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Optimal Robot Scheduling for Web Search Engines

E. G. Coffman, Jr., Zhen Liu, Richard R. Weber

Théme 1 — Réseaux et systémes

Projet MISTRAL

Rapport de recherche n°® 3317 — Décembre 1997 — 19 pages

Abstract: A robot is deployed by a Web search engine in order to maintain the currency of its
data base of Web pages. This paper studies robot scheduling policies that minimize the fractions 7;
of time pages spend out-of-date, assuming independent Poisson page-change processes, and a general
distribution for the page access time X. We show that, if X is decreased in the increasing-convex
ordering sense, then r; is decreased for all 7 under any scheduling policy, and that, in order to minimize
expected total obsolescence time of any page, the accesses to that page should be as evenly spaced in
time as possible.

We then investigate the problem of scheduling to minimize the cost function ) ¢;r;, where the ¢;
are given weights proportional to the page-change rates p;. We give a tight bound on the performance
of such a policy and prove that the optimal frequency at which the robot should access page ¢ is
proportional to In(h;)~!, where h; := Ee~#*. Note that this reduces to being proportional to ; when
X is a constant, but not, as one might expect, when X has a general distribution.

Next, we evaluate randomized accessing policies whereby the choices of page access are determined
by independent random samples from the distribution {f;}. We show that when the weights ¢; in the
cost function are proportional to x;, the minimum cost is achieved when f; is proportional to (h;) ' —1.
Finally, we present and analyze a heuristic policy that is especially suited to the asymptotic regime of
large data bases.

Key-words: Web Search Engines, Web Robots, Spiders, Stochastic Scheduling, Stochastic Ordering.

Correspondence: Zhen LIU, INRIA, Centre Sophia Antipolis, 2004 route des Lucioles, B.P. 93, 06902 Sophia-
Antipolis, France.  e-mail: Zhen.Liu@sophia.inria.fr

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, B.P. 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : 04 93 65 77 77 - International : +33 4 93 65 77 77 — Fax : 04 93 65 77 65 - International : +33 4 93 65 77 65
a partir du 01/01/1998
Téléphone : 04 92 38 77 77 - International : +33 4 92 38 77 77 — Fax : 04 92 38 77 65 - International : +33 4 92 38 77 65



Ordonnancement du robot dans les moteurs de recherche du Web

Résumé : Les moteurs de recherche du Web utilisent des robots pour maintenir & jour leurs bases
de données. La politique d’ordonnancement des robots détermine la maniére dont les pages Web sont
mises & jour dans ces bases de données. Cet article s’intéresse & I’ordonnancement optimal des robots
pour la minimisation des fractions du temps ou les pages ne sont pas a jour. Nous supposons que
les pages sont modifiées selon les processus poissonniens indépendants et que les durées d’accés des
pages sont des variables aléatoires indépendantes et identiquement distribuées, dont la loi est notée
X. Nous montrons que si X décroit dans le sens de 'ordre convexe-croissant, alors r;, la fraction du
temps ol la page ¢ n’est pas & jour, décroit pour toutes les pages ¢ sous n’importe quelle politique
d’ordonnancement, et que, afin de maximiser I’espérance de la fraicheur d’une page, I'accés & cette
page par le robot doit étre le plus équitablement espacé en temps.

Nous étudions ensuite le probléme d’ordonnancement pour minimiser la fonction de cott ) ¢;r;,
ol les ¢; sont des coefficients proportionnels aux taux de changement des pages u;. Nous donnons une
borne sur la performance de la politique optimale et montrons que la fréquence optimale avec laquelle
le robot accéde & la page i est proportionnelle & In(h;)~!, ot h; := Ee #*. Notons que ce dernier
devient proportionnel & u; seulement quand X est une constante.

Nous évaluons aussi les politiques d’accés aléatoires ol le choix d’accés des pages est déterminé
selon les échantillons de la distribution {f;}. Nous montrons que, quand les ¢; sont des coefficients
proportionnels aux taux de changement des pages p;, le colit minimum est atteint si f; est proportionnel
a (h;)~! — 1. Finalement, nous présentons et analysons une heuristique qui est particuliérement utile
dans le cas d’un grand nombre de pages.

Mots-clés : Moteur de recherche du Web, robots du Web, ordonnancement stochastique, ordre
stochastique.
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1 Introduction

The Web’s role as a major information publishing and retrieving mechanism on the Internet continues
to grow extremely fast. Indeed, the amount of information on the Web has long since become too
large for manually browsing through any significant portion of its hypertext structure. Instead, the
Web offers search engines for this purpose; Alta Vista, Lycos, Infoseek, Magellan, Excite, and Yahoo
are but a few of those available. These systems consist of indexing engines for constructing a data
base of Web pages, and in many cases robots for bringing information to the indexing engine. To
maintain currency and completeness of the data base, robots periodically make recursive traversals of
the Web’s hypertext structure by accessing pages, then the pages referenced by these pages, and so on.
There are currently well over 100 robots on the Web. Most of them, including the ones of interest here,
are designed for resource discovery, but others are used for mirroring, maintenance (link checking),
statistics, etc. For an extensive discussion of Web robots, see the work of Martijn Koster at

http:/info.webcrawler.com/mak/projects/robots/robots.html

In the literature one finds more colorful terms for robot, such as wanderer, crawler or spider, and
the notion of a robot being ‘routed to’ or ‘visiting’ a page. This paper keeps with the ‘robot’ and

‘accessing’ terminology throughout.

We study problems of scheduling a robot that maintains the currency of existing pages in search-
engine data bases. We assume that the set of data-base pages is fixed, but as we shall see, our results
can be promoted as heuristics for data bases that acquire new pages and drop old pages over time.
A specific objective will be to find robot schedules that minimize the obsolescence of the data base
in some useful sense. For example, assume there are N Web pages, labeled 1,2,..., N, which are to
be accessed repeatedly by a robot, the duration of each access being an independent sample from a
given distribution. Assume also that the contents of page i are modified at times that follow a Poisson
process with parameter u;. A page is considered up-to-date by the indexing engine from the time it is
accessed by the robot until the next time it is modified, at which point it becomes out-of-date until the
robot’s next access. Let r; be the fraction of time page i spends out-of-date. The problem is to find
relative page-access frequencies and a sequencing policy that realizes these frequencies such that the
objective function C' = 37 ;< y ¢;74, is minimized, where the ¢; are given weights. Under simplifying
but plausible assumptions on the weights, page access times, and the class of allowed policies, we obtain

solutions to this problem.

From a theoretical point of view, our problem is closely related to those multiple-queue single-server
systems usually called polling systems in the queueing literature. Indeed, the robot can be considered
as the server and the pages as the stations in the polling system. The durations of consecutive page
accesses correspond to switch-over times and the page modifications correspond to customer arrivals.

RR n° 3317



4 L. G. Coffman, Jr., 4. Lw, k. K. Weber

The service times in this polling system are zero. An extensive literature exists on the analysis and
control of polling systems. The interested reader is referred to the book of Takagi [16, 17] for general
references; the special issue of the journal Queueing Systems, Vol. 11 (1992) on polling models and
the recent thesis of Borst [4] can be consulted for more recent developments. In particular, the polling
systems with zero service times were motivated by communication networks such as teletert and videotex

where pages of information are to be broadcast to terminals connected to a computer network [1, 8, 13].

However, the problem here has not been analyzed. Indeed, in the usual polling analysis, interest
centers on mean waiting times and mean queue lengths, whereas in our problem, the performance
measure of interest, viz., the obsolescence time, corresponds to the maximum waiting time of a customer

during a visit cycle of the server. Quantities of this kind have not been analyzed in the past.

The next section is devoted to a precise formulation of our model, and a review of some useful
concepts in stochastic ordering theory. Section 3 begins by proving two properties of robot scheduling
policies: (i) expected obsolescence times increase as the page-access time increases in the increasing-
convex-ordering sense, and (%i), by Schur-convexity results, accesses to any given page should be as
evenly spaced as possible. We then derive a tight lower bound on the cost function C' assuming that
the weights ¢; are proportional to the u;. These results yield a formula for optimal access frequencies.
The next two sections, Sections 4 and 5, deal with the problem of sequencing page accesses optimally,
or near optimally, so as to realize a given set of access frequencies. This material is prefaced by a
discussion at the end of Section 3 which relates our scheduling problem to those that come under the

heading of generalized round-robin or template-driven scheduling.

In Section 4, we introduce randomized page accessing, where each access is determined by an i.i.d.
sample from a distribution {f;}. We show how to find that choice for this distribution which minimizes
C. In Section 5, we develop a policy that performs well when N is large. It is based on work of Itai and
Rosberg [11] (in an entirely different setting) and yields a cost within 5% of optimal. Some directions

for further research are mentioned in Section 6, which concludes the paper.

2 Preliminaries

Let {Xj} be the sequence of durations of consecutive page accesses by the robot, each X} being
distributed independently as a random variable X. For scheduling policy 7, let 7, € {1,2,...,N} be
the scheduling decision for the n-th access, i.e., the index of the n-th page to be accessed by the robot

under 7. Define the interaccess distance d;- (m) = n; (m) — né-_l(ﬂ), where n; (7) is the index of the j-th

access of page 1, i.e., nz(w) = inf{n > nj-fl(w) | 7, = i}, and where nj(7) = 0. Let X;: = X;-(W) be

the j-th intercompletion time of page i, i.e., the time between the (j — 1)-st and j-th page-i access

INRIA



OUptimal robot Scheduling for Web Search Engines 5]

completion times. We have X;: = Z:’_ ni 41 X}, so the random variables X ]’ are mutually independent.
=ni_,

Note that, if page access times X}, are exponentially distributed, then X; has an Erlang distribution

of d;- stages.

Hereafter, except in definitions, the policy w will normally be omitted from our notation; in such

cases, the policy will always be clear in context.

Let Z; = Z; () be the time that page i is out-of-date during the j-th intercompletion time of page .
Let m!, = m! (m) be the number of accesses of page i among the first n accesses: mi, = Y 7_; 1{m =1},
where 1{-} is the indicator function. Hereafter, we consider only stationary scheduling policies in the
sense that, for each such policy, the limit

i

fi= fi(x) = lim —= (1)

0 n

m

exists and is strictly positive for all 7, 1 < ¢ < N. We call f; the access frequency of page i. We
also require that the limits limy oo >7—; Z}/n and lim, oo >7-1 E[Z}]/n exist and be equal. These
last assumptions hold under fairly mild conditions, e.g., when the sequence {d;(ﬂ')}] is stationary and

ergodic (cf. Kingman [12]).

The obsolescence rate r; = r;(m) of page 4 is the limiting fraction of time that page 7 is out of date;

precisely, it is defined as

wogi i 2D i iz
v~ lim PR _ 1 i > ElZ]] 2)
(2 7 . i .
noo g X y > X E[X] n— n
nooo

In particular, when policy 7 is cyclic with cycle length K, i.e., when m,xir = T(n_1)g4 for all

1<k< Kandaln=1,2,..., then

= ﬁmgmzﬂ, 3)

where m’K is the number of page-i accesses during a cycle. The cost function to be minimized is the

weighted sum of the obsolescence rates:

N
C:C(ﬂ'):zci Ti, (4)
=1

where ¢; are given positive real numbers and the minimization is to be over all stationary scheduling

policies.
RR n°® 3317
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A few basics in stochastic ordering conclude this section. For two m-dimensional real vectors x and
Y, X majorizes y, written x >y, if 37,14 x5 > Y ypp, for k= 1,...,m—1and 3750 x5 = 3500 Y,
where zj;) is the ith largest component of x. Intuitively, y is better balanced than x. A function A

is said to be Schur-convex if h(x) > h(y) whenever x > y. See [14] for more details about this and

related properties.

A random variable Y] is said to be no greater than a random variable Y3 in the convex ordering
sense, denoted Y7 <., Y3, if E[h(Y7)] < E[h(Y3)] for all convex functions h, provided the expectations
exist. If in this definition ‘convex’ is replaced everywhere by ‘increasing and convex,’ then we write
Y71 <iex Yo. As is easily verified, Y7 <.; Y3 implies that Y; has the same mean but smaller variance
than Y5. It is also easy to see that Y7 <., Y implies Y7 <;., Y. See [15] for equivalent definitions and

further properties.

3 Schur Convexity and a Lower Bound

Recall that a page is considered out-of-date from the time it is modified until the next time it is
accessed by the robot. Thus, if page ¢ is not modified during its j-th intercompletion interval, then
the obsolescence time is Z;: = 0. Otherwise, Z]’: is the time that elapses from the first moment page
i is modified during its j-th intercompletion interval until the end of that interval. Recall also that
the modification (or mutation) epochs of page ¢ follow a Poisson process with parameter u,;. By the
memoryless property of the Poisson process, the time that elapses from the beginning of page ¢’s
j-th intercompletion interval to the first subsequent mutation has an exponential distribution with
parameter p;. Let R:, RS, ... be an i.i.d. sequence of such random variables, so that

74 (xi-R)", (5)

where 1 denotes max(x,0) and 2 denotes equality in distribution.

As an immediate consequence, we obtain

Theorem 3.1 If the page access time is decreased in the increasing convexr ordering sense, then the

obsolescence rate is decreased for all pages under any scheduling policy.

Proof. Let {X}} be a sequence of access times distributed independently as X', and define {X’ ; }

and {Z’;}j as for X;. Assume that X’ <;., X. Then,

744 (xR <o (X1 R)) T2 2,
INRIA
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and so E[Z"}] < E[Z!]. Thus,

gLy D EEG 1 B BAL
' E[X'] n— n = E[X] n—eo n "

as desired. B

We now show that the obsolescence rate is a Schur convex function of the vector of interaccess
distances. For this, we need the following calculation which will also be useful for later results. Define

h; = E[e~#iX], the Laplace transform of X.

Lemma 3.1 For any page 1,

B[Z}] = d\B[X] - ul (1 - h‘f) .

2

Proof. Let G; be the probability distribution of X; We have from (5) that
E(Z)] = /Ooo P(Z} > z)dz
- /OOO P(Xi—Ri > 2)dz
= / / G’ (dz) - (1 — eHile- Z)) dz
_ / / (1 - e ) d=Gi(da)

oo 1— e*l‘il‘ X
= r—  — G1' dx
/o ( i ) ()

which yields the lemma. |

We can conclude from the above proof that the result of Theorem 3.1 still holds when the increasing
convex ordering is replaced by the weaker Laplace-transform ordering (see [15]). It follows from a result

of Schur (cf. [14, Proposition 3.C.1, page 64]) and Lemma 3.1 that

Theorem 3.2 For any fized number of page-i accesses, the expected total obsolescence time of page i

is a Schur convex function of the distances d;

RR n° 3317
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Thus, in order to minimize the expected obsolescence time, the accesses to any particular page

should be as evenly spaced as possible.

An algorithm that computes a schedule of the robot that implements a given set of access frequencies
in the sense of (1) is called an accessing policy. In these terms, the scheduling policies proposed in this
paper consist of two stages; the first computes a set of access frequencies {f;} and the second is an
accessing policy that implements {f;}. The even-spacing objective of accessing policies yields a lower

bound, as follows.

Theorem 3.3 The obsolescence rate under any accessing policy implementing the access frequencies

{fi} satisfies for each i,

1 ( fz l/f)
r; > —— (| B|X P ).
ElX] 1= Hi Nz
Proof.
1 =i BlZ)
g = —— - i J J
" E[X] ne6o n
1 mh 1 d
o S (e (1))
1 1 m 1T g
= ——- lim — [nEX]-—4+—) h’
E[X] n—oon ( X] Mi o e Z )
1 fZ d
= —— | FE[X -I- — lim — h;
E[X] ( [ ] i Wi M0 n Z )
1 fz n/m
> —— | E[X -I— — lim ”h
g (£ s+ )
1 fz 1/f>
= E[X]—=— :
B[] ( LX) Z+ Z
where the inequality comes from the Schur convexity of Theorem 3.2. |

The above lower bound can be achieved only in special cases. For instance, if the frequencies are
all equal, the policy that accesses pages 1,2,..., N cyclically yields this optimal obsolescence rate.
Another example where we can find a feasible accessing policy achieving the lower bound is when the
frequencies are of the form f; = 1/2%, where k; is an integer for every i. We return to the general case

after proving the following cost-minimization theorem.
INRIA
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Theorem 3.4 Assume that the weights in the cost function are proportional to the mutation rates of

the pages, i.e., ¢; = cop; for alli=1,2,...,N. Then for any scheduling policy,

N

N
OZCO'ZMz’TiZCO<M—V+VHhi>>0a (6
1=1

i=1

~—

where = YN pi and where v = (E[X])™" is the rate parameter of the access-time distribution.

Proof. For the moment let the ¢; be general. Following Theorem 3.3, we have C' > C*, where C* is

the solution to the following optimization problem:
N v v
Cc* = miani (1 - —x; + —mihg/mi) (7)
i=1 i i
subject to x; > 0 and

N
Zl‘,’ =1.
=1

To solve the above problem, we use Lagrange multipliers and define

N N
L(z1,...,ZTN,A) = Zci (1— 5:1:1-4— Mixzhi/”:) + A (sz — 1) .

By the convexity of the function Y% | ¢ (1 -zt ulmzhzl/m) in the vector (x1,...,zy), the solution

satisfies the necessary and sufficient condition

' v Inhi 1/m
oL _ _av (1—hj/’+ﬂh§/ 1>+A=0, (8)
ox; i L4

oL N
£ = ;.’L‘i—lz . (9)

1/z;

Observe that h; < 1 so that h;”"" < 1. One can easily check that the function 1 —y + ylny is

strictly decreasing in y for y < 1. Thus, under the assumption that ¢; is proportional to u;, we conclude

from (8) that all h; /*i are identical and that the minimum is achieved, by (9), when

Inh;  In(hy)™*
Zi]il Inh; Zi]il In(h;)=1

T =

This solution is positive so it is also the solution to the minimization problem in (7). Hence,

N N N v v N
C* =3 cops = cov Y @i+ cov Y wihy ™ = o (/L -v+ Vezz‘=llnhi> = ¢ (M —v+v]] hi) :

RR n° 33171
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Note that
N v N i
[1hi = Ele Zim#%] > 1 - B[} piX) =1- &,
; ; v
=1 =1
S0
N
p—v+v]]hi>0,
=1
and the proof is complete. |

Observe that when the weights in the cost function are not proportional to the mutation rates of
pages, one can still use Lagrange multipliers to solve the optimization problem. However, we do not

have closed-form solutions in general.

It is also worthwhile noticing that the optimal access frequencies (cf. (10)) in the above lower

bound are not necessarily proportional to the page mutation rates ;. Rather, they are proportional

-1
to In(h;) ! =1In (E[e*"iX ]) . Proportionality to the pu; occurs only when X is a constant. Note also

-1
that the magnitude of the difference between u; E[X] and In <E [e=HiX ]) is large if Var(X) is large

(or X is large in the convex ordering sense).

To summarize, the results of this section show that, if the weights in the cost function are propor-
tional to the mutation rates of the pages, then an accessing policy that comes close to the lower bound

in Theorem 3.3 with the f; nearly proportional to the In(k;)~! will come close to minimizing C.

Finding good accessing policies that realize a given set of access frequencies is the subject of the
next two sections. In Section 5, we develop an optimal randomized accessing policy, and in Section
6, we adapt the well-studied golden-ratio policy to our problem, primarily as a candidate for good
asymptotic performance; we will see that this policy gives an obsolescence rate within 5% of the lower

bound, in the limit of large V.

We remark that this problem is closely related to the design and analysis of polling/splitting
sequences in the context of queueing (and in particular, communication) systems [2, 3, 5, 6, 7|, where
algorithms are described as template driven or generalized round robin. With future research in
mind, we note that these studies suggest other approaches worth investigating, e.g., extensions of the
mathematical programming techniques in [5] and the algorithms [3] derived from Hajek’s [9] results on
regular binary sequences. Although the latter lack the established performance bounds of the golden-
ratio policy, simulations show that they are superior algorithms in the earlier queueing models. Thus,

they make promising candidates for our page-accessing model.

INRIA



OUptimal robot Scheduling for Web Search Engines

4 Randomized Accessing and Its Optimal Solution

Let fi1, fa,..., fn be given access frequencies. According to the randomized scheduling policy, at each
decision point, the robot chooses to access page ¢ with probability f;; the decision is made independently

of all previous decisions. One can easily see that {d; s {X]Z }; and {Z]’ }; are three sequences of i.i.d.

random variables for all i. Moreover, dj- has a geometric distribution: P(d;- =n) = fi(1 - f)~ L

Thus, we have

Lemma 4.1 For given frequencies fi1, fo,..., fn,

1
 EX]

r;

(B0~ )

Proof. As d; has a geometric distribution, we obtain

ElX]
fi’

EX]]=> fil—f)" 'nE[X] =
n=1
and by Lemma 3.1 we have,

1 1 FlX 1 1 il
Ly ly) BN L fih

Bz = 2 £ = f (nE[X] pi i fimi o opil—hi+ fih
n=1 (2 ? (] (] (] (] 21t

so elementary renewal theory and (2) imply

R

T E[Xi(p)] EX] pi i 1= hi+ fih

It is interesting to compare the lower bound of Theorem 3.3 with the obsolescence rate of the
randomized policy. One can see that when f; is small (close to 0) or large (close to 1), the difference

between r; and the lower bound tends to 0. More precisely, this difference is

v

hi
[+ o((fi)?)
i
when f; goes to 0, and is
vh;
Hi

(T4 Inhi)(fi = 1)+ o(1 — fi)

RR n° 3317
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when f; goes to 1.

We now consider the problem of finding the optimal access frequencies under the randomized policy.

First, we have the following lower bound over all frequencies.

Theorem 4.1 Assume that the weights in the cost function are proportional to the mutation rates of

the pages, i.e., ¢; = cop; for alli=1,2,...,N. Then
N N (bt =1)
C=co- Yy piri>co (u—l/ =1 ) (11)
; 1+ 2%, (h ' - 1)

Moreover, this lower bound is achieved when the access frequencies are proportional to hi_1 —1.

Proof. Following Lemma 4.1, we have

I S
TZ_E[X] (E[X] ,uz'+,uz' ]-_hi"‘fihi),

so that C' > C* where C* is the solution to the following optimization problem:

* = min Zc _VZC¢$¢ +v Z l (12)
! = = 1= hi +xih;’

subject to x; > 0 and
N
Zl‘,’ =1.
=1

Again, we use Lagrange multipliers to solve the above problem. Define

N

2
E(CL‘l,...,.TN, ZCZ_VZC'L'T'L CZ ﬁ (Z.’L‘Z—l>

im1 M zll“

By the convexity of the function

N N i N ¢ 22 h;
i ) Uz
G — v vy — —r
; ‘ ; Wi = i 1= hi+ ik
n (x1,...,2x), the solution satisfies the necessary and sufficient condition
oL _ —%—I—%-Qh.( h)xz+hff+)\_0 (13)
oz; i i (1 — hi + hix;)?
oL al
= = in—lzo. (14)

INRIA
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Equation (13) can be rewritten as

Api(1 — h; + hixi)2 =ve(l— hi)Q.

1—h; + hiz; B fve;
1-— hz N )\/L,"
VG 1—h;
P = -1 . 1
’ (V Abi ) h; (15)

Now use the assumption that ¢; = cou; and obtain from (14) and (15) that

Since h; < 1, we have

SO

hit—1
Ti= —n oo 16
SSURTTLEY 1o

This solution is positive so it is also the solution to the minimization problem of (12). Hence,

N N (-1

C*=copp—cov Y T+ ——————— = Coit — CoV = ,

; L= hitwih 1+ X (b = 1)

which is the desired lower bound. |

Note that if the weights in the cost function are not proportional to the mutation rates of the
pages, one can still use (14) and (15) to solve the problem. However, the solution is valid only when

the right-hand-side of (15) is positive. By solving for A using (14) and (15) we obtain

\/X:ﬁziil\/g(hzl—l)
1+ 3N, <h’i_1_1)

so the solution (15) is valid if

N ; -1
R Ci Zi:l % <hz - ]‘)
min — >

1SN Vo — 143N, (hfl _1) |

5 Asymptotic Optimality and the Golden Ratio Policy

In this section we consider the asymptotic large-N behavior of scheduling policies. A similar study was
carried out by Itai and Rosberg [11] in the context of the control of a multiple-access channel. Some

of our results here are analogous to theirs.
RR n°® 3317
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We define asymptotically optimal policies with respect to the lower bound in Theorem 3.4. Hence,
we assume throughout this section that the weights in the cost function are proportional to the mutation
rates of the pages, i.e., ¢; = cou; for alli =1,2,..., N. We say that a policy 7 is asymptotically optimal
if

]\}Enoo C(r)—C*=0.

Note first that if the total mutation rate u tends to zero, then all cyclic policies are asymptotically
optimal. Indeed, consider an arbitrary cyclic policy with cycle length K. It follows from (3) and
Lemma 3.1 that

N
C = co- Y wirs
i=1

oSS - L (1))

i=1  j=1 !
cov N mfr( . 9\ di
— cop— 7'22 (1 — (1 = d;mE[X] 4+ O(uf)) f‘)
i=17=1
CoV N mZK ] 2
= cop— 4 SN (d;',U/iE[X] + O(Ni))
i=17=1

= o),
so if y — 0, then C — 0.

Thus, we assume that when N — oo, the total mutation rate u, as well as the accessing rate
parameter v, is fixed. However, for any 7, 1 < ¢ < N, we have y; — 0 when N — oco. Under such

assumptions, the lower bound C* in Theorem 3.4 becomes

N
. * . T 1\ N —p/v
lim C* = cou — cov (1 A}l_r)noo 1:[1 hz) =Co (M v+ve ) ) (17)

N—oo

where we used the facts that E[e™#i¥X] = e #FX] 4 o(4¢) and that 3, u® — 0 forall 1 < a < 2.

Now consider the following cyclic scheduling policy, called the Golden Ratio policy, and studied
in [11] for the control of a multiple-access channel. The policy is defined in terms of the Fibonacci

numbers

k k
—(1—
Fy = u, k=0,1,...,
V5
where ¢ = (/5 4 1)/2, and where ¢~ = (/5 — 1)/2 ~ 0.6180339887 is the golden ratio.
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Let «(k,N) denote the golden ratio policy with Fj the cycle length, and N the total number of

pages. Let M ,i, n be the number of page-i accesses in each cycle of y(k, V); these numbers satisfy
|zinFy] < My y < i nF]

and YN, M fc ~N = Fk, where z; y are the optimal access frequencies given by (10):

In h;
T, = ————.
YN Ik
Thus,
A
lim —&N — Ti N-
k—oo F} ’

Let frac(y) = y — |y] be the fractional part of y, and A = {frac(jo~!)|j =0,1,...,F, —1}.
The s-th access of the robot is identified with the s-th smallest point of Ag. In the golden ratio policy

v(k, N), the points
i—1 i
{fmc(j¢_l) | Y My <ji<), MIZLN}

m=1 m=1

correspond to the accesses of page 7. Thus,

N
— cou — I
COkN) =con=F=- 3. 3 (1= ),
where the interaccess distance d?, is among the three numbers Fj,, Fj, 11 or Fj, 2, where j; = [Ing z; N
(cf. [11]). Moreover, it can be shown by mimicking the proofs in [11] that
CH(N) = Jim Oly(k, )
= cop — cov - {1 -> [(MN — ¢_]i) h;”
=1
+ (wi,N - ¢7ji71) hfjﬁl - (wi,N - ¢7ji+1) hfji+2]} .
Theorem 5.1 Assume for all i that p; — 0 as N — oo and that Zi]\il wi = p > 0. Then,
(18)

) g\ — k2 Ly s
limsup C(v(N)) < ¢y u—u+u(1—¢ )e Wt g e v .

N—oo
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Proof. By mimicking the proof of Theorem 5.3 in [11], we can show that

C(y(N)) < cop — cov - {1 - ixw [(1 — qﬁ_l) t?’N + (b_ltf:jv]} ,
i=1

1/(zi, N V5)

where t; y = h; . Note that when p; — 0, h; = e #i/¥ + o(p;) so that z; v = pi/p + o(p).

These imply that ¢; y — e~ H"V5 when N — oo. Hence, by noting that Zfil x; N = 1, we obtain

S

. _1 _ ke 1 _ pe?
limsup C(y(N)) < copp — cov - 1—(1—¢ )e WE — g le v .

N—oo

|
Finally we compare the right-hand side of (18) with (17).
Corollary 5.1 Assume for all i that u; — 0 as N — oo and that Zf-vzl wi = p > 0. Then,
N 292
limsupwgi:\/ﬁ+3<l.05. (19)
N—oo C* 5 5

Proof. Let ¢ = p/v. Define

COWY) _a=1+ (¢ e H gl "
H(q) := li]{[n sup — 7 = i .

We will show below that H(q) is decreasing in ¢ > 0. Thus, by applying I'Hospital’s rule twice, we

obtain

supH(q) = lim H(q)
g0 a—0

= lim V5
q—0 1—e¢
¢2_¢ 7iq ¢3 ﬁq
= lim -2 e v tFe
- q—0 e~ 4
¢ —p+¢° 297

Hence, (19) will hold if H'(¢q) < 0 for all ¢ > 0.
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It is clear that H'(¢g) < 0 if and only if R(q) < 0, where

R(q) = (1 — ¢\;gl 67%(1 - %e%q> (=14 9)— (q -1+ (1 — ¢_1) efﬁq + ¢_le;¢/_25q> (1—e79).

After some simple algebra, we obtain

—M—Fe*q: ((1—1) 1_6_q—l— \/3_1> -e%q+<— (1—l> L + \/54-1) -effﬁ/_zq.

q V5 q 2V/5 V5 q 2V/5
Let
2\1—-¢e7 +5-1
M= (1_ﬁ> PRV
B 2\1-e¢ V5+1
v R

It is easy to see that A\; + A2 = 1 and that 0 < A; < 1 (using the inequality 1 —e™* < x). Thus, owing

to the convexity of the exponential function e~%*, we have

—e 4 — _ 6 — e 4 _ 82
((1—1)1 e 1>-e ﬁq+<—(1—i>1 ‘ +\/5+1)-e Vil > e,

V5 q 2V/5 V5 q 2V5

where

2
Yy=A1-—F=+ A" ¢

Sie
5

It is simple to check that y < 1 so that

_ 4 _ $ _ e 4 $2
(1_i>1 : +\/5 ! e 5l 4 _<1_l)1 : +\/§_|_1 e VB> eVl > 7Y
V5 q 2V/5 V5 q NV

Therefore, —R(q)/q > 0 which implies that H'(¢q) < 0. |

6 Concluding Remarks

Many of the numerous questions left unaddressed by our robot-scheduling results lead to interesting
avenues for future research. For example, there are the more general questions posed by search engines
served by multiple robots, which may be distributed. Also, in a comprehensive data base such as Alta
Vista, the number of pages varies with time; the creation of new Web pages continues apace, and many

pages will become defunct. One can adapt to this dynamic version by delaying the first access to a
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newly arriving page until the beginning of the next cycle following its arrival time, at which point a
new template is computed. (A page dropped from the data base is deleted from the template as soon
as that fact becomes known to the robot; again, a new template must be computed for the next cycle.)
Heuristics based on this technique should perform well when the relative variation of the data base

over a cycle is small, or at least moderately so.

We have already pointed out in Section 3 the open problems connected with sequencing through a
set of pages to achieve a given set of access frequencies and approach as closely as possible the lower
bound in Theorem 3.3. Progress on this type of template driven scheduling problem has been frustrating
in one important respect: Although there are very simple, e.g., greedy type, policies that seem to
perform remarkably well, there has been little, if any, success in establishing this fact analytically. In
general, one must expect these design and analysis problems to become even more complicated when

the avoidance of "rapid-fire" (accessing a Web site too frequently) is is taken into account.
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