions for the inversion and implicit function problems for exp-log functions
were given independently in [10] and [11].
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2. Classical results

Let f(y) = fo+ fiy + fay* + -+ be a power series with fy # 0 and assume that y(z) satisfies

y=zf(y).

Then Lagrange’s inversion theorem gives a formula for [2"]y:

2y = 1y

The formula can be generalized to
n 1 n—11, fn

for an arbitrary power series GG. If f resp. G have an analytic meaning (i.e. the power series
converge, or the power series are the asymptotic expansion of some functions), then the same holds
for the above formulae.

ExaMmPLE. The generating function y of Cayley trees satisfies
y = xeY.

n—1

Hence [2"]y = 1[y"']e™ = “_—. Other trees can be treated in a similar way.

Assume now that we do not merely want the n-th coefficient of the inverse of a power series
z(y) = y + agy® + azy® + - -+ = F(y), but the first N coefficients of y(z). This problem can be
reduced to the problem of functional composition by the Newton method: define the sequence y,, ()
by yo = « and

Y1 = g — —T2) =7

Brent and Kung have shown that the number of correct terms doubles at each step [1]. Suitably
truncating the Newton iterations then yields an inversion algorithm for power series of the same

complexity as functional composition, i.e. O(M(N)y/Nlog N) = O((Nlog N)*/?) [1].

ExaMmPLE. How to find the n-th positive root z, of tanz = z? Looking at the graph, we see
that z,, = (2n + 1)% — u, with u, — 0. Applying tan we get

T T
9+ 1) —u, =t (—— n)
(2n + )2 u an g —u

whence
1 2

up +tan(§ —u,)  (2n4 )7 -

t’l’L?

with ¢, — 0. Inverting the above power series, we get




3. Inverses of more general functions
In this section we are interested in computing the asymptotic inverse of a function which admits
'y D(y™")  (da # 0,y — )

as an asymptotic expansion, where D(y™') = 3" ., d,y~". In other words, we want the asymptotic
solution to B

ey Dy =
in y. A first method [2] is to do this is to take logarithms
(1) y=logz +alogy —log D(y™"),

and to replace y by the right hand side in an iterative manner. This yields an expansion of the
form

(loglog z)
leng—l_Z 10g mg ’
n>0 &

where the P, are polynomials.
A faster method to compute the P, was proposed in [5]. Setting ¢ = loglogz and ¢ = (logz)™1!,
we set

—logz = P(¢,1) = Y Pu(O)t™.

Taking logarithms, this yields
logy = log(logz + P) = ¢ + log(1 + ¢P).
From (1), we get

{
P_ozC—l—alog(l—l-tP)—logD(1+tp>.

In this equation ¢ and ¢ are decoupled. We get

P(0,1) = alog(1 + tP(0,1)) — log D (#ﬂ)zﬁ))

and

1 aPHQaP ,
o a¢ ’

These two relations enable us to compute the coefficients of P efficiently.
ExampLE. The number of prime numbers 7(z) smaller than = satisfies

O Py SV L
7walogyﬁ logz  log?x '

Using the above method we find the asymptotic expansion

loglogn —1 loglogn — 2 )

~nl 1 .

p(n) ~ nlogn ( + Tog 1 Tog?n +
for the n-th prime number p(n).

The above result can be extended to get asymptotic expansions for logy and e?¥y7G(y~1) [5].
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4. Inversion of exp-log functions

Let f be an exp-log function (i.e. a function built up from Q and z by +, —, X, /,exp and log),
which tends to infinity for z — co. We denote by exp; resp. log, the i-th iterate of exp resp. log.
We write f <k g, if f is of a smaller comparability class than g, i.e. (log|f|)/(loglg|) tends to 0.

In this section, we present an algorithm to compute a “nested expansion” for the asymptotic
functional inverse of f. Such a nested expansion often (although not always) yields an asymptotic
expansion of the function. In any case, the limit behaviour of a function can be determined from
its nested expansion.

One first defines a nested form as being a finite sequence {(s;,&;, m;, d;, ¢;)} for 1 <i < n. Here
si,m; € Nyd; € Rye; = £1, ¢; lies in a Hardy field and

¢i-1(z) = expli(log (z)¢i()),
with ¢; <« log,, for 2 < ¢ < n. We also require that

— ¢y, has a finite limit /;
— d, # 1 unless s, = 0 or m,, = 0;
— d; > 0 unless s; = 0.

Continuing the process of taking nested forms with ¢,, — [ (if possible), we obtain a nested expansion.
ExAMPLE. exp[log? z exp[y/loglog z(7 + ¢(z))]] is a nested form, if ¢(z) tends to 0.

John Shackell was the first to prove in [8] that any exp-log function admits a nested form, and
even a nested expansion. Nested forms and expansions are particularly well suited to the purpose
of functional inversion. The algorithm proceeds as follows:

Algorithm. An exp-log function f tending to infinity is given at input, and we compute a nested
expansion of its functional inverse at infinity.

1. Rewrite f as a NF
J(y) = exp,(logy, () f1(y)) = 2.

2. Invert

y = expy,(logy/P zgi(2)). ()
3. Iterate
— Compute N F(g;) = exp§: (log%i yGi(y)),
— Substitute (£) in logfff;l. Y,
— Rewrite to get ¢;41,
until N F(g;) = ¢+ e(y), with e(y) — 0, yielding N F(y(z)).
4. Repeat the above procedure for ¢(y), whence N E(y(z)).
EXAMPLE.
log? ye RTRT _

f(y) = ye
Step 1: rewrite f as NF
exp [log? yexply/logy y(1 + W)]} :
with

W = logQ_l/2 ylog(1 + log™t ye™V log; Y).
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Step 2: Invert

= exp |Viogzesp (Vg u(1+W))|

Step 3: Iterate

~1/2
1 14+ W
/1 = —+/1 14+ ——
©82 V2 82 % ( + 2+/log, y) ’

whence the nested form for y:

1
Yy = exp [\/logmexp (—ﬁ\/logQ z(1+ 5(3@)))] .
Step 4: Repeat

-1/2

v/ 1
&.61/8.(1_—10g2 T+

621—\/§log2x 32\/5

1 _ 383 -3/2
— Jogilz4+ ——" 1o x—}—>]
1096 82 3032162 O

yzeXp[

5. Asymptotic expansion of implicit functions

Assume now that H is an exp-log function in two variables z and y. By theorems of Khovanskii
and van den Dries [3, 9], if y(z) is a real solution of H(z,y) = 0 (for z — o0), then (the germ of)
y(x) belongs to a Hardy field. In particular, y(z) does not present any oscillatory phenomena at
infinity. As a corollary [7], y(z) has a nested form and even a nested expansion. A question is how
to compute all possible nested expansions of such solutions.

The idea from the algorithm in [7] is to compute the asymptotic behaviour for H(z,y) for all
possible asymptotic behaviours of z and y. In order to do so, one often has to distinguish several
number of cases, but always finitely many, depending on the values of z and y. The strategy is
best illustrated on an example.

EXAMPLE.
eXp($2 + 2z log2 z+y)

H(z,y)= 1
(@,9) exp(z? + a log2 z+y)

Three cases are distinguished:

1, if y - —oc and z « y;
H A~ if log |y| ~ 2log ;
exp(zlog? z), otherwise.

Since H = 0, we find that log|y| ~ 2log x, whence y < —z2. Continuing the process, we find

5 921 5 N e—xlogQw e—29:10g29: N
= —z“—2zlog“zx -
Y & x? 22
We remark that it is not claimed that the obtained nested expansions are indeed nested expan-
sions of actual solutions. For a solution to this problem, we refer to [11].
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Counting Polynomials over Finite Fields and Analysis of Algorithms

Daniel Panario

University of Toronto
October 7, 1996
[summary by Mireille Régnier]

1. Motivation

In this talk, we comment on several problems in finite fields, and their relation with analytic com-
binatorics. Algebraic algorithms that deal with polynomials over finite fields can often be analyzed
by counting polynomials with particular properties. We show that the most important charac-
teristics of these algorithms can be treated systematically by a methodology based on generating
functions and asymptotic analysis. We focus on three problems: polynomial factorization, irre-
ducibility tests for polynomials, and discrete logarithm. For each problem, we present an efficient
algorithm, we derive interesting counting expressions, and we mention known results.

2. Basic methodology

2.1. Generating functions. Let ® be a class of monic polynomials, y some integer-valued pa-

rameter on ®. Let

O(z,u) = Z lwlyx(@),

weP

The coefficient [z”uk]é(z, u) represents the number of polynomials of degree n with x-parameter
equal to k. Averages and standard deviations are obtained by taking successive derivatives of
bivariate generating functions with respect to u, then setting v = 1. For instance, the mean is:

_n] 9P(z,u) ,

S L PR ()

[27]P(2,1) Pn(1)

2.2. Asymptotic analysis. Generating functions encode exact informations on their coefficients.
Their behavior near their dominant singularity is an important source of coeflicient asymptotics.

A first method is known as singularity analysis due to Flajolet & Odlyzko. This requires analytic
continuation (isolated singularity). However, there are some problems in which the generating
functions present a natural boundary at |2| = 1 (each point at the unit circle is singular). Darboux’s
method could be used as an alternative in these cases. Finally, in some cases we use also a saddle
point approximation.

2.3. Permutation model. The joint distribution of degrees in the prime decomposition of a
random polynomial over F, having degree n admits as a limit, when ¢ — oo (n staying fixed!),
the joint distribution of cycle lengths in random permutations of size n. This gives rise to a useful
heuristic: probabilistic properties of polynomial factorization often have a shape resembling that of
corresponding properties of the cycle decomposition of permutations to which they usually reduce as
g — oo.
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3. Factoring polynomials over finite fields

The results in this part of the talk are from [1]. The Polynomial factorization algorithm proceeds
in three steps:

ERF: Elimination of repeated factors replaces a polynomial by square-free ones that contain all
the irreducible factors of the original polynomial with exponents reduced to 1.

DDF: Distinct-degree factorization splits a square-free polynomial into a product of polynomials
whose irreducible factors all have the same degree.

EDF: Fqual-degree factorization factors a polynomial whose irreducible factors have the same
degree.

As our interest is in dominant asymptotics, we restrict our attention to the costs of products and
ged’s that we assume to have constant costs 7 and 7 respectively.

3.1. Elimination of repeated factors (ERF). The first step in the factorization chain of a
polynomial is the elimination of repeated factors (ERF'). One proves that:

THEOREM 1. (i) A random polynomial of degree n > 2 in Fy[z] has a probability 1 — 1/q lo be
square-free.
(ii) The degree of the non-square-free part of a random polynomial has expected value asymptotic

lo I
nl,
Cq:nz>:1q2n_qn’

where I, is the number of irreducible polynomials of degree n, and a geometrically decaying proba-
bility tail. When q¢ — oo, then Cy ~ 1/q.

Consequently, the overall cost of the recursive calls in the elimination of repeated factors re-
mains O(1) on average; alternative strategies giving the full square-free factorization will lead to
asymptotically equivalent costs; the ERF phase has a cost dominated by that of its first ged.

THEOREM 2. The expecled cost of the ERF phase applied to a random polynomial of degree n
satisfies
ERF, ~ mn’.

3.2. Distinct-degree factorization (DDF). The second stage of our factorization algorithm
requires finding the distinct-degree factorization (DDF) of the square-free polynomial a, i.e., split-
ting @ under the form by - - - b, where by is the product of irreducible factors of a of degree k. The
algorithm is O(n?). We provide a precise comparison of three strategies for the DDF phase: the ba-
sic rule, the “half-degree” rule and the “early abort” rule. The global saving of the early abort rule
is of 36%, and the expected cost of O(log g -n®) for DDF clearly dominates the whole factorization
chain.

3.3. Equal-degree factorization (EDF). DDF does not completely factor a polynomial that
has different factors of same degree.

THEOREM 3. (i) The probability that DDF yields the complete factorization is asymptotic to

I, n
Cq:H(1+qn_1)(1_q )Inv

¢ = 0.6656, cy57 = 0.5618, ¢, = €77 = 0.5614.
(ii) The degree of the part of the polynomial that remains to be factored by the EDF algorithm is
asymplotic to logn.
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The factorization problem is reduced to factoring polynomials by that have all their irreducible
factors of the same (known) degree k. Our reference is Cantor-Zassenhaus’ probabilistic algorithm.

Fach factor of b has probability a = (¢ — 1)/(2¢) to be a factor of d, and probability g =
(¢ + 1)/(2q) to divide b/d. A random choice splits b in (£, — £) factors with Bernoulli probabil-
ity (%) a’B7=*. The analysis combines a recursive partitioning problem akin to digital tries with
estimates on the degree of irreducible factors of random polynomials.

THEOREM 4. The expected cost of the EDF phase satisfies
n [n/2]
EDF, ~ — E K e = [logQ(qk - 1)/2J +v(d* -1)/2-1.
aﬁ k=1

In addition, this cost is O(n?), and for —1/3 < ¢, < 1/3,

- 3 2
EDF, ~ (Zﬁ% log, q - nz) (14 &, 4+ 0(1)).

4. Irreducibility tests for polynomials

A fundamental problem in finite fields is the construction of extension fields, that may be done
by using an irreducible polynomial over the ground field with degree equal to the degree of the
extension. Therefore, finding irreducible polynomials is a central problem in finite fields. A prob-
abilistic algorithm is presented in [5]. The central idea is to take polynomials at random and test
them for irreducibility. This suggests the study of the probability that a random polynomial of
degree n contains no irreducible factors of degree up to certain value m (such polynomials are called
m-rough). Gao and Panario [2] considered the case m = O(logn) and proved:

THEOREM 5. Denote by Py(n, m) the probability of a random monic polynomial of degree n over
F, being m-rough. Then when n — oo and uniformly for ¢ and 1 < m < O(logn),

pynm) = [ (1- qik)I (1+ o(1)),

k=1

Iy
THEOREM 6. Let g,(m) =[]/, (1 — qu) . Then, for any prime power q and positive inleger
m}
g

1\ 7
_H —-H
e mgg(m)g(l——) e m,
q \/q
When ¢ — oo, we have
m 1 Ik o
TS [() =)
=11 (1 .

where v is Euler’s constant and e = 0.56416. ...

5. Discrete logarithm problem

For any element b € F,, b # 0, there exists an integer z, 0 < z < ¢ — 2, such that b = a”, where
a is a generator. We call « the discrete logarithm of b in the base a.
We present here the index calculus algorithm to compute the discrete logarithm of any b € F,,
b # 0 and restrict ourselves to the case of Fyn.
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This method consists of two parts. First, one builds a large database of logarithms by finding the
logarithms of all irreducible polynomials of degree at most m, where m is a fixed positive integer.
Second, one computes individual logarithms. To compute the logarithm of an element g € Fon,
g # 0, one takes a random integer a, computes h = g - a®, where o generates Fyn and factors h in
h= Hle p;'. If each irreducible factor p; has degree p; < m, then

¢

logg = Zeilogpi - a,
=1
which can be easily evaluated by looking up in the database. If not all p; have degree < m, then
one generates another integer a and repeats.

Turorem 7 ([4]). Let F, be fired, fn(2) = [[rey(1 — 25)71%, and ro = ro(n,m) be the unique
solution in (0,1) of the equation ro( f),/ f)(r0) = n, and let

o= (2m)

Jm _
T=T0
Then, for
(log n)(loglogn)™! < m < nloglogn(logn)™*, n — oo,
fm(ro)rg”

2" fm(2) = (1 4+ 0o(1 .
717u2) = (14 o) 20

Soundararajan (1995) completed the full range of m estimating [2"]f,,(z) using recurrences
relations. This could be done using partial fraction expansions for 1 < m < (logn)(loglogn)~!

and singularity analysis for nloglogn(log n)™!.

6. Conclusions

Generating functions and singularity analysis allow for counting random polynomials over finite
fields. We applied this methodology to give precise average-case analysis of a complete polynomial
factorization algorithm [1]. Using this methodology, von zur Gathen, Gourdon & Panario (work in
progress) present further research related to the average-case analysis of polynomial factorization
algorithms. This work centers around [3], and the factoring algorithms of the 90’s.

We also commented on other problems using polynomials over finite fields: tests and construc-
tions of irreducible polynomials [2]; discrete log in Fyn [4]; (see also Panario & Viola, work in
progress).
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[summary by Pierre Nicodeme]

Abstract

This talk presents a general theorem which can be used to identify the limiting distribution
for a class of combinatorial schemata. For example, many parameters in random mappings
can be covered in this way.

1. Methods
We consider the general working scheme “Symbolic Structures A or {A,w} — Generating Func-
tions a(z) or a(u, z) — ay, or a,x”. Then by Cauchy’s formula, we get for structures A

Aa| M

z ay, 1 dz
)= D i = Ly = = g )
acA n>0

When considering marked structures with parameters {A,w}, (w is a mapping A — N), we have

n

ool o
alun2) = 2w = 2 e

aEA n,k

In this case, a, can be obtained by double Cauchy inversion, or by Cauchy inversion and Conti-
nuity Theorem. Table 1 gives some examples of translation of marked combinatorial structures to
generating functions. The mark is represented by character “e” and translated to parameter u.

By a classical theorem about characteristic functions (X,,) converges weakly to Y if and only
if ¢x,(6) converges to ¢y (6) for all 8, with ¢z = E(e'??). We also have a(u,z) = Dok uhz =
>, Pa(w)Z;, which gives the probability generating function of X, as p,(u)/p.(1) = 3, Pr(X, =
k)u*. We refer to [2] for the concept of (labelled) combinatorial structures and their translation to
generating functions.

Description Structure Generating Function
Degree at the root in Cayley trees A = Node X Set(e.A) a(u,z) = zexp(ua(z))
Random Mappings G = Set(Cycle(A)) 9(z) = 1—(11(2)

— by number of cycles G = Set(e Cycle(A)) g(u,z) = exp <u log _1_i(z))
— by number of trees G = Set(Cycle(s.A)) g(u,z) = 1_13,1(2)

TABLE 1. Some examples of generating functions
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2. Trees and Random Mappings

A random mapping is an arbitrary mapping ¢ : {1,...,n} — {1,...,n} such that every mapping
has probability »n~". A mapping ¢ can be identified to its functional graph Gy with vertices
{1,...,n} and edges (7, ¢(z)), for 1 > ¢ > n. Each component of G4 consists of a cycle and every
cyclic point is the root of a tree.

The basic property for analysis is that solutions of functional equations usually have algebraic
singularity of square-root type. For trees, we get a(u,z) = t(u,z) — h(u, z)y/1 — z/p(u). For
sequences of trees, we get an expression of the form 1/(1 — a(u,z)), and for random mappings an
expression of the form

1
1= T(u,2) 4 h(u, 2)y/1T = z/p(u)

We recall that when we get an expression of the form 1/(1 — uC(z)), the asymptotic distribution
of the corresponding random variable depends on the value C(p.), where p. is the only singularity
on the circle of convergence of C'(z). If C'(p.) > 1, the limit law is normal; if C'(p;) < 1, the limit
law is derivative of geometric, and if C'(p.) = 1 the limit law is Rayleigh.

s(u, z)

3. Examples

Leaves. For Cayley trees, we have a(u,2) = ze*®?) 4 2(u — 1), for sequences of trees, s(u,z) =
1/(1 — a(wu, 2)), and for functional graphs

IR 1
1—zeaw2) 1 —a(u,2z)+ 2(u—1)

g(u,2) =

Nodes of arity r. For trees,

a(u,z) =z (Y a™(wz) | @ (w2)) e a(u—1)° (u.2)

m! 7! r!
m#r

For sequences of trees, we have s(u, ) = 1/(1 — a(u, z)), and for functional graphs,

1
g(u7 Z) = ar—l a’ .
1—a(u,z)+ z(u—1) <(T_1)! — )

r!

Nodes at distance d from a cycle. We have the recurrence
ao(u, z) = ua(z), agy1(u,2) = zeta(w?)

For functional graphs, this gives g(u,z) = 1/(1 — aq(u, 2)).
Nodes with v pre-images in total. For trees, we have a(u,2) = 2e*(»?) + (u — 1)a, 412”1, where
a,4+1 = (r41)" is the number of trees of size r+1. For functional graphs, we have G = Set(Cycle(A)),

which translates to ¢g(z) = exp <2p>0 appﬁ) This gives
1 2" r’P K(u,z)
= —_— —_ p_ 1 = ? .
9(u.2) 1= zealws) P ( r zp:(u )(7‘ - P)!> I —a(u,z)+ (u—1)ayp 271
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Nodes d iterated. (These nodes are at distance > d from a leaf.) For trees, we have

ag(u, z) = zue®™?) — (u —1)ly(2) with Io(2) =0, lg41(2) = zea?),
For functional graphs, we have, for nodes at distance > d of a leaf of their sub-tree, sq(u,z) =
1/(1 — aq(u, z)). For nodes at distance > d of a leaf, we have

1 1
1 —uzeaaw?) 1 —ag(u,z)— (u—1)l4(z)

ga(u,z) =

4. A classification for limit laws of random mappings parameters
We begin with a proposition which applies to functional equations of trees.

ProprosiTION 1. Let F(u,z,a(u,z)) be a power series in three variables with non-negative coef-
ficients and F(0,0,0) = 0. Suppose that the system of equations {7 = F(1,p,7),1 = F.(1,p,7)}
has positive solutions p and 7 such that F.(1,p,7)# 0 and F.(1,p,7) # 0. Then, F(u,z,a) =0
has for solution

a(uvz):t(uvz)_h(uvz) 1_Z/p(u)7
with t, h, p analylic,

W(Lp(1)=7(1)=7, p(1)=p and h(1,p(1))= %‘

We arrive to a general theorem which seems to be the proper theorem to discuss random map-
pings. We consider a generating function g(u,z) = En,k gmkukz” corresponding for variables X,
to a probability distribution Pr(X, = k) = g, x/g,. We consider a local expansion in the neigh-
bourhood of u = 1,z = p(u), of the form

1

9(w,2) = 1—T(u,z)+ h(u, 2)y/T = z/p(u)

T, h and p are analytic and T'(1,p) = 1.

THEOREM 1. With these hypotheses (T, h, p analytic and T'(1,p) = 1),

1. If p'(u) = 0 and T}(1,p) > 0, then X, /\/n — R(A), where A = %(%2(59’711)))2 and R(A) is
the Rayleigh distribution of density Az exp (—%aﬂ). Moreover E(X,,) = \/% and Var(X,) ~
2-%)%

2. If p'(1) # 0 and T)(1,p) = 0, then X\/"%n — N(0,1), where p = —p'(1)/p(1) and o* =

p?+p—p"(1)/p(1). Moreover E(X,) ~ pun and Var(X,,) ~ o’n.
3. If p'(1) £ 0 and T, (1,p) # 0, then X\/"%n — N(0,1)xR(c*\), where u and o are defined as

in (2), A is defined as in (1) and the star operator represents the convolution operation.

ReEMARK. If T(1,p) # 1, then X"U—\/_Q—‘;” — N(0,1), (except if p'(u) = 0 and T(1,p) < 1, in which

case X, — 6G, derivative of a geometric law).

The density and characteristic functions in these different cases are as follows.
L. R (Rayleigh) fr(y)(z) = Aze=2**/2 and or(0) =1+ i0\/§6_92/2(1 —ierf(8/v/2)).

2. N (Normal) fa(z) = \/%_ﬂ-e—q,z/Q and ¢p(8) = e=**/2.
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3. N« R (Normal conv. Rayleigh) fyir(z) = (e7%° /4 — e=*/2)/\/2m + 2= - erf(x/?) and
ON<r(0) = dur(0) x SR (6).
Proor. (Sketch) Let g(u,z) = > oo pn(u)2™/n! with p,(1) = g,. The proof rests on the

convergence of the corresponding characteristic functions to (1) ¢r(6), (2) e /2, (3) e /2 x
¢r(6). For instance, in case (1), the characteristic function p,(e®/V*)/g, converges to ¢z (). The

proofs in the different cases make use of Cauchy inversions along suitable contours of the complex
plane [1]. O

5. Applications

We note =, the law of X"_“n.

\/ﬁ

Leaves. We have a(z) = t(u,2)—h(u, z)/1 — z/p(u). This gives {T = pe”+(u—1)p,1 = pe™}, which
gives {t(1,p)=7(1)=1,p(1) = p}, and also by dlfferentlatlon wrt u {7" = (pe”) +p+(u—1)p’,0 =
(pe™)'}, these two last equations give {7/(1) = p, p'(1) = —p? # 0}. This gives for sequences of trees
t(1,p)=1,p'(1) £ 0,¢,(1,p) # 0, and therefore =Z,, — N xR. This also gives for functional graphs,
with T(u,2) = t(u,2) — (u — 1)z, T(1,p) = 1,p'(1) # 0,T)(1,p) = 7'(1) — p = 0, and therefore
=, = N.

Nodes with in-degree . As before, a(z) = t(u, z) — h(u, z)/1 — 2/p(u). We have {T = pe”™ + p(u —
DI, 1= pe”+p(u— 1) } This glves T(l)=1 and p(1) = p. By dlfferentlatlon wrt u, we obtain

(1) =p (F - ﬁ) and p'(1) = T # 0. For sequences of trees, we get {(1,p) = 1,p'(1) # 0
and, if » > 2, t/(1,p) # 0, which implies =, — N xR. If r = 1, the limit law is normal. For

r—1

functional graphs, we have T'(u, z) = t(u,2) — 2(u —1) <h — i—T) We get T(1,p)=1,p'(1) # 0,
and T!(1,p) = 0, which implies that =Z,, — N.

Nodes at distance d from a cycle. We have a4(u, z) = t4(u, 2) — cq(u, 2)v/1 — ez, with to(z) ug(z),
td(uvz) = Zetd_l(u72)7 CO(Z) = Uk(z)v Cd(u72) = td(u72)cd—1(u72)' This gives p Ovtd(17p) =
1,t(1,p) = 1. Applying this results to g(u,2) = 1/(1 — aq(u, 2)), we get T(1,p) = 1,T,(1,p) #
0, p = Cst, which implies that =, — R.

Nodes with in-degree r. (Same method.) We have for sequences of Cayley trees &, — N xR, and
for functional graphs Z,, — V.

Nodes at distance > d from a leaf. (Same method.) From a leaf of their own subtree (sequences of
Cayley trees), 2, — N xR. In the general case, Z,, — N.

Nodes at distance d from a leaf. (Same method.) If the path contains no cyclic edge, =,, — R x N
(except if d = 1, in which case =, — N). If cyclic edges are allowed, for d < 2, we have =, — N.
(Conjecture: this last result is true for all d.)
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Abstract

In a randomly grown binary search tree (BST) of size n, any fixed pattern occurs with a
frequency that is on average proportional to n. Deviations from the average case are highly
unlikely and well quantified by a Gaussian law. Trees with forbidden patterns occur with an
exponentially small probability that is characterized in terms of Bessel functions. The results
obtained extend to BST’s a type of property otherwise known for strings and combinatorial
tree models. They apply to paged trees or to Quicksort with halting on short subfiles. As
a consequence, various pointer saving strategies for maintaining trees obeying the random
BST model can be precisely quantified. The methods used are based on analytic models,
especially bivariate generating functions subjected to singularity perturbation asymptotics.

The binary search tree (BST) model is a model of randomness that applies to binary search trees
and heap-ordered trees on random data, Quicksort, multidimensional trees, randomised search trees
and treaps, as well as to syntax trees that occur naturally in software engineering. Basic properties
of random BST have been studied in detail, for example it is well-known that the average value of
depth nodes or height is asymptotically logarithmic in the size of the tree (see e.g. [7, 8, 9, 1, 2]).
This talk, based on [4], is devoted to characteristics of the shape produced by the BST model.

1. Bivariate generating function

The bivariate generating function F(z,y) for the probability f,; that a random BST of size n
has k occurrences of a given pattern u is defined by

n,k +

where A(?) is the probability that a given unlabelled tree ¢ is the shape of a random BST of size
[t| (A(t) =[], 1/|v[, where the product is over all subtrees v of ), and w[t] = w,[t] denotes the
number of occurrences of pattern u as a subtree of the BST {.

The recurrence on w[t] is obvious: w[t] = [t = u] + w[to] + w[t1], where ty,1; denote the left and
right subtrees of ¢ and where the bracket notation [P] is the indicator of P with value 1 if the
predicate P is true and 0 otherwise. From this recurrence F(z,y) can be easily shown to satisfy a
linear second order differential equation.

LemMA 1. The bivariate generating function F(z,y) satisfies the Riccati equation

1) SR 9) = Py + (o= DA, FO,) =1
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Using equation(1), the mean and variance of the number of occurrences of u are obtained by
successive differentiation of F(z,y) with respect to y, upon setting y = 1.

THEOREM 1 (Moments of occurrences). The number 2, of occurrences of a pattern u in a ran-
dom BST of size n has mean and variance which are asymptotically linear p,, ~ c1(u)n, o, ~
ca(u)n, where c1(u) and ca(u) are effectively expressed in terms of A(u) and |ul.

Linearization of the Riccati differential equation (1) gives, in this case, an explicit solution in
terms of Bessel functions.

LeEMMA 2. The bivariate generating function of the number of occurrences of pattern u is

w'(z,y) 1 1
F(z,y) = ———=, w(z,y) = A, (A" — 2B (A2,
G == ZEU ulag) = (A B, (A7)
with w'(z,y) = wi(z,y), A = Ju|A(u)(1 —y), m = |u| > 2, and A,,, B,, are normalized Bessel
functions of orders —1/(m + 1) and 1/(m + 1) respectively.

2. Asymptotic analysis

The asymptotic behaviour of the bivariate generating function F(z,y) is dictated by the singu-
larities in the main variable z (which are poles since F(z,y) is the quotient of analytic functions),
with the auxiliary variable y entering as a parameter. Different regions of values of the auxiliary
variable provide different types of information: probability for excluded patterns (y = 0) or rare
occurrences (y = 0), limiting distribution for the number of patterns, central (y = 1) as well as
local (Jy| = 1). The techniques of proof belong to the class of singularity analysis methods: it is
well-known, after Cauchy’s inversion formula that the location of polar singularities of a function
f(z) = > fuz" drives the asymptotic form of its coefficients. For bivariate generating function
F(z,y), we first perform one level of inversion, resulting in estimates of f,(y) = [2"]F(z,y), with
an extra property of uniform error bounds for some values of y. One more inversion is required in
order to recover the individual probabilities f, ;. The most direct approach consists in applying
Levy’s continuity theorem for characteristic functions; this implies estimating f,(y) for y = e? but
only @ near 0 is required because of scaling. Thus, we have a perturbation of the univariate problem
at y = 1. When f,(y) is a “quasi-power”, meaning that it behaves very nearly like the powers of
a fixed function, a Central Limit Theorem can be derived. A local limit law of the Gaussian type
also holds when one can estimate globally f.(y) by quasi-powers in larger regions, like |y| = 1, and
not merely locally near y = 1. In that case, the recovery of f, j from f,(y) is achieved by using a
saddle-point method.

2.1. Trees with excluded patterns. Asymptotic analysis of univariate and bivariate generating
functions derived from F'(z,y) depends on locating the zeros of w(z,y) where y is a parameter. We
thus define the function a,(y) to be the root of smallest modulus of the Bessel type equation

(2) Ap(A™) — 2B, (Aa™th) = 0, A=(1-y)|ulA(u).

This definition specifies a,(y) unambiguously, for |1 — y| not too large (|1 — y| < 5/2 as is shown
in lemma 3 of [4]). The probability that a random BST of size n does not contain the pattern wu,
is by definition [2"]F(z,0). The following result comes from singularity analysis of meromorphic
functions.

THEOREM 2 (Excluded patterns). The probability e, , that a random BST of size n does not
contain the pattern u satisfies

€un = a (0" M1+ O(K™™))



where K = K(u) is a constant strictly larger than 1, and o, (0) is the smallest positive root of
FEquation (2) with y = 0.

The same argument proves that, for small enough |y|, [z"]F(2,y) ~ a,(y)"" !, with a uniform

exponentially small error term. The probability that a random BST of size n has k occurrences of
a pattern wu is obtained by differentiating &k times this asymptotic expansion.
THEOREM 3 (Poisson law for rare occurrences). Given a fized pattern u, for each fixed k, one
has as n — oo:
k 1
1 a,,(0)
P L =k [ = :uO_n_l.(’un) 14+0(= , _ _u ]
el = k1 = np = ooy (1r0() ) = -2

2.2. Gaussian limit laws. The application of Levy’s continuity theorem that leads to a Central

Limit Theorem, relies on evaluating f,(y) when y = ¢t/v" By the implicit function theorem and
the preparation theorem of Weierstrass (see e.g. [6]), there is a small complex neighbourhood of 1
such that the function a,(y) is analytic and by the analysis of meromorphic functions, f,(y) is
closely approximated by a large power of a fixed function: f,(y) = a,(y)™" (1 + O(K™")), a
situation that conduces to normal laws. The speed of convergence is bounded by means of the
Berry-Esseen inequality (see e.g. [3]) that relates the distance between distribution functions and
characteristic functions.

THEOREM 4 (Central law for occurrences). Given a pattern u, the number of occurrences §,, of
u in a random BST of size n obeys a central limil law with linear mean p, and variance o2 (see
theorem 1), and the speed of convergence is O(1/+/n):

Q. — lin 1 o
Pr{i'ugx}—— e~ 2 quy
On V 27 — 00
The obtention of a local limit law starts again with the quasi-powers form of f,(y) and uses a
saddle-point derivation.

1
< —=.
NG

sup
z€ER

THEOREM 5 (Local law for occurrences). Given a pattern u, if |a,(y)| # 1 for all y with |y| = 1,
y # 1, then the random variable 2, satisfies a local limit law:

o, Pr{Q, = |, + 20, ]} —

sup
xr
for x in any fized compact subset of |—oo, +00l.

3. Other applications

Suitable adaptations of the technique also lead to a distributional analysis of paging and factored
representation of BST as a DAG.

3.1. Paged trees. Given a tree t, its b-indez is a tree that is constructed by retaining only those
internal nodes of { which correspond to subtrees of size > b. Such an index is well-suited to “paging”,
where one has a two-level hierarchical memory structure: the index resides in main memory and
the rest of the tree is kept in pages of capacity b on peripheral storage. Let ¢[t] = ¢3[t] denote the
size of the b-index of t. The analysis is then clearly equivalent to determining the total number of
occurrences of all patterns of size < b. The bivariate generating function G(z,y) := 3, A(t)y 11/
satisfies a Riccati equation

7, o d (11— 21
5,02 9) = yG (2, y) Jgg(l ~Y) g (ﬁ) ;



which is transformed by linearization. This equation has no explicit solution, but the use of Weier-
strass Preparation theorem shows that G(z,y) has a unique dominant simple pole for y in a small
neighbourhood of 1. Thus [2"]G(z, y) reduces to quasi-powers, and a central limit law follows:

THEOREM 6 (Paging distribution). For fized b > 2, the size I,, of the b-index constructed on a
random BST of size n has mean p, and variance o that satisfy

kD) 2=+

b+2 0 " T3 (b+2)2
The random variable I, obeys a central limit law with speed of convergence O(1/y/n).

(n+1).

3.2. Factored representations of trees. We consider finally a global parameter x[t] of trees that
represents the number of structurally different subtrees (i.e., number of different subtree shapes)
that occur in ¢. This parameter is of intrinsic interest as an indicator of the structural “richness”
of t. It also measures the optimal storage complexity of tree { when all common subtrees are
factored and represented only once. Then, k[t] measures the number of nodes of the maximally
factored DAG (directed acyclic graph) corresponding to ¢, a quantity that intervenes in parsing
and data compression applications [5].

The quantity that is actually analysed is the size of a DAG representation which is partly redun-
dant (all trees of size less than b are represented once, irrespective of their possible nonoccurrence
in t) and partially factored (nodes commanding subtrees of size > b are each represented irrespective
of the fact that they may be associated to repeated subtrees).

THEOREM 7. The average value of the DAG size of a random BST of size n salisfies the upper
bound,
i n nloglogn
K, <4log2 0 .
tn S 08 e ( (log n)? >

This upper bound on K, is of the right order, since L. Devroye has shown a lower bound in
O(n/logn) (unpublished paper, May 97); but the constant is still unknown.
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On the Height Concentration of Binary Search Trees
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Abstract

The height of a binary search trees with n nodes is equal to the size of the stack used when
sorting n elements by the simplest version of Quicksort.

The average value of this height is known (4.31107...log(n) + O(loglogn)). Its variance
is only known to be upper bounded by O(loglog n2). It has been conjectured that it is
actually O(1).

After a historical survey on this problem, this talks presents new results which make this
conjecture more plausible, namely bounds of order O(1) on the absolute difference between
the height and its average.
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Abstract

Results on the performance of binary search trees are usually relative to the random per-
mutation model. This talk presents a randomized version of the insertion and deletion
operations on BST that ensures that, whatever the initial distribution of keys, results from
the random permutation model apply.

1. Classical and randomized binary search trees

The usual model to analyze the performance of a binary search tree (BST) built on n keys
assumes that all possible permutations are equally likely. This ensures that balanced trees have
a “large” probability of appearing (a recent paper by Fill [2] gives a mathematical justification of
this easy-to-understand fact), and that degenerate trees have a low probability; as a result it is well
known that the search, insert or delete operations have expected time proportional to logn. But the
assumption that the entries are inserted in random order does not always hold; moreover it is known
that, under a specific sequence of insertions and deletions, the resulting tree is no longer random.
Hence degeneracy of a BST is a real issue. Martinez and Roura propose here randomized versions of
the insertion and deletion operations that ensure that, whatever the sequence of operations and the
order of insertions and deletions of keys, the resulting binary search tree has the same probability
as if it had been built on the random permutation model. As a consequence, the expected cost
of operations on a randomized BST is guaranteed to be of order O(logn). Their work was first
presented in [5]; a detailed version appears in [6].

1.1. Randomized insertion. The main idea is to use the split operation: This operation creates
two BST’s from a BST and a key, and can be used if one wishes to insert a key at the root of a
BST. This algorithm is presented for example in [3, pp. 202-204]; it works by building two new
BST’s £ and R from a key X and a given BST A, which is destroyed by the operation: The first
BST £ contains the keys of A that are smaller than or equal to X, and the second BST R contains
the keys of A that are larger than X. Then we insert X into a new node, whose left and right sons
are £ and R. An example is given in Figure 1.
The randomized insertion works as follows

To insert a key X into a BST with n — 1 keys, we use the insertion at rool algorithm
with probability 1/n, and with probability 1 —1/n we insert the key recursively into the
right or left subtree, according to the respective values of the key and the root.
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The recursive insertion in a subtree is itself the randomized version; as a consequence, an insertion
can happen at any place in the path from the root to the leaf where the key would be inserted if
standard insertion were used.

1.2. Randomized deletion. As in the “classical” case without randomization, the deletion first
searches for the key X to be deleted; the difference appears when deleting the key at the root of
a tree. The deletion of the root is done here by the join algorithm of Martinez and Roura, which
can be summarized as follows:

— If either the left or right subtree of X is empty, just send back the other subtree.

— Otherwise, let £ and R be the left and right subtrees, of respective sizes m and n. Assume
that £ = (a, L;, L,) and R = (b, R;, R,.). Then, with probability m/(m + n), return the BST
(a, Ly, join(L,,R)), and return the BST (b, join(L, R;), R,) with probability n/(m + n).

An example is given in Figure 2.

2. Performance analysis

For this analysis, we need to make precise the notion of random BST:

A BST on n keys is random if either it is empty (n = 0), or the probability that a given
key is at the root is 1/n, and the left and right subtrees are random.

This is exactly the BST built under the usual permutation model. The main point in the analysis

of randomized BST is to show that insertions or deletions always yield a random BST if applied to

a random BST, whatever the key to be inserted or deleted. Once this is done, results on random
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BST’s apply: the average cost of an operation on a randomized BST is O(logn), for any sequence
of operations on the tree.

3. Storage requirements

The randomized insertion and deletion both require storing in each node of the BST the size
of the subtree rooted at this node, hence a memory requirement of order n. As a consequence of
storing the number of nodes, randomized BST can also be used for ranking algorithms.

Each of the algorithms has an iterative version that uses only a constant number of auxiliary
variables (no stack). The top-down implementation of the deletion algorithm requires that the size
of each subtree be modified when the root is traversed; this can lead to problems if we try to delete
a key that is not present in the tree. To avoid this, Martinez and Roura introduce an alternative
scheme where each node stores the size of one of its subtrees (any of them) and an “orientation”
bit that indicates the subtree whose size is kept; they also keep a single global variable with the
total number of keys in the tree.

4. Conclusion

This elegant work solves the problem of degeneracy in BST, although the worst-case performance
is still linear. Compared to balanced trees, algorithms for randomized BST are notably simpler;
their performance can be compared with the behaviour of skip lists ([7], see also for example [1, 4]
for the analysis of their performances).

The structure most closely related to randomized BST may well be the treap of Aragon and
Seidel [8]: a BST is augmented with a priority for each key, in such a way that the tree is a search
tree for keys, and a heap for priorities (a node has a larger priority than its sons). When priorities
are chosen randomly, it is easy to see that an insertion, for example, can happen at any place on
the path from the root to the leaf that would receive the new key in a BST with standard insertion
at leaves. A main difference with the present work is that, while the randomness is related to the
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tree itself in the work of Martinez and Roura, in treaps it comes from the randomly chosen priority,
which may appear less natural.
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The Analysis of Multiple Quickselect

Helmut Prodinger

Technical University of Vienna
June 30, 1997

[summary by Philippe Flajolet]

Abstract
Quickselect is a version of Quicksort that makes it possible to find efficiently any element in
an unsorted file given its rank. “Multiple Quickselect” is designed to find simultaneously a
collection of elements, also specified by their ranks. This talk shows how to analyse Multiple
Quickselect when the underlying permutation is random and the collection of ranks is a
random p-subset (p fixed). The analysis provides a nice illustration of the use of multivariate
generating functions.

1. Algorithms

The principle of Quicksort is of course extremely well known. Given an array T[l...n] of
numbers to be sorted, choose a “pivot”, say T[1], then partition (by a linear scan) the original
array into the two subarrays, T and T, formed by elements that are respectively smaller and
larger than the pivot, and proceed recursively. The algorithm was first proposed by Hoare in 1962.
Its characteristics are fairly well understood: the algorithms sorts in place (it uses O(1) auxiliary
memory in addition to the recursion stack), its average number of comparisons is ~ 2n log n, while
the implementation constants are especially low. For these reasons, Quicksort is a method of choice
amongst sorting algorithms, and it has been adopted as the basis of the Unix sort command. Note
however that it is still unknown whether the limit distribution of the number of comparisons that
has been proved to exist can be characterized in terms of standard special functions of analysis.
(Existence proofs comprise the martingale argument of Régnier, the moment method of Hennequin,
and the contraction metrics approach of Rosler; see [4] and references therein.)

Quickselect is a simplified version of Quicksort adapted so as to locate the jth ranked element
in a file. In that case, it suffices to effect one recursive descent in one of the two subfiles T, Ts
created by the basic partitioning stage of Quicksort. Knuth’s book [2] provides the analysis of the
two parameters of interest, the average number of passes (recursive calls) P[n;j] and the average
number of comparisons C[n; j],

P[’IZ,]] = Hj + Hn-l—l—j - 17
Clui gl = 2(n+ 34 (n+ Vi, G+ DH; — (0 +3 - o)

where H,, = 1+ % + .04 % denotes the nth harmonic number. In particular, the mean number
of comparisons is O(n), uniformly for all j. From the complexity standpoint, the algorithm thus
has the same type of cost as a fixed number of scans of the input file—a highly appealing feature.
(Contrast the simplicity of Quickselect with algorithms like median-finding that are constructed
specifically to achieve linear complexity in the worst-case!)
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Multiple Quickselect is an extension of Hoare’s idea that works as follows: Assume that we
simultaneously search for p elements with ranks J = (j1,72,...,Jp) where 1 < j; < jo < --- < jp <
n is a fixed set of p values. Then, depending on the interval determined by ji,...,j, in which the
pivot element falls, we continue recursively on both subfiles T, T, but with smaller J-index sets.
The principle is quite simple and a nice description of the algorithm can be found in [3]. Notice that
Multiple Quickselect can be used for instance to determine quantiles of distributions efficiently.

In a previous work, Prodinger [7] has given explicit formule for both the average number of
passes P[n;Ji,...,jp] and the average number of comparisons, C[n; j1,. .., jp]. As a consequence,
the so-called “grand averages”,

1 . .
Pn,p = W Z P[n;le"'vjp]v

1<51<je <+ <jp<n

Cnvp: % Z C[nvjlvvjp]
P/ 1< <j2 < <jp<n
have been determined (see also [3]). However, the approach used in [7] was a mixture of guessing
and proofs by induction.
The present paper by Panholzer and Prodinger [6] develops a direct generating function approach
to the analysis of the grand averages. This gives access to variances that were out of reach with

the old method.

2. Moments

In both instances, namely number of passes and of comparisons, the problem is modelled by
a trivariate generating function ®(z,u,v), where the coefficient n![z"uPv™]® is the number of
permutations of {1,2,...,n} and of subsets of p elements of {1,2,...,n} such that the parameter of
interest has value m. Under the random permutation model, the splitting probabilities of Quicksort

and Quickselect are given by
1

Pr{K =k} = =
where the random variable K € [1,n] denotes the rank of the pivot. The model is thus isomorphic
to that of binary search trees (BST’s) or heap-ordered trees [2, 4].
Number of passes. The trivariate generating function (GF) where z records the size n of the input
permutation, v records the number of passes (recursive calls), and u records the number of elements
being simultaneously selected satisfies

1-w
(1—2)?

with ®(0,u,v) = 1 and ®' denotes a partial derivative with respect to z. The relation (1) reads
off almost directly from the problem. We may also view it as expressing the size of a generalized
common ancestor tree in binary search trees.

Asis usual in distributional analyses of additive parameters on BST’s, we have a Riccati equation;
see for instance, the analysis of patterns in BST s in [1]. Such equations are systematically linearized

by a change of variable of the form ®(z) = a(z)W'(z)/W(z). Here,
Q+1-20+(1-2)%Q2 -1+ 2v)
(241201 +w) +(1- 222 = 1+ 20(1+ w))(1 - 2)

(1) ' (z,u,v) = v(1 + u)®*(2,u,v) +

(2) b(z,u,v)=

Q=+/1—-4v(1+u)(1-v).



(This is well within the automatic capabilities of Maple.) By differentiating with respect to v and
expanding, we obtain a result of [7].

THEOREM 1. For p > 1 the average number P, , of passes employed by Multiple Quickselect in
order to search for p random elements is
2p(n +1)° Cn(2p—1)+p
i2-peti-p  wi2-p

(3) Prp = (Hn1 — Hy)
A particular case is the basic Quickselect algorithm (p = 1), for which
1
77n71:2<1—|——)Hn—3.
n

By taking second derivatives, we have access to the variance. A careful expansion guided by
educated guesses and patience then gives explicit expressions. We state the result from [6] as it is
a good indication of the intricacies involved.

THEOREM 2. The variance of the number of passes when searching for a random set of p > 2
elements with Multiple Quickselect is given by

4p(n + 1)2¥,

Ver = TP = P42 s T (o~ )
2(n + 1)%¥,
T T P b S T e )
B dp(n +2)(n+1)*(pn 4+ p+2) @ @
R pee e e e GRS
2(n +1)2¥;

Tt p 3=t 2 o)

Uy = (3p—2)n° —2(p* = 9p+5)n* — (p° + 5p* —33p+ 16)n — p® — 5p* +20p — 8
Uy = pn® 4 (11p* — 13p + 8)n? — (9p” — 54p* + 62p — 32)n — 3p* — p® 4 38p? — 56p + 32
Uy = (2p— 1)n* — 2(5p* — 15p + 8)n + 8p° — 45p* 4+ 72p — 32.

For p = 1, the variance simplifies to

2 4 1 1
(Dt et
n n

n+1
n2

H(g) + 2(2n2 —-n— 2)‘

Vn,l =—4 n+1 n2

Hypy
Number of comparisons. The process for moment calculations is similar, only the expressions be-
come a little more complicated. The fundamental functional equation is now of the difference-
differential type,

1 1

CI)/(Z,U,?)) =(1+ u)(I)Q(ZU’u’v) T (1-2)2 B (1- 2’0)27

with ®(0,u,v) = 1. Contrary to the previous case, this equation is not known to have a closed form
solution. It is however still possible to “pump” GF’s of moments by differentiation. We must omit
details here and simply state the average-case result while referring to [6] for a daunting variance
computation that involves the dilogarithm Liy(z) := 3 2" /n?.
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THEOREM 3. Forp > 1 the average number C,, , of comparisons to search for p random elements
with Multiple Quickselect is given by
_2p(nt+1)dn—p+5) 2(n + 1)2(n—l—2p—|—2)H n?+ (5p— 1)n+ 3p

(n+2-p)(n+1-p) (n+2-p)n+l-p) " n+2-p

In particular for a basic (single element) Quickselect and a full sort, we get back the classical
results,

Cn,p = Hn—l—l +

1
Cra=3n-8 (1 + ;) H, + 13, Con =2(n+ 1)H, —4n.

3. Distributions

The limiting distribution of Quicksort has been under attack for about 20 years. For basic
Quickselect, the problem is in a way simpler since the recursion structure is a linear one. Here is
what is known at present:

— The number of passes of multiple quickselect (p fixed) is asymptotically normal. This obser-
vation results rather directly from singularity perturbation methods applied to the explicit
form (2) of the trivariate GF (Flajolet & Prodinger 1997, unpublished).

— The number of comparisons of basic (single) Quickselect has been studied by Mahmoud et
al. [5] who determined explicitly the characteristic function of the limit law. The main result
of [5] entails that this limit has the same distribution as the sum of a Poisson number of
independent random variables with an elementary density.

The second result suggests that there is an interesting class of limit distributions for comparison
costs when p is a fixed integer p > 2.
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Lempel-Ziv Data Compression Schemes
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[summary by Philippe Flajolet]

Abstract

The Lempel-Ziv algorithms are well-known dynamic dictionary algorithms of use in data
compression. The talk shows how analytic models originally developed for the analysis of
tries and digital search trees may be used to characterize their compression characteristics.

1. The Lempel-Ziv algorithms

A text to be compressed is always a message to be transmitted (to your friend, to your laser
printer) that has a “meaning”, hence a certain structure that goes along with some sort of “redun-
dancy”. In a natural language like English, trigrams like ‘ted’ or ‘ing’ are much more likely to be
encountered, and much more frequently so, than ‘qrm’ or ‘bzw’, and a text on data compression
is likely to contain more repetitions of ‘algorithms’ and fewer of ‘smoking’ than a text on public
health. Compression algorithms precisely try to capture such regularities.

These observations have given rise to a first generation of methods. For a text in English, list all
the conceivable trigrams (say!) in the language and transmit trigrams codes instead of individual
letters. In addition, shorter codes may be assigned to more frequent trigrams, yielding further
gains—this can be done efficiently by Huffman’s algorithm. These methods are known as “static
dictionary algorithms”. They have the obvious drawback of not being adaptive; a scheme originally
designed for English text is not likely to accommodate well Sanskrit epics, postscript code, or image
bitmaps.

Such was essentially the state of the art before the appearance of the celebrated Lempel-Ziv (LZ)
papers in 1977 and 1978; see [10, 11]. The LZ algorithms—there are two basic ones and a denu-
merable collection of variants—can be viewed as building adaptively a “dynamic dictionary” that
is dependent upon the particular text subjected to compression. Their common basis is:

THE “DEJA VU” PRINCIPLE.

(Pronounce as “day-jah voo”!) As the text proceeds, it is parsed into segments also called phrases.
Instead of transmitting the letters of the text itself, just transmit references to places in the text
where each segment was encountered before.

More precisely, the LZ77 and LZ78 algorithms, as considered here, are defined by:

LZ77. Scan the text. Starting a new segment, search for the longest matching factor
already encountered in the past. Transmit its reference (position and length) and the next

letter.
75



LZ78. Scan the text. Starting a new segment, search for the longest matching segment
already encountered in the past. Transmit its reference (rank) and the next letter.

For instance, given a text that is a long sequence of a’s, the two parsings start like

LZ77: |
LZ78: |

In other words, LZ77 defines the new segment as anything (of maximal length) that has already
been seen before, possibly across boundaries of previously defined segments, while LZ78 respects
the boundaries of previously defined segments.

For LZ77, the transmission of each segment is of the type <position, length, letter> (po-
sition of the previous occurrence and length of the factor, plus new letter). For LZ78, it is of the
type <rank, letter> (rank of the already encountered segment, plus new letter). So, in the case
of our long string of a’s, the next segment formed is encoded as

LZ77: <1, 15, a>, L7Z78: <5, a>.

For LZ77, this says: “repeat the 15 characters starting at position 1 in the text and append an a”.

For LZ78: “repeat the 5th segment already parsed and append an a”. Reconstruction of the source

text at the receiving end is then particularly easy as it suffices to “expand” the references.
Another example is provided by the two sequences

LZ77: <0,0,a> <0,0,b> <0,0,r> <1,1,c> <1,1,d> <1,4,#>
LZ78: <0,a> <0,b> <0,r> <1,c> <1,d> <1,b> <3,a> <0,#>

aa
aa

aaaa | aaaaaaaa |
aaa | aaaa | aaaaa |

a |
a |

that encode ‘abracadabra# (with a terminator symbol). As these examples demonstrate, the LZ77
algorithm “learns” faster but, the implied dictionary being larger, references are more costly as
their encodings require more bits. Fine analysis is thus needed in order to characterize the various
tradeoffs involved.

Variants and implementations. There exist a great many variants of the LZ77 and LZ78 algorithms.

LZ77: One can consider that the entire alphabet sequence is prepended to the text. In this
case, the new segments need not include a new-letter field, as each letter at least has been
already encountered before. Also, one can limit the past fraction of the text to which the
“deja vu” principle is applied (historically, to 8192 characters). One obtains in this way an
algorithm close to the original LZ77 specification.

LZ78: Similarly, one can update the dictionary by deleting old segments (say, on a least recently
used basis), and thus maintain a dictionary of an @ priori bounded size.

In LZ77, when a new segment is started at position (n + 1) in the text, one must look for a
longest factor that has occurred before. This corresponds to a virtual dictionary D that should
contain all the $n(n + 1) factors of the text, as seen so far. There are two immediate solutions
to this problem: (¢) don’t store the dictionary and use naive string searching in the text itself;
(¢7) build a digital tree (also known as trie) of all suffixes of the part of the text seen so far. The
time/space complexity pairs of these solutions are (O(n?),0(n)) and (O(n?), O(n?)), respectively.
The trie solution is interesting since a construction (the suffiz tree) is known in order to eliminate
duplication of informations; the suffix tree implementation has an (O(n),O(n)) complexity but is
somewhat intricate to implement.

In contrast, LZ78 is much easier to implement. It suffices to maintain a digital search tree of all
the segments encountered so far. A new segment is detected by following a path in the tree. Each
internal node of the tree is associated with such a segment seen in the past and insertion takes
place at an external node, which corresponds to extending a previously encountered segment.
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These algorithms are famous. They are used in the Unix compress and zip commands (based
on LZ78 and LZ77, resp.), in data transmission (the V42bis standard for modems), in image
compression (the gif format), etc. Jump to your favourite web search engine for details.

2. Models and analysis

Classical information theory teaches us that the best rate at which a text can be compressed is
given by the entropy function. Here, we concentrate on a binary memoryless channel, where each
character in the source text has probability p of being a 0 and probability ¢ = 1 — p of being a 1.
In that case, the (binary) entropy is

1 1
(1) h = plog, — + qlog, —.

P q
A random text of n characters can then be compressed into no less than
(2) h-n(1 4 o(1))

bits, on average. The redundancy of a compression scheme is a measure of its distance to the
information-theoretic lower bound (2).

It is already known that the two Lempel-Ziv algorithms achieve asymptotically the lower bound,
so that the redundancy per character is o(1) for both schemes. In other words, what is needed for
further comparison is a second order asymptotic analysis of these algorithms. The talk centers on
the LZ78 algorithm that has a mathematically pleasant decomposable structure closely related to
digital search trees. Digital search tree intervene both as a data structure in the implementation of
LZ78 and as a probabilistic model of random trees.

Digital search trees. Recall that a digital search tree or DST is a hybrid of the digital trie and the

binary search tree defined as follows. A sequence S = (s1,..., S, ) of m binary strings is given. The
digital search tree dst(s) is recursively defined by: (i) the root contains the first string sq; (¢¢) the
left subtree is formed by taking the subsequence 510 of (s2,...,8m) of strings starting with a 0 and

stripped of this initial 0; (4¢¢) the right subtree is formed similarly from strings starting with a 1.
In other words,
dst(S) = (s1,dst(S1ON\0), dst( SN\ 1)),
where S\j means the sequence S with all its elements stripped of their initial letter j, and with
dst(s) = (s,0,0) for a one element sequence.
Assume that strings obey the Bernoulli model where each component bit b satisfies

Pr{b =0} = p, Pr{b=1} =qg=1-p,

independently of the others. This model implies the random DST model [9], where a tree of size
m has a left subtree of size K and a right subtree of size m — 1 — K satisfying

(3) N P [

In the unbiased case, p = ¢ = %, this model has been analysed by Knuth, Coffman and Eve, as
well as Konheim and Newman; see the references in [9]. It is known for instance that the expected
path length, under the biased model, is of the form

v—-1
mlog2m+m(1og2

+ % — a+ 6(log, m)) +0(m).

There a := Ek>1(2k —1)7! and § is a periodic function with magnitude less than 107%. Height

and other parameters are studied by Aldous and Shields in [1].
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Data compression. Consider an execution of the LZ78 algorithm when n characters of the text
have been scanned, assuming that a new segment starts at position (n 4+ 1). Under the binary
memoryless model, the number of segments formed so far is a random variable M,, that is also the
number of internal nodes of the companion dst built by the algorithm. By design, the dst is built
of keys that obey Eq. (3), with M,, = m. It is also realized easily that the internal path length of
the corresponding tree is equal to n.

Thus, there are two closely related models that are in a way “inverse” of each other:

— the random dst model where the number of strings m is fixed, and path length of the tree is
to be analysed;

— the compression model where a dst is built by successive insertions until path length attains
a fixed bound n, and the size of the tree (corresponding to the size of the compressed text) is
to be analysed.

Analysis starts with the random dst model. Inversion will then be realized by an application of
renewal theory.

3. The random digital search tree model

From an analytical standpoint, this model is the most natural one, since the random tree process
given by (3) is a decomposable one. The novelty comes from the fact that, till recently, only the
unbiased case p = ¢ = % had been analyzed. Jacquet and Szpankowski [7] have proved the following.

THEOREM 1. Let L,, be the path length of a digital search tree built on m random strings ac-
cording to the Bernoulli model. Then, the mean and variance of L,, satisfy

2h
Var L,, = camlogm + O(m),

with 69 a periodic funclion of mean value 0 and small amplitude, and

* h
EL, = % (1og2 m4 =2 4 y—1—a+ 60(logm)) + O(log m),

— pFtllogyp+ ¢t logy g hy — h?
1 — phtl — ghtl » 2= X

1 1
h = plogy ~ + qlogy —, ha = plogip + qlogi ¢, a = —
p q k=1
Furthermore, the distribution of L,, is asymptotically normal,

L,.,—-FEL, 4
WL, VO

As is well-known, there are three ways to conduct such an analysis, with Poisson, exponential,
or ordinary generating functions (PGF, EGF, OGF). The proof given in [7] is of the Poisson type.
The bivariate PGF satisfies then the nonlinear difference-differential equation,

0L ) _ ppou, w)L(gau, ),
0z
with L(z,0) = 1. The approach starts with a quasi-linearization technique of [5], by consider-
ing {(z,u) = log L(z,u). By bootstrapping, the functional equation is solved in larger and larger
pseudo-cones. Solutions are estimated asymptotically by means of the Mellin transform technology
summarized in [3]. Then, mean, variance, and limit distribution follow for the Poisson model.
Translation to the Bernoulli model (i.e., the binary memoryless channel) is then achieved by “an-
alytic depoissonization”, i.e., an adequate use of the saddle-point method originating in Jacquet
and Régnier’s analysis of path length in tries. The technical difficulties are rather formidable, but
the results obtained are extremely precise.
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4. The compression model

It is now possible to return to the LZ78 algorithm. We recall that M,, is the number of segments
(or phrases) built on a random text of length n. We have:

THEOREM 2. Lel M, be the number of phrases buill on n characters of the text by LZ78, ac-
cording to the binary memoryless model. Then, the mean and variance of M, satisfy
nh coh3n

EM, ~ , Var M,, = 7
log, n logs n

Furthermore, the distribution of M, is asymptotically normal,
M, —EM,
v/Var M,

The proof of this result is in [7]. The ideas have been further refined by Louchard and Sz-
pankowski in [8], and this leads to a second order asymptotic analysis, hence a characterization of
redundancy of LZ78.

The “inverse” relations alluded to in Section 2 are expressed precisely by the equality,

Pr{M, > m} = Pr{L,, < n}.

L N(0,1).

This is known as the renewal equation. Theorem 1 gives good estimates of the right hand side.
Roughly speaking, we have, by Theorem 1, a known dependency between L (path length) and M
(size of the dst),

1
h

where X is a unit Gaussian variate that represents random fluctuations. This can be formally

inverted, leading to
Lh h3L
M=~ +/ 222X

This is exactly what Theorem 2 expresses and the process is made valid by an appeal to the general
theory of renewal equations; see [2, Thm. 17.3].

From there, it is possible to solve the redundancy problem of Section 1; see [8] for details. Define
the redundancy of LZ78 as

Lyr = —Mlogy M + \/caM logs M X,

n

The idea is that there are M,, phrases and each of them costs about log, M,, bits. (The term +1,
there, is implementation specific but not essential.)
Then moment bounds and inequalities justify a precise version of the approximation

E{M, log, M.} ~ E{M,}log, E{M,,}.

Also, the speed of convergence to the normal limit in Thm. 1 is seen to be O(m~/2). This gives
all the ingredients for a second-order asymptotic analysis of LZ78.

THEOREM 3. The global redundancy of Lempel-Ziv’s LZ78 algorithm is O(1/logn). More pre-
cisely,

1
(Qh — hy - 5}&2 + ha — héy(log, n)) .
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Note that the corresponding redundancy of LZ77 is known to be
F:L = O( )7

and this is conjectured to be the right order. Therefore, assuming this conjecture, the LZ78
algorithm—ybased on digital search trees and segment boundaries—is less “redundant” and devi-
ates less than LZ77 from the information-theoretic oplimum.

loglog n
log n

5. Related problems

The talk mentions two other types of results:

— an extension to Markovian models, where systems of difference-differential equations need to
be considered;

— a modified LZ78 algorithm [8] based on the b-digital search tree, a data structure that had
been analysed in the average-case by Flajolet and Richmond [4].

One of the major open problems in the area is the precise analysis of redundancy for the LZ77 algo-
rithm. This is harder as the basic digital tree decomposition is no longer available, and “overlaps”
in strings must be taken into account. Perhaps the approach of [6] could be useful.
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[summary by Julien Clément]

Abstract

The three major parameters of a ¢rie (sometimes called digital tree), number of nodes, path
length, and height, are analyzed precisely in a general context where words are emitted by
a source associated to a dynamical system. The results can all be stated in terms of two
intrinsic characteristics of the source: the entropy and the probability of letter coincidence.
These characteristics themselves are linked in a natural way to spectral properties of a Ruelle
operator associated to the dynamical system.

1. Probabilistic dynamical sources

1.1. Definitions. A dynamical source, in the context of information theory, is a mechanism which
produces infinite words over an alphabet M. Such a system is defined by four elements: (i) an
alphabet M included in N, (ii) a quasi partition of 7 =]0,1[ with intervals Z,,, m € M, (iii) a
mapping ¢ : 7 — M which is constant over each Z,, and equal to m and finally (iv) a mapping
T : 7 — 7 which satisfies two properties: the restriction of T' to Z,, is a real analytic bijection from
7., to Z; the mapping T is expansive, i.e. |T'(z)| > 1 on Z. The words emitted by the source are
produced by iterating 7" and coded thanks to 0. The word M(z) of M (an infinite sequence of
symbols), where z € 7, is formed with the symbols

M(2) = (o(a), o(1(2)), o(T%(2)), ..., o(TH(2), ...
Each letter of the alphabet is associated to a distinct branch of 17" or equivalently to a distinct

inverse branch of T' denoted by h,,. The bijection h,, : T — Z,, coincides with the inverse of the
restriction of 7" to Z,,,.

B N R |

Ficure 1. Graphical representation of the mappings T" and o for a source based
on the continued fraction expansion (left) and for a memoryless source based on the
5-ary expansion of numbers (right).
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1.2. Examples. A lot of probabilistic dynamical sources can be described in such a framework,
including all memoryless sources where letters of the alphabet can be emitted with probabilities
{p;} independently of previous letters. This gives a mapping 7 where branches are affine. In
particular this encompasses the b-ary expansion model of numbers. Markov sources take into
account a finite past for producing words and thus generalize memoryless sources. Finally, in a
model where the source is based upon the continued fraction expansion of numbers, the alphabet
is N and the probability for a character to be emitted depends on all the previous history.

1.3. Fundamental intervals, entropy, coincidence probability. Numbers which share the
same prefix expansion mq, ..., m; form an interval called fundamental interval of depth k which is
exactly, with the preceding notations,

Iml,...,mk = hml 0---0 hmk (I)

In a general context, the interval 7 is endowed with a continuous density f (so that F denotes
the associated distribution). Then the word M () is produced according to the expansion process
(using 7" and o). In this context, the measure u;, of a fundamental interval Z; associated to
h=hp 0 0hy, is

up = [F(R(0)) = F(R(1))],
and plays a crucial role since it is the probability that a word begins with a certain prefix. During

the analysis, two quantities relative to the source appear naturally. The entropy h(S, F) and the
coincidence probability ¢(S, F) are defined as the limits

1/k

-1
MS,F):= lim - Z up, log up, ¢(S, F):= lim Z up, logup,

k—oo k—oo

|h|=F |k|=k

It is interesting to note that these limits exist and are independent of the distribution F'.

2. Tries associated to a general source

Let M € N be a set of elements called digits, and M the set of all infinite sequences built
over M. For any word produced by the dynamical source M(z) = (o(z),0(Tz),0(T%x),...) (with
x € T), the head and tail functions are defined by

head(M(z)) = o(z), tail(M(z))= M(Tz).
Any finite set of infinite words produced by the same source can be written as M (X )= {M(z)|z €

X}, and one associates to X a trie, Trie(X ), defined by the following recursive rules

— (R1) If X = {«} has cardinality equal to 1, then Trie(X) consists of a single leaf node that
contains M (z).

— (R2) If X has cardinality at least 2, then Trie(X') is an internal node represented generically
by ‘0’ to which are attached ¢ subtrees, where £ = card{o(z)|z € X} is the number of different
head symbols in M(X). Let by < --- < by be these head symbols; Trie(X) is defined by

Trie(X) = (o0, Trie(Xy), ..., Trie(X,)), where X;={Tz|o(z)=10;, z€ X}

The trie Trie(X;) collects all the suffixes of words that begin with b;.
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2.1. Parameters. The main parameters of a trie are size (number of internal nodes), height and
external length path, which is the sum of all links from the root to each leaf.

The model considers here infinite strings emitted independently by the same dynamical source.
Rather than considering a fixed number n of strings, a Poisson model of rate n is used, where the
number of strings N is also a random variable which strongly concentrates around n. The strong
property of independence of this particular model makes the analysis easier and gives access to
the expectations of parameters. The expectations of height, size and external path length under a
Poisson model of rate n and distribution F over Z are respectively

D(n) =Y "[1-[] A+nup)e™™ ], S(n) =Y [1=(1+nup)e™™], P(n) =Y nup[l—e™].
h

k |k|=k h

2.2. Asymptotics. These quantities are easily recognized as harmonic sums of the form F(z) =
> ke MeS(prr) (excepted for the height which needs a small calculation step before). The best
tool to analyze the asymptotics of such harmonic sums is the Mellin transform, which leads to
locating poles of the associated Dirichlet series A(s) = >, cx Aepy. Here, the key quantity for the
analysis of size and path length is the series of fundamental intervals,

A(F,s) =y up =Y |F(h(0)) = F(R(D))I’,
h h

considered for complex values of s. For a general source, it is not always easy (or possible) to locate
precisely the singularities. In this case a Tauberian theorem, under some constraints, can be used
to extract the asymptotic expansion.

3. Generalized Ruelle operators

3.1. Presentation. The generalized Ruelle operators are derived from the original Ruelle opera-
tors, and involve secants of the inverse branches H(u,v) := |[(h(u)— h(v))/(u —v)|. The generalized
Ruelle operators are defined by

G;[F](u,v) = Z f[(u, v)*F(h(u), h(s)),
k=1

where H is the analytic extension of H and s is a complex parameter. Here the sum is taken over
branches of depth 1. If we define the secant L of the distribution F’,

PRELEEY

bl

then the Dirichlet series can be expressed as

A(F,s) = uj =Y [F(h(0)) = F(A(1))]* = (I - G)7'[L*)(0, 1).
h h

3.2. Singularities of the quasi inverse (I — G;)~!. Singularities of (I — G;)~! are of special
interest because these are also singularities of A(F), s). These singularities arise for values of s where
G; has an eigenvalue equal to 1. In particular, there is always a pole at s = 1 (easy to prove from
the previous form of A(F),s)). One can derive from strong properties of the operator G that there
are three different cases, called periodic, quasi-periodic and aperiodic, depending on the precise
nature of the eigenvalues of G, on the line ®(s) = 1. The operator G; has also special properties
at s = 1 and s = 2 since the entropy of the source is h(S) = —A’(1) (the derivative of the dominant
eigenvalue at s = 1), while the coincidence probability is ¢(S) = A(2).
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4. Average-case analysis of general tries

4.1. Analysis of height. The analysis of height is based on estimates of the individual proba-
bilities x(n) = [}, =x(1 + nup)e™""" followed by a Mellin analysis. This leads to the asymptotic
expansion

D(n) logn 4+ Pp(logn) 4+ v+ Ar + o(1)

2
|log c(S))|

4.2. Analysis of size and path length. The operator (I —G;)~! has a simple pole at s = 1, and
thus gives the main term of the asymptotic expansion. For a general source, a Tauberian theorem
can be applied to estimate the contribution of others poles. Finally one has

P(n) = %nlog n + o(nlogn), S(n) = %n + o(n).

5. Some important particular cases

5.1. Bernoulli sources. The Bernoulli source considers a finite alphabet M = {1,...,r} with
probability of emission {p1,...,p,} (with p1 + ---+ p, = 1). In this case the entropy and the
coincidence probability have classical expressions

H=-) plogp, c=)Y pl
=1

=1
5.2. Continued fraction source. The continued fraction expansion of numbers can be consid-

ered as a dynamical source over the infinite alphabet M = N. The operator of Ruelle is then called
the Ruelle-Mayer operator and is defined by

Golf1(=) =)

m>1

1 1
(m+ 2)® it

m+ z )-
The entropy of the source is linked to the so-called Lévy’s constant which plays a central role in the
the analysis of the Fuclidean algorithm. The coincidence probability is a constant which intervenes
in two-dimensional generalizations of the Euclidean algorithm. These constants are

2
T
N(1)y= ——, A(2)~0.1994.
(= 5os A®)
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Asymptotic Properties of Algorithms for Random Generation of
Under-Diagonal Paths

Guy Louchard
ULB, Belgium

March 3, 1997

Abstract

Using classical properties of random paths and Brownian motion, we obtain the asymptotic
distribution of some characteristic quantities of an algorithm proposed by Barcucci et al. to
generate under diagonal paths of size n. The algorithm is based on a rejection technique.

In terms of random paths, the algorithm is equivalent to analyzing the first meander of
length > n for a random path reflected at the origin. The meander is defined as a random
path starting from the origin and conditioned to remain strictly positive.

We analyze successively the cost ¢, defined as the number of steps necessary to obtain a
meander of length n, the deviation 8, , which is the height of the meander at its last step
and the maximum of the meander.

We obtain asymptotics for various quantities, such as the probability generating function,
Laplace transforms of densities, distribution functions, asymptotic densities (Gaussian, ex-
ponential, extreme value, Jacobi or Rayleigh), a discrete stationary distribution.

85






Algorithms for Variable Length Subnet Address Assignment

Mike Atallah

Purdue University

September 23, 1996

Abstract

In a computer network that consists of many subnetworks, the binary address of a particular
machine consists of two parts: A prefix that contains the address of the subnetwork to which
the machine belongs, and a suffix containing the address of that particular machine within
its subnetwork. In variable-length subnetwork addressing, the length of the prefix containing
the subnetwork’s address varies from one subnetwork to another. To avoid ambiguity when
decoding addresses, there is a requirement that no subnetwork address be a suffix of another
subnetwork address. We give an algorithm for finding a suitable set of subnetwork addresses
so as to maximize the total number of addressable machines. We generalize the algorithm
to the case where each subnetwork also has a priority associated with it. This is joint work
with D. E. Comer.
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Nearest-Neighbour Search in High Dimension and Molecular Clustering

Frédéric Cazals

Algorithms project, INRIA Rocquencourt
June 30, 1997

[summary by Frédéric Cazals]

1. Introduction and prerequisites

1.1. Problem statement. Given a set of points P = {p1,...,p,} C R the nearest-neighbour
(NN) and £ nearest neighbours (k-NN) problems can be stated as follows: pre-process P in order to
return as fast as possible the nearest or k nearest neighbour(s) of an arbitrary point ¢ according to
any Euclidian metric d(p, ¢) = (Zle(pi —¢;)%)"/2. A weakened version of the NN problem consists
in returning a point p’ which e-approximates the NN p of ¢ in the sense d(p',q)d(p,q) < 1 + ¢
for any ¢ > 0. If one denotes p;,,...,p;, the points of P sorted by increasing distance to ¢, an
equivalent formulation for the &-NN problem consists in returning a subset S = {sq,..., s} with
d(g, ;) < (1+e)d(q, pi,) for j = 1,...., k.

The naive algorithm to compute the NN of a point ¢ consists in checking all the points of P
and returning the closest, which has complexity O(dn). On the other hand, the most sophisticated
algorithms known until recently had complexities in O(exp(d)logn) with exp(d) a function growing
at least as quickly as 2%—see e.g., [1]. So that whenever d > log n nothing better than the brute
force method was known!

Kleinberg’s break-through [4] has been to get around the exponential difficulty by an heavy use
of random sampling aiming at “comparing” the points of P through their projections on random
lines passing through the origin rather than decomposing the d-dimensional space containing them.
The first result is an algorithm returning an approximation of the k-NN in a deterministic way but
with an exponential time/space pre-processing. The second algorithm returns an approximation of
the NN in a randomised way but with a polynomial pre-processing only. This talk presents these
two algorithms and discusses their potential use to a clustering problem arising in chemistry—see
section 4.

1.2. Prerequisites.
1.2.1. A geomelric lemma. The core idea of Kleinberg’s method lies in the following property:

LeEMMA 1. Let z and y be two vectors of R? such that ||y || /|| z ||> 1+~ with v < 1/2. Then,
if v is a random vector on the unit sphere S we have Pr[|z -v |>|y-v || < 1/2—7/3.

Intuitively, short vectors “should not defeat too often” longer ones when comparing their projec-
tion on a random line determined by a vector on S?'. In order to compare two vectors from their
projections, the key point is therefore to use a large enough set of lines to capture the probabilistic
property contained in the above theorem.
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1.2.2. Empirical measures and Vapnik-Chervonenkis bounds. Let (2, F, i) be a probability space,
S C F aset of events, and Xy, X3,..., X,, n random variables following the law p. If one calls the
empirical measure of an event s the fraction of X,;’s falling into s, the quantity

sES n

measures the maximum difference over the class S between the empirical measure and the prob-
ability. It is a random variable and Vapnik-Chervonenkis’s contribution [5] has been to elucidate
the conditions under which it converges in probability to zero, that is the conditions under which
lim, o Pr[A% > €] = 0 for any . To sketch this contribution, let a range-space be a couple
(P,R) = ((Q,F,u),R C F). We shall say that a set A of finite cardilality is shattered by R if
Va € 24 3r € R such that @ = r N A. The dimension of Vapnik-Chervonenkis of (P, R) is the
cardinality of the biggest A C € shattered by R.

DEFINITION 1. A v-sample for (P, R)is a finite set A C @ such that |u(r)—|rUA|/| A]] <7,
Vr e R.

THEOREM 1 ([5]). For a range space of dimension k, a random sample of size

16 16k 4

s a y-sample with a probability al least 1 — 6.

1.2.3. Fzceptional and p-distinguishing sels. As pointed out above, we are interested in compar-
ing points with respect to their projections on vectors from $9='. For two vectors z and y with
lyll/|lz]||>1+ 7 we call their exceptional set

Wy = {ve 5%  such that |z-v|>|y-v]}.
And a random set of vectors V from §%71 is called p-distinguishing if
VWey, w(Wey)<p=|VW,,|/|V]|<1/2

More prosaically, a set V is p-distinguishing if a majority of its points do not fall into some excep-
tional set of size smaller than p.

1.2.4. Hyper-planes arrangements. An arrangement of n hyper-planes in R? is said to be in
general position if any d hyper-planes have a unique point in common, and any d 4+ 1 hyper-planes
do not share a point. Given a hyper-plane h and a point p, p is either above, on, or below k, which
is called its position. A face on an arrangement is the set of points having the same position with
respect to all the hyper-planes. The dimension of a face is its affine dimension. It is known from [2]
that

THEOREM 2. The number of d-faces of an arrangement of n hyper-planes in general position is
d
Ja(n) = X1, (?)

1.2.5. Digraphs. A complete digraph G on n vertices 1,2, ..., nis a directed graph which contains
for any pair of vertices {1, j } either the edge (¢,7) or (¢,7). An apex of G is a vertex with a directed

path of length at most two to any vertex. At least, an apex ordering of GG is an ordering iy, ..., 1,
of its vertices such that i is an apex for the sub-digraph G[ig,ig+1,...,7,]. The following is
straightforward:

TuHEOREM 3. Every n-node complete digraph has an apex ordering computable in O(n?).
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1.3. First results. The following theorems can be proved:

LEMMA 2. Lel i be the uniform measure on S%='. The dimension of the range-space

(S Fo ) AWy | (W) < p3)
is less than d' = 8(d 4 1)log(4d + 4).

LeEMMA 3. There erists ¢o such that a random sample of S9! of size f(6,7) is a v/2-sample
Jor the range-space ((S¥1, F,p1), {Wa, | pf(Wey) < p}) with f(é,7) —%( "log & =t log 5) =
0(dlog? d).

COROLLARY 1. A setV of f(7,8) vectors from S~ is (1/2—~)-distinguishing with a probability
at least 1 — 6.

2. First algorithm

2.1. Construction of the data structure. This algorithm returns an approximation of the k-
NN of a point ¢. To build the data structure from which it does so, we first draw uniformly at
random a set V of L = f(£,8) = 6(dlog? d) vectors from S9=1. Then for each vector v; € V, the
following is done: 1. compute v; - p;; with p;; = (pi + p;)/2, 1 <4,5 < n; 2. sort the p;; according
to the values of v; - p;; and denote S; the list obtained. The list of lists 51,..., 5, is denoted X.

For each such list, a pair of consecutive entries is called a primitive interval, and a sequence of
primitive intervals is called a trace—see Figure 1. The maximum number of traces is upper-bounded
by (n?)F = pO(dlog®d) Byt a trace is realizable if

3¢ € R4 VE = 1,...,L,vk-p£f32 <vk-q<vk-p£fg4.

So that realizable traces are defined with respect to the Ln? hyper-planes vy, - (pgfi)z) — ). And from

theorem 2, the number of such traces is E?:o (Lﬁ) = O(nlogd)*

k3

DEFINITION 2. For a realizable trace 0 = 01 ---0y - - -0, p; is said to o-dominate p; in Sy if p;;
lies in the interval (o, ..., p;;).

For each realizable trace o, the construction is as follows: (1.) build a complete digraph G, on
{1,2,...,n} with the edge (7,7) if p; o-dominates p; in half of the lists of ¥; (2.) build an apex
ordering (o, G, ) of the nodes of G,.

The idea behind the domination definition is depicted on Figure 2: if p;; falls in the desired
interval denoted Iy, then p; € I and we have | vy - (p; — q) |<| v - (p; — @) |.

2.2. Algorithm. To process a query associated to a point ¢: 1. compute o(q) = o1(¢)---0L(q)
with ox(¢) the primitive interval from S; containing v; - ¢; 2. retrieve the apex ordering associated
to o(q) and return the k first entries.
This algorithm therefore returns an e-approximation of the k nearest neighbours of a point ¢ in
a deterministic fashion, so that the answer is guaranteed to be correct if the random sample V is
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actually (1/2 —¢/3)-distinguishing—see §1.2.3 and Corollary 1. Roughly speaking, the correctness
of the algorithm comes from the fact that if a non-desired point p; has been returned instead of a
desired point pg, then p; dominated py in more than half of the lists of 3, and the sample V was
not distinguishing enough with respect to the exceptional set W,_,, ,_p,.

The pre-processing requires O (Ln?(nlogd)??) time and O (n(nlogd)??) space. The cost of a
query is O(k + L(d +logn)) = O(k + (dlog? d)(d + log n)).

3. Second algorithm

As opposed to the first algorithm, the second one does not try to compute a partition of the
requests’ space and proceeds in two steps. The first one consists in drawing a random sample from
P of the appropriate size and returning the closest point to ¢. The second one compares iteratively
¢ to pairs of points of P in a tournament way depicted on Figure 3. Assuming that n = 2™, the
overview of this second stage is the following;:

1. a random sample V of O(dlog® n(log? d 4 log dloglog n)) vectors is drawn uniformly on S%~1,
and a multi-set I', of V' is assigned to each internal node v of the binary tree whose leaves
are a permutation of the points of P. For a query point ¢, two points p; and p; of P, and a
multi-set Iy, p; is said to dominate p; if | vg - (p; — ¢) |<| vk - (p; — ¢) | holds for a majority of
vectors vy, in I',. Otherwise p; dominates p;;

2. each internal node v of the tree is assigned its dominating child for the multi-set T',,.

The point eventually returned is the best candidate from the two points returned by the two steps.
It can be shown that an e-approximation is returned with a probability greater than 1 — é in
O(n + dlog® n) time with a space requirement of n | V' |.

4. Application to molecular clustering

Suppose we are given a set of d molecular fragments, say F = {fi,..., fs} and a set M =
{mi,...,mpn,, } of N,, molecules, each described by a set of fragments of F—see Figure 4. We shall
represent a molecule m; by a sequence of d boolean values m; = b;1b;9---b; ¢ with b; ; = 1 if m;
contains f; and b; ; = 0 otherwise. This formulation fails to report multiple occurrences of a given
fragment in a molecule, but it has the nice property that a molecule is represented by a point on
the hyper-cube H? = {0,1}%. Given two molecules, we call their similarity the number of common
fragments that is the quantity sim(m;, m;) = Zizl bk bjk.

Given the set M we are interested in the following problem: find a partition of M into subsets
of neighbours or clusters. To do so, one way to proceed see [3] consists in first building a Minimum

Spanning Tree on the input data set, second removing those “too long” edges from the MST,
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and third computing the connected components we are left with. The key point lies in the MST
computation, and it is shown in [6] that

THEOREM 4. A MST on n points in dimension d can be found in
0292172 (log n)1=1/21) time.

Unfortunately for our concern where d can range from 500 to 2000, the 27 constant is prohibitive.
Kleinberg’s algorithms customised to the hyper-cube setting could make Yao’s algorithm interesting
in practice.
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Wiener-Hopf Factorization: Probabilistic Methods

Philippe Robert

Inria Rocquencourt
March 17, 1997

[summary by Jean-Francois Dantzer]

1. Introduction

We consider a discrete random walk on Z, defined by
So=0 and Sn:ZXZ', n >0,
=1

where (X;);>1 is an independent identically distributed (ii.d.) sequence of random variables. We
define two hitting times v4 and v_,

vy = inf{k > 0/S; > 0}, v_ =inf{k > 0/5; < 0},

with the convention inf(})) = +oc.
We also define M and L two variables indicating respectively the maximum of the random walk
and the hit moments at which it is attained
M = sup{S,.}, L =inf{S,=M}.
n>0 n>0
This talk presents the classical probabilistic methods to derive the join distributions of (vy,5,,),
(v—,S5,_) and (M, L).

Ficure 1. Random walks (5y),>0 and (S,4,_)n>0 (in dotted line)
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Applications of these results have been found in biology [3, 4] or in queueing theory [2]. For
more details on this subject, see [1, 5].

2. Distribution of (v,,5,,) and (v_,5,_)

The distributions of the pairs (v4,.5,,) and (v_, 5,_) will be expressed through their generating
functions, i.e., E(u** 2%+ ) and E(u”-z%-).
We consider three variables

1
U,(u,2)= on ul <1,z <1},
H02) = T CRSUEESY
1
U_(u,2)= on u| < 1,|z| > 1},
(42) = T flul <1122 1}
U(u,z)= EE(U”ZS") on {|u| < 1,|z| = 1}.

n>0

The main result, the factorization of Wiener-Hopf described in the following proposition, gives an
analytic characterization of ¥, and ¥_.

ProrosiTION 1. ¥ can be uniquely decomposed on {|z| = 1} as:

W(uv Z) = \II_|_(U, Z)\IJ_(U, Z)a

where V4 and V_ have the following properties:

— W, is analylic on {|z| < 1};

— VU, and 1/¥, are continuous and bounded on {|z| < 1};

- \I!_|_(u,0) = 1,'
and

— W_ is analylic on {|z| > 1};

— V_ and 1/¥Y_ are continuous and bounded on {|z| > 1}.

ProoFr. The proof is based on the following arguments:

— The function ¥ can be expressed with the distribution of Xy, the sequence (Xi)nZI is inde-
pendent identically distributed, then E(Z5) = E(ZXi=1X) = E(ZX1)" thus
1

Vs = B = Ty
n>0

— (Sn)n>0 and (Syn4u_)n>0 have same distribution, (Sy,4,_)n>0 is the random walk beginning at
the time v—;

— The independence between the pair (v_, 5, ) and the sequence (S,4+,_)n>0;

— the same properties are also valid for (5,4, )n>o0- -

3. Examples

The factorization is easy when W has a finite number of poles and zeros. We consider two such

examples.
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3.1. Random walk + 1. We suppose X; = 1 with probability p and X; = —1 with probability
(1 —p). In that case,

z

)\ =
(u,2) —upz? +z —u(l —p)

¥ has only two poles

1—+/1—4u?p(1 - p) 14 /1 —4u?p(1 - p)

a1(u) = 2up ’ az(u) = 2up ’
with 0 <ay(u) <1< az(u).
The decomposition gives:
as(u) z
U, (u,z)= ———"— and U _(u,z)= .
+(u,2) az(u) — z (. 2) az(u)up(z — ai(u))

Here, we obtain the generating functions:

z u(l —
E(u+z5+) = (@)’ E(u’-z%-) = (1 — ag(u)up) + ( p; r)
3.2. Random walk left bounded. We suppose Pr(X; < —1) = 0.
1 z
V(u,z) = =

1—uBE(zX)  z-uBE(zX+)

In that case, the factorization is easy because by Rouché’s theorem the function z ~ z — uE(zX+1)
has one only root which belongs to {|z| < 1}, which we denote by a(u). One proves that a(u) € [0, 1]
and the decomposition of ¥ is the following:

z—oa(u) uPr(X =-1) z a(u)
z —uk(2X+1) a(u) ’

and the generating functions are:

Uy (u,2) =

B(ur-2%-) = 1— uPr()i :) -1) uPr(XZ —1)7
s o) z-uB(EH)
B(u+z™4) =1~ uwPr(X = -1) z—a(u)

4. Distribution of the Maximum and its first Hitting time (M, L)

The distribution of the pair (M, L) is expressed through its generating function E(z"zM).

ProrosiTION 2.

U, (uz, z)
E(z") = ’},1—>1 \I!+_|_(u 1)

Proor. We define the variables M,, and L,, as

M, = max S5y, L, =inf{k/Sp = M,},
0<k<n

and the function H on {|u| < 1 |£L‘| <1,]z| < 1} as

(u,z, 2) gu”L"

9M>0



Using the same arguments as in proposition 1, it can be proved that:
\I’_|_(U$, Z)
V(w10

H(u,z,z)=

We conclude applying

liml(l—u)H(u,ac,z)_ hm 1-w)E Eu” Ln Moy = lim  E(atrMn) =

n—-4oo
n>0
For the case of the random walk of subsection 3.1, it gives for p < %

E(:CLZM) — a2(u) 1_2])7
az(u)—z 1—p

then
Pr(L < +o0, M < +¢) =1,
and the distribution of M is geometric with parameter %, for p >
E(z"2My =0 and Pr(L =M =400
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[summary by Philippe Robert]

1. Introduction

In this talk we study a matching problem for two sequences S = (s1,...,5,), T = ({1,...,1p)
where s1,...,58,,11,...,1, are elements of some alphabet A. This mathematical model is used in the
analysis of some biological sequences. To any couple (z,y) € Ax A, one associates a score H(z,y) €
R which is negative if the two letters do not agree or positive if their aflinity is significant. A local
matching of length [ of these sequences is given by a sequence ((sq,,%;, ), (Siy, 45, )5 -+, (85,15, )) with
1<t <tg<---<y<nand 1< j < <7 <p. The score of this matching is then defined as

{
E H (s t5,).
k=1

The main problem considered in this talk is to estimate the maximal score among all the possible
matchings of these sequences.

A probabilistic setting is used to give estimates of this optimal score. The letters are assumed to
be drawn independently from the alphabet. This hypothesis leads to a formulation of the problem
in terms of random walk. The optimal score M(n) for two sequences of size n can be represented
as
(1) M(n)= sup (S;—.5;),

0<j<k<n
where S, = %, X; (320 = 0); The variables (X;) are assumed to be independent and identically
distributed. The sequence (5,) is the random walk starting from 0 associated to the distribution
of Xj. Clearly the sequence (M(n)) is non decreasing with n, and as we will see, it converges to
infinity as n — 4o00. Our goal is to find an asymptotic estimate of M(n) for n large. We prove
that if £(X;) < 0, and some other technical conditions, there exists some constant a such that the
renormalized sequence M(n) — alog(n) converges in distribution.

2. The relation with a reflected random walk

For n > 1 we denote by
W, = sup (9, — Sk),

0<k<n
then M(n) can be expressed as
(2) M(n)= sup W;.
0<k<n
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It is easy to see that the sequence (W),,) satisfies the following relation
(3) Wop1 = (Wo 4+ Xoy)t, 220
where 7 = max(z,0). Now define

v_ =inf{n > 0/5, <0},

which is the first time the random walk visits the negative axis. The law of large numbers gives that
almost surely lim,,_ 4. %27{ X; = E(X4), and because E(X;) < 0, we have lim, 4 > X; =
—00, thus the quantity v_ is always finite.

By induction, using (3), one can check that W(n) = S, for n < v_. Furthermore, we have
W,_ = (S5,_)T =0, by definition of v_. Tt is easy to prove that starting from ¢ = v_, the sequence
W,, performs another similar excursion above 0 independently of the previous excursion, and so on.
The sequence (W,,) is the reflected random walk at 0.

Su_

Ficure 1. The path of n — W,

The method of resolution. To estimate M (n), the maximum of & — W), on the interval {0,...,n},
we proceed as follows

1. Estimate the distribution of M.;., the maximum of the random walk during an excursion
above 0.

2. Count the number of excursions of k& — W} above 0 up to time n.

3. M(n) = max{M..., } where the maximum is taken on all excursions ezc; before time n. The
excursions being independent, the same is true for the (M., ). Estimating the maximum of
independent random variables is easy.

Technically, the main tool used to prove convergences is the renewal theorem. The explicit

calculation of constants involved in the limiting distribution requires the Wiener-Hopf factorization
associated to this random walk. We give a formulation of these results in the next section.

3. The probabilistic tools

3.1. The renewal theorem. We consider a sequence of non negative i.i.d. integrable random
variables (Y;) and denote by T,, = Y ]'Y;, the non decreasing random walk associated to the
distribution of Y;. For ¢ € R4, let N; be the number of T between 0 and ¢. Thus, Tn,4+1 — 1 is the
length of the interval between ¢ and the first T} after £.

ProrosiTioN 1. Almost surely
N; 1

lim = ,
t—too ¢ oo E(Y1)




where E(Y1) denotes the expected value of Y.

As we can remark at that point the above proposition will solve the second point of our program
above. In this case the beginnings of the excursions will define the renewal process.

The main result in renewal theory concerns the solution of the so-called renewal equation. If f
is some function, the function Z is the solution of the renewal equation associated to f if, for all
z >0,

(4) Za)= J()+ | 2 - pPCX1 € dy).
0
The main theorem is the following

THEOREM 1. If f is Riemann integrable, there is a unique solution Zy of (4) and Z; salisfies
+ oo
lir_l{l Zs(z) = l/E(Xl)/ f(u)du.
r— 100 0

This analytical formulation of the renewal theorem can be seen as a consequence of a probabilistic
result: the variable Tn, 11 — ¢ converges in distribution as ¢ — +o0.

3.2. The Wiener-Hopf factorization. This technique concerns the calculation of the distribu-
tion of the hitting times of the positive, negative axis by a random walk and the position of the
random walk at these times. We have already seen v_, we define its positive counterpart vy,

vy = inf{n/9, > 0}.

THEOREM 2. For u € C, such that |u| < 1, there exist ¢4 (u,.), ¢_(u,.) such that
1.

(5) #(C’@() = ¢4(u, &)o-(u, &),  R(E) =0.

2. The function ¢4 (u,.) [resp. ¢_(u,.)]is analytic on {R(€) > 0} [resp. {R(€) < 0}], continuous,
bounded away from 0 and oo on {R(£) > 0} [resp. {R(€) < 0}/]. Moreover

w6 = 1,

Such a decomposition is unique.
The following corollary is the probabilistic interpretation of the above theorem.

COROLLARY 1. The functlions of the Wiener-Hopf factorization can be expressed as

1 ,
¢+(u7€) = 1_ E(u”+€_£sl’+)’ lu| < 1, R(f) >0,
6 (u,6) ! ul <1, R(E)<0.

1 E(u”—e_gs”—)

Thus, if we are able to decompose the function 1/(1 — uE(e=¢X)), the joint distributions of (v4, 5, )
and (v_, S,_) are known through their Fourier-Laplace transforms, E(u"+e™¢%+), E(u~e™%%-).
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4. The main results

Using theorem 1, one can prove the proposition about the tail distribution of the maximum of
the random walk during an excursion.

ProrosiTioN 2. If the following conditions are satisfied,

- E(X;) <0, P(X{ >0)>0 and X, is non arithmelic;

— There exists 8 > 0 such that E(e?%1) < 4-00;

— E(|X1]eX1) < 400, where « is the positive solution of E(e?X1) = 1;
then

P = 1- E VS
lim €’V$P(jweg;c > $) = Cexc = (V+ —I_OO)( S, (e )) '
z—too YE(X1e X1 ) E(vp e’ 1y, cho0))

Notice that to make the constant Cy,. explicit, one has to know some functionals of vy, v_. This
is the place where the Wiener-Hopf decomposition is useful.

At that point cases 1 and 2 of our program are solved. For point 3 it remains to integrate these
results. This gives our final theorem.

THEOREM 3. Under the hypotheses of the proposition 2, there exist two constant K, A such that

lim P(M(n) - @ <z)= e K

n—+0o -
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The Philosophers’ Process on Graphs
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[summary by Philippe Robert]

1. Introduction

The talk is concerned with a stochastic model based on the dining philosophers’ problem which is
called the philosophers process. The philosophers are on the N vertices of some graph G, they have
two states 0 or 1. The state of the process is given by the vector = (n(z)) where n(z) € {0,1} is
the state of node z. The dynamics of this process forbid the states where two vertices with value 1
are neighbours.

The stochastic process is described as follows:

— If a node has the value 1, then at rate 1 it becomes 0;
— If a node and all its neighbours have the value 0, then at rate A, its value becomes 1.

This can be translated in a Markov process context; If 1; € {0,1} is the state of the process at
time ¢, then its generator @ = (¢(7,()) is given by

1. g(n,m—6;)=1if n(z) =1, where 6,(y) = 1 if = y and 0 otherwise;
2. g(p,n+ 6,)=Aif n(y) =0 for all y € N(a), where N(z) is the set of the neighbours of z;
3. ¢(n,¢) = 0 otherwise if n # (.

Because of the constraint on the 1’s, only a subset § of {0,1}" contains the states which are
admissible. It is well known that this process is reversible, that is at equilibrium the process from
time 0 to time 7T looks the same in distribution as in the reversed time scale from T to 0. Its
equilibrium measure 7 is also known, 7(n) = [AZ=")]/Zg, with n € S. Zg is a normalizing
constant, so that 7(9) = 1, also known as the partition function. The constant Zg is a polynomial
in A, its degree I corresponds to the states with a maximal number of nodes with value 1. The
coefficient of A in Z¢ is the number of states with I nodes with value 1. Hence, in some sense,
finding the explicit value of Z can be presented as a combinatorial problem. The main results of
this talk concern the explicit representations that can be obtained for the equilibrium measure and
in particular for the partition function.

2. Markov random fields

We begin with some general definitions concerning Markov random fields. These objects are
probability measures on the state space which can be expressed in terms of local specifications
instead of a global description such as the one we have encountered for w. It turns out that the
measure 7 as we shall see can also be expressed in that setting. This result gives a simple recursive
sequence to express the partition function Zg.
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DEFINITION 1. (i). A probability measure u on {0,1}" is a Markov Random Field if for all
U,V C {l,...,N} such that VU N(V) C U, and 5, u(n¥) = u(n"="V)u(n" /9N V), where 5V is
the set of coordinates of 7 whose index is in U and N (V') is the set of the neighbours of V. (ii). A
probability measure g on {0,1}" is a clique system if for all U C {1,...,N},n € 5,

p) = 5 [T Qe (),
C

where the product is on the subsets C' of the set of indices such that €' is a complete subset of U
or ' is in the complementary of U.

Obviously (ii) is stronger than (i). Roughly speaking, the definition (i) expresses that the state
on V can be determined by the neighbours of V', in this sense p has local specifications.

ProrosiTiON 1. The measure w defined above is a clique system.

Using the definition of Markov Random Fields, the following proposition holds. It gives a recur-
sive procedure to calculate the partition function.

ProrositioN 2. If C' C {1,...,N} is a complete subgraph of G, then Zg = Zg_, + Mgz,
Zg=26-c+AY e Zi-z, ba(n(z)=0) = Za_z/Za, pc(n(z) = 1) = Zg_z/Zc-

3. Applications to some graphs

If G and G5 are two graphs, the Cartesian product of these graphs G X G5 is the graph for which
the set of vertices is the usual Cartesian product of the set of vertices. Two nodes are neighbours,
if one their coordinates is the same and the two other ones are neighbours in the corresponding
initial graph. The graph in line [resp. on the torus] with m nodes is denoted as L., [resp. C\,].

ProrosiTioN 3. If K, is the cliqgue with n verlices, then the partition function of the graphs
K, x Cp, K, X L,, can be expressed explicitly.

Some recursive procedures can also be defined in the case of hypercubes and trees.

4. A phase transition phenomenon

Up to now, the state space of our processes were finite. The Markov processes we considered
were irreducible, i.e. with positive probability one can reach one state from any other state. As a
consequence, a unique equilibrium measure existed. If the graph has an infinite number of nodes,
this is not the case anymore. It is possible to have more than one equilibrium measure, and even
an infinite number. In this case the model is said to have a phase transition. Although it occurs
with infinite graphs, it also has consequences for finite graphs. Roughly speaking, if there are at
least two invariant measures for the infinite graph, this implies that for a finite graph converging
to this graph, the equilibrium measure will be a combination of at least two attractors for the state
process. Here, we are interested by the Cartesian product K, x T2, where T2 is the infinite regular
tree of degree d.

PrOPOSITION 4. If d > n > 2 and A > (d + 1)%/[d*(d — n + 1)], then the associated Markov
process has more than one equilibrium measure.
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1. Introduction

This talk considers a problem of load sharing. A set of N processors are the vertices of some
graph G' and each of them has a buffer of finite capacity K. A flow of requests (which may be
thought of as tasks to be processed) arrives at each vertex. In the case where the vertices do not
cooperate in some way, this model is simply a set of N independent finite capacity buffers. In
order to optimize the use of total capacity of the network, it is desirable to design a policy which
transfers a fraction of the load of highly loaded nodes to under-used processors.

These problems are generic in the sense that they occur very frequently in many mathematical
models as soon as finite capacity and possibility of cooperation is assumed. A classical example
is the telephone network: If a call from A wants to reach B and all the links between A and B
are used, it is possible to use the alternative routing strategy: a node C' is chosen at random, a
link between A and C' an a link between C' and B are reserved if possible. If this succeeds, the
call between A and B is finally accepted. Notice however that this algorithm has a cost: two links
are required instead of one [1]. Another example, again for routing, is Valiant’s algorithm [2]. It
is often quite easy to guess some reasonable load sharing algorithm, however it is more difficult to
estimate its impact on the performances of the system. Moreover, in some cases, load sharing is
worst than no sharing at all [1, 4]! In this talk, our basic assumptions are: (7). The requests arrive
at each node according to a Poisson process with parameter A; (7). Each processor works at unit
speed the requests which are assumed to be exponentially distributed with parameter 1; (7). A
request arriving at a node which is already full (i.e. with K requests) is rejected.

To estimate the performances of a load sharing algorithm, one can use the following parameters:
the rejection probability; the average use of each processor, or equivalently the average free space
in the buffer; the mean response time.

2. The load sharing algorithm

We describe the state of the network as a vector (7(z)) on the set of vertices, n(z) is the number
of requests at node z. The algorithm considered here is defined as follows: If a request arrives at
some node z, then

1. if p(z) = K, the request is lost;

2. If p(z) < K and n(z) < inf{n(y)/y € N(z)}, where N(z) denotes the set of neighbours of z,

then the request is assigned to the node & and 7n(z) — n(z) + 1;
3. If K > n(z) > inf{n(y)/y € N(z)}, then the request is sent to a node Y, chosen at random in

the set {y € N(z)/n(y) < n(z)}. At node Y, the request follows the same procedure and 3.
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is applied until case 2. is satisfied. Hence the request will finally be assigned to a processor
which is a local minimum in terms of the number of requests in the buffer.

A departure from the node z has the same consequences: a request chosen at random among the
nodes with a higher load level is transferred to the node z and so on.

The probabilistic assumptions make the state process (7:()) at time ¢, a Markov process. The
transition rates can be defined as follows: Let a(z,n) be the rate of the requests through node z
when the state of the process is 7, then a(z,n) is defined recursively:

1. If n(z) > sup{n(y)/y € N(z)}, then a(z,n) = Xif n(z) < K, a(z,n) = 0 otherwise.

2. 77(.%) < SUP{U(’U)/V € IV('I)}7 then 0‘(357"7) = A+ EyEN(a:),n(y)>77(z) a(yﬂ?)/ﬁ(%ﬂ)a where

n(y,n) = {z/n(z) < n(y)}.
These transitions are quite straightforward according to the description we gave. The term m
is a consequence of the fact that if y is not a local minimum, then the request is sent at random to
some neighbour with a lower load.

The parameter a(y,n) is not the real rate of requests in the buffer of y. This rate is 0 if y is not
a local minimum and a(y,n) otherwise. The departure rates are defined in a similar way, using the
local minima of 7.

3. Results

The Markov process we defined above has a local interaction, i.e. any event concerns only a
bounded neighbourhood. The local interaction comes from the fact that a local minimum is at
most at distance K from any node. This is a special case of interacting particle systems [3]. One
of the first non trivial problems for this class of models is the existence of such a process. Given a
generator, that is, the transitions, does there exist a semi-group, i.e. a Markov process, with this
generator? Standard techniques show that this is the case. The second problem is the asymptotic
behaviour: does there exist an equilibrium measure, a unique one? and if not what are the extreme
points of the convex set of equilibrium measures? In the case where the graph is the lattice Z?, the
result is the following

THEOREM 1. There is a unique equilibrium measure and the state of the network converges
exponentially fast to that equilibrium measure.

The proof of this theorem is based on a coupling argument: if , { denote two possible states for
the network such that n < ¢, i.e. n(z) < ((z) for all the nodes z, then it is possible to construct two
processes 1, (; with initial state n,  such that 5 < (s for all £ > 0. The proof uses this coupling to
prove that all the processes stick to the stationary process after some time 1" with an exponential
moment.

3.1. The case of the complete graph. When the nodes are all connected, it is then easy to see
that the total number of requests X (¢) in the system is a birth and death process with birth rate
nAif X () < (K —1)N and (KN — j)Aif (K —1)N < X(¢) < KN — 1. The death rates are given
by X(¢)if X(¢) < N, and N otherwise. Asymptotic results are easily derived when N — +oo0.
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Abstract

We illustrate some connections between probability theory and number theory. Examples
are taken from multiplicative number theory (probabilistic behaviour of the function w),
additive number theory (Sidon problem, where arithmetic results are proved by using prob-
ability theory; partitions; and Erd6s-Rényi type models for sums of powers, where situations
on which nothing is known, are modelled) and probability (upper bound for the concentra-
tion of the sum of independent and identically distributed integer random variables, where
probabilistic results are obtained by using methods from additive number theory).

1. Introduction
One can distinguish at least four types of connections between probability theory and additive
number theory.

(i) When probability leads to models for the integers;

(ii) When probability techniques permit to prove number theory results;
(iii) When number theory questions lead to probability questions;
(iv) When number theory methods permit to prove probability results.

Part 2 is devoted to multiplicative number theory. It provides examples for points (i) and (ii).
The third part, which is the heart of this talk, is concerned with additive number theory and
illustrated with Sidon’s problem (point (ii)), partitions (points (i) and (ii)) and sums of s-th powers
(points (i) and (iii)). In the fourth part, which deals with concentration functions, point (iv) is
illustrated.

2. Multiplicative Number Theory

We begin with a famous result due to Hardy and Ramanujan [11] concerning the function w,
which counts the number of divisors of an integer

w(n) = [{p such that p|n}|.
Here and in the sequel, p always denotes a prime number.
THEOREM 1. Let ¥(z) — oco. Then the set of integers such that
(1) [w(n) ~ loglog n| < ¥(n)y/Toglogn

has density one.
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This result means that
i {1 <n < N:(1) holds}|
11m =

1.
N—+co N

The original proof is quite technical. We quote here an efficient way to get the result which is due
to Turdn [17].

Ny wm)=NY D i=N1>" Y 1

n<N n<N p|n p<N n<N

n=0modp
— N1 Z(N/p_}_ 0(1)) = Z 1/p+0(1) =loglog N 4+ O(1).
p<N p<N

See for example [16] for the last equality. In the same way, we get

Nt z w(n)? = (loglog N)* + O(loglog N),
n<N

thus the number of exceptions to (1) up to N is

(w(n) — log log n)?

{1 <n < N :jw(n)—loglogn| > ¥(n)y/loglogn}| < Z

n<N

bl

U(n)?loglogn

which is O(N/¥(N)?). This proves the result.
Now let us show a probabilistic approach. Let (X,) be a family of independent random variables

defined by

X - 1, with probability 1/p,
P~ o, with probability 1 — 1/p.

The mathematical expectation of w = 37 -y X, is
Ew)= Z E(X,) = Z 1/p =loglog N + o(loglog N),
p<N p<N

and the variance of w is

V(w)= > V(X,)=> (1-1/p)/p=loglog N + o(loglog N).
p<N p<N

Chebyshev’s inequality yields

Pr{lw— B(w)| > W/V()} < 1/¥2,

that is the result.
This result can be interpreted, with a probabilistic point of view, as a weak law of large numbers.

A much more precise result, that is a central limit theorem, has been proved by Erdos and Kac in
1939 [4, 5].

THEOREM 2. For u a real, one has

1 1 “ 2
2 —{1 <n < N :w(n)—-loglogn < uy/loglogn — et 2qy,
2 FHL <0 €V () —loglogn < uy/foglogn)| — —= [
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A natural question is now: can this result be extended to other (strongly) additive functions
(that is such that f(n) =}, f(p))? More precisely, can one compare (and how far?)

1
V|{1§n§N:f(n)§u}| with Pr Zngu ,
. p<N

where the X,’s are independent Bernoulli random variables such that Pr{X, = f(p)} = 1/p and
Pr{X, =0} = 1 —1/p. By sophisticated sieve arguments, it can be shown that

%ngngN: E f(p)Su}|_Pr{ZXpSU}:O[$_1/15—|—eXp<—1logx1 logx)]7

— ) Og
Papgr < 8 log r log r

which is o(1) when r = 2°(*) tends to 400 but ¢(z) — 0. This model is called the “Kubilius model”.

3. Additive Number Theory

3.1. Sidon problem. In 1932, Sidon raised the following question: is it possible to find a sequence
A of non-negative integers such that

(i) For every positive integer n, there exist a,b in A such that n = a + b;

(ii) |{a,n —a € A}| = o(n®) for any € > 0.
In other words: is it possible to build a “thin” basis of order 2?7 In 1954, Erdés [3] answered
positively the question, by proving a more precise result.

THEOREM 3. There exists A and 0 < ¢; < ¢g such that
(3) cilogn < [{a,n—a € A}| < calogn,
for n > 2.

The proof is probabilistic and particularly short but absolutely not constructive: let (Q,7, P) be
a probabilistic space and X5, X3,... be independent Bernoulli random variables such that Pr{X, =
1} = ey/(logn)/n. For w € Q, let A(w) = {0,1} U {n : X, (w) = 1}. Then for almost all w € €,
A(w) satisfies (3). A very detailed proof of this result is given in the book by Halberstam and
Roth [9, chap. 3].

3.2. Restricted partition function. This example underlies the probabilistic interpretation of
the powerful Ramanujan-Hardy-Littlewood circle method [18].
For a given N, let ¢(N) be the number of ways to write
N=ni+ny+---+n,,
with 0 < ny < ng < --- < n.(< N). Another way to say this is: let
En={0,1} x ---x {0, N},

then
{z €N, > an =N}

{z € En} .

Let Xi,..., Xy be independent random variables such that X, takes the values 0 and n with
probability 1/2. We have

o) =2V

g(N)=2VPr{X, 4+ -+ Xy =N}.
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Denote Fn and Vy the expectation and the variance of X1 + -+ + Xy. If we assume that a local
limit theorem holds, then we can write

An easy computation shows that Ex ~ N?/4, Viy ~ N2/12 and that the exponential term is o(1)
and so that ¢(N) = o(2N N~3/?) which is not interesting. This is due to the fact that N is too far
from Epy.

This approach is far from being perfect. The reason is quite clear: in the problem of partitions
for an integer N, the integers 1,2,..., N do not have the same importance: the small values take
part much more frequently in a decomposition of N than the large ones. Thus we have to refine
the model by weighting the different integers, with a smaller weight for large integers.

Suppose now the X;’s are independent random variables taking only the values 0 and n with
Pr{X, = n} = p,. Then

q( N) _ E$€5n71’1+"'+$N=N PI‘{(Xl, . 7XN) = .’E}
Hn,z’n:n Pn Hn,xnzo(l - pn)

If we take p, = exp(—on)/(1+ exp(—on)), for some o such that F(X;+---4+ Xy) = N, that is

to say
T

o=
2v3N
we can prove (this is naturally the heart of the matter) that
1 1/2
a(N) ~ A(3N )1/ exp(TN1/2/V3)

(see [10, 13]). This argument has been recently developed in [8] in a more general context.
Proof goes as usual, by defining the characteristic function (i.e., the Fourier transform of the
image measure)

(1-1/8N 4+ O(N™%)),

On(t) = (1 — pp) + pnexp(2mint).
Then

Pr{X;+ -+ Xy=N}= [T #n(t) | exp(—2xiNt) dt.
R/Z \ n<N
The main term (corresponding to major arc) comes from a neighbourhood of 0 on the torus R/Z.
There “remains” (it is not easy!) to find an upper bound for | [[, . ¢n(t)| outside this neighbour-
hood, that is on the minor arc. B

3.3. Probabilistic models for sums of powers. It is well known that sums of two squares have
zero density. But for s > 3, nothing is known about (lower) density of the set of sums of s integral
s-th powers, like sums of 3 cubes and of 4 biquadrates.

There are two conjectures. In 1968, Barrucand [1] conjectured that for s = 3 and 4 the answer
is NO. But, in 1986, Hooley [12] conjectured that the answer is YES for every s > 3.

In order to guess something in this hard problem, Erd6s and Rényi [6], in 1960, considered
“pseudo s-th powers”, i.e., random sequences A®®) defined as in the answer to Sidon’s question, and
suggested that the number of representation rs(N) of an integer N as a sum of s elements from AL
should follow (almost surely) a Poisson law. Unfortunately, their proofs contained a gap because of
the difficulty of dealing with the quasi-independence of the sets involved. In 1965, Halberstam and
Roth [9] overcame the difficulty when s = 2, by combinatorial arguments. In 1995, Landreau [14]
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proved a correlation inequality, having its own probabilistic interest, which leads to the expected
result.

THEOREM 4. Let Fq,..., Ex be independent events, and Ay, ..., Ar be such that each A; is an
intersection of some of the E,’s. Then

0<Pr(NAy) - [ Pr(A) < ) (Pr(A¢n Ay) — Pr(A;) Pr(Ay)).
1<t<t'<T
4. Probability

We illustrate here the possibility of applying number theory ideas to probability theory with the
following recent theorem taken from [2], of which we sketch the proof.

THEOREM 5. Let % <o<2, neNande >0, Xq,..., X, be i.i.d. integral valued random
variables such thal
= <1-
(4) rglgagi Jnax E Pr{X;=10}<1-c¢
{=smodgq
and for all L > 2
(5) Q(Xy, L)<1-1L77,

where Q(Y, z) denoles supycp Pr{h <Y < h+a}. Then there exisls a constant ¢ = ¢(o,¢,Q(X1,1))
such that

QX1+ ---+X,;1)< en~e.

The proof, in the same manner as above, uses the characteristic function ¢ of Xy. If 5, =
X1+ -+ X,, we have

1
Pr{S, =k} = / (1) exp(—2mikt)dt,
0

so that Q(S,,1) < [, |6(1)]"dt.
We are now reduced to study the large values of ¢. We first use a lemma which has been
introduced in [15] (and which follows from Bochner’s theorem).

LeEmMA 1. Let Fg = {t € R/Z,|¢(t)| > cosb}, where R/Z is once again the torus, we have for
01,02 Z 0 and 01 + 02 S 7T/2,

Eg, + Eg, C Eg,+9,-

Then we need a result by Freiman [7] on structure of set addition (it has been extended to the
torus in [15]).

THEOREM 6. Let A be a finite subset of Z such that
A+ Al <2|A| -1+,
with b < |A|—3, then there exists an arithmetic progression L with | A|+b elements that contains A.

This enables us to show that either the set of the arguments for which ¢ is large has a small
measure, or it has a structure (it is located close to the vertices of a regular polygon), which is not
possible in view of (4) and (5).
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Sums of Cubes: Algorithmic and Numerical Aspects

Francois Hennecart
A2X, Université Bordeaux 1

January 13, 1997

[summary by Alain Plagne]

Abstract
Here are presented results of joint work by J.-M. Deshouillers, F. Hennecart and B. Landreau
on sums of powers (and especially of three and four cubes): do they have a positive density?
is their behaviour that of the probabilistic model? Moreover, they exhibit a candidate for
being the largest integer which is not sum of four cubes, namely 7373170279 850.

1. Sums of cubes

In 1770, Waring wrote that every integer is the sum of 4 squares, 9 cubes, 19 biquadrates and so
on, meaning that for each integer k, there exists a constant g(k) such that every integer N is the
sum of at most g(k) k-th powers. It was not until 1909, that Hilbert [11] proved it, by a difficult
argument.

We say that an integer is C} if it is the sum of at most k& cubes. In 1912, Kempner and
Wierferich proved that every integer is Cg, that is sum of at most 9 cubes. In 1939, Dickson [7]
proved that, except 23 and 239, every integer is Cs. Later, Linnik [15] (and later Watson [21]
and Mac Curley [16]), proved that every sufficiently large integer is C7. Papers by Bohman and
Froberg [2] and Romani [17] suggest that there are only 15 integers Cs and not C7 (the largest one
being 454), 121 that are C'; and not Cg (the largest one being 8042), and 3922 that are C's and not
C5 (the largest one being 1290740).

The circle method, introduced and developed by Hardy, Littlewood and Ramanujan [10] yields
an asymptotic formula for the number of solutions to some Diophantine equations. It gives, for
large enough s,

I'(4/3)°

1 S(N)=H{0<ay,...,as < NN =28+ 4 23} ~ Sy(N) =L L N3/371
() R( ) |{O—$17 s ls S ’ $1‘|‘ —|—$S}| S( )F(5/3)

when N tends to +oo. The factor Ss(V) is commonly called the singular series

o0
Ss(N) = Z Z ¢ °S(a,q)’ey(—aN),
¢=1 amodg
(a,g)=1
where e,(u) = exp(2miu/q) and
q
k
S(a,q) = Z eq(am”).
m=1
This singular series reflects the arithmetic properties of sums of cubes and usually does not imply
difficulty because (when it is convergent) it can be written as an Eulerian product (that is a
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product over primes). In 1985, Vaughan [19] proved that (1) holds true for s > 8 and two years
later, showed [20] the lower bound

R7(N) > S7(N)NY3,
The usual conjecture is that (1) is true as soon as s > 4. In this direction, Davenport [4] proved,
in 1939, that
E(N)=|{n < N, such that n is not C4}| <, N%'H,
which implies that almost every integer is Cy. Recently the exponent has been reduced to 37/43 [3].
We denote by R'3(n) the number of solutions of 2° + 3> + 2% = n, with 0 < 2 < y < 2. It is
clear that the number f5(N) of integers n < N which are sums of three positive cubes (that is such

that R'3(n) > 0) cannot exceed the number of triples (z,y, z) subject to ® + y3 + 22 < N and
0 <z <y <z, asymptotically equal to
1
8r(4/3)3N =0.1186...N.

Now, a natural question is: does the set of sums of 3 cubes have a density? If so, is it strictly
positive? Barrucand [1] computed f3(z) for 1 < & < 288000 and conjectured that it was o(z),
as = tends to co. Vaughan [18] proved in the opposite direction that f3(z) >, 23/9~¢, improved
to fa(z) > 2'921=¢ in [19] and then to f3(z) > «'/12=¢ in [20] and Hooley [12] conjectured,
contrarily to Barrucand, that f3(z) < . Hooley’s approach consists in studying

M(z) =) Ra(N)?
n<z
He proves a first lower bound
)>36> R's(n) ~ 6I(4/3)%
n<x

which corresponds to the so-called “combinatorial” contribution, and then a second, taking now
into account the “arithmetic” contribution: if

=) Ra(n)e(nb)

n<z

we have (by just considering the contribution of major arcs)

M(z / |F(0)]*d0 > T'(4/3)°Sz + o(z),

with
(2) S = Z > 18(a,9)/ql”
g=1 amodg
(a,q):l

Hooley conjectures that these two contributions are “independent” and thus that their sum gives
the good equivalent for M (z), namely

(3) M(z) ~ (6T(4/3)° + T'(4/3)°S)z,

which would imply by Cauchy inequality that sums of 3 cubes have a lower density.
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2. The first probabilistic approach for sums of three cubes

This is due to Erd6s and Rényi [8] in 1960. They consider a sequence ({,),>1 of Bernoulli
independent random variables such that
1
T 3p2/3”
The random variable counting the number of representations of N as the sum of 3 pseudo-cubes
(that is integers n for which £, = 1) is

Ry(N)= Y &bl

N=hi+ha+hs
h1<ha<ha

Pr({, =1)=a,

Erdés and Rényi announced that Rs(N) follows asymptotically a Poisson law:

_ ¥
Pr(Rs(N)=r) N T
where 7 = I'(4/3)3/6. But their “proof” contained a gap that Landreau [14] recently filled in a
general context (cf. [9]) by using original correlation inequalities which also enable him to show
that the density of sums of 3 pseudo-cubes is almost surely 1 — e~ = 0.1119.... This model has
the disadvantage to give a positive density for the sums of 2 pseudo-squares, although sums of 2
squares are known to have zero density [13].

3. Second probabilistic approach. Sums of three cubes continued

The previous paradox came at least from the following fact: the model did not deal with arith-
metic properties of sums of powers. A new model has been recently presented [6] taking into
account arithmetic parameters.

Let K > 1. One builds an integer random sequence (,u?k))lzl restricted to be equal to k% modulo
K and satisfying

k -
) ~ (k4 1K)
almost surely.

Let us denote

pg(k’,]() = |{(k1,k2,k3), 1<k <K:k= k? + kg + k’g mod I(}l

and

Ry(n, K) = [{n = i) + ply? + ), pl) <

la

< ™ 0= k2 4 k3 + k3 mod K},

Once again, it has been shown that R%(n, K') converges in distribution towards a Poisson law:

1 .
Pr{Ry(n,K) =71} — ﬁ’\(k’ K) e MK,
n=kmod K "’

with
p(k, K)

K? -
We can show also that the density of integers such that R5(n, K) > 0 is almost surely 1 — (&)
where

Ak, K) =~

K

1 .
bo(K) = — > e,
1%&1



Notice that it is satisfactory to observe that the probabilistic square mean value satisfies
1
=3 Ry, K)? ~ T(4/3) 4 T(4/3)°S5(K) /6
T
n<z

which is consistent with Hooley’s conjecture (3) (for the definition of S5(K') see the next section).

4. Numerical viewpoint.

It is now natural to ask what happens when K tends to infinity. It seems reasonable to consider
the following multiplicatively increasing sequence of moduli

Kp = H p*.
p*<B
Using convexity of the exponential, we first show that éo(/p) has a limit ég when B tends to

infinity. Then in order to find a good approximation for dy, we compute do( K5) for a big value of
B, by developing it in series

I i
fo(Kp) = 3 (1) SI(Kp) + RKn),
where _
. 1 ,O(k‘ ](B) ¢
SiKp)=7— (’72
Ks kmodK g Kg
and
. P
|R(KB)| < mSIH(AB)-

The multiplicativity of the S/(Kpg) is used to estimate them efficiently. Computations have been
done using PARI package. For example, with a B around 5000, the truncation parameter I has to
be around 18000. Now we use the inequality

2
0 < 6o — 8o(Kp) < %(s ~ SY(Kp)),

where S, defined by equation (2) appears to be also the limit of S5(Kp) as B tends to infinity.
Practically, numbers of the form of K are replaced by numbers with the following form

I » II »

p*<By p<B3
a>2 p=1mod3

This finally allows us to deduce
0.09992 < 69 < 0.09997.

The previous method did not permit to compute ég with an arbitrary number of significant digits.
Ph. Flajolet indicated a more efficient method consisting in the use of the Mellin transform. Using
the formula

1 ct+io0 —s
e = — F(s)x ds
N7 Jolioo S
valid for any ¢ > 1,2 > 0, we get
) 1 c+i00 , i ds
(4) do(K) = Zim /C_ioo I'(s)SL, (K )?

118



where

. 1 p(k, K)\°
SL(K)= — .
~o(K) K Z ( K?
kmodK
It then remains to estimate (4) by numerical integration.

5. About 7 373 170 279 850

As asserted before, one expects that every sufficiently large integer is C'y. Western’s conjec-
tures [22] assert that the size of this “last” non-Cy integer has to be in the range between 10'2? and
104, Practically, it is intractable to test every integer between 102 and 10'3 for example. But the
repartition of cubes in arithmetical progressions is far from being regular: this leads to the idea of
discriminating the search depending on the class modulo a good integer. So, the strategy has been
the following: try to “find” the last non-C) integer Ny in each class modulo 9. It is considered that
it is found if no other non-Cy integer is found between Ny and 10Ny (10 is a factor seeming largely
sufficient in view of previous experiments). This process allowed to treat the cases of every residue
class modulo 9, except 4 and 5. For these ones, it has been needed to proceed to a new discrimina-
tion (modulo 7). So there were 14 residue classes modulo 63 to examine. This discrimination has
allowed to finish all computations. This has permitted to conjecture that the last non-Cy integer is
7 373 170 279 850; it appears to be equal to 32 modulo 63. Computations have needed 8000 hours.
Note that the size of this integer is in accordance with Western’s conjectures. This work is more
precisely presented in [5].
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Some Properties of the Cantor Distribution
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[summary by Julien Clément]

Abstract
The Cantor distribution is defined as a random series
1—19 i
S
i>1

where ¥ is a parameter and the X; are random variables that take the values 0 and 1 with
probability 1/2. The moments and order statistics are discussed, as well as a “Fibonacci”
variation. Connections to certain trees and splitting processes are also mentioned.

1. Cantor distribution

1.1. Random series. The Cantor distribution with parameter ¢ (0 < ¢ < 1/2) was introduced
in [5] by the random series
v ;
X= > X,

i>1
where the X; are independent with the distribution Pr[X; = 0] = Pr[X; =1] =1, and ¥ = 1 — 9.
The name stems from the special case ¥ = %, since then this process gives exactly those numbers
from the interval [0, 1] that have a ternary expansion solely consisting of the digits 0 and 2. We
might alternatively consider an infinite (random) word wyw;--- over the alphabet {0,1} and a

map value, defined by

9 .
value(wiwy - -+ ) = 3 Z w; Y.
i>1

1.2. Moments of the distribution. We abbreviate a,, = E[X"]. The aim is to solve the recursion
formula (from [5])

n—1
1 n\—-n—k 1
n= ) 9" "9y, =1.
T & (k) B

Let us introduce the exponential generating function A(z) = > -, an%. The functional equation
involving A(z), once solved by iteration, gives -

14+ egﬁkz‘

A=) =1]] 5

kSie1



In order to derive an asymptotic equivalent of a,, the Poisson generating function B(z) = e *A(z)
has to be considered. Using “Mellin” techniques to derive an asymptotic expansion of log B(z)
when z tends to infinity and a “de-poissonization” argument which suggests the approximation
a, ~ B(n), one gets

E[X"] = a, = F(log; 4 n)n~1081/92 (1 +0 (l)> .
n

The function F(z) is periodic of period 1 and has known Fourier coefficients. The mean of F(z) is

for instance .
1 00 1+ 6—1919 z _ 3
76—191’1,10&/19 2 lda:.
0

2log v et 2
1.3. Order statistics. Let us consider n random independent variables Y7, ..., Y, from a Cantor
distribution. The average value E[min(Y7,...,Y,)] of the smallest value among them is denoted by

ay,. The coefficients a, obey the following recursion

n—1
(2" = 20)a, =0+ 9 (Z) day.

k=1
Considering now not exactly the Poisson generating function A(z) =Y, an% but rather
-~ 1 2"

A(z) = Alz)= > dan—,

er —1 n!
n>0

a simpler equation can be obtained. Indeed, one has

A(22) = 9A(2) + T

The coefficients @, can be extracted directly from this equation (equating coefficients of fz—rj on both
sides). Going back to the original coefficients a,, we have the explicit solution

n-1 , k41
— n Bk+1 2 -1
R a2 S ——
¢ ;(k)kﬂ 2% 9

where B, denotes a Bernoulli number. An approach based on Rice’s method finally gives an

asymptotic equivalent of a,
29 — 1
ﬁm (I'(— logy ?)¢(—logy ?) + 6(logy n)) ,

where ((s), I'(s) and é(s) denote respectively the Riemann’s zeta function, the gamma function
and a periodic function with period 1 and a very small amplitude (provided ¥ is not too close to 0).

Ay ~ nIng

2. Cantor-Fibonaceci distribution

2.1. Fibonacci restriction. The Cantor distribution might be viewed as a mapping value over a
set of random words over a binary alphabet. We might also think about restricted words, according
to the Fibonacci restriction, that two adjacent letters ‘1’ are not allowed. The set of (finite)
Fibonacci words F is given by

F ={0,01}"{e+ 1}.
In the original setting (Cantor distribution) probabilities are simply introduced by saying that each

letter of {0,1} can appear with probability % Here the situation is more complicated. We say
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that each word of Fibonacci of length m is equally likely. There are F,,+2 such words, with F, 9
denoting the (m + 2)th Fibonacci number. As an example, consider the classical Cantor case with

J = % and m = 3. Then the values
1ue(000) = 0, value(001) = —, value(010) = 2, value(100) = =, value(101) = —2
value =0, value = o value =g value =3 value =37

appear, each with probability % The generating function F(z) of Fibonacci words, according to
their lengths is easily derived from the definition of F above,

otz
m>0

Note that

% (o™ = ") with a = L +2\/5 and (= 1 _2\/5.

2.2. Moments of the Cantor-Fibonacci distribution. Let us consider the generating func-

tions
Gn(z) = Z (value(w))" 2!V,

weF

F, =

where |w| denotes the length of the Fibonacci word w. The quantity
[2™]Gn(2)
[21F(2)

is the nth moment, when considering words of length m. Then we let m tend to infinity to get a
limit called M,, (note that taking limits wasn’t necessary for the independent original case). The
recursion for value, when restricted to Fibonacci words, is

value(0w) = ¥ - value(w)
value(10w) = ¥ + 9* - value(w).

These formulae translate almost directly to generating functions according to the recursive definition
F =€+ 1+4{0,10}F. Thus it gives an explicit recursion formula for the functions G, (z)

0"z + QE:( ) TG (7))

=0

1
1 - 0"z — 92nz2

Gn(z) =

Since we only consider the limit for m — oo, we can get the asymptotic behaviour noting that both
F(z) and G, (z) have the same dominant singularity at z = 1/a and also that it is a simple pole.
Consequently, we have (due to a “pole cancellation”)

i GG Gal2)
M, = lim_ [zm]F(z) ~ :Sija F(z)

Therefore we have the following theorem

THEOREM 1. The moments of the Cantor-Fibonacci distribution fulfill the following recursion:
My =0 and forn>1

n

1 n\=n—i .9
M, = 99 M.
a2 _ Oé’lgn _ 19271 Z (’L)

=1
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2.3. The asymptotic behaviour of the moments. A rough estimate shows that M, ~ A™.
We might infer that A = 9 + A92, so that A = H—Lﬁ' It is not rigourous but we can set

my, = M, - (1+9)"
anyway and show that this sequence has nicer properties. As before the recurrence on the coefficients
m,, and then the exponential generating function m(z) =3 mn% need to be considered. Finally
the Poisson transformed function m(z) = e *m(z) obeys the functional equation

m(z) = 677%(192) +—m(9%2).

a?
a
Because m,, ~ m(n), the next step considers the behaviour of m(z) for 2 — co. Using the Mellin
transform (and the Mellin inversion formula), we have the following theorem

THEOREM 2. The nth moment M, of the Cantlor-Fibonacci distribution has for n — oo the
following asymptotic behaviour

M, = (1 _}_5)—71 O(— logy n)nlogﬁ‘1 (1 + 0 (l)) )
n

where ®(z) is a periodic function with period 1 and known Fourier coefficients. The mean (zeroth
Fourier coefficient) is given by

— m(¥z)z" 89" dz.
log ¥ /g !

Note that here, %fﬁ(*ﬂz) is merely considered as an auxiliary function. This integral can be
computed numerically by replacing m(9z) by the first few values of its Taylor expansion, which
can be obtained through the recursion formula on the coeflicient m,. As an example, the classical
case ¥ = £ gives (apart from small fluctuations),

M,, ~ .6160498n 4380178 () 757

The fact that in an asymptotic formula the generating function itself, evaluated at a certain point,
appears is not at all uncommon in combinatorial analysis.
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1. Introduction

Colouring a graph with the minimum number of colours is a classical problem in graph theory
and has many applications. For instance, think of a cellular phone network on which each vertex
(phone) must use a different frequency with its neighbours. This problem is also known to be a
difficult one (see for instance [3]).

The purpose of the talk is to present a naive algorithm for colouring a certain type of graphs
and explain how to analyze it with elementary probabilistic tools that we will describe first.

2. Probabilistic tools

Throughout this section we denote by Pr(A) the probability of the event A, F(X ) the expected
value of the random variable X, and E(X/A4,..., A,) the conditional expectation of X relative to
the events Aq,..., A,.

2.1. The Lovéasz Local lemma. Suppose that on some probability space 2, there are n events
Ay, ..., A, that are undesirable. We wish to estimate if there is a positive probability to avoid any
of them, i.e., if there is a positive lower bound for the quantity

where Af = Q — A;. If the events are independent, that is for any k-tuple 1 <4y < --- <4 < m,

N7= 1A HPr i)

then

ﬁ 1-Pr(A

The problem is that in practice, the events are not always completely independent but weakly
independent, in the sense that for each i there exists a subset V; C {1,...,n} such that A; is
independent of the events A;, j € V7. In other words, A; is possibly dependent of A; with j in the
“neighbourhood” V; of 7. If the cardinality of the V;’s is small, one might expect an estimate close
to the one we saw for the independent case. This is the conclusion of Lovéacs’s lemma, see [1].

LeMMA 1. If the events are such that for all 1 <1 < n,
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1. Pr(A;) < p,
2. A; is independent of (A;)jev:,
3. Vil < 4,
and if ep(d + 1) < 1 then none of the events A;, t = 1,...,n, occurs with positive probability.

2.2. Azuma’s inequality. If (Y;) be a sequence of independent random variables with the same
distribution on {0,1}, p = Pr(Y; = 1); The result of successive coin tossings is a good model for
this sequence of random variables. It is well known that the time averages %E?:l Y; converges
exponentially fast to p as n — 400. Rigourously, this is Chernoff’s bound

Pr(%ZYi—p

=1
it says basically that with high probability [p/e?] coin tossings are sufficient to get an estimate
of p with an accuracy of the order of a. This kind of result has been extended, for independent
variables, to the case of arbitrary distributions, i.e., not only with values in {0,1}, as long as they
have an exponential moment. This is a part of large deviations theory, see [2].

Another possible generalization is to consider the case where instead of the sum of independent
variables, one looks at some functional X of some arbitrary random variables Y7, ...,Y,, with values
in {0,1}. Azuma’s inequality says that if the conditional exceptions of X with respect to Y7,....Y;
do not jump sharply as ¢ goes from 1 to n, then X is concentrated around its average value, formally,

—a2/3
)2/

ProrosiTioN 1. If for each i < n,

(1) max |E(X/Yi=wy,....Yi=yi,Yiq1 = yiy1) - E(X/Yi=u,....Yi = 4)| < ¢,
Y1,--¥i+1 €{0,1}

then

a2

Pr(|X — E(X)| > a) < 2e X7,

Azuma’s inequality is surprisingly sharp considering the weak hypotheses of the proposition. In
the independent case, for X = >"'Y;, condition (1) is satisfied with ¢; = 1, hence the inequality is

in this case,
Pr (

which is very close to Chernoff’s bound.

1 — g2
=Y Yi-p|>a] <2 0,
n

=1

3. Graph colouring

We colour a graph G such that every pair of adjacent vertices receive different colours. The
chromatic number of G, noted x(G) is the minimum number of colours required to colour G. It is
easy to see that, if A(G) denotes the maximal degree of G, then x(G) < A(G) + 1.

We can obtain good bounds for x(G) for certain types of graphs, as explained in [4]. For fixed
e > 0, we saw that a vertex v is e-sparse if the subgraph induced by N,, the neighbourhood of v,

has at most (1 — ef)ﬂ%l edges. A graph is e-sparse if each of its vertices is e-sparse.

THEOREM 1. For A sufficiently large, if G has maximum degree A and G is e-sparse, then
X(G) < (1 —¢/2e5A.
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Let us indicate a rough proof of this theorem. In a first step, we construct a partial colouring C
of GG such for each vertex v, the number of neighbours of v which are coloured exceeds the number
of colours appearing on N, by at least ;5 A + 1.

From this, we complete the colouring of C to a (1 - %) A-colouring of G in a greedy manner:
We colour the remaining vertices one at a time. When we come to colour v, there must be an
available colour: Since v has at most A neighbours (this is where the sparseness comes in), the
number of colours appearing in N, is bounded by

A—(Q%AH).

Hence fewer than (1 — %) A colours appear in its neighbourhood.

Let us come back to the construction of C. We first assign each vertex of G a uniformly random
colour from {1,2,...,[A/2]}. If two adjacent vertices have the same colour, we uncolour them.
The resulting partial colouring yields C.

The first thing to show is that C is not too small, which is rather easy. Then we must study, for
vertex v, the random variable Z, which counts the number of pairs of vertices in N, which have
the same colour in C. It can be shown that since G is sparse, the expectation of Z, is greater than
eA/et.

Now that we have proved that many vertices in N, are coloured, we must show that Z, does not
differ too much from its expected value. Once this is done, we use the Local Lemma to prove that
every vertex will have such a property, thus proving the property on C. By a technical argument
replacing Z, with a more amenable quantity, Azuma’s Inequality is used to prove the assumption
on Z,. Roughly speaking, the idea is that a colouring of » should not influence the colouring of the
other parts of C, since G is sparse.
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The Dynamics of Continued Fractions with Periodic Constraints
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[summary by Philippe Flajolet]

Abstract

Consider rational, quadratic, or real numbers whose continued fraction representations sat-
isfy periodic constraints. A typical instance is numbers whose continued fraction quotients
are alternatively odd and even. Such sets have a somewhat fractal nature, and the Haus-
dorff dimension of the set of reals as well as the density of the set of rationals satisfying such
constraints can be determined. Other consequences include a precise analysis of the height
of constrained continued fractions. The methods rely on a transfer operator that generates
the constraints and whose dominant spectral properties prove essential.

1. Introduction

The triadic Cantor set C formed with numbers whose ternary representation does not contain the
digit 2 is perhaps the most ancient instance of a set defined by constrained number representations.
The density of triadic rationals a/3" that belong to C is clearly (2/3)" and this set has a fractal
Hausdorff dimension equal to logs 2; see for instance [1].

Continued fractions are of course a well-studied representation system and it is tempting to
consider similarly what happens when constraints are imposed on them. The problems are more
delicate since digits in continued fraction expansions are not independent in the common proba-
bilistic sense. Flementary constraints are defined by a single set M C N and one imposes that all
continued fraction digits (quotients) should belong to M. I. J. Good initiated this line of study
in 1941 for M = {1, 2}, while recent results have been obtained by Hensley [3] for finite sets M.

Here, more general types of constraints are studied. Let £ > 1 be an integer called the period
length, and M = M X - --x M, a family of sets (noted multiplicatively) called the period. A number
z € [0, 1] will be said to be M-constrained if the sequence of its continued fraction digits if of type
My, My,..., My, M1, M>,..., My, ..., cyclically. For instance, we have

e—2=exp(l)—2=/1,2,1,1,4,1,1,6,1,.../ =

1
* 1

2+

1
14—

so that e — 2 obeys (for instance) the constraint M = {1} x {2,4,6,...} x {1} of length 3. Such
sets arise naturally in connection with the robustness of hashing functions in cryptography [7].
131



2. Transfer Operators

The works of Mayer, Hensley, and Vallée (see, e.g., [2] for a gentle introduction) have demon-
strated the importance of transfer operators in this range of problems. Let

U(e) == - [5]

x
be the so-called continued-fraction shift. Classically, many features of the basic continued fraction
algorithm and Euclid’s algorithm are captured by an operator (taken to act on families of analytic

functions),
1 1
I

G,l/1(=) == 3

m>1

).

m+ z m+ z

The operator G is such that its specialization Gy[f] represents the probability density that results
from applying one stage of the shift U to a random number drawn with initial density f. (This
results from a simple argument that traces all the possible antecedents of a given real number.) It is
known, since the works of Lévy, Kuzmin, and Wirsing, that properties of this operator, for instance
its spectrum, are closely related to metric properties of continued fractions; see for instance [5, 6].

In the context of constrained numbers, it is then natural to introduce operators associated to an
elementary constraint,

Gl f1(2) = 3 (—— ) f(——),
meM

and, next in order of complexity, to a family of periodic constraints

m+ z m+ z

GM,S = gM[,S o gM[_J, 5§00 GMl,s-

These operators play a role analogous to generating functions in analytic combinatorics. Alge-
braically (or formally), they generate all constrained continued fractions. By design, Gas s generates
all linear fractional transformations (LFT’s) of depth 1 that are constrained by M, the rth iterate
g}m similarly generates all the LFT’s of depth k, and, for instance, the quasi-inverse

w(s) = (I = Gm,s) ™' [1)(0)
yields the Dirichlet series of all rational numbers (of arbitrary depth) constrained by M.

Analytically, density properties of constrained rationals are related to values of s such that
I — G, s ceases to be invertible, since then objects like w(s) become singular. Clearly, such singular
values are determined by values of s such that 1 is an eigenvalue of Gay s.

The operator Gaq,s is known to be compact (and even “nuclear” in the terminology of Grothen-
dieck), which implies that its spectrum is discrete and the eigenvalues are “separated” from each
other. In addition, for s real, the operator satisfies a strong positivity property visible from its
definition. Thus, a generalized Perron-Frobenius theory—of which Markov chains and positive
matrices are a very particular instance—applies, and there is a unique dominant eigenvalue that
is simple and positive, A\(M, s). Then, for a wide class of constraints (technically, of the so-called
“open type”), the domain of existence of the function s — A(M,s) is an open set, and there exists
a unique real spq for which

AM,spm) = 1.
This number spq is then a dominant singularity of the function s — (I — Ga,5)7*[1](0) and its role
is essential.

In a way, the situation here is reminiscent of the analysis of the combinatorial sequence schema,
h(z) = (1 — g(2))"! in the “supercritical case”, where g(z) attains the value 1 before becoming
singular.
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3. Results

The number sy always belongs to the interval [0,2]. A first batch of results deals with metric
information on constrained numbers, expressed in terms of the special quantity sa4.

(i) The Hausdorff dimension of the set R(M) of the M-constrained reals is equal to 1ss;

(i2) The density of the set Q(M) of the M-constrained rationals is equal to sps. This means that
the subset of constrained rationals p/q satisfying 1 < p < ¢ < N and ged(p,q) = 1 has a
cardinality that satisfies

QN (M|~ e N>

(477) A similar result holds for constrained quadratic irrationals of size < N. There, size is measured
naturally by the smallest fundamental solution of Pell’s equation, z? — Ay? = 4, with A the
associated discriminant.

These three results have counterparts regarding characteristics of continued fraction expansions
of constrained numbers, and especially the length of expansions, a parameter of great interest in
the analysis of algorithms like Fuclid’s.

(iv) The mean length of the continued fraction representation of a rational in Qn(M) (i.e., a
rational constrained by M whose denominator is < V) satisfies

1
EXny(M)] ~ T log N,

where L o4 is the so-called Lévy constant associated with the constraints M;
(v) Similar results hold for constrained irrationals of “size” < N.

The value of Lévy’s constant for unconstrained irrationals is

7.[.2

~ 1210g2’
and, accordingly, this constant occurs in the expected number of steps of Euclid’s algorithm, asymp-

totically %log N, a well-known result of Heilbronn and Dixon. In the general context of constraints,
its value is related to the dominant eigenvalue A(M, s) and to the “critical value” saq by

Lam=———AM,s)
S=S M
Thus, the statement (iv) vastly generalizes the Heilbronn-Dixon analysis.

The proofs rely on an algebraic description of sets and parameters of interest by means of the Gy s
operators, as already explained. Then spectral properties (using positivity and Perron-Frobenius
properties, as well as compactness) play an essential role. Finally, quantitative estimates are derived
by means of Tauberian theorems applied to relevant Dirichlet series. The methods thus constitute an
interesting parallel to those of analytic combinatorics, the problems being naturally more delicate,
as one has to appeal to functional analysis and coefficient extraction of Dirichlet series. It is
worth mentioning also that the constants appearing here can be estimated to reasonable accuracy
(10 digits say), by means of truncation methods that have proved instrumental in the estimation
of Wirsing’s constant or Vallée’s constant.

Interesting questions are also suggested by this talk that is to be presented at the Journées
Arithmétiques, Limoges, September 1997. Along distributional lines, Hensley [4] proved in 1994
that the number of steps of Euclid’s algorithm is asymptotically Gaussian. Probably, similar
properties hold for constrained numbers. Can this be proved (e.g., by operator methods and simple
perturbation theory)? Also, what about other types of constraints like “no two quotients equal to 1
in a row”? For strings, we know that the density is about (¢/2)" with ¢ the golden section. It
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is tempting to conjecture the existence of a fractal dimension for reals and a related density for
rationals, of the form N®. More generally, is there a theory of “regular constraints” that would be
the counterpart for continued fractions of regular languages in the realm of strings?

(1]
(2]
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Abstract

Cryptology is very old but has got a renewal of interest. Until the end of the 80’s, it was
reserved to military people or diplomats, but it is now accessible to the general public.
Cryptology contains the art of hiding information and the techniques to break a secret.
This talk is a brief survey of the history of this art.

Introduction

First of all, one needs to recall the precise meaning of some terms. Cryptography is the art of
communicating confidentially through an insecure channel. Cryptanalysis is the art of deciphering
those communications when one is not the legitimate receiver. And Cryptology is the union of these
two domains.

Two basic principles are known for cryptography: substitulion, which consists in permuting the
letters of the alphabet, and transposition, which permutes the letters of the text.

1. From prehistory to the modern era

During antiquity, writing was safe because only a few people could read. We can however note
some simple substitutions in India and the use of special or rare symbols by scribes in Mesopotamia.
In Greece and Rome, the use of cryptography increased for military purposes. In Sparta, in 475
B.C, was invented the scytale, which is a conic stick around which one encircles a strip of paper,
and then writes the message vertically. Julius Caesar used a simple substitution system.

After this period and till the fifteenth century, the only valuable cryptographic activity was in
the Arabic civilization. Qalqahandi wrote an encyclopedia with a section dedicated to cryptology,
with the first appearance of cryptanalysis.

Cryptology came back in occident with the Renaissance (first in Italy). A lot of techniques
appear at this time, notably polyalphabetical substitutions. The principle is to have a key (for
example CADEAU), and to “add” the repeated key to the message we want to encrypt.

r'y pt og r a p h e
a d e a uc a d e a u

ERATTTITITRDTHW

In France, during the Renaissance, the monarchy used a system of nomenclator; there was a
quite good security thanks to the frequent change of code and to the existence of spare codes.
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2. From telegraph to radio

In the middle of the nineteenth century, the telegraph generated a new craze for cryptography and
cryptanalysis. Kasiskiin 1863 gave a method to attack polyalphabetical substitutions. Mathematics
are introduced in cryptology, and Kerckhoffs gave a few laws that should be verified by a “good”
cryptographic system. In particular he insists on the fact that the system has to be public, the
only secret being a key.

During World War I, England decrypted a lot of German messages. A decisive one was the
Zimmermann telegram which proved the double game played by Germany with Mexico and the
USA. The publication of this telegram in the American press incited the USA to go to war.

In France, a remarkable cryptanalysis was achieved by Painvin. He broke the German system
ADFGX in April 1918. Before they launched their last offensive, the Germans modified the system,
and in a few days Painvin broke it once more. The French then discovered where Ludendorff wanted
to attack, and could stop the offensive.

3. The automation of cryptology

The most important invention of the beginning of the twentieth century is the one-time-pad by
Vernam. The principle is to “add” an infinite random sequence to the message. The problem is
then to build a pseudo-random generator. That was done with the invention of the rotor which
gives a polyalphabetical substitution with a huge period. All the machines used during World
War II were based on this principle.

Japan first used the RED machine which was broken by classical spying, and then the PURPLE
system which was cryptanalysed by Friedman in 1940. Germany used the famous ENIGMA ma-
chine, regularly improved by addition of cabling and a choice of three rotors between five. There
was two great centers of cryptanalysis: the first in USA with Friedman, and the second in England
with Turing and Welchman. In the latter, a lot of German messages where decrypted. The princi-
ple of the cryptanalysis was to take advantage of some weaknesses of the usage that Germans did
of ENIGMA: they had a very strict format for the beginning of the messages, and some operators
did not choose random keys.

4. The last fifty years

The key facts of the last years are the increasing development of computers, and the great interest
of civilians for cryptography.

In the beginning of the 70’s, the National Bureau of Standards decided to publish a cryptosystem
which could be used by governmental agencies or banks; this was done in 1977, with the Data
Encryption Standard (DES). Concurrently to this, Diffie invented in 1975 the concept of public-key
cryptosystem, which was applied by Rivest, Shamir and Adleman (RSA) in 1977.

There is now a great link between cryptology and some branches of modern mathematics and
computer science: probability theory, information theory, algorithmic number theory, or the theory
of error correcting codes are useful tools.

Nowadays, some new applications of cryptography appear: electronic trade, money, or notarial

deeds.
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