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Abstract: This paper shows how to apply the perturbation theory for nonlinear program-
ming problems to the study of the optimal power flow problem. The latter is the problem
of minimizing losses of active power over a very high voltage power networks. In this paper,
the inverse of the reference voltage of the network is viewed as a small parameter. We call
this scheme the very high voltage approximation.

After some proper scaling, it is possible to formulate a limiting problem, that does
not satisfy the Mangasarian-Fromovitz qualification hypothesis. Nevertheless, it is possible
to obtain under natural hypotheses the second order expansion of losses and first order
expansion of solutions. The latter is such that the computation of the active and reactive
parts are decoupled. We also obtain the high order expansion of the value function, solution
and Lagrange multiplier, assuming that interactions with the ground are small enough.
Finally we show that the classical direct current approximation may be justified using the
framework of very high voltage approximation.
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Etude mathématique des réseaux en tres haute tension
III : Le probleme du transit optimal de puissance en
courant alternatif

Résumé : Cet article montre comment appliquer la théorie de la perturbation en program-
mation non linéaire au probléme du transit optimal de tension. Ce dernier est le probleme
de minimisation des pertes actives sur un réseau de tres haute tension. Dans cet article,
I'inverse de la tension de référence du réseau est vu comme un petit parametre. Ce schéma
est appelé approximation des trés haute tensions.

Apres une mise a I’échelle convenable, il est possible de formuler un probléme limite,
qui ne satisfait pas 'hypothese de qualification Mangasarian et Fromovitz. Néanmoins, il
est possible d’obtenir sous des hypotheses naturelles le développement au second ordre des
pertes, et le développement au premier ordre des solutions. Ce dernier est tel que le calcul
se décompose suivant les parties actives et réactives. Nous obtenons aussi le développement
de degré quelconque des pertes, solutions et multiplicateur de Lagrange en supposant les
interactions avec le sol assez faibles. Finalement nous montrons comment ’approximation
classique du courant continu peut étre justifiée dans le cadre de I'approximation des tres
haute tensions.

Mots-clé : Réseau électrique, tres haute tension, découplage actif-réactif, analyse asymp-
totique, optimisation avec perturbations, analyse de sensibilité, développement des solutions,
optimisation avec contraintes.
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1 Introduction

This paper shows how to apply some results in the theory of nonlinear programming pro-
blems subject to perturbations (see e.g. the review paper [6]) in order to conduct an analysis
of a significant real world problem, namely the optimal power flow problem (OPFP). Rougly
speaking, this is the problem of minimizing the losses of energy over an alternating current
(AC) network, given some bounds on the inputs of active and reactive power at the nodes
of the network. (A more precise description of the problem is given in section 2.) This is a
classical problem for high voltages electrical networks, see e.g. [2].

This paper is the third in a series dedicated to the mathematical study of this problem.
The point of view adopted in the three papers is to make an asymptotic analysis of the
problem by assuming the “average” voltage to be very high. This of course is a natural
hypothesis for high voltage networks. Part I [4] is a preliminary step where is discussed a
similar problem, but in a direct current (DC) setting. Part IT [3] presents an asymptotic
analysis for the power flow problem (without optimization), i.e. when the input of active
and reactive power at the nodes is a given data. In part IIT (the present paper) we discuss
the problem that motivated the two other papers, and that is the most important from a
practical point of view, that is the optimal power flow problem in an AC setting.

Our results are as follows. We show that the limiting problem has a unique and explicit
solution. The critical cone at this solution is reduced to 0, while the associated set of
Lagrange multipliers is the sum of a particular Lagrange multiplier and of the set of singular
multipliers. Then, using the theory of [1, 5, 11] the first order expansion of solutions (and
second order expansion of value function, i.e. of losses of energy) is obtained through
the computation of the solution of an associated quadratic problem. The latter may be
decomposed into two independent subproblems, one for the active part and one for the
reactive part. Each of these subproblems has an interpretation in a DC setting.

Then under stronger hypotheses we show that the strong regularity framework [10] ap-
plies in an indirect way. More precisely, the directional strong regularity condition introduced
in [4] is satisfied whenever the interaction with the ground is small enough. This allows the
use of results in [7] that give the power series expansion of the value function, solution and
Lagrange multiplier.

The paper is organized as follows. The next section sets the optimal power flow problem.
Section 3 is devoted to the study of the limit problem. In section 4 we establish the uniform
boundedness of solutions to the family of perturbed problems. We compute the first order
expansion of solutions in section 5, and the high order expansions in section 6. Finally the
conclusion discusses the results and some open problems.

Table of notations

9re + jhie admittance of capacitive lines (gge > 0, hge > 0).
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4 J. Frédéric Bonnans

Jy, input of current at node k.

j := +/—1 basis of imaginary numbers.

p: vector of R™ such that ), p; = 1, support of corrector of input of active power.
Py, Qf nominal input of active power, and reactive power, at node k.

I current sent from node k toward node .

IR, R, set of nonnegative, positive real numbers.

S ={1,---,n} set of nodes of the network, of cardinal n = |S|.

Sy set of nodes over which V is given; Sy # 0.

Sq set of nodes over which the reactive power equation is satisfied; Sg = S\Sy.
T%,, Ty, active and reactive power flow sent from & on line kZ.

Vi, Vi, 01 voltage, modulus and phase of voltage, at node k.

u = (g,m, g, h) vector of small parameters.

VP scaled value of V over Sy. Vector of components equal to 1.

yree I+ admittance of inductive line kf; ype > 0, Exe € [7/4,7/2).

Mie 2= 7/2 = Eke (Mee € [0,7/4]).

v corrector of input of active power.

yree ¢+ admittance of inductive line k€; yre > 0, ke € [7/4,7/2).

Mie 2= /2 — Eke (Mee € [0,7/4]).

e losses of active power on line k/.

Let (P) be an optimization problem. By F(P), S(P) and val(P) we denote the set of
feasible solutions, optimal solutions and optimal value of problem (P).

2 Setting of the optimal power flow problem

2.1 Basic equations

This subsection recalls the classical model for high voltage electrical networks. The set S of
nodes is labeled from 1 to n. Nodes are related by arcs, that represent a physical electrical
line. In the model, the physical line composed of three elementary electrical lines. The
inductive one relates nodes k and /. Its admittance is ygee 7%, with yre = yer, > 0 and
Ere = & € [r/4,7/2]). The two capacitive lines relate k and £ to the ground (the ground
node does not appear explicitly in the model). These capacitive lines model the interaction
between the physical line and the ground. Their admittance is gg¢ + jhre, with gre = ger > 0
and hge = hgr > 0. (note that the frequency is fixed once for all, and therefore does not
appear explicitly in the equations.)

We denote by Iy, the current sent from node k on line kf, defined as the sum of the
currents in the inductive line and the capacitive line related to node k. By Ohm’s law,
the current in each of these lines is the product of admittance by difference of voltages.
Therefore, the expression of I, is

It = (Vi — Vi)yree 7t + Vi(gre + jhie)- (1)

INRIA



The optimal AC power flow problem 5

Note that this formulation takes into account the case when there is no line between
nodes k and £: then yre = gre = hre = 0, and we may set &g to /2. If yp, # 0 we say
that there exists an effective line between k and £. In general, I3y + Ip; # 0 because of the
capacitive lines. We assume that the network is connected, in the sense that, between any
two nodes, there exists a path in the graph composed of effective lines linking these nodes.

The power flow sent from node k on line k¢ is defined as V,If,. With (1), we get

Vilyy = Vi(Vie = Vee? O )y e + V2 (gre — jhie). (2)

The resistance of the inductive line being usually small, it is useful to make the change
of parameter &g = m/2 — Nke, where nge is small and nonnegative. The expression of the
real and imaginary parts of power flow, called the active and reactive power flow, are

Ty, V2 (Yre sinmie + gre) + eV Ve sin(0y — 07 — nie), (3)

T/fe = sz(ykz COSNke — hké) — yszsz COS(Hk — 6[ — nkl)- (4)

Let Jj, be the input of current at node k. By Kirchhoff’s law, Jx = 3,.; Tre- The

amount of power injected at node k, defined as ijz, is therefore equal to the sum of power
flow sent from node & on the lines of the network. In particular, we have:

Re(Vid) =D Tds Im(Vidy) = T
£k £k

Let (Sy,Sg) be a partition of S; i.e., Sy USg = S and Sy NS = 0. We assume that
Sy # 0. Let p be a n-dimensional vector such that 3, cs Pr = 1. The power input equations
are

Vpk+ZTlg£:Pka keS; p'e = 0, (5)
£k
> -
Ty =Qr, k€Sg; V = —=onSy. (6)
£k Ve

In these equations, the scalar parameter ¢ takes into account the large values of voltages
over the network, VP is a vector over Sy with all components equal to 1, and T* and T
are the functions of V' and @ defined in (3)-(4). The power flow problem is, given P and
Q, to solve these equations with unknowns V, 8 and v. (The latter is a scalar variable.)
The power flow equations being invariant w.r.t. a translation of phases, the purpose of the
second constraint is to recover a unique solution. Instead we could have fixed the phase at
a certain node, e.g. §; = 0. However, writing p”6 = 0 eases the analysis of these equations.
The input of active power is P — vp, viewed as a difference between a nominal value and
a corrector term. The latter is necessary, as seen later, in order to check (at least in some
cases) that the above system is well-posed, see also [3]. For instance, if p is the first basis
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6 J. Frédéric Bonnans

vector, relation (5) amounts to fix 61 to 0 and to fix v so that the active power equation at
node 1 is always satisfied.
It is convenient to scale the voltage, corrector term and power flow by making the change
of variable
Vi=VeV, v:=ev, TY:=cTY, Th :=eT},. (7)

Eliminating 7* and 7" in (5)-(6), we can state the power flow equations in term of the
scaled variables:

ipr+ Y (Vf(yu sin ke + gre) + yreVi Ve sin(0r — 0p — nke)) = by, kesS, (8)
£k
p'e = 0, (9)
Z (Vk(ykz cos ke — hie) — yreVe cos(8y, — 0 — Wké)) = 5&7 k € Sq(10)
04k Vi

V = VPonSy. (11)

Note that this system is similar to (5)-(6), except for the variable ¢ that appears now as
multiplying the inputs of power. That is, the scaling changes “high voltages” into “small
inputs of power”.

Since we want to study networks with high values of voltages at all nodes, there is
no harm in dividing the reactive power flow equations by the value of the voltage at the
corresponding node, as we did above. We call active (resp. reactive) part of (8)-(11) the two
first (resp. two last) equations.

We assume throughout the paper that the parameter u := (g,n, g, h) satisfies

w=(e,m,9,h) € A:==Ry x [0,7/4]" xR xR .

We regard u as the set of small parameters. Assuming (7, g,h) to be small is a classical
hypothesis in the field of high voltage electrical networks. Indeed, considering 1 as small
amounts to say that the resistance of the inductive line is small w.r.t. its imaginary part.
Neglecting g and h amounts to neglect the capacitive lines. Since e ~'/2 measures the order
of magnitude of value of the reference voltage of the network, it is natural to assume it to
be small for high voltages networks.

The variable (#,6,V) are restricted to the set IR x © x V, where

© = {#eR"; 0, —0, € [-n/4,7/4]; Vk,l € S}, (12)
V = {VeR"; V;>0,Vk=1,---,n}. (13)

The above relations imply

Or — g — e € [—7/2,7/2], Vk, L€ S. (14)

INRIA



The optimal AC power flow problem 7

Remark. Actually it suffices to restrict 6 — 6, to [—7 /4,7 /4] whenever y, > 0, because
otherwise 8, —6, does never appear in the power flow equations. We keep the above definition
of © for the sake of simplicity.

The loss of energy, or loss of active power 7 on line k¢ being by the definition equal to
the sum of active power flow sent on line k¢, its expression is
e = Ty + T,
= (V2 + V) (ke sinmre + gre) + yreViVelsin(6x — 8¢ — mre) + sin(6e — 6k — mre)],
= (V2 + V) (ke sinmre + gre) — 2uke Vi Ve sin e cos(8y, — 6y),
= gkz(Vlf + Vg2) + yre(Vi — Vg)2 sin ke + 2y Vi Ve(1 — cos(0r, — 6;)) sin ne.
Equivalently,

o~ sin
+ 2yk4VkV}g(1 — COS(ek — 0[)) Enkl .

mie = HEVR +V7) + yre(Vi — Vo) =
The last expression allows to check that, as is expected, m¢ > 0 (since gre > 0, yre > 0, and
Nke € [0,7/4] by hypothesis). The terms on the right-hand side of the above display may
be interpreted as the loss of power over the capacitive line, a term related to the difference
of voltages but not to phases, and a last term primarily related to the difference of phases.
If ¢ = 0 and n = 0, there is no resistance on the network, and therefore no loss of active
power.

The discussion of the power flow problem in [3] implies the following. If P and @ are
given data, or more generally belong to some compact set, and if V' is constant over Sy,
then ~ ~ ~

VIl =0@), Vi—=Ve=0(ull), 60k —0=O0(lul).

It follows that the sum of losses of active power over the network satisfies
> e =" (Ollgl) + Ollnll - l[ull®)) -
k<t

This rough estimate shows that if 4 — 0 in A along some path, then the sum of losses of
active power over the network remains bounded if ||u]| = O(e), and is of order O(e) if in
addition ||g|| = O(¢2). This motivates the choice of the path ¢ — u(¢) to be done later on.

2.2 The optimal power flow problem

This is the problem of minimizing the sum of losses of active power over the network, subject
to the power flow equations and some given bounds on the inputs of power flow. We establish
now the notation for the latter. The bound constraints for P and @ are

P<P<P and (;<Qi<Q; 1<i<n,

RR n-° 3268



8 J. Frédéric Bonnans

where P, ﬁi, Q; and Q, are given vectors of R"”. The optimization problem is as follows
(where 7y, is expressed as a function of (6,V,u)) :

(OPFP,) Min _ oy, subject to
(,7’97P7V7Q) k<l

Tk + Y (sz(?/kl sin ke + gre) + YreVi Ve sin(6y, — 0 — ﬂkz)) = B, kes, (15)
£k
p'6 = 0, (16)
eP< P < P, (17)
Z (Vk(yke cos Mke — hie) — yreVe cos(Or — O — W)) = &; k€ So(18)
£k Vi
V = VPonSy, (19)
Q< Q < Q. (20)

We call active (resp. reactive) constraints of problem (OPFP,) the three first (resp. three
last) constraints.

Although the value function and solution of an optimization problem are seldom diffe-
rentiable with respect to the parameter, it is often possible to make an analysis along a path
(see e.g. [6]). We choose a parametric path of the form

u(e) :== (g,n(e), g(e), h(e)),

where 7n(-), g(-) and h(-) are twice differentiable functions of € that vanish at 0. We write
the expansion of n(-) as

2
€
n(e) =en' + 5n’ +o(e)’,
and adopt similar conventions for g(-) and A(-). We assume in the sequel of the paper that
e >0 whenever k¢ is an effective line. (21)

(Remember that a line is said to be effective if yg, > 0.) In some statements we will assume
that §' is “close” enough to 0. This choice of a parametric path is related to the estimates
of the sum of losses in the previous section.

We can write the loss on line k¢ as

0
The == Tpg + Thy,

where ), is a zero-th order term and 7§, is a remainder term such that 7§, = 0, the
expression of these terms being

79 = (VE+VAate + (Vi — Vi) yrente + 2yre Vi Venie (1 — cos(8y, — 6r)),

INRIA



The optimal AC power flow problem 9

The = (@ - gllcé) (V2 +VP)
+Yke (% - 771) ((Vk —Vo)? + 2Vi V(1 — cos(y — 9@))) .

3 Study of the limit problem

Setting the small parameter w to 0 in problem (OPFP,), we get the limit optimization
problem

(OPFPF) Min _ T subject to
0 Mo S
pe + Y ykeViVesin(0y — 0) = B, k€S, pT9=0, 0<P < 0,(22)
(#k
Qk ~
Zyu (Vk—V}gcos(Gk—w)) keSS, V=vVPonSy, 0<Q < 0. (23)
14k b

Obviously the inequality constraints are equivalent to P =0 and Q = 0, but we need to
keep them into the original form in order to apply the theory of nonlinear programming
with perturbation.

Lemma 3.1 Problem (OPFP,) has a unique solution (#°,6°, P VO QY), with 0° = 0,
0°=0,P°=0,Q°=0, and V' =1 over S.

Proof.Let (°,6°, P°,V°, Q%) be feasible for (OPFP,). Obviously P° = Q° = 0. Sum-
ming the active part of the power equations over S, we find that

P =Y == Y uad T sin(6 — 69) = 0.
kES kJLES

Let k be a node at which §° attains its maximum; then

Z YV Vesin(6 — 67) =
£k

Since 6° € ©, we have sin(6)—69) > 0 over S. Each term of the above sum being nonnegative,
must be equal to 0. Therefore, #° has the same value at all neighboring nodes (i.e. nodes
connected by an effective line). The network being connected, by an induction argument it
follows that 6° has the same value over all S. Since p76° = 0, and > kesPr = 1, we have
6° = 0.

RR n-° 3268



10 J. Frédéric Bonnans

Considering now the reactive part of the power equations, we find that V° is solution of
the DC' linear equation

V = VD on Sv; Zykg(Vk — Vz) =0, ke SQ. (24)
4k

Since the network is connected, the unique solution of this system of equations is Vo =1
over S. |

In order to compute the critical cone, and the set of Lagrange multipliers, associated with
(OPFP,), we formulate the problem obtained by linearizing with respect to the optimization
variable z = (7,6, P,V ,()) the cost function and constraints at the solution, i.e.

(LOPFPRy) Min 23 gl (dVi +aVs) subject to
(49,d0,dP,dV,dQ) =

(dir)pr + Zyké(dok —db) =dP, keS8, pTdd=0, 0<dP < 0, (25)
=k
Zykl (de—dVg) =ko, kes, dv =0 on Sy, OSdQ
(#k

IN

0. (26)

It is known that the solution set of the above problem, whenever it is non empty, is equal
to the the critical cone. Also, whenever the set of Lagrange multipliers is non empty, its
recession set is the set of singular multipliers, see e.g. [6]. If X is a Lagrange or singular mul-
tiplier for problem (OPF P,), we denote its components corresponding to the six constraints
of (OPFP,) as

A= (/\”,/\",AP,/\V,)\VD,/\Q) ,
with the convention that AP € ]R?I_”, the first (resp. last) m components corresponding to

the inequality —P + eP < 0 (resp. P — ¢P < 0), and similarly for A.

Lemma 3.2 (i) The linearized problem has the unique feasible point, and therefore the
unique solution (dﬂ, d0,d13,dV,dQ) = 0. (In other words, the critical cone is reduced to

0.)
(ii) The set Ag, of Lagrange multipliers associated with z° = (#°,0°, P°,V° Q°) for problem
(OPFPFRy), is non empty and unbounded. More precisely, we have

Ao = A+ A,

where A = (5\”,5\9, AP, XV,;\VD,XQ) is the Lagrange multiplier defined by

INRIA



The optimal AC power flow problem 11

NV, defined over Sq, and that we extend by 0 over Sy, is the unique solution of the linear
DC problem

Zyu(j\,‘: -) = —ZZg}d, forall k€ Sg; AV =0 on Sy, (27)
1#k (#k
V7 is such that o
N ==2) (e +ueeN)), keSy. (28)
L#k

and the recession set AP is of the form
AR = {a= (AP AV AT AR) 5 A £ 0 (0,0 AF09) = 0;

A=A A2 =09 1<k < n}

Proof.(i) Let (dv,df,dP,dV,dQ) be a feasible point of the linearized problem. Then

clearly dP = dQ = 0. Since dV is solution of the well-posed linear DC problem (26) with
zero right hand side, we have dV = 0. Also (d#, df) is zero since it is solution of a well-posed
linear DC problem (22) with zero right hand side. This proves (i).
(ii) The set Ay of Lagrange multipliers is the set of solutions of the dual to the linearized
problem. Since the latter has a value 0, the dual has solutions, i.e. Ay is non empty. On the
other hand, since the inequality constraints cannot be strictly satisfied, the Mangasarian-
Fromovitz qualification hypothesis does not hold. Therefore Ay is unbounded.

Let A € Ag. Computing the derivative of the Lagragian function of the linearized problem
with respect to di and d, we obtain

DoApe =0 Mo+ Yy —Af) = 0.
3 £k

Summing the second equation over k, we obtain that 0 = A? > r Dk = M. Tt follows then
from the second equation that A” has a constant value over S. By the first equation this
value is 0.

The derivative of the Lagrangian function with respect to Vi, k € S, is

Dy =N = =2 ke, k€ Sg,
£k ek

where in the last equation we have extended AV, (a priori defined over Sg) by 0 over S.
This equation uniquely determines A\, since we know that AV is null outside Sg. Note that,
since the right hand side is nonpositive, we have AV < 0.

Derivating now the Lagrangian function with respect to Vi, k& € Sy, and using AV = 0,
we obtain (28).

Finally derivating now the Lagrangian function with respect to P, and ), we obtain the
general expression for a Lagrange multiplier, from which the result follows. |

RR n° 3268



12 J. Frédéric Bonnans

4 Uniform boundedness of solutions

In order to apply some general results of the theory of nonlinear programming with pertur-
bations, we need to check that the solution set of (OPFP,.)) is, for small enough ¢ > 0,
non empty and uniformly bounded. This result will be established in this section. A preli-
minary step is to obtain an upper estimate of the value function of (OPFP,.)), based on
the property of directional qualification [9]. For this purpose we need to distinguish which
of the inequality constraints on P and Q are in fact equality constraints. That is, denote

IP :{13157% E:pz}; JP = {L"'an}\IP;

and define I and Jg accordingly. Then we may reparametrize the inequality constraints of
(OPFP,) as
{I?IPZEPAIP; 61?JP Sfin SEI:).AIP- (29)
QRry =eQrg; €Qug < Qug <eQuq-

There is a simple relation between the Lagrange multipliers in this new formulation of the
constraints and those in the old formulation, that we do not need to explicit.

Let us now formulate the linear programming problem obtained by linearizing the cost
function and constraints both with respect to to the optimization variables and the small
variable ¢ along the path u(e), at the solution of the limit problem:

~ ~ 1
(LOPFP) Min = _ Z (29,1[ (de + dVe) + —gl%z) subject to
(dp,d6,dP,dV,dQ) 1= 2
(do)p + Y ghe + > yke(dby —dby) = dPy, k€S, (30)
0k Uk
pTd(9 =0, dﬁIp = PIP: P]P < dP]P < PIP, (31)
=D hke+ D uke (de - de) = dQy, k€S, (32)
0#k £k
dV =00nSy, dQi, =Qr,, Qo <dQs, < Qup. (33)

Note that the only difference between this problem and (LOPFP) lies in the bound
constraints for dP and d(), and the constant terms related to g' and h' in the power
equations. Note also that the set of solutions of (LOPF P;) has the following product form:

S(LOPFP;) = S,(LOPFP;) x S.(LOPFP,), (34)
where subscripts a and r again refer to the active and reactive part,

S,(LOPFP,) := {(di,dd,dP) : (30) — (31) hold},

INRIA



The optimal AC power flow problem 13

and S,.(LOPFP) is the set of solutions of the problem of minimizing with respect to
(dV,dQ) the cost function of (LOPFPy) subject to (32)-(33). It is easily checked that,
due to the bounds on dP and d@), the solution set of (LOPF P;) is non empty and bounded.

Lemma 4.1 Problem (OPFPy) satisfies the following directional qualification hypothesis
[9]:

(i) The gradients of equality constraints (w.r.t. the optimization variables) are linearly in-
dependent,

(ii) There exists a feasible direction for the linearized problem (LOPFPy) that satisfies
strictly every inequality constraint

ProofSet dP := L(P + P), and dQ := L(Q + Q). Then we may find (d#,dd,dV) such
that the linearized power equations are satisfied and dV = 0 on Sy, since this reduces to
some well-posed linear DC equations. This proves (ii). For proving (i) it suffices to notice
that the equality constraints of (LOPFPp) with an arbitrary right hand side can be solved
by fixing dPIP, dézq, and dV to their prescribed value, d.PJP and dQ,, arbitrarily, and
then solving the other equations with respect to (dv, df, dVSQ). The latter reduces again to
some well-posed linear DC equations. ||

As a consequence of the directional qualification property we get the following estimate,
see [8, 9]:

Lemma 4.2 For small enough ¢ > 0, problem (OPFPy.)) is feasible and the following
upper estimate of the value function holds:

val (OPFP,.) < val (OPFP) +eval (LOPFPy) + o(¢).

It follows in particular from this lemma that val (OPFP,.) < O(g). We can now state
the main result of the section.

Theorem 4.1 The set of solutions of (OPF Py(.)) is non empty and uniformly bounded for
small enough ¢ > 0.

Proof.By the upper estimate of lemma 4.2, the set

Fl(OPFPu(E)) = {.’L’ € F(OPFPU(E)); Zﬂ'kg(.’lf,’u,(&‘)) <val (OPFPR) + 1}
k<l
is non empty for small enough ¢ > 0. We prove that F1(OPFP,)) is bounded. Indeed 6

belongs to the bounded set ® and the inequality constraints of (OPF P,(.) imply that P

and Q are bounded. As a consequence of the active power equation, 7 is bounded. On the
other hand, since 7j,, > 0 whenever k¢ is an effective line, we have for small enough ¢ > 0

1 i~ .
The > 5;77%@(%; - Vi)2
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14 J. Frédéric Bonnans

Combining with (21), the upper estimate for the cost function and the fact that V = VP
on Sy, we obtain that V — V0. It follows that Fi(OPFP,)) is bounded, and passing to
the limit in the power equations, we deduce that any sequence xzj of feasible solutions for
(OPFPy,)), with ¢, — 0, converges in fact to the solution of (OPFF).

This implies in particular that for given ¢ > 0 small enough, Fi (OPF P,) is bounded.
and the set of feasible voltages is bounded from below by a positive constant. Then we can
prove the existence of a solution for (OPFP,)) by passing to the limit in a minimizing
sequence. The conclusion follows. |

5 First order expansion of solutions

The theory of first order expansion of solutions of nonlinear programs involves the Hessian
of the Lagrangian function of problem (OPFP,), evaluated at w = 0, along a direction in
S(LOPFP;) x du, where we denote

du=u'(0) = (1,7, 9", h")".

Taking into account the structure of the set of Lagrange multipliers, we find that its expres-
sion is

H(dz,du) = > [20% ((V3)? + (@V0)?) + gi (Vi + dT%)
k<l

- ~\2
+2y1e (de - de) Mhe + 2ye (dB), — dBy)? 77%1]

+ YN [—deth + Yre ((d0k — dy — k)" — (771151)2)]

kESq t#k
+ ) A dQrdVy.
keSq

For later use we need the expression of the Hessian w.r.t. the optimization variables only:

H(dz,0) := 22 [gllw ((df/k)2 + (de)Z) + 2yke (de - dffz)Z The
k<t

+yke (A8 — d82)” iy + yee(NX + XY )(d6) — d9e)2]
> N dQydV.

kESq

Note that, in case gi, = 0 for all k and ¢, then AY = 0 and in that case H(dz,0) = Ho(dx),
where

- ~\2
Ho(dz) = 23 yueny ((de - dw) + (dfy, — dog)2) _
k<t

INRIA



The optimal AC power flow problem 15

The problem of minimizing the Hessian of Lagrangian over the set of solutions of the linea-
rized problem (LOPFP;) is

(SP) l\gin H(dz,du); dx € S(LOPFP).

Note that H(dz,du) can be split into an active part (not depending on dV and dQ) and
a reactive part (not depending on di#, df and dP). Reminding that, by (34), the set
S(LOPFP;) has a product form, we observe that the above problem splits into two in-
dependent subproblems, one for the active part and the other for the reactive part.

We have checked that the directional qualification hypothesis holds. Since the critical
cone is reduced to 0, the standard second order sufficient conditions (positivity of the curva-
ture of Hessian of Lagrangian for at least one Lagrange multiplier, along any nonzero critical
direction) hold automatically. This, combined with lemma 4.1 and theorem 4.1, implies by
[1, 5, 11] that

Theorem 5.1 (i) The value function of (OPFP,.)) has the following expansion:
val (OPFP,.)) = val (OPFP,) + ¢ val (LOPFP;) + e°val (SP) + o(e”).

(ii) Let z(e) be a o(e?) solution of (OPFPy.)). Then any limit point of e~ ' (x(e)—x°) belongs
to S(SP). Conversely, with any dz € S(SP) we may associate a path x(e) = z° +edz +o(e)
such that z(¢) is a o(e®) solution of (OPFP,)).

The above theorem implies that, if (SP) has a unique solution dz, and z(¢) is a o(g?)
solution of (OPFP,.)), then we have the first order expansion for approximate solutions

z(e) = 2° + edz + o(e).

However, due to the contribution of the Hessian of constraints, the function H(-,-) may be
nonconvex and we cannot prove the uniqueness of solutions of (SP), except under some
additional assumption that we set now.

The enlarged critical cone (see e.g. [7, Section 4]) is defined as the set of directions dz
in the space of optimization variables for which each scalar constraint function of the form
g(z,u) is such that D,g(z°,0)dz = 0 if either this is an equality constraint or there exists a
Lagrange multiplier with a corresponding nonzero component.

Theorem 5.2 Fiz all data of the problem except g(-). Assume that the restriction of p to
Ip is not 0. If g* is close enough to 0 (in particular if gt = 0), then (i) Hy(-) is positive
definite over the enlarged critical cone, and (i) (SP) has a unique solution.

Proof.(i) It follows from (27) that, once all data of the problem are fixed except g(-),
then when g' — 0, we have AV — 0, and therefore

H(dz,0) — Hy(dzx).

RR n-° 3268



16 J. Frédéric Bonnans

It is clear that Hy(-) is semi definite positive. Let us check that it is definite positive over the
linear space spanned by F(LOPFP,). If dz belongs to the latter, then dP;, = 0, dQ 10 =0
and dV = 0 on Sy. If in addition dz belongs to the kernel of Hy(-), then (since nj, # 0
whenever k£ is an effective line) dV and df are constant over S. Since Sy # @ and pT8 = 0,
we have dV = 0 and df = 0. From the active (resp. reactive) power flow equation, it follows
that dP —dip (resp. dQ) is null over S (resp. Sg). Finally, let ko € Ip be such that pg, # 0.
Then since dﬁko =0, we have dv = 0, hence dP = 0.

(ii) This is an easy consequence of point (i). i

6 High order expansion of the solution

Under the assumptions of theorem 5.2, we can check that the local solution of (OPFP,.))
is unique, associated with a unique Lagrange multiplier, and obtain its power expansion.
The proof is based on an abstract result [4, Theorem 4.3], where the high order expansion of
the local solution and Lagrange multiplier is obtained by reducing to the strong regularity
framework and then using [7, Theorem 4.13]. Theorem 4.3 of [4] uses two hypotheses,
introduced in [4], that we discuss now.

We say that the directional linear independence qualification condition holds if the linea-
rized problem (LOPFP;) is feasible, and the hypothesis of linear independence of gradients
of constraints holds at each solution of (SP). It is easy to check that linear independence of
gradients of constraints holds in fact at each feasible point of (LOPFP;), hence the direc-
tional linear independence qualification condition holds. It follows from this hypothesis that
with the linearized problem (LOPFP;) is associated a unique dual solution, i.e. a unique
Lagrange multiplier.

The strong directional second-order condition assumes that with the linearized problem
(LOPFPy) is associated a unique Lagrange multiplier (dual solution) such that, for any
nonzero direction of the enlarged critical cone, the associated curvature of the Hessian of
Lagrangian along that direction is positive. By theorem 5.2, this hypothesis is satisfied
whenever g! is close enough to 0. Applying [4, Theorem 4.3], we obtain the following result:

Theorem 6.1 Assume that all (n(e), g(c), h(e)) are analytic functions. Fiz all data of the
problem except g(-). Assume that the restriction of p to Ip is not 0. If g* is close enough to
0, then for € > 0 small enough, the local solution of (OPF Py.)) is unique, associated with
a unique Lagrange multiplier, and has a power series expansion.

By [7], the coefficient of the first term of the power series is the unique solution of (SP)
and associated Lagrange multiplier, and the other terms can be computed as solutions of
quadratic problems and associated Lagrange multiplier.

INRIA



The optimal AC power flow problem 17

7 The direct current approximation

The framework presented here allows a rigorous study of some classical approximations,
like the direct current approximation (DCA) that we present now. The DCA consists in
assuming two kind of hypotheses:

- On the parameters of the problem: neglect the capacitive lines, and assume 7 to be
“small”.

- On the optimization variables: assume V' to be constant over the network, (say, after
scaling, equal to 1) and differences of phases to be “small”.

By “small” it is meant here that the nonlinear functions of 8 and n may be linearized.
These hypotheses allow to reduce (OPFP,) to the simpler problem

(DCA) Min Y yrenie(6x — 60)° subject to
@.0.F) 4
ipr+ > yre(6x —6) =Py, k€S, p'9=0, P<P<P.
#k

It is enough to observe that, in the framework of the high voltage approximation, this is the
problem whose solution gives the first order expansion of solution, in the case g' = 0. Our
scheme gives a rigorous basis to this computation. Note that it gives also an expression for
the first order variation of voltages, that is not present in the direct current approximation.

8 Conclusion

The high voltage approximation combines the classical approximation that resistors and
interaction between ground and lines are small, with the hypothesis that the nominal voltage
is large. Combining this approximation with the theory of nonlinear programming with
perturbations, it is possible to obtain an expansion of the value function and solution of the
problem. In addition, the quadratic subproblem that allows to compute the expansion of
value function and solution splits into two independent subproblems, related to the active
(reps. reactive) variables. This asymptotic analysis justifies in particular the direct current
approximation.

Some of our hypotheses are somewhat restrictive and deserve further extensions. For
instance we have assumed for simplicity that VP is constant over Sy. This property is
not really needed from the mathematical point of view and is too restrictive for practical
problems. A possible extension is to fix the average value of VP and to bound its variations.

Another useful, but more difficult, extension is to include in the analysis the voltage
regulators, that may be modelized by a certain monotonous relation between the voltage
and input of reactive power at each node.
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