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Abstract: The stability of polling models with several servers and Markovian routing
of the servers is analyzed. Customers arrive according to independent renewal processes.
The service times and the switch-over times are independent with general distributions,
independent of the servers. Service policies are attached to the queues. We established
the necessary and sufficient condition for stability for general service policies covering the
classical ones. The sufficiency of the condition is proved using the associated fluid model.
For the necessity of the condition, a straightforward argument is given. Moreover, local
stability is given.
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Stabilité des systemes a polling
a plusieurs serveurs

Résumé : On étudie la stabilité d’ un modele général de systemes a polling & plusieurs
serveurs, ces derniers ayant des routages Markoviens. Les clients arrivent aux différentes
files suivant des processus de renouvellement indépendants. Les durées de services et
de déplacements des serveurs entre les files sont indépendantes avec des lois générales,
indépendantes des serveurs. Les politiques de service sont définies par file. Nous considérons
des politiques de service générales recouvrant les politiques de service classiques. Nous
établissons la condition nécessaire et suffisante de stabilité d’un tel modele. On prouve que
la condition est suffisante en utilisant le modele fluide associé. Pour prouver que la condition
est nécessaire, un argument direct est donné. De plus, on donne les résultats de stabilité
locale.
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1 Introduction

A polling system is a set of queues separately served by one or several servers. When a
server moves from a queue to another queue, it takes a time called switch-over time. The
main specifications of a polling model are the way in which the servers attend to the queues,
the service policies that are applied (the policy indicates the customers that are served in
a queue during one visit of a server), and the statistical assumptions on the arrivals to the
queues, the required service times and the switch-over times between the queues.

An important issue is the derivation of the stability condition. In the case of single server
models, this question has been studied by many authors. Under the usual independence as-
sumptions and Poisson arrivals, Georgiadis and Szpankovsky [14] studied the I-limited token
ring, Fricker and Jaibi [12, 13] the periodic and the Markovian routing with monotonic ser-
vice policies by monotonicity arguments, and Borovkov and Schassberger [1] the Markovian
routing with the limited gated policy by Lyapounov functions (see also Kotler [15]). For
a general stationary input, Massoulie [17] gives a sufficient but not necessary condition of
stability, Foss and Last studied a state-dependent routing (for example [11]) and, for i.i.d
inter-arrivals times, Dai and Meyn [5] establish that the stability condition of the I-limited
one token ring is sufficient via the associated fluid model.

We consider a polling model with several servers and Markovian routing with general
service policies verifying monotonicity and “work conserving” assumptions. We establish
the stability condition for this model. The proof of sufficiency here involves the fluid model
associated to Markov processes, developed by many authors: Malyshev [16], Dupuis and
Williams [8], and for queueing networks Chen and Mandelbaum [3], Rybko and Stolyar [18],
Dai [4], Bramson [2] and Dumas [7] and others. Our proof of the stability generalizes the
proof of Dai and Meyn [5]. The fluid approach has been applied to other polling models
by Foss and Kovalevskii [10] and by Down [6] and Foss, Kovalevskii and Chernova [9] who
investigates the stability of multiple-server polling models. For the necessity of the condition,
the straightforward argument developed in [12] applies.

The model is composed of ¢ infinite-buffered queues, labeled from 1 to ¢, attended to by
s servers. The servers attend to the queues according to independent Markov chains (X)),
(1<i<s)on{l,...,c} with the same transition matrix () and unique invariant measure
(pr). Each server stays serving at a queue a period of time called a visit and determined
by the service policy which is attached to the queue; we consider general service policies as
defined in the next section. At the completion of a visit to a queue, the transition of a server
to (another) queue takes a time called switch-over time. Customers arrive to queue k at rate
Ak, and are served at rate p;. The sequences of inter-arrival times (7x(n))n, service times
(0% (n)), and switch-over times (a,?j(n))n required in queue k (respectively from queue k to
[) for server i are independent i.i.d. sequences with general distribution independent of i,

1

with mean o, = -~ (respectively o} ; = u%), and independent of the Markov chains (X7),,.
’ k1

Moreover inter-arrival times are assumed to be unbounded and spread out. For each k we
assume pr = Apor < S to ensure the stability of queue k& when it operates as a standard
M/G/s queue in isolation.

RR n° 3347



4 C. Fricker & M.R. Jaibi

Our main result is that the polling model is stable if and only if

C: p+ max iS <s
1<k<c prly

where p = 37 _, pi is the total traffic load of the system, § = Elgk,lgcpkrk,lo'lg,l is the
expected switch-over time per visit and Il < oo is the maximum expected number of cus-
tomers served by a server in a visit to queue k (when there are infinitely many customers
waiting at the queue) which may be infinite. The quantity [l is a characteristic of the service
policy attached to queue k and is defined in the next section. Then local stability results
are stated: when the system is not stable, the subset of stable queues is given.

The paper is organized as follows. In Section 2, the service policies are precised and
the state process which is Markov is defined. In Section 3, the associated fluid model is
introduced and the main result is proved. In section 4, the local stability is analyzed.

2 Service policies and state process

2.1 Service policies

A service policy determines the (number of) customers that are served without interruption
in a service period by the servers which attend to the queue.

For a single server, it is is defined through the (random) function f where f(z,a) is the
(random) number of customers that are served without interruption when the server arrives
to a queue and finds x customers waiting given the elapsed inter-arrival time a (for more
details see [12, 13]). Let v(z,a) be the duration of the service period by a single server
for initial condition (z,a). We consider general service policies satisfying the following
properties.

i) There is work-conservation so that v(z,a) = lf:(”i’a) o(l) with f(0,a) = v(0,a) = 0, where
(o()); is the i.i.d. sequence of requested service times.

ii) The selection of a customer for service is done independently of its particular service time
and of the past up to the start of the service period. Thus the distribution (f,v) does not
depend on the order in which the customers are served.

iii) The service policy is monotonic in the sense that for each a > 0 the numbers f(z,a)
are monotonic in distribution in x and their limit in distribution as £ — oo is a (possibly
degenerate) random variable F* which does not depend on a. In fact, F* would be the
number of customers served in a service period if there were infinitely many customers
waiting at the start of the service period with | = E(F*) < oo. The integrability of
this stochastic bound plays an important role in the analysis and leads to the following
classification of the service policies:

Policy f is said to be of limited type E(F*) < oo and of unlimited type otherwise.

When several servers are available at a queue, they provide service such that the first
two properties (work-conservation and selection of the customers) and the bound F* apply

INRIA
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to each server. Moreover, eventually the number of customers served by each server is
bounded in distribution from below by (random) f™"(z) of the queue length z which also
monotonically converges in distribution to F* as £ — oo. This last requirement makes that
in a heavily charged queue, all available servers are ”heavily charged”.

The four properties are satisfied by the classical policies, for example by the exhaustive
and the gated policies, some limited versions of these policies and their Binomial versions.

Service policy f with bound F} and I, = E(F}) < oo is attached to queue k (k =
1,...,0).

2.2 State process

We describe the polling system by the Markov process (X (t)):cr defined below. The state
of the system at time ¢ > 0 is given by

where

Q) = (Qk(t),1 <k <c),

P(t) = (Pi(t),1 <i < s),

A(t) = (Ar(t),1 <k <e¢),

R(t) = (RL(t), Ry;(t),1 < k,1<c,1<i<s)and
Ct)=(Ci(t),1<k<c1<i<s)

are defined as follows:

Q(t) is the number of customers in queue k at time ¢,

Pi(t) is the position of server i: Pi(t) = k or (k,l) depending on whether server i is serving
queue k or switching from queue k to queue [ at time ¢,

A (t) is the residual arrival time in queue k at time ¢,

Ri(t) is the residual service time of the customer served by server i in queue k at time ¢,
with Ri(t) = 0 if Pi(t) # k,

Rg’j(t) is the residual switch-over time of server 7 from queue k to queue [ at time ¢, with
RYy(t) = 0 if Pi(t) # (k,1), and

Ci(t) is a complementary component relative to queue k and server i which is determined
by the service policy in queue k and which makes the state process X (t) a Markov process.
Because the service policies only depend on numbers of customers, C};(t) must have a finite
number of components, some of them being bounded by the number Q(t) of customers in
queue k and the others by random variables that are independent of the state of the system.

All the processes above are taken to be right-continuous.

The components C} can be defined for general service policies. Let us define Cj (t) for two
“classical” policies in the context of several servers, assuming for simplicity FIFO service.
a) The exhaustive policy. Here each server serves until no more customers are waiting (there
may be still customers in service if there are other servers at the queue). The components
Ci(t) (i = 1,...,s) are superfluous and we can take them equal to 0. Another possible
definition is C} (t) = Q' (t) where Qi (t) = Qx(t) — Y_;—; 1{pi(1)=k} is the number of waiting

RR n-° 3347



6 C. Fricker & M.R. Jaibi

customers and Cj(t) = 0 otherwise. Any server leaves the queue as soon as he completes a
service and C} = 0.

Consider now the Lg-limited exhaustive policy, where L; is a non-negative integrable
random variable, and where the limit Ly, is relative to each server (no more than Lj custo-
mers may be served by a server in a visit). Let (Li(n)), be independent sequences of i.i.d.
non-negative random variables having the distribution of L. Here we define the process
Ci(t) by Ci(t) = 0 when server 7 is not in queue k at time ¢, C} takes the value (Li(n)—1)*
at the n-th arrival of server ¢ to queue k, decreases by one at each service completion by
server 4 in queue k. No more customers of queue k are admitted for service by server i in the
n-th visit of server i as soon as C} reaches 0; if positive, C} is reset to 0 at the end of the visit.

b) The gated policy. It can have different versions when there are several servers. Let
us consider the first-server-gated policy which is such that the only customers that are ser-
ved during a service session are those that were waiting at the start of the service session
(when a server arrives to the queue and is the only server there); if other servers arrive to
the queue during the session, they contribute to the service of those customers. Here C}(t)
does not depend on i, Ci(t) = 0 if no server is in queue k at time ¢, Cf(t) = (Qx(t) —1)T if
the n-th service session starts at time ¢ and then decreases by one at each service completion
in the queue; no more customers are admitted for service in the session as soon as C§(t) = 0
(even in the case of an arrival of a server) and the session ends when all services under
progress are resumed.

Another version is the last-server-gated policy: waiting customers are admitted for ser-
vice during a service session at soon as they arrive before the last server who participate to
the service session (all available servers contribute to the service of those customers). Here
also Ci(t) does not depend on i, Ci(t) = 0 if no server is in queue k, Ci(t) = Q¥(¢) if a
server arrives to queue k at time ¢ and C,i decreases by one at each service completion in the
queue; no more customers are admitted for service in the n-th session as soon as Ci(t) =0
and Qu(t) = Q (1) |

It is also possible to define the C}(¢) corresponding to the Lj-limited gated policies
similarly to the limited exhaustive policy.

In the examples above, C(t) € C = IN¢%.

Process X has the strong Markov property and its state space is the product space
X =IN®x E* x (RY)® x (R")** x (R")"* x C
where E is the finite set {1,...c}?> U{1,...c} and C depends on the service policies.
Remark The component R(t) of X(t) may be simplified and replaced by a vector in

(IR*)* whose component i is either the residual service time or the residual switch-over time
of server i depending on the value of P*(t). But our definition is convenient in the sequel.

INRIA
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3  Stability

For any z € X, we denote by X? the Markov process X with initial condition X*(0) = x;
in the sequel we refer to initial condition X®(0) = z by adding the superscript *. On the
product space X = ILierXj, let |¢| = D, [#:| where z; (i € I) are the coordinates of .
Let

B *(t) be the cumulative amount of time spent by server ¢ serving queue k up to ¢,
Bg’;’w(t) the cumulative amount of time server ¢ is switching from queue k to queue [ up to
t.

It defines

N ,Z‘”(t) be the number of visit completions to queue k by server i between 0 and ¢,

N ,S”li’z(t) be the number of switch-over completions from queue k to queue [ by server 4
between 0 and ¢,

No2(t) =35 _ N.%(t) be the number of visit completions by server i between 0 and ¢,
N7=(t) =35, N*(t) be the total number of visit completions between 0 and ¢ and
DZ’E(t) be the number of customers served by server i in queue k up to time ¢.

All the processes are taken right continuous with left limits. For any process H and any
sequence (T, )n € X, let 2~ H?"(|z,|t) be denoted by H™(t). When it exists, the derivative

|z" |
of H(t) at t is denoted by H (t) and point ¢ is said to be regular. By “2$" we denote the
uniform convergence on compact sets for right continuous with left limits real functions on
[0, 00[, and it means component by component when it concerns vectors.

Theorem and definition 1 For any sequence (z,)new C X such that |z,| — 400, there
is a subsequence (Tn;); with |x,;| — 400 such that: -
(Q™ (0), A (0), R™ (0)) converges to some limit (Q(0), A, R)
and that with probability one
(@™, B"™, B N, N®™) ==3(Q, B, B°, N, N?)

for some limit process (Q, B, B°, N, N").

Any limit process (Q, B, B, N, N°) is called a fluid limit of the system and satisfies the
following: B B B B
(i) the components of B and B® are non-decreasing with B(0) = B°(0) = 0.
(i) For all t >0, t = > k=1 ij(t) + Xi<kice Big’l'(t) (71' <i<s).
(i) Qr(t) = Qr(0) + Mg (t — Ap)* — e 25, (B(t) — BT (1 <k <o)

RR n“ 3347



8 C. Fricker & M.R. Jaibi

(iv) Let J(t) = {k,lx = +oo and Q(t) > 0}. There exists Ty > 0 (independent of the fluid
limit) such that, for t > Ty and whenever the derivatives exist,

e when J(t) =0, then

if Q(t) = 0 then By, (t) = px, and
if Qu(t) > 0 then py By (t) = I Ni (t) (1<i<s)

o when J(t) # 0, then Bi =1 (1<i<ys)
where Bi(t) =Y ",_, Bi(t) and Bi(t) =Y ;_, Bi(t).
Proof. By definition, z,, = (Q*~(0),..., A® (0),R$" (0),...). Thus the sequence
1 1
— Q" (0), —
|zn| |zn|

is bounded by 1 and admits a subsequence converging to some limit (Q(0), 4, R). Given
ze€X,z#0and t > s >0, we have for each i € {1,...s} and for each k € {1,...c}:

( A% (0), — R*"(0))

IwnI

1 _; 1 _;
— B (Jz[t) — =By (Jz|s) <t —s
Bl [l
and the same inequality holds for Bg %, Because the components of X 1B (lz]t), Bz (|z|t))
are nondecreasing functions of ¢, there exists a subsequence (2n;); such that

(B™ (), B*™ (1)) ¥5(B(t), B°(t)) a.s.

j—oo

for some process (B(t), B*(t)) = (B};(t),Bg:;(t), 1<kil<ec 1<i<s).
Let
Ef(t) = sup{r, Ax(0)+ Z T (j) <t} be the number of arrivals in queue k at time ¢,
S17(1) = sup(r, Ri(0) + 551 o) < ¢} and
SO (6) = suplr, RYH(0) + 3737} i) < .
Because Ef(t), Sp“(t) and Sg,;‘”( ) are counting functions of renewal processes, the

sequences (E2(t))n, (SE™(t))n and (ngf’”(t))n are relatively compact and for a subsequence,
say (%n;); for notational simplicity, we have that a.s.

5]l

§ ?"3
~~
=
SN

S

lo

2]

o B

L8 .
o <

H
SN—
3 sl
>3O S
~~
-
SN—
Il
=
kol
~~
-
|
=
=
SN— ~ _
+
~~
[\V]
SN—

3
N
~~
o~
S—r
£ w.
£

ik
8

Furthermore

Dy (t) = Sp™(Bp*(t)) < 8p°(¢)

INRIA
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and
07.7 07.7 07.7 0’.7
N (8) = S (Bey ™ (1) < S (0)-
Because (S2"(t)),, and (fj"(t))n are relatively compact and by the law of large numbers,
a.s.
D™ (1) 725 Di(t) = m(Bi(t) - R (4)
0.im; i 0.
ORI =S ORI M ORS (5)
Note that Ny (t) differs by at most 1 from >, N(.)’k"z(t). Thus, a.s.
NO™ ()25 Zﬂl k Blok R?,’/i) . (6)
Notice that
Qr(t) = Qx(0) + E (¢ ZD” (7)

Therefore, (7) implies that, for some subsequence say (zn;), with probability one, (Qmi(t))
converges u.0.c. to some process ()(t) such that

Qr(t) = Qr(0) + Ae(t — A)* —,ukz (Bi(t) = Ry)*. (8)

The convergence statements of the theorem are proved and also point (7%). The points (i)
and (%) are obvious.

For the proof of (iv), first there exists Ty > 0 (independent of the fluid limit) such that
for t > Ty we have Bi(t) > Ri, By z( ) > Rg:; and t > Ay. Indeed, any fluid limit satisfies
1(Q(0), 4, R)| <1 and we have B,’f(R}cz(O)) = R;"(0) and By p*(RY;7(0)) = Ry (0).

Assume now that J(t) = 0. If Qr(t) = 0, then Q, (t) = 0 at each regular point ¢t > T

and it follows from (8) that By (t) = pr. Assume now that J(¢) = ) and Qx(¢) > 0, thus
Ip < +00. Because Q(t) is continuous, there exists £ > 0 and h > 0 such that Qz(u) > ¢
for w € [t,t + h]. There is a sequence Q? which converges u.o.c. to Q and thus satisfies for
n large enough Q7" (|zn|u) > €|ay| for u € [t,t + h). Let g, = |e|@n|]; at each visit of server
i in the time interval [|z,|t, |2n|(t + h)], for n large enough, the number of served customers
lies (in distribution) between f"(g,) and the bound F} of policy fi. More precisely, a
coupling argument yields

B B L N (e h)
D;"(t 4 h) — Dp"(t) o] > E (5, qn) 9)
" =N (el

v

1 N (|2a|(t+h))
ni,n ni,n *(
Di™t+h) —Di™(t) < I _Z Fi(j) (10)
F=NEE (Jenlt)

RR n-° 3347



10 C. Fricker & M.R. Jaibi

where (F™"(j,qy,)); (respectively (Fj(5));) is a sequence of i.i.d. random variables having
the distribution of f""(g,) (respectively Fj). Because the mean of f"(g,) converges
monotonically to I = E(F}), the quantities on the right hand side in (9) and in (10)
admit the same limit namely I (Ni(t + h) — Ni(t)) and thus we have

Di(t +h) — Di(t) = Uy (Ni(t +h) — Ni(t)) (11)

It follows that, for each regular ¢, we have
i .
Dy (t) =l Ny ().

On the other hand, from (4) and for ¢ > T, bk (t) = px Bk (t). Thus when J(t) = ) and
Qr(t) > 0, for each i € {1,...,s}:
i By, (6) = i Ny (0).

It remains to prove (iv) when J # (). For each k € J, [ = +00 and Qy(t) > 0. Therefore, for
a sequence (z, ), and for n large enough, we have that Q(|z,|u) > ¢, for v € [t,t+ h]. The
inequality (9) is valid but here the mean of f""(g,) converges monotonically to oo = Ij.
Because Di(t + h) — Di(t) is finite, it implies that

Ni(t+h) = Ni(t) =0.

The Markovian routing of the servers implies the relations
— . - . - . ¢ — .
Ny (8) = reaNi(t) and Ni(t) =3 Ng(0) (12)
k=1

for each 4 and all (k,!). Therefore
Nii(t) = peN(2). (13)
From (5), for t > Ty, for each i and for all (k,I) we have Bg:f(t +h)— Bg’;(t) = 0. Thus for
each ¢ - o
> (Be+n-Bi®)=o.
1<k,i<c

Inserting in (i1) provides B B
h=B'(t+h) — B'(t)

which yields B (t) = 1 for regular ¢ > Ty for each 4. This ends the proof. O

Lemma 1 If p + maxi<p<. I%S < s, then the fluid limit model is stable i.e. there exists
T such that for any fluid limit with |Q(0)| + |A| + |R| =1, Vt > T, Q(t) = 0.

INRIA
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Proof. Let W(t) = 3;_, ;- Qx(t) be the workload of the fluid model. Let ¢ > Ty and
as previously J(t) = {k,lx = +oco and Qx(t) > 0}. Define K(t) = {k,Qx(t) > 0} and
U(t) = {k,l; = 400} so that J(¢t) = K(t) N U(¢). From theorem 1-(iii) we get for regular
t>1Ty

WH=p-3 B O=r-3 B ®.
i=1 k=1

IEJ(t) £0, Y0, B (t) = s and
W (t)=p-—s.
If J(t) = 0, from theorem 1-(ii) and using (12) and (13), we get

3 B (2) Y éi’j ()
k=1

i=1 1<k,i<c

ST S DR 1)

0
i=1 1<k,I<c okt

s_i Z DPrTk,L /\_/" (t)

0
i=1 1<k,I<c ki
= s—SN (1. (14)
where § =37, o 1, Bp™t and N(t) = 357, N¥(t). Thus
=0 k1L

W (t)=p—s+SN (. (15)

We can also calculate > ;_, B_k (t) by theorem 1-(iv). Simple algebra provides

ng (t) = Z PkﬂLﬁ(t) Z lkprok.
k=1

kK (t) kEK(t)
The previous equation and (14) yield

s=p+ X Pk
- KEE(t)
t) =
N( ) S+ Z lppror

kEK ()

which inserted in (15) gives

Y. ((p— 8)lkpror + Spr)
= kEK(t)
1) =
w ( ) S+ Z lpproy
kEK(t)

RR n-“ 3347



12 C. Fricker & M.R. Jaibi

Thus W (t) can only take a finite number of values, depending on the subset K(t) C
{1,...,¢} when J(t) = 0 and the value p — s when J(t) # 0. It is then easy to see that
the maximum of this finite number of values is independent of ¢ and is negative when the
condition of the lemma holds. Thus there exists @« > 0 such that for regular ¢ > T,
W (t) < —a as soon as W (t) > 0.

On the other hand, W is absolutely continuous, since Lipschitz, and consequently has a
derivative almost everywhere. Therefore there exists 7', such that for t > T, W (t) = 0 and
consequently Q(t) = 0. Hence, the fluid model is stable. O

Theorem 2 If p + maxlSkSc%S < s where I, = E(Fy), then the Markov process
(X(t))i>0 is ergodic.
Proof. The proof is analogous to the proof of Theorem 4.2 of [4] p. 68 to which we

mainly refer. To prove that X is Harris positive recurrent, it is sufficient to verify that
there exists T' > 0 such that lim |, 4 ﬁE(|X$(|a:|T)|) = 0 under the assumption that the

distributions of inter-arrival times are unbounded and spread out (see also Theorem 3.1 of

[4] p. 60).
We hayve,
L B(X*()) =
mE(IQ @) + mE(IP (t)l)+mE(|A (t)l)+mE(|R @) + mE(IC ®)1)-

Let (z,) be any sequence with |z,| — +o0o and t > Tp.
By Theorem 1 and Lemma 1, there exists a subsequence (zy,); and Ty > Ty such that with
probability one

vE>Tr QM(t) =5 Q(t) = 0.

From the following expressions,

EZ(¢)
Aj(t) = AR (0) —t+ ) ()
j=1
and '
. . D::z(t) . .
Rp*(t) = R*(0) + o (5) = By (1),
j=1
using (1) and (4), for t > T,
Anj(t) % Ay —t+(t—z‘_1k)+ =0,
Ry™ (1) 25 Rj, + 04 Dj,(t) — Bj,(t)
R + owpn(B(t) — Ry)™ — Bi(t)

0.

INRIA
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for t > Ty. By the same argument, for ¢ > Ty,

RO (1) 25 0.
It suffices then to check that the sequences are uniformly integrable (see [4] Lemma 4.3 for
details), to get B . .
E(Q™(®)]) + E(|A™ B)]) + BE(|E™ (#)]) — 0.

On the other hand, the process P is valued in a finite set, thus, for any definition of the

norm |P(¢)|, for every t,
E(|P™(t)]) — 0.
The component C' is specific to the service policies that are involved. We consider the quite
general case where C(t) = (Ci(t),1 < k < ¢) and Ci(t) = (C}(t), C}/(t)) is relative to queue
k. C}(t) has 7, > 0 components, each of them being bounded by Qx(t) and C}/(t) has
ve > 0 components, each of them being bounded in distribution by an integrable random
variable L. First,
E(C (1)) < mEQy () — 0.

Secund, because Ly, is integrable,

B(IC (5)]) — 0.

Therefore B
E(IC™ (#8)]) = 0.
Suppose now that, for some 7' > T, lim sup ,_, ;o ﬁE|X””(|x|T)| > 0. This will be a
contradiction. The proof is complete. |

The necessity of the condition is established in the following theorem.
Theorem 3 Condition C is necessary for the ergodicity of (X(t)).

Proof. Our proof for one server (see [12] p. 230) holds. Let us suppose (without loss of
generality) that the ¢ queues are numbered such that:

- the queues 1,...,b are served according to an unlimited policy (I = oo for k = 1,...,b,
b = 0 if this set of queues is empty),
- the queues b+1,. .., c are served according to a limited policy (I < oo for k =b+1,...,c,

b = c if this set of queues is empty) and

A A Ac

b o A2 o< e (16)

ly1po+1 — loyoPoto lepe

Suppose that X is ergodic. Consider the return times (7}(n)), of server 1 to queue

¢ (p. > 0). We call the n-th cycle the time interval [T!(n), T} (n + 1)]. The cycle durations
(T}(n 4+ 1) — T}(n)), constitute an integrable stationary sequence. Let

Gi = E(DY(T)(n +1)) — Di(TX(n))

RR n-° 3347



14 C. Fricker & M.R. Jaibi

be the mean number of customers served by server i in queue j during the n-th cycle, which
by stationarity does not depend on n. The number G} do not either depend on i because,
by the ergodic theorem,

G : 1 i (1 i (1
T—Cf = lim - > E(Di(T!n+1)) - Di(T}(n))
n,T(n)<t

where 7} = E(T1(2) — T1(1)) and, on the other hand,

lim ~E(Di(t) - Di(t)) = 0.

t—+o0
Let G, be the common value of the G; (1<i<s). We have
Qi(T:(n+1)) = Q;(T;(n)) = N;(T:(n),T;(n+ 1))

=" (DiT}(n+1)) — DIT} (n))) (17)

i=1

which gives
- Z (D}(T.(2)) = DY(T:(1)) < Q4(T7(2) — Q;(T; (1)) < N;(IT¢ (n), T4 (2)))

where both bounds are integrable. This implies that (see Lemma 7 in [12])
E(Q;(T;(2) — Q;(T; (1)) = 0.

Thus (17) yields

/\j(£+i01Gl):iGj (1 SJSC) (18)

Pe 3 i=1

Multiplying by o; and summing from j =1 to b,

b c
) .
s 0;Gi=p(—+ Y 0G) (1<j<c)
j=1 Pe 4
J
where pp = ZZ=1 pr and
b S c
(s—p) Y 0iGi=pp(—+ Y oG (1<j<c)
j=1 Pe 54

INRIA



Stabilité des systémes 4 polling o plusieurs serveurs 15

which implies pp < s. This ends the proof for b = ¢. If b < ¢, the linear system (18)
is easily solved and for j = ¢, G. = (5 — ﬁ)_l)\cp%. But G¢ < l.. Indeed, by ergodicity,
P(Qc(T¢(1)) =0) >0 and

E(D:(T:(2)) = Do(T: (1)) = E(fe(Qc(T:(1)))
< B(F)P(Q.(T; (1) > 0) + E(f(0)P(Q.(T (1)) = 0)
< 1

because E(f(0)) = 0. This yields that (s — ﬁ)*l/\cpic < 1. which is (C). The proof is
complete. O

4 Local stability

By local stability, we mean the stability of a subset of queues. Let the queues be numbered
as in the proof of Theorem 3. Let e > b and S, be the polling system of queues 1,..., e
obtained by saturating queues e + 1,..., ¢. It is clear that polling system S., which is
completely similar to S, is stable if and only if

Ae
Ce : Pe + S <s

lepe

where g, = Y ;_, pi is the total traffic load and S° = S + Y7 _, ., lxproy the expected
switch-over time per visit in sub-system S..

Here, we suppose that the polling system § is not stable, i.e. that condition C is violated
and determine which queues are stable. A queue is unstable if the queue length converges
to +oo with positive probability.

The previous analysis shows that the queues 1,...,b are simultaneously stable or uns-
table, according to gy < s or pp > s, respectively. In the second case, the mean cycle time
converges to +00, excluding any stable behavior in the system and every queue is unstable
in the preceding sense. Therefore, we assume that pp < s to ensure the integrability of the
cycle times, because the queues b+ 1,...,c contribute for integrable visit durations and we
focus on the behavior of the queues b+ 1,...,c in a unstable polling system S. Because of
the numbering of the queues, (16) yields

Ap+1 . Aot2 A LA
L Gl < G 2 S < < p 4 S
lb+1Dp41 = Poiz lpropyo =3P

Doyl + Se. (19)
Let A\
k=max{b< j<c—1,p; + —-57 < s}.

L
The set is not empty, thus « is finite. The local stability is determined by x: Queues1,..., &
compose a stable polling subsystem while for ¢ > &, queue ¢ is unstable. By definition of &,

RR n° 3347



16 C. Fricker & M.R. Jaibi

polling subsystem S, is stable. The proof is then also based on the fact that (see [12]), for

iy s ;
k > &k, because (;4-); is non-decreasing,
J°%)

Ak oi\ip; S” R Atl
prt = FEE— Y Logpj+8) 2 pet (Y Lo+ S)
KPk Gk Pr ik AHLPRtL 5 <
> S8

which is equivalent to
SlkO'k

PioiA;S" lipjo; | S
2i<n ptoope) T 2ion pn s T b

>0

Pr —

and gives that, for the z;’s large enough, on a set of positive probability,
Zk(t) =z + Mk(t) - Bk(t) —¢ 400 TO0,

where zj, is the load at time 0 and Mj(t) is the load arrived between 0 and ¢ at queue k.
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