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Un Estimateur d’Erreur A Posteriori Robuste
pour les Problemes Elliptiques Non
Homogenes

Résumé : Dans ce travail on présente un nouvel estimateur d’erreur a pos-
teriort pour des problemes d’élasticité avec coefficients élastiques fortement
hétérogenes. La nouvelle approche, qui est une variation de 1’estimateur par
résidu, a la propriété d’étre correctement dimensioné par rapport aux données
physiques .

Mots-clé : Estimateur d’erreur a posteriori, équation de Poisson, probleme
elliptiques fortement hétérogenes, residus.
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4 R. Araya and P. LeTallec

1 Introduction

Recent accidents have clearly demonstrated that reliable a posterior: error
estimates and mesh adaption techniques were imperatively needed when com-
puting large scale structures. From the theoretical point of view, this problem
can apparently be solved either by using consistent residual estimates or by
solving local auxiliary equilibrium problems at the element level. When used
on real industrial problems, these theoretical strategies are faced with three
main difficulties:

e the constitutive materials are usually anisotropic and heterogeneous,

e most engineering codes use second order or higher order elements, for
which the theoretical tools are harder to implement and to derive,

e conforming mesh refinement is limited by many engineering and geome-
tric constraints.

The purpose of this report is to describe and study a new version of local a
posteriori error estimates. This estimate uses a weighted measure of element
and interface residuals, and can be proved to be correctly dimensionalised with
respect to the physical data, and to be uniformly valid with respect to material
heterogeneities. For simplicity, the technique is introduced and analyzed for
a simple Poisson type equation discretized by triangular or tetrahedric finite
element grids. It is then tested numerically on more generic elasticity problems
involving, for example, reinforced heterogeneous beams.

For more details on error estimates see [2] and the extensive bibliography

cited therein. Other importants works are [4], [5], [11], [19],[22], [23], [24] and
[25].

INRIA



A robust a posteriori error estimate for non-homogeneous equations 5

2 Model problem and notation

2.1 The continuous problem

Let © be a bounded domain of R™ (n= 2 or 3), with Lipschitz continuous
boundary ' =Tp Uy, TpNTy = 0. Let f € L*() and g € H_I/Q(FD) be

given data , and consider the following model problem

—div(kVu) = f inQ,

u= 0 on I'p,
(P) du
ffa—n = g only.

Here, the scalar coefficient k is supposed to be piecewise constant. In the
simplest case, this means that the domain  is split into two subdomains 2,
and Q, with interface I'15 (see Fig 1) and that we have

k1 on £,
K=

ky on g,

with k1, ke > 0.

Figure 1: O = Ql U Flg U QQ.

The standard weak formulation of the problem (P) (see [10]) is then:
Find v € H such that

a(u,v) =< F,v> Vv eH, (2.1)
where

H = {ve Hl(Q)/v =0on I'p},

RR n"3279



6 R. Araya and P. LeTallec

a(u,v) = / mVu-V'v—l—/ kaVu - Vv,
Ql Q2

< Fv> := /fv—l—/ qgu .
Q Cxn

This space is endowed with the natural energy norm
lolle0 = Va(v,0) = { Y (VeErlohar)}* Vo eH, (2.2)
TETh

with |v]; 2,7 denoting the usual semi-norm

of? 5.z = / Voldo.

2.2 Finite element discretization

Let h be a positive discretization parameter, and consider a triangulation 7},
of Q, that is a partition of ) into non degenerate triangles T' (resp. tetrahedra
in dimension n=3), with diameter bounded by A, and such that each pair of
elements Ty and Ty of T}, are either disjoint or share a vertex, an edge or a
complete face. We denote by hp the diameter of T', by pr the diameter of the
circle (resp. sphere) inscribed in 7" and we set

pT
We assume that the family of triangulations (73), is shape regular, i.e. there

ar .

exists a constant o, independent of A, such that
or <o NT €Ty (2.3)

On each element T" we then introduce a local finite element space Py(T') of
polynomial functions defined on the element 7' and with degree less than or
equal to k. With this notation, we define the finite element space H;, by

Hy:={vs €C(Q) /v =00n I'p,VI'€ Ty ,onlr € PU(T)} (k> 1).

Then the approximate problem of (2.1) is:
Find uy, € Hy, such that

a(up,vp) =< Fvp > Vo, € Hy, . (2.4)

INRIA



A robust a posteriori error estimate for non-homogeneous equations 7

2.3 Edges and vertices

For any T' € T, we denote by £(T') and N(T) the set of its faces and vertices,
respectively (see [20]), and set

Ehﬂ = U E(T) 5 Nh@ = U N(T)

TETh TETh
We split &, o and N, g into
o= (E\E)UELUENUED . Nua=N,UNNyUND,
with

Ev = {Ee€&a/ECTn} , Ep={Ec&a/ECTp},
512 = {E € S}MQ/E C Flg},
NN = {$€Nh7g/fcerN} , ND::{$ENh7Q/I€FD}.

Given an E € &, g we denote by N(E) the set of its vertices. For T'€ T, E €
Eng and x € N, o we define their neighborhoods (see Fig. 2)

wy = U T, wg:= U T, w, = T,
(T7)

E(T)NE(TN#D Ee&(T) zEN(T!
‘LDT = U T/ ; LT)E = U T/,
N (T)NN (T")#£0 N (E)NN (T")#8

and for K € &5 we define the interface neighborhood
sp={E' €& qa/E CTlyand N(E)NN(E") # 0} .

Remark Condition (2.3) implies that the ratios hp/hg, T € Ty, E € E(T),
and hr/hr, T,T' € Tp, N(T)NN(T') # (), are bounded from below and from

above by constants which only depend on o.

RR n"3279



8 R. Araya and P. LeTallec

Figure 2: wyp and wy, respectively.

2.4 Bubble functions

For each element T' € T, we can define the element bubble function by by

[ 27)\T71 )\T72)\T73 on T,
T 0 on T,

in two dimensions, and by

b . 256)\]“71 )\T72)\T73)\T74 on T,
T 0 on O\T',

in three dimensions. Above Ay ;j(M) denote the j barycentric coordinates of
the point M in T'. Similarly, to each face £ € &, g, we can define the face
bubble function

b = 4)\Ti71)\Ti72 on TZ,L = 1,2
B 0 on Nwg,

if £ €&, and wy =T, UTs,, or

b = 4)\T71)\T72 on T
B 0 on Nwg,

i E e EyUEp and wg = 1. The above definition of by assumes that we are in
two space dimensions, and that in each triangle 7;, the edge F is associated to

INRIA



A robust a posteriori error estimate for non-homogeneous equations 9

the vertices with local numbers 1 and 2. In three dimensions, the construction
of bg is the same within the replacement of the quadratic product 4Ar, 1Az, 2
by the cubic product 27A7, 1 A7, 2 A1y 5.

By construction, we have the followings properties of the bubble functions

bT and bE

Lemma 1 Let T € T;, and E € &, be arbitrary, then

suppbr C T, 0<br <1, majg(bT(;L‘) =1, (2.5)
S
suppbr C wg, 0<bg <1, m%z(bE(J:) =1. (2.6)
z€

Moreover, using standard discrete norm equivalence arguments, we can
prove

Lemma 2 For any local function f € Pr_o(T) or g € Pr_1(FE), there exist
positive constants Cy,Cy, C3,Cy, Cs, with Cy; and Cy only depending on the
polynomial degree k and Cs,Cy or Cs depending both of k and of the shape
reqularity o, such that

ClfIEar < / brf? < Call I o
Clgltar < / beg? < Callgll

94y - E - 94y
i

2

/ V) < Cah?
T
| g°,

/ V(bgg)|* < Cihg'
TE’LUE

/ begl? < OShE/gQ.
TEwE FE

Proof All proofs make a linear change of variable = = Bz +b f}’om the
present element T' or face £ on the unit reference element T' or face E.

——

With such change of variable, we first have with obvious notation

a no o ds
/ brfrde = / b 2| 2
T T dz

di Vf e Pp_y(T),

RR n"3279



10 R. Araya and P. LeTallec

de A
/f2d13 = /f2|d; di  \Vf e Pr_o(T).
T T :

But, by construction, by is strictly positive inside 7. Hence, fT Z;Tde:E defines

a norm on Py_5(7'), and thus is equivalent to any other norm on ]I'Dk_Q(T) and
in particular to the L?-norm. We therefore have

C / fdi > / brfidi > C / fidt,

which once multiplied by the constant value |[%| = |B]| yields the desired
equivalence. The proof is absolutely similar for fE bpg*. Observe that since
|br| <1 and |bg| < 1, we have that both C; and C; are less or equal to 1. For
k =1 on triangles, we have for example Cy = C; = %.

Similarly, a direct change of variables yields

2 _ N T dx
[1veenras = [ 1¥2h) B RG

/ 1 (b f)2d.
T

dz

< o*hy’|

dz
dz
Again, the last term defines a norm on Pk_Q(T) and hence

d R
| ’ /de:ngk/de:g.
T T

dz
We also have in the same way
| [¥e0)
T

/T|V(bEg)|2d$ < o*hp
) 9, —gdx A2 17 . >
Crohy|—| | ¢°dl ,¥YgePy_(F)
dz’ J5
d
Cho’hy?| 2

. [,
4z %'/Eg di

Cra’hp hyo*hy? / gdl
B

dz Anoa )

2dz

dz
dz

IN

IN

IN

IN

C4h51/g2dl Vg € Pry(B),
E

INRIA



A robust a posteriori error estimate for non-homogeneous equations 11

and the rest of the lemma follows H

Lemma 3 There exists a projection operator R, : H — Hy such that for all
vel

||’U—Rh’U||0,2,T < CGhT|'U|1,2,ﬂ;TﬂQ¢
v = Rivlloze < Crhi*|vlissmna, ,Vi=1,2 (2.7)

where T € Ty, B € Exy U &, and the positive constants Cg, C7 are independent
on h.

Proof Such result is a nontrivial extension of a local projection result proved
in [8]. It requires that the local distance |[v — Rv|| be controlled only by the
local norm of |v| not on the full patch @y, but on its restriction wy N 2; on
the subdomain €;. The proof [17], to be outlined in a forthcoming paper, uses
a local average of v, around each node in order to define the values of Rpv at
each node H

RR n"3279



12 R. Araya and P. LeTallec

3 A posteriori error estimates

3.1 Construction of the estimate

The purpose of this section is to propose a local explicit evaluation of the error
between the exact solution u of our original problem (P) and the approximate
solution uy, of the finite element problem (2.4). This error estimate should be
easy to compute, should only involve the data and the approximate solution uy,,
and its efficiency should be independent of the choice of the physical parameters
ki. As classically observed in the literature (see [1], [4], [6] and [7]), the dual
energy norm of the residual gives a good indication of the error. The challenge
is then to obtain an explicit local approximation of this norm, uniformly valid
with respect to the coefficients x;.

For this purpose, on each face F € &, separating the elements 77 and 75,
we first introduce weighting factors a(7;, ), 1 = 1,2, which satisfy

a(Ty, E)+ o(Ty, E) = 1, (3.1)
Ty, E)? Ty, E)? 1

o1y, F) +0z( 2, E) < o Vi=1,2, (3.2)
/QTl /{/TQ K;Té

where k7, denotes the restriction of the physical coefficient x to the element
T;. A good choice of coefficients is to take

oT,, E) = — %
Kty + KTy
which obviously satisfies
O[(Tl,E)2 n Oz(TQ,E)Q i 1
KTy KT, Ckm t kT,

Next, we introduce the piecewise projections fr and gg of right hand sides f
and ¢ on each element or face subspace Py_o(T),T € Ty or Pr_1(E), E € Eng
defined by

/ frq = / fa Va e Pos(T), fr € Pooy(T), (3.3)
T T

/gEq = /gq Vg ePr1(E),g9r € Pry(F), (3.4)
F FE

INRIA



A robust a posteriori error estimate for non-homogeneous equations 13

and the weighted element residuals npr given by

h? hg
NRT = {K—T||fT +arAunllS e+ Y —llge — KrOpun[g o, p
T Bes(T)nEy
a(T, E)* 1/2
T - AP (3.5
KT
Ee&(T)NE,

Observe that the value of nr 1 scales exactly like the solution energy norm
when changing the physical scales or units. Above, we have used the standard
notation for jumps in normal derivatives

[RTanuh] = KTy 8nuh - /@Tﬁnuh.
With this notation we can prove

Theorem 4 There exist two positive constants C and C, independent of h
and k, such that

_ h3
v — unllea < C{an{T—I— Z ﬁHfT_fH(?J,Q,T

TeTh TeTh
hi 12 .
+ Y Ellgs — gllin ) (3.6)
Eeéy T

and

h3. hg 1/2
mr < Cllu—unlZunt Y = fllart Y Ellos—sllian

T'Cwr Ee&(T)nEx

(3.7)

Proof
As usual, the proof is split into three parts : an algebraic manipulation of

the residual, the derivation of the upper bound (3.6) , and of the lower bound
(3.7).

Step 1 : residual transform.

RR n"3279



14 R. Araya and P. LeTallec

By construction of the continuous and discrete problems (2.1) and (2.4),
and after integration by parts on each element 7', we can write for any v in H

a(u—up,v) = /Qf'U—I-/FNg'U—a(uh,v)

= /fv —I—/ gu — (/ k1Vuy - Vo + / kaVuy - Vo)
I'n Q1 Qo

— Z/f+/<;TAuh U+Z/ — KO up )V

TeTh Eeén

Y / [k, up]v . (3.8)

Eegh

Then using the fact that a(u —uy,vs) = 0, Vv, € Hy and the partition of unity
(3.1) , we obtain

au — up,v) = Z/f—l—f{Auh v — ) Z/ — kup)(v — vp)

TeTh EeéEy

— [/iau (v—vp)

= (f + sz Aup)Vep(v — vi)
W/w S

/ \/—T g — K10, Uh)\/_T(U — )

Ec&(T

[kOun]v/rop (v — vh)}. (3.9)

Ec&(T

Step 2: upper bound.

Let us now take v, = Rjv. Using (2.2), (2.7) and the Cauchy-Schwarz
inequality, the residual (3.9) can then be bounded by

a(u — up,v) < Z

1 TeTN;

kiU

INRIA
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h1/2

— KiOpup,

+Cx Z
EeENnE(T \/_

oT, E)hi?
Z g||[/€ianuh]||0727E\//€_Z'|‘U|1727@EOQZ.)
Ee (gh\glg)ﬂg(T) \/K;_Z

0.2,EVEi|[V]1,2,8n0

+Cx

TZ,E)h}E/Q
-I-O7 Z Z ||/<:18 up — "annuh||0,2,E\/Ei|v|1,2,LDEﬁQ¢

Eeé&g ECT C8y

, h
T E
< N Bt mrdullar s Y g it
TeTh Ee&(T)néy
o(T, E)?hg 1/2
D D e[| 2N [ 99
EeE(T)NEy, T
-{Z( Y. kil apna + >, kil v} 2,0500,)
7 TeTN8; EE((gh\glg)UgN)ﬁQt
‘ 1/2
—I_ Z (KJ1|’U|%,2,1I}EOQ1 —I_ KJQ|'U|%727@E092)}
Eekys
hy 1/2
Y b+t T||fT—f||o,2,T+ > Zlos-olidas) el
TeT, Eeenne(T) T
where

C = max{Cs, V2C7,C,} .

Here C, is a positive constant which counts the number of times a given ele-
ment of the triangulation of {2; is recovered by neighborhoods wy or wg. To
obtain (3.6), we just have to take v = u — uy, and divide each term of the above
inequality by ||u — upl|eq, completing then the proof of step 2.

Step 3. Inverse bound.

Let us consider the local bubble test function vy := (fr + krAup)bp. Then
using the equivalence of norms on Py_y(7T'), we obtain

[ et rrunor = Cillfr + retunl g (3.10)
T

RR n"3279



16 R. Araya and P. LeTallec

On the other hand, since the support of the function vy is included in 7', we
have after integrating by parts and using the fact that w is a solution of the
continuous problem

/T(fT‘|‘/‘€TAUh)'UT = /Tf'UT‘|‘ /TK:TAuth + /T(fT — flur

— /Qf'UT—|—/FNg'UT—/QKJV’LLh'V’UT‘i‘/T(fT_f)'UT

= / £rV(u—up) - Vor + /(fT = flor
T T
< \/.%T|u — uh|1727T\/:‘€T||V'UT||0,2,T + ||fT - f||0,2,T||'UT||072,T'

By using now the discrete inverse inequalities on Py_5(7") and the equiva-
lence of L? norms on Py_o(7T)

IVorlloer < A/ Cshp' || fr + krAupllozr,
lorll5,7 < Callfr + wrldunllf , p,

we get

/ (Fr + rrdu)or < [u = unllor/Cohmt k2] fr + rrAunfonr
T

+V O fr = fllozr!|fr + krAugllo2r
17 + e Aunlloza (VCshz sy u = unlle

+VEIS = Frlloar)

Hence, combining the two inequalities, we finally obtain

IN

1+ rAunllozr < Cs{ b7 w3l = wille + 17 = fllozr} . (311)

with
max{y/Cs,+/C3}
Cy '

Next, we consider an arbitrary boundary face £ € €y and define

08 =

Vg = (QE - KJTanuh)bE-

INRIA
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From our norm equivalence in Py_;(F), we first have

[ 95 = wavnnyos = Cillge — w0, (3.12)
E

On the other hand, after integration by part, and using the construction of w,
vg and our basic inverse inequalities, we obtain

/ (QE - /iTanuh)‘UE

E

= /(9 — KrOyup)vg + / (98 — 9)vE
E

E

= /f’UE—I-/ g‘UE—/KJTVuh'V‘UE— Z /(f—l—ffAuh)‘UE—l-/(gE—g)’UE
Q I'n Q T B

T'ewg
= / krV(u —up) - Vog — Z / (f + rAup)vg + / (98 — 9)vE
wg T'cwg T’ FE
< VaErlu = i pwe VET [ Vogllozws + Y I + cAuslloparl[vg]lo 21
T'ewg

+1lge — 9llo,2,l[vEl|02.E
< lu = unllewp vV Cahg 6N g8 — Krduun) o2z

+V/Cshyl* N NIf + wAwsllo .l lgs — KrOnunllonp

T'ewg

+v/Csllgg — gllo2.6l|98 — kK10nunl|o2.E

<

g = wrdhunlloz.s (v/Cohig i Ju = unl v

+v C5h};/2 Z || f + cAuillo21 + V/Csl|l9s — 9||0,2,E)-

T’EwE

Thus, by combining the above two inequalities, we finally get

lgs = rrdnunlloze < Cofhg*if*llu—us

e, Wg
+hi* 3" (IF = Frolloaa + |1 frr + K Auslo21)
T’CwE
+|lge — 9||0,2,E} - (3.13)

RR n"3279



18 R. Araya and P. LeTallec

with
max{/Cy,/Cs}
Cy
Finally, let us consider an internal face £ € &, separating the elements T}

and 7, and define

09:

a2(T1, E) —|— OéQ(TQ, E)

,‘QT1 KJTQ

VEp = ( )1/2(/€Tlanuh - /@Tganuh)bE .

From the equivalence of L?> norms on P_;(E), we first have

QQ(Tl, E) —|— 062(T2, E)

"‘le /€T2

/(/iT1 Opup, — K, Opup)vg > Cy(
E

) 2|5 0wun]llf 2.5 -

(3.14)
On the other hand, by integration by parts, using the fact that the support of
vg is included in wg, the construction of u and the equivalence of norms

/(m1 Ontiy, — K, Opup ) Vg
E

= Z /T (f + krAupy)vg — /Q fog — /F ) gug + /Q xkVuy - Vog

TCwE

= Y /T(f—|-/<;TAuh)'vE —~ Z/w ki V(u— up) - Vog

TCwg i Laley

Z \/ff_z|u - uh|1,2,wEﬂQi\//‘f_iHV'UEHO,ZwEﬂQi
i

‘|‘||(f‘|’K/Auh)||0,2,wEﬁQZ |’UE||0,2,1,UEF\IQ,;

> Vil = unllewsna vV Cahs " [vsl o2
%

+H|f + Aupl|o2,wgn0;

Vhg||k10nu, — K20,up

IN

IN

’UE| |0,2,wEﬂQ¢
2

Oé2 (0%
02 (D2 VO u = wnl g /(4 T2
- 1
k3

IN

K2

SO L %y A
+ 05(K + VAN + AUk |o,2,wgn0;
2

1

IN

Oé2 Oé2
Vo 10un = w30l lo (3 VOG0 = tnlleswna, RS+ 2)12
X 1
1

K2

INRIA



A robust a posteriori error estimate for non-homogeneous equations 19

Oé2 012 ’
+vCs(— + ﬁ—z)l/2 Z [ frr + £ Aup|o,2,7

K1 2

T'ewg
Oé2 012 .
VO 7Y ST = frlloa).
T'ewg

By construction of coefficients «;, we have that
ot

1<
K1 K2 o

lii(
and hence by using the above inequalities and (3.11) we obtain

OKQ(,‘Tl7 E) —|— OéQ(TQ, E)

liT1 KJT2

)2 [8nunllloz.e

(

1
< Cao (15 llu = wnlless + 3 WA= If — Filloar) (3.15)
T'Cwg VBT

with
HlELX{\/ 04, Cg\/ 05, 2\/ 05}
4 '
Then from (3.11), (3.13) and (3.15), we get that there exists a positive constant
C such that

Cho =

hZ., hg 1/2
mr € CllumunllZ b Y = flBart Y Ellalloe)

T'Cwr Ee&(T)nEx

RR n"3279



20 R. Araya and P. LeTallec

4 The elasticity problem

We now try to extend the previous approach to linear elasticity problems. Let
Q0 an Lipschitz, bounded domain of R™ with an interior boundary denoted
I'15. This boundary represents the interface between two elastic, isotropic and
homogeneous materials, noted 2y and €5, respectively (see Fig 3). Let I' := 992
such that T = TpUT N, TpNTx =0, with 9Q;NTp # @, ¢ = 1,2. This means
for the time being that we assume that each subdomain is fixed on part of its
boundary. This assumption will be useful to relate the H! semi-norm used in
the local interpolation (2.7) and the local energy norm. It can be relaxed if
we can prove this interpolation result directly with the |€(v)|o2 norm. In this
framework, we consider the following elasticity problem

—dive= f inQ,
(P) u= 0 onlp,
o-n= g only,

where f € 1L2(Q)" and g € L*(I'p)™ are the external forces and o is the stress
tensor. Assuming isotropy, this tensor satisfies the constitutive law

o= (o) := Méepp(1)di; + 2p1¢5(u)  on Qy
ST Aaepp(u)dis 4 2pg€i5(u)  on Qy,

with A;, ; > 0 the Lame’s coefficients of the material 2; and ¢;;(u) := %(um -+
u;;) the components of the linearized strain tensor €(u) associated to u .

Figure 3. Q= Ql U Flg U QQ.

The standard weak formulation of the problem (P) is then:
Find u € H such that

a(u,v)=< F,v> ,VWweH (4.1)
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where

H = {veH(Q)"/v=00nTp}
a(u,v) := /Q o1(u) : €(v) —I—/ oz(u) : €(v)

Qo
<Fv> = /f-v—l—/ g-Vv.
Q Ty

Let Hj, the finite element space defined by
H; = {Vh € C(Q)n /Vh =0onl'p,VT € Tn 7Vh|T € Pk(T)n} (k > 1).

Then the approximate problem of (4.1) is again:
Find u;, € Hy, such that

a(uh,vh) =< F,vy, > Vv, € H,. (4.2)
We define the energy norm by:
Vil = A{lIvIZg, +[IVIEe,}?

= { i o1(v) : €(v) —I—/Q 03(Vv): c(v)}l/2 ,VveH. (4.3)

By the Korn’s inequality, since 9€2; N I'p has a non empty measure, there exist
two positive constants Cq, and Cgq,, depending only on the geometry of
and )y, respectively, such that

||V||1727Qi < Cﬂi

€V)llo2e, VveH,i=1,2. (4.4)

Finally, there exits an interpolation operator (see Lemma 2) R, : H — H,,
such that for all ve H

|V — Ruvlloer < Crhrl|Viizemne,
(4.5)
v = Rivllozr < Cshil’Vhasmma
where T' € T;, , E € Exy U &, and the positive constants C7, Cy are independent
of h.

With the above definitions we prove exactly the same results as in section
3. We only have to pay attention to:

RR n" 3279
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e replace /kr by v/ Er where Er is the Young modulus of the material

that composes the element T,

e use the property 0 < v < 0.5 for to ensure that 1 <14 v < 3/2,

e In the proof of step 3 we find a factor 1_121/,

It’s clear that if a material is quasi-incompressible then this constant ex-

that we include in a constant.

plodes. This means that our developpement is valid only for compressible
materials. In fact, for practical purpose we assume that 0 < v < 0.45.

Altogether, defining the local residual by

h? hg
ma = (Gl + Vot Y olles —otu) il
T Ee&(T)nEy
a(T,E)2 1/2
Y T hllletu) g (1.6)
Ec&(T)NEy T

we Can prove

Theorem 5 There exist two positive constants C and C, independent of h

and E;, (1 = 1,2) but depending on the compressibility factor ——, such that

1—2y;
2 2 h% 2
-l < C{ nkr+ Y Zolifr — £l
TeTh rer, T
hi 1/2
+ ZE_||gE_g||(2J,2,E} ; (4.7)
Eeéyn T

h hi 1/2
Lt D ettt > ollgn—elfas)
l;Tl IET
T!'Cwyp Ee&(T)néEy

NR,T < Q{HU—Uh
(4.8)

Remark There is an extensive work relating a posterior: estimates and

linear elasticity, for example [3], [12], [13], [14], [15], [16], [18], [21].
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5 Numerical results

In this section we apply the results of section 4 to the elasticity problem

—dive = 0 in{),
u = 0 only,
o(uyn = P only,
Uy 0 onljy,
o(u)rn = 0 only,

with P := (0, —0.1)T and u := (u,, u,)?. We try here to monitor the evolution
of the residual as the mesh is refined.

Remark We follow [13] in order to obtain a optimal mesh refinement
procedure, i.e. if gg is the accuracy required by the user, we say that the mesh
T* is optimal if its elements number N* is minimum and it provides a global
error £* equal to &g.

In this framework, for each element 7" € T, we compute a refinement factor:

_ht
=0

rr

where hy is the size of the element 7" of 7, and A’ the size of the elements of
T* within the T" area (in 2D case).

If no strong gradients appear in the solution, then a priori error estimates
indicate that the local contribution to the error should scale like

i ()
nr - \hr T
where p depends on the element type (p = 1 for linear elements, p = 2 for

quadratics elements).
Thus we have the following minimization problem:

1 dim
min N* = Z <—> with Z reny = cg.

T
T T T

RR n"3279
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In the 2D case, this problem admits the explicit solution:

gé/p
- 1/2p °
77}/(”1) { . n;/(pﬂ)

The new mesh is then obtained by a metric controlled Delaunay mesh genera-
tor [9] constrained to generate local equilateral triangles of size rphy.

Through the section €; and €24 represent two isotropic materials with F; =
5, By = 15000 (Young’s moduli), 14 = 0.45, v = 0.3 (Poisson’s coefficients),

and Q,, 23 are two orthotropic materials with elastic coefficients given by

2000 50 O 51 50 0
50 51 0 and 50 2000 0 |,
0 0 2 0 0 2

respectively. In the first example (Fig 1), we only consider a unique isotropic
material on the whole domain.

000000000000
NN NN NN NN NN NN

M4

Figure 1: Example 1.

This problem is discretized using P; elements (3 nodes triangles), but
the same type of results is valid for quadrilaterals (we have tested the same
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examples using ()3 quadrilaterals). In the Figs 2-3 we can see the initial and
adapted meshes and the distribution of the estimator 1 in these meshes.

Figure 2: Initial mesh (118 elements) and distribution of the error estimator
n in the Example 1.
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. 728

Figure 3: Final adapted mesh (571 elements) and distribution of the error

estimator 1 in the Example 1.
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In Fig 4 we present the isovalues of the solution of Example 1 and in Fig 5
we shown the Von Mises stress field for the same example.

- 42‘. 59

-170. 456127- 83%g5 212 032

Figure 4: Isovalues of the displacement (tangential and normal) for the
Example 1.
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Figure 5: Global and partial view of Von Mises stress field for the Example 1.
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Finally we show a comparison between the approximate solution in the
initial mesh, the adapted mesh and our reference solution (calculated in a
uniformly refined mesh).

—— initial solution
adapted solution
reference solution

ORNNWANIONDDO
8\1

Qawgqamgaam

o
o
a

1 1
o 38.2 76.4 114.6 152.8

—— initial solution
adapted solution
reference solution

28.2
18.2
8.2
-1.8
-11.8
-21.8
-31.8
-a1.8
-51.8
-61.8
-71.8
-81.8
-o1.8
-101.8
-111.8
-121.8
-131.8
-141.8
-151.8
-161.8
-171.8
-181.8
-191.8
-201.8 T T

o

38.2

76.4

1
114.6

1
152.8

Figure 6: Comparison between the differents solutions

diagonal cut.
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The last figure describes the evolution of the error estimate 7.

1.3

'ex1l_log’ ——

1.2 B

1.1 B

log( error estimate)

" " " "
2 2.5 3 3.5 4 4.5
log( elements)

Figure 7: Residual error for the example 1.

Example 2 (Fig 8) considers a soft material 1 neighboring a more rigid
isotropic material 4, discretized with the same finite element than in Example

1.

OO0
w

[y

Figure 8: Example 2.

INRIA



A robust a posteriori error estimate for non-homogeneous equations 31

The explanation of the figures in examples 2 and 3 is the same as in Example

. 2606 . 598

. Q01819 . 399

Figure 9: Initial mesh (146 elements) and distribution of the error estimator
n in the Example 2.

RR n"3279
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Figure 10: Final adapted mesh (1804 elements) and distribution of the error
estimator 1 in the Example 2.
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_.303 "-2079 | 113 01819 076

_1.558 "1-169 _ 779 -39 g 4e5E-5

Figure 11: Isovalues of the displacement (tangential and normal) for the
Example 2.
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7.177E-4 % 048

ALAL

Figure 12: Global and partial view of Von Mises stress field for the Example
2.
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____ initial solution
adapted solution
_ reference solution

0.03
0.02
0.01

T 1
(o] 38.2 76.4 114.6 152.8

____ initial solution
adapted solution
_ reference solution

)
N
o
LLep e et

T 1
38.2 76.4 114.6 152.8

o]

Figure 13: Comparison between the differents solutions of the Example 2 in a
diagonal cut.
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log (error estimate)

0.5

0.4

0.3

0.2

-0.2

‘'ex2_logw ——

25

log (elements)

Figure 14: Residual error for the example 2.

3.5

4

The data for Example 3 are given on Fig 15. This represents a more realistic

beam section reinforced by a rod and an anisotropic layer.

L4

000000000000

l

l

|

l

l

l

2

2

M4

Figure 15: Example 3.
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— T~ T~ T~ T~ T~

Figure 16: Initial mesh (384 elements) and distribution of the error estimator
n in the Example 3.
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Figure 17: Final adapted mesh (1143 elements) and distribution of the error
estimator 1 in the Example 3.
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11 54. ‘156

-16.262 30. 683 77.629

Figure 18: Isovalues of the displacement (tangential and normal) for the
Example 3.
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Figure 19: Global and partial view of Von Mises stress field for the Example
3.
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— initial solution
adapted solution

— reference solution

28.9 -

26.4 -
239 =
214 -
189 -
164 -
139 -
114 -
8.9 -
6.4 —
3.9 —
1.4 —
-1.1 —
-3.6 =
-6.1 —
-8.6 —
-11.1 =
-13.6 =
-16.1 —
-18.6 =
211 —
-23.6 T T T 1

o 38.2 76.4 114.6 152.8

— initial solution
adapted solution
reference solution

.
'—l
a
I
o
HEEEEEE NN NN EEEEENE N

1 1 1
38.2 76.4 114.6 152.8

(e]

Figure 20: Comparison between the differents solutions of the Example 3 in a
first diagonal cut.
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23

N
@
L1l it iiil

initial solution
adapted solution

— reference solution

0

5.3

1
100.2 115.1 130

initial solution
adapted solution
reference solution

85.3

1
100.2 115.1 130

Figure 21: Comparison between the differents solutions of the Example 3 in a

second diagonal cut.
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1.35 T T T T T T T T T
‘ex3_log" —

13 B

1.25 4

log (error estimate)

1.1 B

095 1 1 1 1 1 1 1 1 1
2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4 4.2 4.4
log (elements)

Figure 22: Residual error for the example 3.

The larger residuals appears here on the anisotropic material and next to
the singularities. Recall that the proposed residual is not adapted to anisotro-
pic situations.
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6 Conclusions

We have derived and analyzed a local a posteriori error estimate for heteroge-
neous elastic bodies of residual type. The first numerical tests are encouraging
for compressible isotropic materials.

Further work is needed to handle anisotropic heterogeneous bodies because
we cannot proof the same type of results that for the isotropic case; neverthe-
less the numerical tests give the idea that our error estimate might work even
in this framework. If this is not the case, it seems that one would have then
to use some kind of generalization of the equilibration residual technique.

Indeed, the local H! norm appearing in the inverse inequality for estimating
Vur will no longer be uniformly equivalent to the local energy norm. We feel
then that the local energy norm of the residual can only be properly obtained
by solving a local Neumann problem as advocated in [2].

Acknowledgment. The support by FIRTECH CS of the first author is
gratefully acknowledged.
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