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Comportement asymptotique de filtres d’ordre
réduit

Résumé : Nous proposons des filtres d’ordre réduit pour des systémes
linéaires et non linéaires et nous étudions leur comportement en temps long.
En utilisant les résultats d’Ocone et Pardoux [10] sur la stabilité asymptotique
du filtre optimal par rapport a la condition initiale, nous montrons 'efficacité
asymptotique de ces filtres dans divers cas.

Mots-clés : Filtrage non linéaire, filtre de Kalman, filtres d’ordre réduit,
efficacité asymptotique
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Asymptotic Behaviour of Reduced—Order Filters 5

1 Introduction

Consider the filtering problem of estimating at time ¢ an unobserved state
process Z = {Zs, s > 0} based on the observation of ¥ up to time t. The
observation process Y = {Y,, s > 0} is given by

}/s:/sh(Zu)du+Ws,
0

where h is a continuous function and W = {W,, s > 0} is a Brownian motion
which is independent of the state process Z.

Let Yy = 0(Y;, 0 < s < t). The conditional distribution II; of Z; given )
is the optimal solution of the filtering problem. It will be referred to as the
optimal filter.

In the case where Z is a Gaussian diffusion and A is a linear function, it is
well known that the conditional law is Gaussian and moreover, its mean and
covariance matrix are respectively solutions to a stochastic differential equation
and a Riccati differential equation (the Kalman filter equations). However,
for large scale models, for instance arising in data assimilation problems in
the geosiences (e.g. [12]), the high computational demand and the required
storage of the Kalman filter become prohibitive.

On the other hand, in the nonlinear case the filtering problem generally
is infinite dimensional. Indeed, the conditional probability density (when it
exists) is in most cases given only by the solution of a parabolic partial differ-
ential equation called Zakai’s equation (see [13] or e.g. [11]). The difficulties
encountered in numerical computations of this equation grow with the dimen-
sion of the space variable. So, both in the linear case and in the nonlinear
case, it is interesting to propose reduced-order filters which are more easily
computable than the optimal one and to study their efficiency when the time
goes to infinity. This is the aim of the present work.

In this report, in various cases we propose a reduced—order filter which cor-
responds to the conditional law with erroneous initial condition. Therefore to
study the asymptotic optimality of this filter, we shall use the results obtained
by Ocone and Pardoux in [10] on the asymptotic stability of the optimal filter
with respect to its initial condition and we shall extend their results to a linear
case with coloured noises.

RR n® 3311



6 A. Le Breton and M. C. Roubaud

The report is organized as follows. At first we consider the linear case in
Section 2. We study the asymptotic efficiency of one reduced—order Kalman
filter as the time tends to infinity. The idea is to apply correction in certain
directions only. These directions depend on the system dynamics and they
are those for which the system does not reduce the prediction error. Our
first step is to change state coordinates so that these directions appear clearly.
Relative to these coordinates, the form of the state equation will be referred to
as the stabilizability canonical form. In the case where the stable component is
noise—free, the results of [10] imply the convergence of the approximate filter
towards the optimal one as time tends to infinity. If the stable component is
noisy, under some assumptions a upper bound is given for the approximation
error.

In Section 3, we consider a state process with two components Z = (M, X).
The system is linear in X and nonlinear in M where M is a Markov process
which tends to zero as time tends to infinity in some sense. A finite dimensional
approximate filter which is asymptotically optimal is proposed. In fact this
case, called the semi-linear case, is interpreted as a linear filtering problem
with coloured noises, X; being the state to be estimated by means of the
observation until time £.

In Section 4, a nonlinear case when the state process is ergodic is studied.
An approximate filter which satisfies a Zakai equation whose dimension in the
spatial variable is smaller than the exact equation is proposed. Using the
results of [10], the asymptotic efficiency of this filter is shown.

Notations: Throughout, we shall let Zt denote the conditional expectation
E[Z,|Vi], where YV, = 0 {Y,, 0 < s <t}. If II; denotes the conditional distri-
bution of Z; given YV, I1;(¢) denotes the conditional expectation E[¢(Z;) | Vi
for every ¢ € C,(IR") i.e. for every bounded continuous function ¢ : R"™ — IR.
The notation N(z, Q) will be used for the Gaussian law on IR"™ with mean z
and covariance matrix ) and for every ¢ € C,(IR") :

N Q) = [ oly) dN(z Q).

The Euclidean norm of vector x is denoted by |z|. The n x n identity matrix
is written I,. For a matrix M, M’ and Tr(M) stand respectively for the

INRIA



Asymptotic Behaviour of Reduced—Order Filters 7

transpose and the trace and the norm is defined as ||M|| = /Tr (MM"). If M
is symmetric positive (nonnegative) definite, we write M > 0 (M > 0); M > N
means M — N > 0 and similarly with > in place of >. Let A\;(M),..., A, (M)
denote the eigenvalues of a n x n—matrix M and Re);(M) denote the real part
of \i(M),i=1...n. All the eigenvalues are ordered such that their real parts
are nonincreasing, i.e.,

ReAi (M) > ReXo(M) > --- > Re\,(M).
Finally, let ¢ and C' denote any constant. These constants may then stand

for different real values, from line to line.

2 The linear case

2.1 Some results on Riccati equations and linear Kalman
filtering

Let us first present some useful and classical results of the stability theory and
on the solutions of Riccati differential equations.

Definition 2.1 The n X n—matriz M 1is said to be asymptotically stable if and
only if all its eigenvalues have a strictly negative real parts, i.e. Rehi(M) < 0.

Lemma 2.2 For any M, N € R™", if N = N > 0 then

%/\n(M + M)tr (N) < tr (MN) < %Al(M + M)tr (N).

Proof See [9].

Lemma 2.3 Let M be any real n X n—-matriz. For allt > 0, We have

Al(eMteM’t) <exp\ (M + M)t.

RR n® 3311



8 A. Le Breton and M. C. Roubaud

Proof See [2].
Consider the Riccati differential equation (RDE)

{ PR = BPF+PEB +FF — PRH'DHPR, 1)

PR = R.
where B e R™", F e R", He R, D e IRP*?, D >0 and R € R"*",
R >0.

Let ®F € IR™*" be the transition matrix associated with B — PEH'H i.e.
the matrix function ¢ — ®£, ¢ € IR, which satisfies

®F = (B - PEH'H)®R, ®(0)=1,.

Lemma 2.4 If (B, H) is detectable and (B, F) is stabilizable, then there exists
a unique symmetric nonnegative definite solution P, to the algebraic Riccati
equation (ARE) associated to the RDE (1).

0= BPy+ PB + FF — P,H DHP,,, (2)

such that B — PooH H is asymptotically stable. Moreover for any initial con-
dition P = R and any 0 < 0 < —ReX\|(B — P H'H) there exist a constant
C, and a t, < oo such that

|PE — Py|| < Coe™ Wt >0, (3)
and
|BF(®F) Y| < Cre Vt, <s <, (4)

where PE is the solution of the RDE (1) and ®F is the transition matriz
associated with B — PRH H .

Proof See [7] for (3) and see e.g. [10] for (4).

Now we state the result of Ocone and Pardoux [10]| about the stability of
the Kalman filter with respect to its initial condition in the linear case.
Consider the following filtering model:

dZt = BZt dt+Fd‘/;,,
dl/;g = Htht+ th, YE):O,

INRIA



Asymptotic Behaviour of Reduced—Order Filters 9

where B € R™", F ¢ R", H € RP*", and V and W are independent
standard Brownian motions taking values in IR? and IR”, respectively. Zj is
assumed to be a random vector independent of (V, W).

Let (Z7", PE) be the solution to the Kalman filtering equations corre-
sponding to (5) initialized with (z, R), where z € R" and R is a symmetric
nonnegative definite n x n—matrix:

dz7® = BzPRdt+ PRH'[dY, — HZPRat],
t (6)

ZE
PR = BPR+ PRB' + FF — PEH' HPE, -
PE = R.

For any (z, R), the distribution AV'(Z;"®, PR) will be referred to as the Kalman
filter driven by the filtering equations (6)-(7) initialized with the prior distri-
bution N(z, R) or, more simply, a Kalman filter initialized with (z, R).

It is well known that in model (5) if Z; is normal with mean zy and covari-
ance matrix Ry, then the conditional law of Z; given ) is Gaussian and the
conditional mean Z, and the conditional covariance are given by:

Zy = Z2%  B((Z, - Z,)(Z, — Z,)| = PFe.

In other words, in this case the Kalman filter V'(Z;*", P/®) is the optimal
filter in model (5).

In the case where the initial condition Zj is non—Gaussian, then in general
the optimal filter is not a Kalman filter but it can be expressed in terms of an
appropriate modified Kalman filter (see Makowski [8] and Benes and Karatzas
[1]).

Actually, under stabilizability and detectability assumptions, whatever is
the distribution of Z; provided that it has a second—order moment, asymptot-
ically in time the optimal filter is approached by any Kalman filter.

These properties are stated more precisely by Ocone and Pardoux in [10]
as follows :

RR n® 3311



10 A. Le Breton and M. C. Roubaud

Theorem 2.5 Assume that in model (5), (B, H) is detectable, (B, F) is sta-
bilizable and E[|Zy|*] < co. Then

. lim Zy— Z2® =0 almost surely, (8)

and in the L? sense for any z € R™, R > 0. Moreover, if Il, denotes the
conditional distribution of Z; given )y then

Jim I,(p) — N (Z7%, PRY(¢) = 0 almost surely, (9)
for every bounded, uniformly continuous function ¢ : IR" — IR.

Proof See Theorem 2.6 in [10].

Remark 2.6 The above statement says in particular that the Kalman filter is
“asymptotically insensitive to perturbations of its initial condition” in the sense
that if the true initial condition is Gaussian then a Kalman filter initialized
with an incorrect Gaussian prior distribution approaches the optimal Kalman
filter asymptotically in time. Due to Lemma 2.4, so does for instance the
Kalman filter initialized with (z, Ps,) where P, is the solution of the ARE (2)
associated with the RDE (7). Moreover, of course in this specific filter one has
pPl==p_.

2.2 The stabilizability canonical form and the reduced—
order Kalman filter

In order to construct a reduced-order Kalman filter in model (5) “which cor-
rects in unstable directions only”, we introduce a change of state coordinates
so that these directions appear clearly. Relative to these coordinates, the form
of the state equation in (5) will be referred to as the stabilizability canonical
form.

Let Spect(B), the spectrum of B, be divided into two disjoint subsets, S_
and S, as follows:

Sp@Ct(B) =5 US+ = {Ala"'aAk}U{Mla"'aud}a

INRIA
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The subset S_ is formed by the eigenvalues with strictly negative real parts.
It is convenient to refer to these k eigenvalues as the “stable poles” of the
system and to the associated real linear subspace E_ as the stable subspace.
The subset S is formed by the eigenvalues with nonnegative real parts; these
d eigenvalues will be referred to as the “unstable poles”. Similarly, we define the
unstable subspace E, as the real linear subspace associated with the unstable
poles. It is well known that

]R,n:E,GSE_F,

and E_ and E, are two B—invariant subspaces (See e.g. [7]).
Throughout, we shall suppose:

(A2;) The d unstable poles are controllable and observable; that is,
Controllable: rankc([uI, — B|F]) =n, fori=1,---,d,

Observable: rankc ( uil’}_f_ B ) =n,fori=1,---,d.

Now, in order to decouple the dynamics of the state components associ-
ated with the stable poles from that of state components associated with the
unstable poles, we introduce the following change of basis :

z=wwd| X |

where U_ € R™* U, € R™*? and the matrix U = [U_|U,] is orthogonal (i.e.
UU = I,,) and such that the columns of U, span the unstable subspace E.
Of course, X~ is the projection of Z on the stable subspace F_ along E, and
X is the projection of Z on the unstable subspace E, along E_.

The orthogonal matrix U can be obtained from a real Schur decomposition
of the matrix B. In the orthonormal basis formed of columns of matrix U, the
system (5) is rewritten as

{dXt = UBUX,dt+U FdV,, (10)

dY, = HUX,dt+ dW,, Y,=0,

RR n® 3311



12 A. Le Breton and M. C. Roubaud

where ) )
' U_BU_ U_BU.
UBU = ( v P ) :
U, BU_ U ,BU,
Define B, = U, BU,. The equality U, U, = I, implies BU, = U, B, and
we obtaln U’_BU+ = Oixa-
Then the state equation of system (5) is transformed into the stabilizability

canonical form
dXt - BUXtdt+FU d%,
(11)

dY, = HyX,dt+ dW,, Yy=0,

g o(B- 02 UBU. O o F-) 2 UF
"\ B: B, ) \UuBU. UBU, )" \F.)  \UF)"’
and N .

Hy =(H_|H,) = (HU_|HU,) .

Note that the £ x k-matrix B_ is asymptotically stable and that the eigenvalues
of B, are the unstable poles of the system.

To summarize, the study of the linear filtering problem (5) under (A2,) is
equivalent to the study of the problem (11) under the following assumption:

(A25): The matrix B_ is asymptotically stable, (B, F) is a controllable pair
and (B, H,) is an observable pair.

Note that under (A2;) the system (11) is stabilizable and detectable.

From here, we shall consider the linear filtering problem in the stabilizability
canonical form and the subscript U will be dropped in the notations By, Fy
and Hy.

The reduced-order Kalman filter

According to the above considerations, we are interested in the following
linear filtering problem

dX; = B_X;dt+F_dV,,
dX;" = B.X,dt+ BiX; dt+ F_ dV;, (12)
dY, = H.X;dt+H X, dt+ dW,, Yy=0,

INRIA



Asymptotic Behaviour of Reduced—Order Filters 13

where X = (X~', X*')" is the n-dimensional state process with n = k+d and Y’
is the p—dimensional observation process, V and W are independent standard
Brownian motions, X, is a random vector assumed independent of (V, W),
B_ e R™* B, e R™ B, € R**F_ € R*™ F, € R™, H_ € RP*,
H, € RP*4,

Let us define ((X;, X;"), P;*) as the solution to the following equations:

dX; = B_X;dt,
dX;" = B.X;dt+ B.X; dt (13)
+PH [dY, — H . X;"dt — H_X, dt],
Xy = 7,
P, = B.Pf+P'B,+F,F, — PrH H, P, 10
By — Rt
where 7, € IR™ and R* is a symmetric nonnegative definite d x d—matrix.
The above equations can be written
dX, = BX,dt+ P,H'[dY, — HX,dt],
_ (15)
Xo = o,
{ P, = BP,+PB +FF — BHHP, (16)
_0 = Ra
with
B_. O
B_(B:t B+>7H_(H|H+)a
and

- - — 1! = 0 0 = 0 0 R 0
= - + = — = — =
fomcy = (3 2 ) me (8 8 ) ware(2)
Notice that the algorithm (13)-(14), or equivalently (15)-(16), corrects
components in X which correspond to the unstable signal component X only.

The distribution N(X;, P;) will be referred to as a reduced-order Kalman filter
for the filtering problem defined by (12), initialized with (Zg, Fp).

RR n® 3311



14 A. Le Breton and M. C. Roubaud

2.3 Asymptotic behaviour of the reduced—order Kalman
filter

Under the assumption (A2;) (then the system is detectable and stabilizable),
it follows readily from Lemma 2.4 that there exists a unique solution P,, > 0
to the ARE associated with the RDE (16) which is nothing but

_ 0 O
P°°—<o 15;)’

where P} > 0 is the unique solution to the ARE associated to (14).
Moreover the matrix B — P, H H is asymptotically stable,

R—)Poo as t — oo,

and for any initial condition Py > 0 and for any 0 < ¢ < —Re\(B— POOH'H),
there is a constant C, such that

||P; — Py|| < Coe™®, Vt>0.

Remark 2.7 Like the Kalman filter, the reduced-order Kalman filter is “a-
symptotically insensitive to perturbations of its initial condition” in the sense
that for two different initializations the long time behaviour of the filter is
unchanged. In particular for the reduced-order Kalman filter initialized with
(To, Py) where P, is the solution of the ARE associated with (16), of course
one has P, = P,..

In the sequel, we will consider the case “F_ = O” and the case “F_ # O”.

A) The case “F_ = 0"
Here we consider the particular case where the stable component is not

noisy in the sense that F_ = 0.
In this case, if we initialize the Kalman equations (6)—(7) with z = (0,2™)
where 2zt € R? and

— 0 0 D+ dxd

INRIA
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it is readily seen that the corresponding Kalman filter coincides with the just
defined reduced—order Kalman filter initialized in the same way (i.e. Ty =
(0,27) and R as above). In other words

= 0zt),R 5 0 0

Xt:Zt( ) aPt:I)tR:<O pt+)7
where P;" € IR**? is the solution of the Riccati equation (14). From Theorem
2.5, the following result is obtained immediately :

Proposition 2.8 Suppose that in the model (12) F_ = 0, assumption (A2,)
holds and E[|Xo|?] < oco. Then if X; denotes the conditional expectation
E(X|Y) of X0 = (X, X;") and if X, = (X, XY is defined by (13)-
(14),

Jim X, — X, =0 almost surely,

and in the L? sense for any o € R", R > 0. Moreover, if II, denotes the
conditional distribution of X; given Y, then

tle (@) — N (X4, P)(p) = 0 almost surely,
for every bounded, uniformly continuous function ¢ : IR" — IR.

Therefore in the case where the stable component is not noisy, the reduced—
order Kalman filter is asymptotically optimal as time goes to infinity.

B) The case “F_ # O”

Here we assume that X, is Gaussian with mean xy and covariance Ry and
we analyze the long time behaviour of the mean square deviation of the state
estimation X; provided by a reduced-order Kalman filter from X, i.e. the
estimation given by the optimal filter which is here a Kalman filter.

Since the Kalman filter and the reduced-order Kalman filter are both
“asymptotically insensitive to perturbations of their initial condition” (cf. Re-
marks 2.6 and 2.7), the initialization is not significant for our purpose. Hence
we choose to reduce our investigation to the case where Ty = xy, Ry = Py and

RR n® 3311



16 A. Le Breton and M. C. Roubaud

Ry, = P, where P, and P, are the solutions of the ARE equations associ-
ated with the RDE (7) and (16) respectively. Recall that consequently in the
corresponding filters one has P/> = P, and P, = P,..

We obtain

N _ o 17
Xo—Xo 0, (17)

{ d(X,—X,) =(B— P HH)(X,— X,)dt + (Ps — P.o)H dv;

where v, = Y, — fot HX, dt defines the innovation process, which is a Brownian
motion.
Therefore, setting A = B — P, H H, we can write

t — ’
X, - X, = / eAt=)(P — PVH'dv, . (18)
0

Let A, = E(Xt — Xt)(f(t — )_(t)'. Clearly, A; is the nonnegative definite
solution of the following differential Lyapunov matrix equation:

Ay = AN + MA + (P — PL)H H(Pyo — Py), A =0 (19)

Since A is an asymptotically stable matrix, A; approaches the stationary so-
lution A as ¢ tends to infinity. The matrix A is the solution of the algebraic
Lyapunov equation

O=AA+ AA + (Py — P,)H H(Py — Py,). (20)
Since E|X; — X2 = tr (A,), we have

lim E|X; - X,]>= tr (A).
t = oo
Now, the upper bound on the trace of A is derived in the case where
F+F'_ = 0. In this case, note that the noise on the stable component of the
system state is independent of the noise on the unstable component.
Set D = P, — P, where P, and P., are solutions to the ARE associated
with (7) and (16) respectively. Then D is solution to

O=AD+ DA —DH HD + (FF — FF'), (21)

INRIA



Asymptotic Behaviour of Reduced—Order Filters 17

where

0O O

Since A is an asymptotically stable matrix, we obtain

FF'—FF':(F_F— O).

+oo ’ ’ — — !
D= / A DH HD + FF — FF)eAtdt.
0
Therefore the fact that FF' — FF' > O implies D = Py, — Poo > O.
Proposition 2.9 Suppose that in model (12) F,F = O, assumption (A2,)

holds and E[|X,|*] < co. Set A= B — P H'H. If \\(A+ A) <0 (i.e. the
matriv A+ A’ is asymptotically stable) then

tr (H H)\(F_F")
[A(A+ AP

E UXt - Xtﬂ <
Proof We have
tr (A) = /0 Tt (e‘“DH’HDeA't) dt .
Making use of Lemma 2.2 and Lemma 2.3, we get
r (A) < tr (DH'HD) /0 Y (eAteA't) dt
< tr (HHN(D) /0 Tenata gy

Under the assumption A;(A + A') < 0, we obtain

tr (H H)A}(D)

tr (A) < 22

(&) < (22)
Let N be the solution of

O=AN+ NA + (FF - FF). (23)

RR n® 3311



18 A. Le Breton and M. C. Roubaud

From equations (21) and (23), we obtain
N-D= /0 " M DH HDA " dt > 0.
Since the matrices D and N are symmetric and nonnegative definite,
N(D) < AH(N).
Under the assumption A\ (A4A") < 0, the following bound is given by Kamaroff

in [5]

M(FF —FF)  MN(FF)
A(N) < “MATA) T oA+ A

Therefore we get

tr (H H)\2(F_F")
) S ——FaTa)
O

Remark 2.10 Note that this bound is coherent with the result obtained in
the previous section in the case F. = O. In the case where H H > 0, we can
get a tighter upper bound derived from the spectral norm bounds of algebraic
matrix Riccati equations (see e.g. [6]).

3 The semi—linear case

3.1 The model

Let (Q,F,F;, P) be a filtered probability space. We consider the filtering
problem where the state process Z = (M, X) and the observation process Y
are defined as follows:

M={M,,t>0}isa IR*-valued Markov process progressively

(24)
measurable with respect to {F:},

INRIA



Asymptotic Behaviour of Reduced—Order Filters 19

dY, = HX,dt+ hy(M,)dt+ dW,, Yy=0, (26)

where B € R4 F € R™, H € RP*%, and the functions by, and hy, are from
IR* into IR and IR? respectively. The processes V and W are (F,)-standard
Brownian motions taking values in IR? and IR?, respectively. We suppose that
M,V and W are mutually independent. X is a Fy—measurable random vector
independent of (M, V,W).

We assume that :

(431) E(|Xo[*) < oo;

(A35) P (sup[O,T] |M,| < oo) = 1 for each 7" > 0 and the process M converges
towards 0 in the L%-sense;

(A33) The functions by, : RF — R® and hy, : R* — IR? are Lipschitzian i.e.
there exists a constant C' > 0 such that for all z;, zo € R”,

ba (1) — bar(22)] + [ (21) — har(22)| < Clay — o], (27)
and by, (0) = 0 and hp(0) =0
(A3;) (B, H) is a detectable pair and (B, F') is a stabilizable pair.

Our aim is to estimate Z; = (M;, X])’ given the observation up to time ¢.
Since F(M}?) converges towards 0 as t goes to infinity, 0 is an “asymptotically
efficient” approximation for M;. Therefore we are only interested in the esti-
mation of X;. This problem can be interpreted as a linear filtering problem
with coloured noises. The optimal filter for X, is given by

I} (p) = E(p(Xy) | V), for all ¢ € Co(IRY).

3.2 The approximate filter

In this section, we propose a finite dimensional approximate filter for X; which
approaches the optimal filter as time goes to infinity.

To construct this approximate filter, we do as if M; was identically equal
to 0, for all ¢ > 0 in the system (25)—(26) i.e. as if the system was
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dX, = BX,dt+ FdV;,

Hence, defining for some z € IR and R > 0, (th’R, QF) as the solutions
to the following Kalman type equations,

dXof = BX®Rdt+ QFH'(dY, — HXPRat), X" ==z,  (28)
- R _ — ' ’ — ] - =
Q = BQI+QB +FF -QfHHQ, Qf =R, (29)

the approximate filter is taken as the Gaussian law with mean X} B and with
covariance matrix QF.

Proposition 3.1 Suppose that the assumptions (A3;) — (A34) hold. Then

lim E UXt o

t = oo

=0, (30)

for any x € R* and R > 0. Moreover, if ILX denotes the conditional law of
X; giwen Y, then

lim B (¥ (¢) - N (X5, Q0 )| =0, (31)

t — oo
for every bounded, uniformly continuous function ¢ : R — IR.
First let us show the following lemma
Lemma 3.2 [ftli)mOO zy — T = 0 and z'ftlimoo Qi = Qx = tli)moo Q. , then
lim [N('Tta Qi) () = N (s, Qt)(‘ﬂ)] =0,

t — oo

for every bounded uniformely continuous function ¢ : R* — IR.
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Proof Clearly,

lim [N (0,Q)(p) =N (O,Qt)(so)] = lim_[N(0, Q1) (%) = N (0, Qu) ()]

t = oo

+,lim [M(0, Q) — N (0, Q) (¢)] = 0.

Then on some probability space there exist random processes X and X taking
values in IR%, such that X, has law A (0,Q;) and X, has law N(0, Q,) for all
t > 0, and moreover |X; — X;| — 0 almost surely. Let Y; = X; + 2, and
Y, = X, + 7,. Since . li)moo x; — Z; = 0, we obtain |Y; — Y;| — 0 almost surely.
Given 1 > 0,

N (20, Q0)(9) = N (30, Q) (9)| = [E ((¥2) — 9(V2)) |

< . lo(y) — o) + 2[¢l|P{]Y: = V2| > n}).
y—y'|<n

By first letting ¢ — oo and then using uniform continuity, we complete the
proof. O

Proof of Proposition 3.1 The proof is similar step by step to the proof of
Theorem 2.6 in [10|. The idea is to decompose the signal X and to introduce
a new probability measure under which a new filtering problem is obtained.
We write

X, =M, +X,,

where

t
My = "X+ [ By (M) ds,
0

t
X, = / P9 F gy,
0
Then the observation equation can be rewritten

dY, = HX,dt + HM, dt + hp (M,) dt + dW, .
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Under (A3;)—(A33), since (Xo, M), and hence also (M, M), is independent of
w,

r y : 1T
E (eXp {/ —(HM; + hy(My)) dW, — 5/ \HM, + hy(M,)[? ds}) =1,
0 0

and a new probability measure P can be defined by

dP T - : 1T )
O _ exp / —(HM, + ha(M,)) dWs——/ \H M, + har (M,)2 ds b .
dP 0 2 Jo

On (Q, P, Fr), the process W = {W;, 0 < t < T} defined by
_ t .
Wté/ (HM, + hyy (M) ds +W,, 0< t < T,
0

is a Brownian motion, and {(Xy, M;), t € [0,T]} is independent of {(V;, W,),
t € [0,T]}. Moreover the law of {(Xo, M;), t € [0,T]} is the same under P
and P.

Define

t . . t .
Kté/(HMs—khM(Ms)) aw, , < K>té/ \H M, + hat (M,)[2 ds,
0 0
and .
Ltéexp{Kt—E <K>t} .

Note that L' = %. Then, by the Bayes formula, for any nonnegative mea-
surable function ¢ : R? x R — IR™, we have

E (@(Mt, Xt)Lt ‘ yt)
E(L| V)

In the sequel, we shall show that both the numerator and the denominator
may be expressed by an integral involving the Kalman filter for the process

(Xta Kt) given yt.

E (o(M;, X,)| V1) = (32)
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Consider the system
dX, = BX,dt+FdV,; X,=0,
dK, = (HM,;+ hy(M,))dW,; Ky=0, (33)
dy; = HX,dt+ dW,, Y;=0,

where X is a IR%valued process, K is a real-valued process and Y is the

IRP—valued observation process. )
Note that {(Xo, M;), t € [0,T]} and hence also {(M;, M), t € [0,T]}, is
independent of {(W;,Y;), t € [0,7]} under P. This system can be rewritten

([ X B o0\ [ X
d = . , dt
K, —(HM, + huy(M))H 0O ] \ K,
o) F
. ;| dYi+ vy,
(H M, + har (M) 0

ay, :(H|O)<Xt ) dt + dW, .

A

K,

\

Under P, the conditional law of (Xt, K;) given ) is the Gaussian law
N((Xy, Ky), Cy) where (X3, K;) is the solution to

()~ (omsmasars o) (&)
al )= . , ) at (34)
g, —(HM, +hy(M))H 0 ) \ R,

[y ) 206 ) |- () o
. ) dvi+ o av,— (H]0)| " | at] ,
(HM; + hpr(My)) 0] K;

with (X, Ko) = (0,0) and C; € RED*@+D) §5 the nonnegative definite solu-
tion to

) FF' 0O HH O
Ct - - Ct Ct (35)
0O O O O

B 0 B 0
+ v Ci+ Gy .
( —(HM; + hy(M;))H O > ( —(HM;+ hy(M))H O )
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o= Qf o .
ST,

with Cy = O.
Let

Therefore we have

Q. = BQ,+Q,B +FF —~QHHQ,, Qy=0, (36)
S, = (B-QHH)S, — Q.H (hy(M,) + HM,), Sy =0, (37)
T, = —2(hy(M;)+ HM,) HS, — S;H HS;, Ty =0, (38)

where Q, € R™4, S, € R? and T, € IR. We note that clearly X, = X¢
and Q; = Qf. Recall that the law of {(Xo, M;), t € [0,T]} is the same under
P and P and that {(Xo, M;)),t € [0,T]} and {(W,,Y})), t € [0,T]} are P-
independent. Since < K >, and M, depend on {Xy, M, 0 < s < t} only, the
numerator of the expression (32) can be written

E (@(Mt, X¢) exp {Kt -5 <K >t} |yt) (39)
= fIRdXC(IR+,IRk) @_%<K>t(z’m)ft<xa m) dmo(x)d Py (m),

where 5
Li(x,m) = / ) o(Mi(x,m), ri)e"dn(ry, r2) ,
R*xXR

and n; is the_con_ditional law of (Xt, K;) given ) i.e. n; is the Gaussian law
with mean (X, K;) and covariance C; defined above.
Note that

/d ez</\,r1>+zu'rz+'r2 dnt(rl,rg)
R*xIR

P 1 A A
AN Zy>+i(p—i) Ky _
- w362 ) L)) W

) B B 1
e%Tt+KteXp{i</\,Zt+St>+iu(Kt+n)_§<Ct(2>7(//“\‘>>}’

with ¢ € R? and X € R. Let

dny(ry, re) 2 e’%Tt’Kfe”dnt(rl, o) .
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Following the above equalities, we get that the characteristic functional of 7,
is given by

X

_ _ 1

Therefore 7; is the Gaussian law with mean
7+ S,
(52n);
and covariance C;. Then by (32) and (39), we obtain
Elp(X.) | V)] = Elp(M, + X,) | V)] =

Jre xC(R4 ,IRF) e(_%<K>t+%Tt+m) (zm) Ji(x, m)dmo(x)dPpr(m) (41)

St ey €3 I TN iy (2)d Py (m)

where )
J(x,m) = / o p(My(x,m) + r1)dn(r,r2) -
RxIR
Since under assumptions (A3;)-(A33), M, and X, are integrable, the equal-
ity (41) is satisfied in the case ¢(z) = z. In this case,
JRixR @ (Mt(:r;, m) + 7“1) dig(ry,ma) = My(z,m) + fga ridit(r)

) - (42)
= My(z,m)+ X; + Si(z,m),

where ﬁ% is the marginal of 77; on Riie ﬁtl is a Gaussian law with mean X,+.S,
and covariance ;.
From (41) and (42) we get

Xt = Xt + E[Mt + St | yt] . (43)
Let us consider E[M; + S; | V,]. From (34) and (37), we obtain
d(M; + S;) = (B — Q.H H)(M, + Sy) dt + [bps(My) — Qe H hapr(My)] dt, (44)
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with My + Sy = X,. Thus
-~ t — ’
M, + S, = 3,X, + (bt/o O (byr(M,) — OuH har(M,)) ds, (45)

where ®; € IR¥? is the transition matrix associated with B — Q,H H. Under
the assumption (A3,) ((B, H) detectable and (B, F') stabilizable), according
to Lemma 2.4 there exists a unique @), > 0 solution to the ARE

0=BQuw +QuB +FF -Q.HHQ,,

such that lim; _, o Q: = Qs and the matrix B — QOO_H "H is asymptotically
stable. Moreover, for every 0 < o < —ReA (B — Qo H H), there exist a
constant C, > 0 and a t, < oo such that

|®,® | < Cre™%) | fort, < s <t, (46)
and B B
1Q: — Qool| < Coe™", forall t > 0. (47)
Then the equation (45) can be rewritten
M+ S, = ®,0; (M, + S,)
+ O [ &7 (ba(M,) — Qoo H hai(My)) ds (48)

+ @ f D, (Qoo — Qs)H hpy (M) ds.
Hence

E[|M, + 5,|] < 4E[|®,®, " (M,, + 5.,)[’]
+ac, [ "B M, ds + 4C, / "2 20| M, ] ds
Then there exist a constant C,;, > 0 and a ¢, < oo such that
E[|M; + S,|’] < C, [eQU(tt”) + /t e 2R\ M, [ ds| (49)

Under the assumption (A3,), making use of the Teeplitz Lemma we obtain

lim E[|M; + Si*] = 0. (50)
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Since X, — X, = E(M, + S;| ):), by Jensen’s inequality, it follows that

. <> v 121
Jlim E[|X, - X, =0. (51)

To complete the proof of (30), we have to show that X, — X/ R converges
towards 0 in L2-sense for any = € IR? and R > 0. More precisely, we are going
to show that for any = € RY, R > 0 and for any 0 < 0 < —Re) (B — Q.. H'H)
there exist a constant C, and a t, < oo such that

E U)‘(t — X;”’Rﬂ < Cy e Vit > t,. (52)

Recall that Q@ = Q° and X, = X>°. From equations (34) and (28) we obtain

(d(X, - X" = (B-QRH'H)(X, - X[ dt + (Q, — QR)H' d,
+(Q: — QN H'H(X, — X,) dt

+(Qr — Q) H'hae (M) dt
XO — X(:)r,R = —T,

\

where v, = Y; — [ (H X, +h M/(Ms)) ds defines the inovation process. Then for
a given t, > 0, we have

_ _ _ _ t _ _
K= XP" = ofOR) (X, - X5+ of [ (0H)7HQ. — QN dv,

ot [[(@8)7(@. - QMH'H(X, - X.)

t _ _ —
+8 [ (@8 1@, ~ @R H'h(M,) ds
where ®Z is the transition matrix associated with B — QFH'H.

To prove (52) it suffices to establish the bound for each of the terms in the
above right-hand side. The first two terms are treated as in (48) respectively,
the bound for the last two terms is easily obtained. This completes the proof
of (30).
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Finally, let us show (31). From (52), by applying the Borel-Cantelli lemma
to X, — X2 and to sup, ;<1 | Xe— X7 — (X, — X2F)|, we can easily obtain

that X, — X>f converges almost surely towards 0. Since
lim Q; = Qo = lim Qf,
t — oo t — oo

according to Lemma 3.2 and the dominated convergence Theorem, we obtain

(N (%, Q) (9) = N (X5, Q) ()| =0

lim E
t — oo
Therefore it remains to show that

t = oo

. _ 2
lim_E |(IL(¢) -V (X, @:)(¢) | = 0. (53)
for any bounded, uniformely continuous function ¢ : R¢ — IR. Observe that

() — N (X1, Q1) (9) = E(o(Xy) | Vo) — B(e(X: + 1)),

where for each t > 0, U, is a Gaussian vector with zero-mean and covariance
matrix ;.
From (41), we have

I () _N(Xt, Qt)(@) =

Jre xC(Ry,IR*) e(_%<K>t+%Tt+Kt) =mA, (z, m)dmo(z)d Par(m) (54)

f]RdXC(IR_;,_,IRk) e(—%<K>t+%Tt+Kt)(a:,m)d7r0(x)dPM<m)

where
Arle,m) = E (o(X+ (Se + M) (@,m) + Uy)) ~ E (o(Xe + U2)
Let & > 0. Choose 1 > 0 such that for all y and ' € R%, if |y — ¢/| < 7 then

lo(y) — )] < %
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Decompose the integral in the numerator of (54) into the sum of the integral
over the region {|(M;+S:)(xz, m)| < n} and the integral over the region {|(M;+
St)(xz,m)| > n}. We obtain

(@) = N (X, Q) ()] < sup |o(y) — ()],

ly—y'|<n

#20[0lloE (1 sz} 1)

and therefore

E (|ML(p) - (X, Q) (¢)?) < & + Hlelle

€
2 n?

. 2
E [\Mt+st|] .
. 2
Since lim; _, o E UMt + St‘ ] = 0, there is a T' > 0 such that for all t > T
. 2 €
E[‘Mt+5t‘ ] < 2

and we obtain (53) which achieves the proof of (31).
a

Remark 3.3 One consequence of Proposition 3.1 is that the approximate fil-
ter is “asymptotically insensitive to perturbations of its initial condition”. It
is interesting to note that this result does not require asymptotic ergodic be-
havior of the signal. The statement extends to the case of a coloured noise
in the signal and in the observation the one obtained by Ocone and Pardoux
(see Theorem 2.6 [10]) for a white noise. Moreover it can be seen also as some
extension of Proposition 2.8 above to the case of a nonlinear action of the
stable signal component on the unstable one.

4 The nonlinear case

4.1 The result of Ocone—Pardoux [10]

First we present the result of Ocone-Pardoux [10] about the stability of the
optimal filter with respect to its initial condition when the state process Z is
ergodic.
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Consider the filtering model specified by the signal-observation pair (Z,Y)
defined on the probability space (€2, F, P) as follows:

Z =A{Z,,t > 0}is a continuous, R"—valued Markov process with law
P™ corresponding to the initial distribution my and
t
Yt:/ h(Z,)ds + W,, t >0,
0

where W is a IRP—valued Brownian motion independent of Z and h : R" — IR?
is bounded and continuous. Let (S;):>o denote the semigroup on Cy(IR?) asso-
ciated with the Markov process Z,

Sio(z) = E*(0(Zy)), Yo € C(IR™).

Assume that (S;);>0 is a strongly continuous positive and conservative con-
traction semigroup on Cy(IR™). In [10], the following ergodicity properties are
introduced for the signal semigroup.

The semigroup (S;)>0 admits a unique invariant measure p and

(Hy) limsup, , 4o Jg~ [Se0(2) — p(e)| u(dz) =0, Vo € C(IR").

For a probability measure v on R", let v.S; (resp. R”) denote the law of the
random variable Z; (resp. the observation process Y') when the distribution of
Zp is v. One says that (S;)i>o forgets v for p if

(Hy(v)) vS; — p weakly as ¢ — +o0.
Then Theorem 3.2 in [10] stands as follows:
Theorem 4.1 Assume

(i) (St)e>o satisfies (H1);
(ii) (Hs(mo)) and (Hs(7g)) are both satisfied;

(111) R™ is absolutely continuous with respect to R™.
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If I, (resp. I:It) denotes the conditional distribution of Z; given Y; when the
initial distribution of Z is my (resp. 7o), then

lim E [(Ht(gp) — lzlt(@))Q] =0,

t = 4oo

or every bounded, continuous ¢ : IR? — IR.
f y @

Remark 4.2 This result has been established by Ocone and Pardoux [10] in
a more general context where the state process Z is cadlag and takes its values
in a locally compact, complete separable metric space.

4.2 Problem formulation

In this section, the following nonlinear filtering problem is studied :

dM; = f(My)dt, (55)
dY, = h(X,)dt+ hy (M) dt + dW,, Yy=0, (57)

where Z = (M', X')" is the n-dimensional state process with n = k 4 d and
Y is the p—dimensional observation process. The processes V and W are two
independent standard Brownian motions taking values in IR and IR?, respec-
tively, and defined on the filtered probability space (2, F, F;, P) whose precise
form will be given below. Z; is a Fy—measurable random vector independent
of (V,W) with the given law 7. The functions f, by, and hy, are from R*
into IR*, IR? and IR” respectively. The functions b and A are from IR? into IR?
and IR? respectively.

Let ¢, denote the deterministic flow of the equation (55); ¢;(m) is the state
reached by the flow at time ¢, starting from m € IR* at t = 0.

We assume that :

(A4;) E(exp co|My|?) < +oo for some suitable ¢y > 0 (see Remark 4.6 below).

(A4,) The flow ¢, is contracting with exponential rate, i.e. there exists a A > 0
such that for all ¢ > 0 and m;, my € R*:

|pe(m1) — de(ma)| < e M|my — mal,
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and ¢,(0) = 0 for all ¢ > 0.

(A43) The functions f, b and by, are Lipschitzian and h and h,; are continuous
and bounded. Moreover

It is convenient to work on the canonical probability space of the process
(Z,Y). Let @ = C(R"; R") and Qy = C(IR"; IR?). Define Q = Oy x Q,
F its Borel field, F; the canonical Borel filtration on Q and (Z;,Y;) (w1, ws) =
(w1(t),ws(t)). For a probability measure v on IR", let @ be the measure on 2
corresponding to the filtering model (55)—(57) when v is the law of Z;. Let P¥
(resp. RY) denote the marginal of Q” on €; (resp. on ). Moreover we use
E”(.) to denote expectation with respect to @Q”. In particular P = P™ and
E(.) = E™(.).

Of course the conditional distribution of Z; given ); under Q™ which we
shall write as II;, is the optimal solution of the filtering problem in model
(55)—(57):

(p) = B(p(Z) | %), Vo € C(R™).

The evolution in time of the conditional distribution can be described by
the Zakai equation. Introducing

Ftéexp{/ot(h( )+ ha(M /|h )+ har(M,)ds

under our assumptions, it is standard that one may define a probability mea-
sure Q” wich is locally absolutely continuous with respect to the original prob-
ability measure Q* with local Radon-Nikodym derivative I';. Moreover Q* and
Q" are locally equivalent and under Q¥ the process Y is a standard Brownian
motion independent of X. By the Bayes formula, we have

EY(p(Z)T: | V)
EU(Ft | W) '

Therefore, taking v = my, to compute the optimal filter II;, it is enough to
compute the unnormalised conditional measure {o;,t > 0} defined by

E"(o(Z:) | V) =

o) 2B (G(Z)T,| V1), Yo € G(IR™).
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The infinitesimal generator of the diffusion process Z is defined by
1
Lip(m, x) = f(m)'Vmp(m, z) + (b(z) +bu (m)) Vap(m, 2) + 5 tr Vo, 0(m, ),

for all m € RF, » € R? and ¢ € C}(IR"). Then o,(y) satisfies the Zakai
equation (cf. [13] or e.g. [11])

o) = ouli) + [ "ou(Lp)ds + / Coy(Ho) dY,, (58)

where H(m,z) = hy(m) + h(z), for all m € R* and 2 € R%. The spatial
variable dimension of this equation is n, the dimension of Z and the initial
condition is 7.

In this section, in the case of signal ergodicity we propose a reduced—order
filter which approaches the optimal filter as the time goes to infinity. The
idea is to do as if the process M was equal to 0 in the system (55)—(57). In
fact, 7o = dp @ n where d; is the Dirac measure at point 0 € IR* and 7 is the
marginal of my on IR? is taken as the initial condition of the Zakai equation
(58) instead of mg.

Clearly the conditionial law of Z; given ); with initial law 7 is

I, = 6 @ II}*,
where 1:[5( is the conditional law of X; given ); in the model
dX; = b(Xy)dt+ dVy, (59)
dY, = h(Xy)dt+ dW,, Y;=0, (60)

when the distribution of X is 7. Same as above, to know I it is enough
to compute the unnormalised conditional measure {5;* , ¢ > 0} which satisfies
the following Zakai eqation for all ¢ € CZ2(IR%):

t _ t ,
o o) =)+ [ o (L) ds + [ a¥(he)ave, (6]
where LX is defined by

LXp(z) = b(2)'Vap(z) + % tr V2 o(x), Vo € R?.
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The spatial variable dimension of this equation is d, the dimension of X
and the initial condition is 7. The conditional law II, will be referred to as
the reduced—order filter. The advantage of this filter is that the numerical
computations of the Zakai equation are easier.

Since we have

IT(p) = E™ (p(0, X¢) | Vh) = BE™ (0(Z:) | Wh) , Voo € Co(R™),

the study of the asymptotic deviation of the reduced-order filter from the
optimal filter yields to the study of the asymptotic stability of the optimal
filter with respect to its initial condition as studied by Ocone and Pardoux in
[10]. Indeed under Q™, the difference I1,(¢) — I1;(¢) is the difference between
the conditional law with “true” initial condition 7y (the optimal filter) and the
conditional law with erroneous initial condition 7y (the reduced—order filter).
Under some ergodicity assumptions we shall show that the assumptions of
Theorem 4.1 above are verified and then this Theorem will be applied.

4.3 Asymptotic behaviour of the reduced—order filter

Let (S7)i>0 denote the semigroup on C3(IR?) associated with the Markov pro-
cess X defined by the stochastic differential equation

dX, = b(X,)dt +dB,, ¥t >0, (62)

where B is a Brownian motion.
The following sufficient condition for such a process to be ergodic is due to
Hasminski [3]:

(A4,) there exist two constants 7 > 0 and « > 0 such that
2'b(x) < —alz|, Viz|>71.
Under this condition, (StX )i>0 admits a unique invariant measure pX and for
any probability measure v on R,
VStX — X weakly as t — 400, (63)

where vSX denotes the law of the random variable X, when the distribution
of Xy is v.
Then we can prove the following statement
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Proposition 4.3 Assume that in the model (55)-(57), the conditions (A4;) —
(A4,) hold. Then for every bounded continuous ¢ : R" — IR,

lim E [(Ht(gp) _ flt(w))Q] —0. (64)

t - 4+oo

The proof consists to show that the conditions () — (4i¢) of Theorem 4.1 are all
satisfied. This is done through two lemmas. The first one says that condition
(13) is fulfilled.

Lemma 4.4 Assume that conditions (A4y) — (A4s) hold. Then R™ is abso-
lutely continuous with respect to R™ .

lfroof First we introduce a new probability measure Q™ with a marginal
R™ on Q, which coincides with the marginal R™ of @™ on .
Define the processes V and W as follows:

t
v = v;+/bM(Ms>ds,
0
t
We = Wt [ ha(M,)ds,
0

Let . .
Kt:/ bas (M)’ dvs+/ hat (M) dW, ,
0 0

< K >i= f§ (|bar(MQ)]? + [har(M)2) ds and Ly = exp {— K, — § < K >,}.

Under our assumptions, E(L;) = 1 and then {L;, t > 0} is a (F;)-mar-
tingale under Q™. Then we may define the probability measure Q™ which
is locally absolutely continuous with respect to Q™ with the local Radon—
Nikodym derivative L,. Moreover under Q™ we have

dX, = b(X,)dt+dV;,
d}/; = h(Xt)dt+Wt,%:0,

where the processes V and W are standard Brownian motions taking values
in R? and IR? respectively and X is independent of (V,W) and has law 7 the
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marginal of 7y on IR?. Since also under Q™ the same facts hold with (V, W)
in place of (V,W), we can assert that R™ = R,

Now we shall prove that in fact Q™ << Q™ on (2, F). Thanks to Propo-
sition II1.3.5 in [4], it is enough to show that the density process L; is a
square—-integrable martingale i.e.

sup E(L?) < +00.
t

Recall that My is independent of (V,W). Hence M is also independent of
(V,W) and it is easy to check that

E(L?) = E(exp < K >;).

Now consider that in assumption (A4;) a suitable ¢; means that ¢ >
sup(ca,,, Chy, )2/ X where X is the convergence rate of the flow ¢(t) appearing in
(A4y) and cp,, and ¢y, are the Lipschitz constants of by, and hy in (A43) re-
spectively. Then it is easy to verify that there is a constant C' > 0 independent
of ¢ such that

E(L})<C, Vt>0. (65)

Thefefore we can conclude that Q™ << Q™ on (£, F) and consequently
R™ = R™ << R™_ which achieves the proof of the lemma. O

Finally the next lemma says that conditions (i) — (i¢) in Theorem 4.1 are
satisfied.

Lemma 4.5 Assume that conditions (A4,) — (A44) hold. Let (Si)i>0 be the
semigroup on Cy(IR™)associated with the Markov process Z = (M',X') gener-
ated by equations (55)—(57). Then (Sy)i>0 is a strongly continous positive and
conservative contraction semigroup which admits a unique tnvariant measure
w defined by p = 8 @ uX which satisfies (H1). Moreover conditions (Ho(m))
and (Hy (7)) are fulfilled.

Proof Under our assumptions, (S;):>¢ is a strongly continuous positive and
conservative contraction semigroup on C,(IR™). Moreover, under the above
ergodicity assumption (A4,), it is straightforward to show that the measure

p = 0y ® pX, where p* is the unique invariant measure of (S;¥);>0, is an

INRIA



Asymptotic Behaviour of Reduced—Order Filters 37

invariant measure of (S;)¢>9. The uniqueness of 1 X implies the uniqueness of
w and from (63), (H;) can be easily obtained. On the other hand, since the law
of Z; under P™ coincides with the law dy ® (nS%) on Q; where X is defined
by (62), condition (Hy(7p)) is directly obtained from (63). It remains to verify
that (Ha(mp)) is fulfilled. Since (S;)i>0 admits a unique invariant measure it
suffices to show that the family of laws {Pz, ,t > 0} where Pz, = mS;, is
uniformly tight i.e. for any ¢ > 0, there is a compact set K C IR" such that

P(Z,eK)>1—¢,Vt>0.

Since from (A4s), M converges to 0 in probability, it suffices to prove that the
family {Px,,t > 0} is uniformly tight.
For any R > 0, we have

P(|X,/>R)=E (1|Xt\>R)Lt_1> ;

where E denotes expectation with respect to the probability measure Q™ de-
fined in the proof of the Lemma 4.4.
Recall that from the above proof, under Q™ we have

dX, = b(X,) dt + dV;,

where V' is a Brownian motion and X has distribution 7 and is independent of
V. Therefore under Q™ the distribution of the random variable X; coincides
with nS¥ where X is defined by (62). Hence by the Cauchy-Schwarz inequality
for any R > 0 we get

P(X,/>R) < Q™(X,|>R):2E(L?)?
(B(L71))E .

(M

= (nS¥({z e R*: [z > R})
As in the proof of Lemma 4.4, we can easily obtain
E(L,)=E(exp< K >,) <C, Vt>0,

where the constant C' is independent of ¢ and is already obtained in (65).

Moreover, assumption (A4,) implies that the family of laws {nS;X,t > 0}
is uniformly tight. Therefore for a given € > 0, there is a R > 0 such that

2

nSX({z € R: |z| > R}) < % vVt > 0.
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Hence for this R it follows that
P(|Xi| > R) <e.

This means that the family of laws {Py,,t > 0} is uniformly tight and we can

conclude that (Hy(mg)) is fulfilled.
a

Remark 4.6 From the proof of Lemma 4.4 it appears that assumption (A4;)
can be precisely reformulated as:

“E(exp(co|Mo|*) < +o0 for ¢y = sup(cs,,, chy,)?/A where X is the conver-
gence rate of the flow ¢(t) appearing in (A4,) and ¢p,, and ¢, are the Lipschitz
constants of by, and hys in (A4;) respectively”.

It is worth to emphasize that the larger is A, the smaller is the constant c¢,.

Remark 4.7 With slight modifications in the proof of Proposition 4.3, one
can show that the same asymptotic result holds for any initial law of the form
So ® B in place of 7y provided that 8 << 7 (we have R%®# << R™). So for
two different initial conditions of this form the asymptotic behaviour of the
reduced-order filter is unchanged. In the particular case of the filtering model
(59)-(60), this reduces to the fact that, under the assumptions “b Lipschitzian”,
“h continuous bounded”, and (A4,), a filter initialized with an erroneous initial
condition 8 << n has the same asymptotic behaviour as the optimal filter
(initialized with 7). Actually that property in model (59)—(60) is an immediate
consequence of Theorem 3.2 and Remark 3.3 in [10].

Acknowledgements: We are very grateful to Marina Kleptsyna for valu-
able discussions concerning ergodic properties of diffusion processes.
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