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Abstract: In this paper we propose a methodology to analyze the global qualitative behav-
ior of a class of nonlinear differential systems with respect to their structure. This class of
loop structured systems with monotonous interactions encompasses numerous biological mod-
els. We show that, independently of the parameters values or of the analytical formulation of
the system, the possible successions with respect to time of some qualitative events that char-
acterize the transients of state variables are strongly related to the signs of the Jacobian matrix
(structure of the model). We propose a procedure to derive the transition graph; this graph
summarizes the set of possible qualitative features for the state according to the structure of
the model. The comparison of the graph with experimental (even noisy) data allows to validate
directly this structure. The method is illustrated with a set of models usually used to describe
phytoplanctonic growth in the chemostat. The corresponding transition graph is derived and
compared with experimental data.
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Comportement qualitatif global de systémes biologiques
non linéaires ; application & la validation qualitative de
modéles de croissance phytoplanctonique.

Résumé : On propose une méthodologie pour analyser le comportement qualitatif global d’une
classe de systémes différentiels non-linéaires : les systémes en boucle et & interactions mono-
tones, qui décriventt de nombreux modeéles en biologie. Nous montrons que, indépendamment
de la formulation analytique du modéle ou de la valeur des paramétres, la succession temporelle
de certains événements qualitatifs est reliée aux signes de la matrice jacobienne (structure du
modéle). Nous construisons le graphe de transition, qui décrit I’ensemble des comportements
globaux possibles pour une structure donnée. La comparaison de ce graphe avec les données ex-
périmentales permet de valider cette structure. Cette méthode est illustrée par une application
a des modéles de croissance de phytoplancton en chemostat. On trace le graphe de transition
et on le compare aux mesures.

Mots-clés : Comportement qualitatif, systémes non-linéaires, validation, modélisation biolo-
gique, bioréacteurs.
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1 Introduction

In the biological and ecological fields, models are constructed often in order to test hypotheses
on the functioning of a given living system. Hence, the comparison between experiments and
simulations of such a phenomenological model is used to test if the way the biological system
works accords the hypotheses. The construction of these models results generally of a multiple
steps analysis during which the modeler has to formulate several hypotheses. As a first step,
he has to determine the involved variables, which dynamics he wants to represent in the model.
Then he must identify the scheme of interaction between these variables, corresponding to the
hypotheses on the possible mechanisms in the biological system. After these steps, the modeler
has to formalize the relation between the state variables. For this he can either use a law
defined for a similar problem or postulate himself for a relation consistent with the empirical
data. In this last case, he will use his biological knowledge and knowing for example that the
death rate due to predation increases when the predator concentration increases, he will look
after an increasing function linking death rate and predator concentration. Processing in that
way, the biologist constructs a model relying on rather simple hypotheses generally having for
result monotonous interactions between states variables.

To test and validate the model, he has now no other possibilities than to identify the
parameters. At this point, he is faced with one of the major difficulty characterizing the
biological field: few measurements perturbed by a high level of noise. Model calibration with
such data will therefore give rise to a great uncertainty in the parameters values.

If we keep in mind that the biological functions used to represent interactions between
variables are poorly known, a drastic validation of model appears very difficult: the three level
hypothesis (structure hypothesis, function hypothesis and parameters hypothesis) gives rise to a
high level of uncertainty for the model. At this point we have to recall that the first information
that the biologists want to have at first is the pertinence of the chosen structure to represent the
system. In such condition it appears clearly that the classical comparison between uncertain
output and noisy measures can rarely answer this question.

Recently a methodology has been proposed ([1, 2]) in order to compare the structure of
a model with qualitative features, easy to derive even from noisy data, such as extrema with
respect to time or crossing of equilibrium values. From the study of the extradiagonal terms of
the Jacobian matrix of the system it can be derived two graphs called transition graphs. The
first one summarizes for almost any trajectory the possible succession of extrema, and the other
one consider the way the equilibria of the system are crossed for each state variable: bottom-up
or top-down. This method allows therefore the modeler to test the structure of his model (i.e.
extra diagonal signs of the Jacobian matrix) by comparing the observed succession of extrema
[resp. equilibrium crossing] with this allowed by the transition graph. These studies have been
developed for a broad class of biological models (loop structured systems with monotonous
interactions), including gene regulation models, compartmental systems [3, 4], cellular growth
[5], and development of stage structured populations [6]. We emphasize nevertheless that the
analysis can also be applied to other models, provided that there are enough zeros in the
Jacobian matrix.

The previous analysis is nevertheless not sufficient to test the whole interactions in the
system, and particularly the sign of the diagonal terms in the Jacobian matrix. In this paper
we extend the qualitative description of the dynamics of loop structured systems, by relating the
qualitative events corresponding to extrema to these corresponding to crossing of equilibrium
values. We use the diagonal signs of the Jacobian matrix to show that qualitative features

RR n’ 3334
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(tendencies of the state variables and positions toward the considered equilibrium) of any
trajectory are restricted to a certain set. We propose a procedure to derive this set of possible
qualitative features. This allow us to consider the domain (2 as partitioned by different regions
delimited by the nullclines and the hyperplanes associated to an equilibrium z*. The transient
behavior of the system can then be determined by a theorem giving the possible global behavior,
and represented into a graph describing the transients in terms of extrema and equilibrium
crossings, providing therefore a powerful way of validating the structure of the model without
any precise knowledge of functions and parameters used.

Let us here make the remark that, for the sake of simplicity, we suppose the system to be
autonomous and without inputs. We could also consider the following controlled system :

{ &= e,u)

with the input u(t) being constant on time intervals ]t;,¢;11][. Of course, the whole analysis
applies on each time interval.

An application is performed for a class of systems representing growth of phytoplankton in
a continuous bioreactor (chemostat). The qualitative transient behavior is presented, and some
results are derived. It is shown that, at the most one maximum, one minimum, one equilibrium
crossing bottom-up and one top-down for each state variable is possible. The transition graph
obtained is then compared to some experiments, and conclusions on the structure of the models
usually used to describe phytoplanktonic growth are drawn.

2 Definitions

Notations. The notations z > 0 for z = {zy, ..., ,) € R" means that for all 4, z; > 0. For
y € R we consider the function “sign”™

-1 Ify <0
sign(z) =0 Ify=0
1 Ify>0

For z € R", sign(x) is the vector with components sign(z;). The matrix diag (z) is the
diagonal matrix having = € R™ on its main diagonal.

Let Q be an open convex domain of R" and f a C! mapping from Q onto R". We consider
on () the autonomous differential system :

() { #=1()
Definition 1 A system (X) has a loop structure if fi(x) = fi(zi, xiz1) Vi € {1,...,n}.

The velocity of each variable only depends on the variable itself and on the next one (the
indexes are counted modulo n).

Definition 2 The system (X) has monotonous interactions on § if each partial derivative
0fi/0x;(z) for i # j never cancels on Q.

INRIA
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Thereby the off-diagonal terms of the Jacobian matrix are of fixed sign on 2. The signs of the
elements define what we call the structure of the system.
We will consider the set S, containing 2" elements:

S, & {oq = "0f,..,08) ; o? € {-1,1},q € {1, ---,2"}}

Conventionally, we will denote o' = *(1,...,1).

Definition 3 For z* € Q the system with monotonous interactions (X) is diagonally z*-
monotonous if for all j in {1,...,n}, for all q in {1,...,2"}, the sign of the partial derivative
0f;/0z;(x) is fized on each domain:

Wa(z¥) € {z € Q; diag (¢9) (z — z*) > 0}

The domains W, (x*) are called the orthants of the z*-deviation space or z*-orthants. In
the same way, we define the orthants of the velocity space or z-orthants:

Zyo ¥ [z € Q;diag (0?) f(z) > 0}
We consider also the four following sets:

e For z* € Q) the ™" hyperplane associated with z*:
def

Vi(z*) = {z € Qu; = 27}

e The 3" nullcline U;:
U; € {z € Q; fi(z) = 0}

e The union set of nullclines : U & U, U;

e the union set of hyperplanes associated with z* : V(z*) & U, Vi(a*).

For a fixed z* € 2 and ¢? € §,, and a given application f we define the restriction of the
application sign(f) to W,q(2*) — U that we denote Sign|[f]yq:

Wo—q (.T*) U — Sn

Sign[f]sa : x — Sign[f]s(z) =sign(f(z))

Remark that this application has its image in S, because the nullclines have been removed
from W,q(z*), and therefore f;(z) # 0 for i € {1,...,n}.

RR n" 3334
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3 The set of possible qualitative events

In this section we will consider a monotonous (i.e with monotonous interactions) loop structured
system (3) and we will suppose that there exists an (hyperbolic) equilibrium point z* € Q for
which (X) is diagonally z*-monotonous. We will then determine the set of orthants of the
velocity space Z,» compatible with a given orthant W,q(2*) of the z*-deviation space. In other
words the question is to determine all the possible signs of f(z) for z in a given z*-orthant, i.e.
the following set of signs :

F1E Tm(Sign[flos) (1)

First we will determine the elements of this set which are obtained locally around equilibrium
2*. Then we will determine the other elements by global considerations.

3.1 Linear approach

As a first step, we will determine this set for the linearized of (X). We suppose that the
equilibrium point is hyperbolic. Around the point z*, the system is equivalent to the linear

system: )
Az = Df(z*) Az (2)

where Df(z) denotes the Jacobian matrix at point z, and Az % z — z*. We will denote

¢+ ¥ diag(09) A, which is a positive vector for z € Woa.

We will consider the matrix M? % D f(z*)diag(c?), whose elements are denoted m%, and
whose signs are s}, = sign(m{,). We denote M? the linear application associated to the matrix
M.

The problem of determining the possible signs for Df(2*)Ax when z € W,q(2*) is then
equivalent to the determination of the set

L4 Im(Sign[M),0) = {sign(M?¢), £ € Q] (3)

with Q@ € {6 >0, (64 2*) € Q.
We will determine the set £9, using two complementary lemma (remember that the sf, take
their values in {—1,0,1}).

Lemma 1 Consider the linearized of a diagonally x*-monotonous loop structured system (3),
at point x* € Q2. For a given o?, if there exists an index k such that one of the two conditions
18 satisfied:

g _
1. Skk = 0

q — o4
2. Skk = Skk+1

then
£0={17= "0, ... 10);10 € {st; Vst }} 4)

INRIA
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1v1 | {1}
—1v1 | {11}
“1v—1| {1}
“1vo | {1}

1vo | {1}

ovo | {0}

Table 1: Table of rules for the qualitative sum V.

The table of the operator V (“qualitative sum”) is given in table 1.
Proof: Remark that £? C A% where A? is the set of a prior: possible signs:

def
ATE {10510 € {815V st}

Indeed, if ¢ € L9, then there exists £ € Q™ such that: o = sign(M?£). If we denote z = M2,
we have:
zj =mj ;& + mj ;1€

While ; and & are positive, the possible signs o; for z; are in the set {s{,,s].,,} (remember
that the sets z; = 0 have been removed by definition of Sign[M],.). We will show that all the
elements of A? have a preimage by Sign[M?],q.

If condition 1. or 2. is fulfilled for k, sign(zx) = sf ;1 = si 1 V sip- We will fix & to an
arbitrary positive value.

If we consider zz_1 =mj_;, & 1+ mj &, there exists two possibilities:

i. we have the case where one of the two conditions is fulfilled: s ,, ; =0orsf ,;, ;=
si_1 and thus we can choose an arbitrary & 1 > 0, we will have:

3 o4 o4 q
sign(zx1) = Sk—1k = Sk—1,k ¥ Sk—1,k—1

#. in the other case, s{_,, ; = —si_;, and we choose:

mi_ _ 13
gkz—l = —Eﬂgk with € € {5, 5}

q
M1 k1
Then zi—1 = (1 — e)m{_, ,&. If we take e = 3 we have sign(zx_1) = s{_,,, if we take
_ 3 o . — o4 ’
€ = 5 we obtain sign(zx—1) = —s{_; , = S{_14_1-

The same reasoning can be applied to zx_s, ..., 2x+1, hence & _o, ..., Ek+1 can be chosen so that
the result follows.
The following lemma covers the remaining cases:

Lemma 2 Consider the linearized of a diagonally z*-monotonous loop structured system (3),

with x* € Q. If for every index k: s, = —s} .1, then
L£=S8,—-C? (5)
with C1 € {—sign (det [D f(z*)]) [[}—; 0¥s?,; D1}, DI E (59,535, ..., 52.,).

RR n’ 3334
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Proof: Recall that det [Df(z*)] # 0 because the equilibrium is supposed to be hyperbolic.
We will show that among the set A7 = §,, corresponding to the set of a priori possible signs
for z (see argue given in the proof of Lemma 1), one single element is not in Zm(Sign[M9],q) .

1. We will first assume that D? = ¢! 1.e. for every k: stk = 1. The other cases are
symmetrical and they will be detailed at the end of the proof.

We first show that it is possible to find £ € Q% such that there exists k£ for which
zrzr+1 < 0. For the sake of clarity, we will first find such £ ensuring z; < 0 and z, > 0.
For a fixed & > 0, it is possible to find £3 > 0 such that 2, is of desired sign (cf. proof of
preceding lemma). In the same way £ > 0 to &, > 0 can be chosen to obtain an arbitrary
(and fixed) sign for 23 to z,_1. Now we have to choose a & > 0 such that z; < 0 and
z, > 0. This is possible if we take:

md,
& < min(

—7&n)

mnl

This result can clearly be extended to all the situations where there exists an index k
such that zpzp.1 < 0.

Let us prove that to find & such that z is positive, it is necessary to have det(M?%) > 0.
Indeed, to have z, > 0 for every p, there must exists a positive £ such that the following
conditions hold for every p:
pr1 < p’p ——¢ (6)
g M1
it follows that:

€n < H “ — =& < H “ (7)

J,J+1 J,H—l

Condition (7) imposes:

n

2\ et I m%+ (=)™ [[ mf, >0 (8)

=1 =1

It is noteworthy that, for the loop structured system (X), A? is nothing but the determi-

nant of matrix M?: .

A = det(M?) = det(D f(x H

Reciprocally, let us show that if \? is positive, it is possible to find a positive & such that
z is positive.

First, we choose an arbitrary & . We compute &; to &, by the following induction formulae
fori1<p<n-1:

Cpr1 =€—¢ — p’p &p (9)
—m, p,p+1
with: )
€ déf (ﬁ _m?:j-i-l) !
q
J=L 0 INRIA
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while A\? is positive, it implies € < 1, and thus condition (6) holds for 1 <p <n—1. We
have now to prove that it also holds for p = n. If we compute &, we get:

n—1 q
m. .
71 I,
gn =¢€" H _mzj 51
j=1

7,3 +1
and then ‘ .
mn n mn n
€ q &n=6< q &n
—My1 —My 1

We have then found a positive £ ensuring z > 0.

2. The proof has now to be achieved by symmetry for a general D?: the problematic cases
correspond to sign(z) = D9. The problem is then equivalent to find £ > 0 such that
sign (diag(D?)z) = o', it consists therefore in considering matrix diag(D?)M, which

determinant is det[D f(2*)] IT;-, os? ;.

3.2 Global approach

In order to determine the set of possible signs for f(x), we will rewrite the system (¥) into
another form. Using the fact that £? C F? |, we will determine the different cases for which
this inclusion is strict.

Lemma 3 If x* is an equilibrium point, the system (X) can be rewritten
z— 7 = Az, 2%).(x — z¥)

If (X) has monotonous interactions, then matriz A(x, z*) has the same off-diagonal signs as the
Jacobian matriz D f(z*) of (X). If moreover (X) is diagonally x*-monotonous , the diagonal
terms of A(x,x*) are of fized signs in the different W,a(x*). The signs of these elements
corresponding to these of the same elements in D f(x*) if these elements are non zero.

Proof: This is an application of the generalized first order Taylor formula [7]:

f(@) = f(a2) + ([ Df (e + (1= a)a) dal(ar - 22

so that )
Az, z*) = /0 Df(az + (1 — a)z*) da

where the Jacobian matrix D f is of fixed sign on €). The results follow easily from the convexity
of 2.

We will use the same notations for A(z, z*) than for Df(x*), i.e. we will denote M%(z) =
A(z, z*)diag(c?), and ¢}, the (fixed) sign of its elements mJ,(x).

We first consider the simple case where the diagonal elements of the Jacobian matrix are non
zero (and therefore matrix A(x,z*) and D f(z*) are of the same sign (cf. lemma 3)), therefore
the simple framework of lemma 1 is satisfied:

Lemma 4 Consider a diagonally x*-monotonous loop system (%) where x* is an equilibrium
point. If the following two conditions hold in W :
RR n°® 3334
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1. Vk’tz,kj - Sz,k 7& 0
2. Elk,tzyk = tZ}kH
then we have F4 = L1.

Proof: Tt is straightforward that F? C {lq; e {tl;v tg-’jﬂ}}, for the same reasons as in
the local case, when considering zx = my ,(2)& + mj 1 ()E41.
But £7 = {lq; I5e{si,V s§,j+1}} C F4, and because the s? equal the t¢ we have F¢ = L9.

Remark 1: If 57, = 0 and ¢}, # 0, no conclusion can be drawn in the general case on the
possible signs of the k™ component z, and one has to consider the analytical formulation of
the model. Consider for example the following differential system defined on R?:

s 2
{ r1 = T2 xq (10)

.’t2=$1—ﬂ3§

For the equilibrium point z* = *(0,0), the Jacobian matrix has the following signs:

(27)

so that for z in R™, £9 = {o'}. Nevertheless the matrix A(z,z*) has the following signs:

(<) )

We will now consider the other case corresponding to that treated in Lemma 2.

and it is clear from (10) that F? = S,.

Lemma 5 Consider a diagonally x*-monotonous loop system (%) where x* is an equilibrium
point. Suppose that for all we have ti , = —tj ;..

If det (A(z,z*)) cancels and changes its sign on Wya(x*), then the set F9¢ covers all the
possible orthants:

Fi=S, (13)

in the other cases, then
Fi=8,-C1 (14)
where C1 = {—sign (det[A(a;T,x*)]) [T}, ojsi; D} and D* = Ht] 15 ,,...,t1 ), 27 € Woae(a*)

being a point where the determinant of A(z', z*) does not cancel.

Proof: We have £? Cc F? C §,,. From Lemma 2, we know that £? corresponds to S,
except one or two elements. The question is to know if these elements can nevertheless be in
F4. To answer this question, the same reasoning can be made as for proof of lemma (2), but
with 2p = mif ()& +mi ;.1 (2)€41. This reasoning will give rise to a constraint on the sign of
the determinant of A(x,z*).

If the determinant can change its sign on W,q(z*), then on each of the part of Wy (z*) the
determinant has a fixed sign and therefore D? or —D9? is possible.

Remark. Let us remark that if there exists another equilibrium point ' € W,4(z*), then
A(z?, z*) (2" — 2*) = 0 and therefore det(A(zf, z*)) = 0.
INRIA
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3.3 Partition of the state space: possible regions

Definition 4 For o? € F, let us define the following open set:
Qoaor (1%) & Woa (%) N Zo» = { € Woa(2¥); diag(c?) f(z) > 0} (15)

Note that some €,q,»(x*) are empty. The non empty remaining €,q¢,»(2*) represents there-
fore the qualitative situations allowed by the model and will be called the possible regions.
Remark also that they does not intersect the nullclines U; and the hyperplane V;(z*).

We can now consider the following partition of the state space €2:

Q= ( U Qo (ﬁ)) UV(z*)UU (16)

qe{1,...,2n}, peF

4 The restricted phase space

In this chapter, we will remove from ) some manifolds for which trajectories may have unde-
sirable behaviors (with respect to our goals): we will show that this set of trajectories is of
measure zero, under some technical assumptions. The final phase space will be named 2.

In fact, we want to remove a set of trajectories issued from some (n—2)-dimensional manifold
M, typically the intersection between two isoclines. It is clear that, in finite time, such a set of
trajectories is (n — 1)-dimensional, but the limit set (in positive time) can be, in some (rather
intricate) case, of non-empty interior. This case is undesirable, because if we remove this set,
it can be that we remove the trajectories that are experimentally observed. We will therefore
suppose that the differential system is such that the limit set of any manifold M of dimension
(n—2) is of measure zero (Property P). There are many cases where such a property is verified,
and many ways to check it. Let us list some sufficient conditions:

e if the system admits a Lyapunov function for the equilibrium x*, then it is globally stable.
The limit set of any manifold is z* itself.

e if the system admits a function V(z) decreasing along the trajectories, then the Lasalle’s
theorem ([8]) gives us that the limit sets of any bounded trajectories are contained into

the set {z; V(x) = 0}. If this set if of measure zero (if it is contained in an (n—1)-manifold
for example), then the property is verified.

e if there exists an application h : R™ — RP, with p < n of class C!, regular at every
point, such that

h(z) = g(h(z))
along the trajectories of the system ., and if the limit sets of the new differential system
in RP
(S0 { h=g(h)
verify the property P, then the system X verifies the property P (indeed, because of the
regularity of h, the preimage of a set of measure zero is of measure zero). For example, if
RR n°® 3334
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we know that the limit sets of ¥.! are a finite number of points (it is the case in dimension
one), then the property stands for $', and therefore for 3.

For example, for biological, ecological or chemical models, it is often the case that some
mass balance or mass conservation relation holds, giving easily a scalar differential equa-
tion; the property is therefore verified.

Now we examine each set of initial conditions of the trajectories we want to remove. It is

roughly the set of the intersection between the V;(z*) and Uj;, because there is two signs that

change simultaneously. In all the following, we suppose that the above property P holds.
We recall first that it is not possible to stay on an isocline.

4.1 Remaining in a nullcline or in an equilibrium hyperplane

Property 1 A trajectory cannot remain in a Vi(x*) set or in a U; set, unless it is the equilib-
rium point T*.

The proof is in [1].

4.2 Intersecting nullclines and equilibrium hyperplanes

Property 2 For loop structured systems with monotonous interactions, the set of trajectories
intersecting simultaneously two (different) Vi(x*) is of measure zero.

Indeed, the intersection of the two hyperplanes x; = x} and z; = 77 is a (n — 2)-dimensional
plane. Because of property P, the trajectories are of measure zero.

Property 3 For loop structured systems with monotonous interactions, the set of trajectories
intersecting simultaneously two (different) U; is of measure zero.

The intersection is defined by fi(x) = f;(z) = 0. The derivative of this application is of full
rank two because the interactions are monotonous. Therefore the preimage of 0 is a manifold
of dimension (n — 2), and property P applies.

Property 4 For loop structured systems with monotonous interactions, the set of trajectories
intersecting simultaneously U; and V;(z*) (j # i — 1) is of measure zero. The set of trajectories
intersecting simultaneously U; and Vi_1(x*) is of measure zero except in the case (let us call it
case E) where the system (X) is such that the two surfaces coincide on an open set.

In the first case, the intersection is defined by x; = z7, f;(z;,z;—1) = 0, and the same reasoning
as above applies. If j = i — 1, then the intersection {x € Q, fi_1(x;_1),2¥) =0} can be of
dimension (n — 1): take for example the Lotka-Volterra system:

j?l = .1‘1(1 - .TQ)
3‘72 = 29 (,’1')1 — 1)
then the equilibrium hyperplane x5 = 1 is included in the nullcline z; = 0.
Now we are able to define the open set 2, which is  minus these sets of measure zero (in

finite number) from the three above properties; in the last particular case E, we do not remove
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the corresponding set. From now on, everything will take place in this restricted space Q. For
a possible region Q,q,»(2*) (see section 3), we define the non-empty sets:

Qaor (%) € Qgage (%) N O

and the neighbors in Q : two regions of the phase space are neighbors if they differ only by one
sign (of a deviation or a velocity). It is to be remarked that we have suppressed (by restricting
Q) the possibility of going from one region ,q,»(2*) to another if they differ by more than one
sign (except in the last case E which is a bit degenerate, but will happen in the example of
section 6).

Definition 5 Two domains Qe oo (2*) and Qas ors (2*) are called:
o strict U-neighbors if 0t = 02, and there ezists a unique k € {1,..n} such that o} = —o}".

e strict V-neighbors if o?* = 0?2, and there exists a unique k € {1,..n} such that o}* = —o}?.

Definition 6 In the case E we say that Qoqu;m( %) and Qqasors (2*) are strict UV -neighbors
if for all i # k, 0} = 0}?, o) = 03, and o} = —0}°, ofh, = —0F .

5 Transition between the domains Q,q,»(z*)

We can now consider the restricted space  partitioned in open domains ,qye (z*). We will
then show that the transition between these domains obey some rules determined by the ex-
tradiagonal terms of the Jacobian matrix.

5.1 Transition theorem

Theorem 1 [Transitions between reglons] Consider a loop system (%) with monotonous
interactions and an equilibrium point z*. Suppose that Qua ge1 (2*) and Qgas ors (x*) are two strict
neighbors. We recall that ty k11 is the sign of the (k,k + 1) element of the Jacobian matriz.
e Crossing of an Uy:
Assume they are strict U (or UV)—nez'gthOT’s. If tk,k+10~£il = o' [resp. —o}'], then
the crossing of Uy, is possible only from Qya;ge: (7%) 0 Qgargea (2%) [resp Qa1 g1 (%) to
Qgazore ()], and it corresponds to a minimum [resp. a maximum/] of variable xy.
e Crossing of a ' V; :
Assume they are strict V (or UV)—nez'ghbi)rs. If tk,kﬂa,gl = o' [resp —oi'], then the
crossing of Vi.(x*) is possible only from Qgazges (2%) 10 Qoaror (7%) [resp Qa1 or1 (z¥) to

Qgazore ()], and it corresponds for xp to a crossing bottom-up [resp top-down] of its
equilibrium x7, .

We say that Qo oo (2%) [resp Qga e (1%)] is accessible from Qgas gos (2*) [resp Qoan oo (2%)].

The proofs of these theorems are very similar and can be founded in [1, 2|.
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5.2 Barrier in the state space

P:2€Q— P(x) eR

. 1 .
Lemma 6 Suppose there exists two C* mappings U:ueR — U eR

verifying:

Li®=Vod

then R % {x € Q; U(®(z)) = 0} separates Q into positively invariant regions,
def

R™ Y {2 € Q; U(D(z)) <0} and RT ¥ {z € Q; ¥(®(z)) > 0}
L;® denotes the Lie derivative of ® along the vector field f: L;® =3 fz-%.

Proof: If we set u = ®(x), u satisfies the first order scalar differential equation:

w=9(u)
The zeros of 1 separates the space into invariant regions where v is always positive or negative.

Corollary 1 If there exists a region of the state space Quaor(x*) such that: Quage(z*) VR~ =
{0} [resp Qoage(xz*) NRT = {0}/, then any trajectory initiated in R~ [resp in R ] will never

reach the region Qgagne(z*).

Corollary 2 Any trajectory initiated in a region nglapl (z*) € R [resp Qoaom (z) € R,
will never reach the regions Qge ez (%) € R [resp Qpazora () € RTJ.

Remarks

e Because u verifies a scalar differential equation, the non-empty limit sets are the equilibria;
property P thus holds.

e For bioreactors, u is linked to mass balance, and ¥ is linear ([9]).

5.3 Main theorem of behavior

The following theorem describes the behavior of the trajectories of a differential system () with
monotonous interactions, loop structured and diagonally-monotonous: the domain €2, restricted
to Q (cf. section 4) is partitioned with the possible regions Qe ,#1 (2*) (section 3); the possible
transition rules (cf. section 5) between these regions are given by Theorem 1.

Theorem 2 (Global qualitative behavior) Every trajectory of () in a domain Quaee (%)
esther:

e stays in Qgagr(x*) and go to infinity
o stays in Quer (x¥), and goes toward an equilibrium xt in the closure of Qgagr(2*)

e goes to one of the strict neighbors Qaqfapr (z*) that are accessible.
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Proof: Indeed, if a trajectory remains in a possible Qyqq» (2*) (section 3), then the i, are of
fixed signs, therefore the x;, are monotonous. If they are bounded, they have to converge toward
an equilibrium in the closure of Qe (2*) or to go towards an accessible neighbor (section 5).
Moreover, this neighbor must be a strict neighbor, because we have removed the trajectories
going to non-strict neighbors (section 4).

Remark 2. Note that the trajectories cannot become unbounded in a domain Qaqu (x*)

where for all i, 0! = —o?, because that would mean that the state variables are decreasing

(2
above their equilibrium, or increasing under their equilibrium. If the state variables are positive
(as often in biological modeling), a necessary condition for unboundedness in Queqe (z*) is that
there exists 4 for which of = of = 1.

Remark 3. The equilibrium z* can be reached from a domain Qggr(z*) if and only if
ot = —o} for all k. If this condition is not fulfilled for a k, then variable x; is decreasing under
its equilibrium z7 or increasing above its equilibrium, it can therefore not converge.

Remark 4. A local linear study can also give interesting informations on the possibility of

convergence in a given region ([1]).

5.4 Graphical representation

We will represent each possible region (yaq» (z*) by a two columns matrix of signs, the first
column stands for 09, and the second for o?. For example, the region {z € Q; 1 > x}, x5 <
xy, xy > xh, @1 < 0, £y < 0, &3 > 0} is represented by the matrix:

+_

- -

A possible transition between two regions is represented by an oriented arrow between these
regions, the arrows are oriented by the conclusions of theorem (1). A letter on the arrow
will indicate if the variable z;, admits a minimum (mg), a maximum (M), if it crosses its
equilibrium z% top-down (¢;) or bottom-up (7). The set of all Qyeu»(2*) partitioning € related
by the arrows reflecting the transition rules of theorem (1) is called the basic mixed transition
graph. The nodes where it is possible to converge to equilibrium (cf remark 3) will be called
equilibrium nodes.

Our main theorem has now a “graphical version” (cf. the detailed example below and
figures 3 and 4). For the sake of simplicity, we will restrict ourselves to the case where all the
trajectories are bounded. We obtain then (cf figures 3 and 4):

Theorem 3 (Graphical version of the global qualitative theorem) On each non equi-
librium node, the trajectories follow an arrow of the graph to go toward an accessible node. On
each equilibrium node, the trajectories either stay in the node and converge to equilibrium or go
toward an accessible node.

5.5 Asymptotic behavior

Some theorems (admitting a simple interpretation in terms of the graph) on the behavior of
loop structured systems with monotonous interactions have already been given (|1]). We will
just give the following lemma derived from considerations of both deviation from a reference
point and tendency of the variables.
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Lemma 7 If, in the transition graph of a system X, there is no cycle containing an extremum
of variable xy, then for almost every trajectories, xy either goes towards an equilibrium in the
closure of Q) or to infinity.

Corollary 3 If there is no cycle in the transition graph of a system X2, almost all the trajectories
go toward an equilibrium in the closure of Q) or diverge.

6 Study of an example: validation of a general class of
phytoplanktonic growth models

6.1 Presentation of the model

To illustrate the qualitative analysis, we take as an example a class of models describing the
behavior of phytoplanktonic cells (whose biomass is x5) growing on a substrate z; in a contin-
uous reactor. This process, for dimensionless variables (for a non zero nutrient supply) can be
described by the following system:

j?l =1- xr1 — p($1)$2
(Bpam) § T2 = (u(xs) — 1)z, (17)
i3 = p(z1) — p(ws)zs
The variable z3 is the cell quota i.e. the quantity of intracellular nutrient per biomass unit.
The functions p and p represents the absorption rate of the substrate and the growth rate.
Among the models (Xpgar), the Droop model ([10, 5]) is largely used in the biological field.
For this particular model we have:

x

; p(zs) =as3(l— —)

P(l"l) = a1 0y + 21 73

In fact, these functions are often unknown or ill-known, and in the following we will do only
qualitative hypotheses.

Hypothesis: To represent growth of phytoplankton, some hypotheses, corroborated by the
experiments, are made in the physical domain considered Q2 = {z € Ri; x1 > 0,29 > 0,23 > 0}.

e (H1): The absorption rate p is a non negative bounded function of z;. It is strictly
increasing and verifies p(0) = 0.

e (H2): The growth rate p is a non negative strictly increasing function of z;.
e (H3): An equilibrium exists in the open domain €.

The class of models (Xpgas) verifying hypothesis (H1)-(H2)-(H3) is called the class of Phy-
toplanktonic Growth Models (PGM). It can easily be verified that the Droop model ([10, 5]) is
in this class.
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6.2 The PGM: a non trivial loop structured class of systems with
monotonous interactions

Property 5 The PGM are loop structured models with monotonous interactions in €.

Proof: The Jacobian matrix is of the following signs on (2 :

-1 -1 0
0 ty(r) +1 (18)
+1 0 —1
with
taa(z) = sign(dz) = p(zs) — 1 (19)

Property 6 The PGM have two equilibria:

o 2> ()

7y =u (U of =57 (W) @ = — g

e 2% unstable equilibrium in the boundary of Q):

rh = 0; 2% = 1; 25 unique solution of: u(zb)xh = p(x?h)
Proof: In concordance with hypothesis (H3), we have z* € Q i.e. x5 > 0. Hypotheses (H1)
and (H2) ensure the uniqueness of this equilibrium while the applications p~!' and p~lou™!

are strictly increasing. Moreover, it is straightforward from a local study that z° is unstable if
x5 > 0.

Property 7 The PGM are diagonally x*-monotonous in the domain 2.
Proof: It can be noticed that ty(x) = sign(zs — x3), therefore in each domain W,.(z*),
tos(x) = of is fixed. We have thus sign(y) = sign(z3 — z3%) = o3.
We are therefore in the case of case E of property 4 (with V3(z*) C U,), it means that
simultaneously when z, reaches an extremum, x3 crosses its equilibrium x7.
Property 8 If u denotes the total nutrient concentration in the chemostat:
u T + ToT3 (20)
u satisfies the following differential equation:
i=1-u (21)
Property 9 The trajectories of the PGM are bounded in the positively invariant domain 2.

Proof: The proof of Property 8 is straightforward from system (17). To show that Q is
positively invariant one has to consider the field on the boundaries:

e From (H1), for every x on the face 1 = 0 we have: iy =1 > 0,

e For every z on the face o = 0 there holds: i3 = 0,
RR n° 3334



U. bernara, J.-L. Gouze

e For every z on the face z3 = 0: i3 > 0.

Moreover, to prove the boundedness of the trajectories, we first use Property 8 to show that
is bounded ¢.e. ;1 and the product x,x3 are bounded.

To show that x3 is bounded, we consider a real a large enough to ensure that the strictly
increasing function u(a)a becomes larger than the upper bound of p (cf. H1). It follows that
the field on every hyperplane z3 = b, where b > a verifies: 23 < 0.

The product zox3 is bounded, so that x, is also bounded.

6.3 Study of the transition graphs
6.3.1 The possible qualitative situations

To obtain the set of possible domains allowed by the class of models (X pgas), we can now apply
results of Lemma 4 and 5 for the 8 orthants W,.(z*). Note however that the Jacobian matrix
(18) at the equilibrium point has a zero on its diagonal (ssy = 0), therefore (see remark 1)
the possible signs for @, has to be considered directly from the system (Xpgar). The analysis
follows here straightforward from Proposition 7: for x € W,q(2*), sign(zs) = o3.

The set of feasible qualitative domains ngo.p (x*) follows now from the results of section
(3.2) after the computation of the sign of the eight matrices M?. We can remark that none of
these matrices presents the case treated in Lemma 5.

Property 10 There ezists 18 feasible qualitative region Qyape (x*) for the class of PGM.

W) 5 | S|t s s |t
+ + + + - - - -

Pmb]le * + * - * + » -
signs + + + + - - -
for fix) | - - . I . |+

Peasitl
regions
Qg

Figure 1: The set of feasible domains for the Droop model. The first column contains the sign
of deviation toward equilibrium z*, the second column the sign of the tendency of the variables.
The x means either + or —.

These qualitative situations are listed in table 1. Remark that a priori we have 26 = 64
possible situations. The consideration of this set of possible domains constitutes therefore a
first filter to test the structure of the model. If a qualitative event not belonging to this set can
be experimentally observed, it means that the system can not rely on the supposed structure.
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6.3.2 The basic mixed transition graph

To go further into the description of the qualitative behavior of the model, We can now construct
the mixed transition graph by applying Theorem 1 to all the strict neighbors Qua oe: (2*) and
Qoa1orm (z*) belonging to the set of feasible regions. It can be noticed that Vi(z*) C U,, and
then from Property 4 (Case E), there exists UV-neighbors.

Finally we obtain the mixed transition graph (fig. 2) associated with the PGM model
(Xpgar). This graph summarizes the possible succession of extrema or equilibrium crossing
from an initial qualitative situation.

Figure 2: Basic mixed transition graph

It is noteworthy that the construction of this graph relies only on the sign of the Jacobian
matrix (the peculiar case of Lemma 5 does not appear here), and not on the precise formulation
of the model. The biologist can therefore use these graphs as a second filter to test if the basic
structure of his model matches the experiments. He can indeed compare the sequences of
maxima and minima or the sequences of equilibrium crossing obtained experimentally with the
possible sequences contained in the graph.

6.3.3 Simplification of the basic mixed transition graph

The basic mixed transition graph can be simplified by considering the result of Lemma 6.
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Property 11 Depending on initial conditions some regions of 2 are unreachable:

e if u(0) < 1 then Vt > 0 the regions (

+++
*

: ) and the regions (

* ok ot
|

) are unreachable

|
* ok ok

*
+++

e if u(0) > 1 then Vt > 0 the regions ( : ) and the regions ( : ) are unreachable

The sign x means that it can be either + or —.

Proof: Consider the application ¢ : * — ¢(x) = u = x1 + x223. From proposition 8 we
have that L;®(z) =1 — ®(z).

Lemma 6 say thus that the surface x; + xox3 = 1 separates the space into 2 unconnected
regions RT ={z € Q;x1 + xox3 > 1} and R™ = {x € Q; 21 + 1923 < 1}.

Indeed, the regions Jir z are belonging to R*: if Viz; > z¥ then x; + 23 — 1 >
] +a5x; —1=0.

On the same way, the regions ( z E ) are belonging to R™: if Vid; < 0 then u = &7 +

Zoxs + x2%3 < 0, and from (21) u — 1= —a > 0.
The proof is symmetrical for the regions contained in R™.

Lemma 8 Almost every trajectory converges toward the equilibrium x*.

Proof: If, depending on initial conditions, we remove the infeasible regions (see Lemma 11),
then the cycle in graph of fig. (2) disappears. Applying Lemma 7, we conclude that almost
every trajectories either go toward an equilibrium in the closure of 2 or go to infinity. As these
trajectories are bounded (Property 9), the only possibility is to go toward the unique stable
equilibrium z* € Q (the equilibrium on the boundary of €2 is unstable (Property 6)). In fact
this equilibrium is globally stable (cf. [2]).

Property 12 In the considered domain, if u(0) < 1 [resp u(0) > 1/, the region ( :t + > [resp

( : { )] is unreachable.

Proof: from Property 8, in the domain 2 the PGM have a unique equilibrium globally stable.
In the case u(0) < 1, the qualitative situations mentioned in Property 11 disappeared from the
mixed transition graph. It can then be noticed that in this graph, two domains are positively
invariant. Among these, the region ( i E ) does not satisfy condition of Lemma 5.3, it can
therefore not lead to the non trivial equilibrium in the interior of €.

Properties 12 and 11 can now be used to simplify the mixed transition graph: depending
on the initial condition for u it can then be reduced to two graphs (figure 4 and 3 ).

Property 13 The trajectories of the PGM admit at the most for each of the state variables
one mintmum, one mazimum, one bottom-up equilibrium crossing and one top-down equilibrium
Crossing .

Proof: This is the consequences of the two graphs (figures 4 and 3 ) describing the qualitative
dynamics of these systems.
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Figure 3: Simplified mixed transition graph for «(0) < 1.

6.4 Qualitative validation

A high number of experiments have been performed with the micro-algae Dunaliella tertiolecta
in a nitrate depleted environment limiting growth ([11]). The phytoplanktonic biomass has
been estimated with different biological indicators: total biovolume, cell concentration (using
a particle counter (HIAC/ROYCO with laser sensor HRLD 400)), or carbon concentration
(CHN analysis (CHN LECO 900)). Nitrate has been measured by colorimetric methods (Auto-
analyzer Technicon). Cell quota is estimated using the conservation law of nitrogen calibrated
with measures of particulate nitrogen (see for example [1]|). Precise indications on the computer
controlled environment controlling the culture so as on the conditions of experiments can be
found in [12].

From these experiments, three major deficiencies of the Droop model structure have been
pointed out.

e First, a delay has been observed (fig. 5) between extrema of biomass (around time 0.8)
and crossing of the quota equilibrium (around time 0.1). From the model, these events
should be concomitant. This lag can be explained by the necessary time for inorganic
nitrogen to be incorporated into the organic matter. The quota approach, considering
cellular nitrogen as an homogeneous whole assumes that nitrogen in the cell is immediately
usable for growth. This defect holds however the biomass is measured.
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Figure 4: Simplified mixed transition graph for u(0) > 1.

e Extrema for the substrate have been observed (fig. 5), which are not allowed by the
transition graphs. The qualitative state of the system, after time 0 is the following:

( ! z ), so that the theoretical possible qualitative events are my&T3, M; and M3 (the

symbol & means that the transitions are simultaneous). It can be verified that substrate
has (at least) 3 extrema, what is not possible (Property 13). They appear for cells which
have been submitted to a high nitrogen starvation (i.e. cells with very low internal
quota). The observed phenomenon may result from the starvation of algae which affects
their uptake potential, so that uptake is no longer an increasing function of substrate

([13])-

e Finally, some extrema not permitted by the graphs have been observed (fig. 6) around
equilibrium for biomass. These extrema, which have already been noticed by other au-
thors, may also be the consequence of the lag previously described ([14]).

This example illustrates the main advantages of this dynamical qualitative analysis:

e It does not need to identify parameters, it is therefore well adapted to biological modeling,
where parametric uncertainty is very high.

e It enables to compare directly the structure of the model with the data.
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Normalized units

Time (days)

Figure 5: Experiment in chemostat with the green algae Dunaliella tertiolecta. The different
variables (circles) and their experimentally determined equilibrium (dashed line) are repre-
sented. Biomass is measured by biovolume. Units have been normalized, while analysis is
independent of scale. For negative time, the culture is in batch (the dilution rate is zero), the
dilution is set on at time zero. The total quantity of nitrogen u verifies u(0) < 1.
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Figure 6: Experiment in chemostat with the green algae Dunaliella tertiolecta. Transient for the
biomass measured as the total biovolume. The experimentally determined equilibrium (straight
lines) are represented. The total quantity of nitrogen u verifies u(0) < 1.

e It enables therefore to validate not one model, but a class of model, defined by a general
structure.

e It requires only qualitative feature of the data, that can be observed even with noisy data.
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e It gives necessary conditions on the qualitative behavior of the states variables, that can
be useful for validation even when the whole state is not observed.
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