
HAL Id: inria-00073329
https://inria.hal.science/inria-00073329

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Comparaison entre des schémas 2D de type Roe sur
maillage régulier triangle ou quadrangle : II: calcul au

sommet - Le βγ schéma
Romuald Carpentier

To cite this version:
Romuald Carpentier. Comparaison entre des schémas 2D de type Roe sur maillage régulier triangle
ou quadrangle : II: calcul au sommet - Le βγ schéma. RR-3360, INRIA. 1998. �inria-00073329�

https://inria.hal.science/inria-00073329
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  
de  r ech er ch e 

THÈME 4

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Comparaison entre des schémas 2D de type Roe sur
maillage régulier triangle ou quadrangle.

II: calcul au sommet - Le
���

schéma.

Romuald CARPENTIER

N˚ 3360

Février 1998





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, B.P. 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : 04 92 38 77 77 - International : +33 4 92 38 77 77 — Fax : 04 92 38 77 65 - International : +33 4 92 38 77 65

����� ���	�
�������� ����������������������� �� �"! �#�$�&%'�(��)*�+���,#�
� ���.-�-��	/��0���1/2,�-��3�1�*���
�.���#/�-.���2, 4',������5����/�-.�26

7�798 �:��-��:,�-;��, ���� � �:��<>=?�$@�A ����#��� �#6

B+C&DFE
G&HJILK2MNBPO�Q�R'SPT3Q�B
U1VXW.Y�Z�[2\ ]_^`Y2aXbdcfeg^dhjikZ.elhjmneg^dY�^`opcfeg^dhqi
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�P�u�����F���L��iNo���^di ep�.zgZ.ogogZ+¡ r Z�o"otv�VX��Y+cqo	c r �jZ�v3ep^£¢¤o r Z2mnzg��v.^dot^dhqi¥otan¦+opcqi egZ�m§hjanzwmXzt� r ^`zgZ2v�hjz�¨
zgZ.v.egZ�Y�Z�i e:v.Z�z}e�cq^`iXo©v�hjaXmnbªcq�qZ�o«cq��zthf¨�cqv.hjaXo}ep^`¬uanZ�o�u®"cfiXo«b`ZlmXzghjb`hjiX�qZ�Y�Z�i e r Z°¯±�|²´³µhji+^di epzth r aX^`e r Z.o
m�cqzgcqY�W.egzgZ�o	¶·Z.e�¸ r cqiXo	bdZ�otv�VX��Y+c r Z+�lhuZ�cf¹�i r ��hjºnegZ�iX^`z r Z�o	otv�VX��Y+cqo�mXbdano�mnzg��v.^do.��leg^db`^dogcqi e
aXiXZ���¬µa�c|ep^`hjiNepZ.ote r �»c r �jZ.v.eg^dhjiNºX^ r ^dY�Z�inog^`hjiXiXZ.bdb`Zq³¼bdc�epZ�v�VniX^d¬µaXZ r Z�bJ����¬µa�cfeg^dhjiN��¬µaX^£�qcfbdZ.iµegZ2iXhqaXo
m&Z�zgY�Z3e r �½c¾{}aXotegZ�z	v�Z.o�mXcqzpcqY�W3epzgZ.o���"i¿v�hqi r aX^£e	Z�iXotaX^£epZ�aXiXZ�ZÀxnm&��zt^dY�Z.iµepcfep^`hji¥iµaXY���zg^`¬µaXZ+m§hjanz
cqi�cfb`suogZ.z�Z.e�v.hjY�m�cqztZ�z�b`Z�o�Z�ztzgZ.aXzgo r �»cqmXmnzgh�x_^dY+cfeg^dhjino�hqºnepZ.iuanZ�o�oganz�aXi(Y+cq^db`bdcq�jZ°epzt^ªcfiX�jaXbdcq^`zgZ°Z3e
¬µa�c r zgcqiX�janbªcq^`zgZf
Á>Â�Ã¾�3ÄpÅ ÆJ�u�#�Çepzg^dcqiX�qbdZ"¨©¬µa�c r zgcqiX�jb`Z"¨ r ^`ogm&Z�zgot^dhqi�¨ r ^`ogot^dm�c|ep^`hji�¨©eghjaXzgºn^db`bdhqi
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¶Çcqi r ¸(egh'm&hqepZ.i ep^dcqbdb£s�Z�inV�cqiXv.Z�egVXZ�¢¤hqzgY+cqb�cqv.v�aXzgcqv.sq��FZ	m&Z�z}¢¤hjzgY c�Y�h r ^£¹�Z r Z�¬µa�c|ep^`hji cqiXcqb£¨
suog^`o	hji epVXZ°e��«h r ^`Y+Z.iXog^`hji�cfb��:c��jZ�Z.¬uaXcfep^`hji¼³�cqi r(r Z.egZ�zgY�^`iXZ��fcqbdanZ�o"eph#º&Z�cqotogaXY�Z r º sNegVXZ�otZ�o
m�cqzgcqY+cfepZ.zgo«cqi r cqi�cqb£suogZ"cfi r v.hjY�m�cqzgZ�epVnZwiµaXY�Z�zt^dv�cqb Z.zgzthjzgo©hjºnepcq^dinZ r hqiPc�epzg^dcqiX�qaXbªcfz©hqz«¬µa�c r ¨
zpcfiX�jaXbdcqz1Y�Z�otV¼
����� Ä��°Â�� ���q�Çepzg^dcqiX�qbdZ"¨©¬µa�c r zgcqiX�jb`Z"¨ r ^`ogm&Z�zgot^dhqi�¨ r ^`ogot^dm�c|ep^`hji�¨ �qhjztegZ3x
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oghqY+Y�Z.o�mXcqzt�qZ�iµaXo r cqiXo	bdcPv�cqmnegaXzgZ r Z�mnVX��iXhqY+W.iXZ�o	ephqaXzgºX^`b`bdhjini�cq^`zgZ�o
"$#&%('*),+.-"¡ r Z�o	oghqbdaneg^dhqiXo
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�whqaXo:mXzthjm§hqoghjiXo«^dv.^ r �»cqY���b`^`hjzgZ.z:iXhqepcqºXb`Z�Y�Z�i e1b`Z�o:otv�VX��Y+cqo1iµaXY��.zg^`¬uanZ�o�mXzg�.v�� r Z�i epo�Z.iP^di egzgh r aX^ ¨
opcfiµe r Z.o«mXcqzpcqY�W3epzgZ.o ¶ Z.e�¸�µ®"cqino«v.Z.egegZ1�jhj^`Zq³ucqmXztW�o©c��jhj^`z r ��v.zg^£e b`Z�o Y��.egVXh r Z�o r �»cqmXmXzth x_^`Y+cfep^`hji
m&hjaXz�bdZ'mXzghjºnbdW.Y+Z'v�hjinv�zgZ3e�³5iXhjaXo�iXhjaXo�^di ep�.zgZ.ogoghqiXo�¡kbJ�»�.¬µa�cfep^`hji r �½c r �jZ�v3ep^`hjiÇºX^ r ^`Y+Z.iXog^`hjiXinZ�b`bdZ
v�hqY+Y�Z#Y�h r W�b`ZPb`^diX��cq^`zgZ r ��^`iXv�hjiniuanZ�otv�cqbdcq^`zgZ@?�³ r ZPY�h r anbdZ r Z �u^`egZ�ogotZ r �½c r �jZ.v.ep^`hjiBA r cqiXo°bdc
r ^`zgZ.v.ep^`hji@C_
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�whqaXo r hjiXinhjiXo1m�cqz bdZ"ºn^ªcq^`o r Z+¯±��[l�f²´³nb`Z�o1��¬µa�c|ep^`hjiXo���¬µaX^£�fcqbdZ.i epZ�o�{}aXot¬ua �½¡�bJ�»hjz r zgZ~[�Z.e�b`Z�o1v�hqi r ^ ¨
ep^`hjiXo r Z	o}e�cqºX^`b`^`eg��o�&�lhjaXolcqi�cqb£suoghjino~cqb`hjzto1bdZ.owZ.zgzgZ.aXzgo�iµaXY���zt^d¬µaXZ.o~¬µaXZ�v�Z.owotv�VX��Y+cqolZ�iX�qZ�i r ztZ�i e
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r �.bd^`Y�^`egZ�i e~b`Z�olv�Z.bdb`aXb`Z�o�1�,~cfogoghuv�^`��Z.o"cqaux�oghjY�Y�Z.ego2)-, �¤�qhj^`z�¹X�jaXzgZ.o�v�^ ¨ r Z.ogoghqaXo��À

S I S J
∆ IJ

C
I

D

M

G1

G2

S
I

S
J

C
I

∆IJ

D
G1

G2

M

Á �43´ÆJÆ �65��*7¼� � � ���4895&Æ � Á �43JÆ´Æ �65���Ã �:3 �48�5&Æ �
�~mnmXbd^`¬µaXhjiXo r cfiXo�aXi¿v�cqb`v�anb cqa(oghjY�Y�Z.e�³�bªcP¢¤hjztY2aXb`Z r Z3O�zgZ.Z�i¥¡ "<;N- r cqiXo	aXiXZ°¢¤hqzgY2anbªcfeg^dhqi r Z
�jhqbdaXY�Z.ol¹�in^dologaXz�aXinZ�v.Z�b`bdanbdZ=1>�?@?BA ? DDCFEGCIH F ?BJKAML " ?3[ON P�- CRQ/X Y �´�N�
hTSUN P�" P Q [ P W0-1Z�o}e�bªc'iXhjzgY+cqb`Z2aniX^`epcq^`zgZ°b`h_v�cqb`Z°¡'bdc v.Z�b`bdaXb`ZV1�³-WG1 bdZ°v.hji ephjanz r Z�v�Z.etepZ°v.Z�b`bdanbdZ�Z3eL b`ZbS�a_x r �3¹�iX^�m�cqz�� L " ?3[ N P - X # " ? - ) P Q7FB' " ? - ) P W �J[ �

lmlon
p�q�qsr�t



� � ��� #,�
%&-@��� �������
	�����

�~mnmXbd^`¬µaXhjiXoP"�� - ¡°aXiXZ�v.Z�b`bdanbdZ 1�,�^`iXv�b`a�cqi e�b`Z�oghjY�Y�Z.e�)-,lcqb`hjzgo1inh_Z.a r#r Z�v�cfbdv.aXb´X®"cqiXo1b`Z�v�cqo r Z
ÅjÂ 8 �93 Ã 3JÂ 8������ � 3JÂ � 3 7¼� �_�:�3�u^`epcqi e bdZ.o�og^£epa�cfeg^dhqiXo�m�cqz}ep^`v�aXb`^dW.zgZ.o r Z�o�º&hjz r o r a r hjY+cq^dinZ %N³qb`ZdS�a_xL o.�»ZÀxnmnzg^`Y+Z+v�hqY+Y�Z�bdc�othjY�Y�Z r Z�obS�a_x¿otaXz	bdZ�v.hji ephjanz�^`i epZ.zgogZ.v.epcqi e2b`Z�o	v�hqiµeghjaXzto r Z�o	v�Z.bdb`aXb`Z�o1����jhj^`og^`iXZ.o � ? ,wZ�otelbdc°�qcfbdZ.aXz r ZV? cqa�iXh_Z.a r )-, �K�

? JKA
�
L " ? ,0[ON P�- CRQ X � �

? J�A
���

JKA
	
L " ? ,0[ N
 ,�� - CRQ � P!�

hTS N
 ,�� " 
 Q [ 
 W0-
Z.ote©bªc�iXhqzgY+cqb`Zl^`i ep�.�jzg�.Z r a�v.hji ephjaXz v.hjY�Y2aXi'Z�i epztZlbdc	v�Z�b`b`aXbdZ�1�,©Z.e aXiXZlv�Z.bdb`aXb`Z1����jhj^`og^`iXZf
y5hqaXz�Z3x_mXzt^dY�Z�z "�!-~ogaXz	bdcPv�Z.bdb`aXb`Z/1�,	oghqaXo	aXiXZ�¢¤hjzgY�Z r ^`ogv.zg�3ep^`og��Zf³�iXhjaXo	c��jhqiXo	zgZ�v.hjaXzto�cfa_x¥cqm_¨
mXzth x_^`Y+cfep^`hjiXologaX^£�fcqi epZ.o �

8 egZ�Y�m§hqzgZ�b`b`Z � 1���� -/����+�
��� ��� -/�^%&� �3�
��	�� 1��G-/�b�3����� �

?@? A
�
?ED CFEGCRH��������� " 1�, - CG? ,C��

` Z	¬µaX^�zgZ3�u^dZ.iµe~¡�ogaXmXm&hjotZ�z ? v�hjinote�cfiµegZ	m�cqz�v�Z.bdb`aXb`Zq
8 otm�cfep^dcqb`Z
� -/��1�����������'��� ��� -
#��*#��>-/� � ��� �

? J�A
���

JKA
	
L " ? ,.[ N
 ,�� - CRQ�� � " ? , [L?!� [ N
 ,�� -

¬µaXZ	iXhjanol�.v�zt^dzthjiXo �
� " ? , [L?!� [ N
 ,�� -�X L " ? ,.[ N
 ,�� -^F L " ?!� [ N
 ,�� -; F +;!" # "%$? ,�� [ N
 ,�� - " " ? ,'&H?!�!- �´�N�

hTS # � r ^dcq�jhqi�cqb`^dogcqºXb`Z�cqa_x'�fcqbdZ.aXzgo«mXzghqmXzgZ.o:zg�.Z�b`bdZ.o r cqiXo:b`Z~v�c r ztZ r ��aXi#mXzghqºXbdW.Y�Z"V s_m&Z�ztº§h|¨
b`^d¬µaXZ.�:Z�otewbdc"{tcfv�hjºX^`Z�iniXZ r Z L mXzg^`ogZ	Z�i�aXiXZ��fcqb`Z�aXz($? ,��°Y�h sjZ.iXiXZ r Z��lhuZ'¯±[|² 

Q �»�.¬µa�cfep^`hji�"� - o.�»ZÀx_mXzg^`Y�Z°cqb`hjzgo�v.hjY�Y+Z:�
C ? ,C)� X+*2, " ? - � X!�

c��jZ.v �,*2, " ? -�X-& +
�)���� " 1�, - � � � " ? , [ ?!� [/.
 ,�� -

��� � 021�$43����#�'576-!#�%1�$(891-!;:
< Q Z�m�cqzgcqY�W.egzgZ�¸

\�] l^\�_



���������
	��
�������������	���������������	�� �!��	����
�"�$#�%&�
�'	��(���*)+#,�.-
	��
�"�$#/%&�
�'	��+0 ¶�¸ �1�2����3�.0 X

�whjano©Y�h r ^£¹�hjiXo b`Z1ogv�VX�.Y'c r Z���h_Z1v.bªcqotog^`¬µaXZwZ.i'm&hji r ��zpcfiµe©bdc�Y'c|epzg^`v�Z r Zw��huZ1m�cqz9¸�³q¢Jcqv3epZ�anz
Y2anb`eg^dmXb`^`v�cfeg^`¢ ¡°�fcqb`Z�aXz�zt��Z�b`b`Zqj` Z�bd¡+otZ�epzpc r aX^£ewmXcqz1bªc�Y�h r ^`¹Xv�cfeg^dhji r Z
"��N- Z�i�"�� - �

� " ? , [L?!� [ N
 ,�� - X L " ? ,.[ N
 ,�� -^F L " ?!� [ N
 ,�� -; F
A
; " # "%$? ,��N[ N
 ,�� - " " ? , &H?!�!- �´�N�

< Q Z	m�cfzpcqY�W.egzgZ	¶
y5hjanz5hjº_epZ�in^dz�bJ�»hjz r zgZ N Z�i�Z�otm�cqv�Zf³¾iXhjaXo�Z�o}ep^`Y�hjiXo
b`Z�o��fcqzt^ªcqºnbdZ.o�? ,
Z3e ?'� oganz�b`Z º§hqz r W 1�,�� WG1��

cqakY+h sqZ�i r ��aXiXZ�Z�o}ep^`Y'c|ep^`hji r Z.ow�jzgc r ^`Z�i epo r cqiXowbdZ.owv.Z�b`bdanbdZ.o&1�,"Z.eM1��µ�y�aX^`o~iXhqaXo~^`i epzgh r aX^`oghqiXo
b`Z�o:�fcqb`Z�aXzto ? ,���Z.e ?!�K,�^`iµegZ�ztm§hjb`��Z.o r cqiXo1bJ�»ZÀx_mXzgZ.ogog^`hji r aHS�a_x�� Z�i�b`^dZ.a_x�Z3e�mXbªcfv�Z�o r Z ? ,lZ.e ?!�µ
` Z�v.^5Z.otewbªc+Y��.epVnh r Z �?»��½]§k`~ Q &^di epzth r aX^`egZ�mXcqz��©cqi Q Z�Z.z°¯ P|²�Z.el�3epZ�i r aXZ�cqa�v�cfo r Z.o~�.bd�.Y+Z.i epo
¹�iX^`o�m�cqzl��Z 
.hjaX^©¯±�|²´
�whqaXo zt��cqb`^dothjiXo:ani r ��v.Z�i epzgcq�jZ r aPv�cqb`v�anb r a �jzpc r ^dZ.iµe:cqa Y�h sjZ.i r a m�cfzpcqY�W.egzgZw¶?¡	�fcqbdZ.aXz zt��Z.bdb`Z
r Z	Y+cqiX^`W�ztZ�otm§�.v�^£¹�¬µaXZ°¡�bdc��q��hjY��.egzg^`Z	anep^`bd^`og�.Z�Z3e r Z	bªc°¢Jc! .hjikotaX^£�qcfiµegZ �

8 R�i�epzg^dcqiX�qbdZ:�
? ,�� &
	 ? ,�� X ? , F +; � " + &;¶ -<" ?!��& ? , -^F ¶3" .� ?����� ) .)-,K) ���
?'� � &
	 ?!�K, X ?!� & +; � " + &Ç¶ -L" ?!��&H? , -^F ¶3" .� ?� ��� ) .)-,K) � � �´�N�

hTS�b`Z�o��jzgc r ^`Z�i e .� ?�����(Z3e/.� ?����� othji e bdZ.o©�qzpc r ^`Z�i ego©ztZ�otm§Z.v.ep^£¢¤o r Z�o�egzg^dcqiX�jb`Z�o cqY�hji e Z3e©c �fcqb
� �jhj^`z�¹X�jaXzgZ/;!�À�� bdo�oghji e�Z�o}ep^`Y+�.o�cqa¥Y�h¾sqZ�i r Z�o2�.bd�.Y�Z�i epo2¹XiX^do�y1�Pcqotoghuv�^`� ¡�v�V�cqv.aXi r Z.o
egzg^dcqiX�jb`Z�o.

T TAVAM
S S JI

1�25476 N 8 	 	����
�"�$%���^�
�������c���d�����
%&0

8 R�i�¬uaXc r zpcfiX�jb`Z �
? ,�� &
	 ? ,�� X ? , F +; � " + & ;f¶ -<" ?'��& ? , -^F ;|¶ " .� ? ,0) .)-,K) ���
?'� � &
	 ?!�K, X ?!� & +; � " + & ;f¶ -<" ?!��&H? , -^F ;|¶ " .� ?!� ) .)-,K) ��� �}� � �

lmlon
p�q�qsr�t



� � ��� #,�
%&-@��� �������
	�����

hTS#b`Z�o �jzpc r ^dZ.iµego .� ? ,�Z.e .� ?!��oghji e�b`Z�o:�jzgc r ^`Z�i epo���v�Z�i egzg��o��wzgZ�bdcfeg^`¢¤o�cqauxPv.Z�b`bdaXb`Z�o+1�,1Z3e 1��
hjº_epZ�iµaXolm�cqz1v.^dztv�aXbdcfeg^dhji�" +!+ -:cqaneghjaXz r Z	v�Z.owv.Z�b`bdanbdZ.o�

.� ? ,7X +
�)���� " 1�, - � � ? , F ?!�; .
 ,�� �}�j� �

����� �T��!#�����#� !6�	��� !%1 5 3
���%1�����1
R�v�zg^£�jhqiXo r �»cqº&hjz r aXinZ�^`i ep�.�jzpcfeg^dhqi�egZ�Y�m§hqzgZ�b`b`Z r �»hjz r zgZ���Z�i�epZ.Y+mno �

?�����, & ? �,

 � X�*2, " ? � - �}� N �

hTS P Z�o}ewbJ��^di r ^dv.Z�ztZ�bdcfep^£¢�cqa#egZ�Y�mXo ��X P 
 �À
®"cqino�bdc�Y+Z.ogaXztZq³�hTS¥iXhjaXo	Z.ogv�hqY+m_ephjiXo�hjºnegZ�iX^`z	aXiXZ�mXzt��v�^`og^`hji?ogm�cfeg^ªcfbdZ�{}aXog¬µa¼�»¡�b´��hjz r zgZ�[X³¼iXhqaXo
aneg^db`^dothjiXo1aXinZ�Y+�3epVXh r Z r ��^`iµeg���jzgcfep^`hji#epZ.Y�m§hjztZ�b`bdZ r Z"e s_m&Z	��aXiX�jZ���anete�c r a�Y���Y�Z�hjz r zgZ �J����[ �
r hjiniX��Z�m�cqz��

? ����, X ? �, F 
 ������ � " ? � -^F>; ��� " ? � -^F>; ��� " ? � -^F � � " ? � -"! �}� � �
c��jZ.v �

��� " ?�� - X *&, " ?�� F 
 � � � " ?�� - -
� � " ?�� - X *&, " ?�� F 
 �;#��� " ?�� --
��� " ? � - X *&, " ? � F 
 �; � � " ? � --
� � " ? � - X *&, " ? � -

���%$ &(' 3�� 1�$R$��	���*),+.-/+0'
�whjano iXhjano mXbdc! �hqiXo r cfiXo b`ZNv�c r zgZ r Z�b´����¬µa�cfeg^dhqi r �½c r �jZ.v.ep^`hji N ® r hjiXin��ZNZ.i " +0-�otaXz r Z.o

Y+cq^`bdbdcq�jZ.o�zt���janbd^`Z�zto�³�hjztegVXhj�jhqi�cqa_x§³ r Z�v�hfepZ�o 
 E X 
 H X 
 hTS¿bdZ.o�V sum§hfep��iµaXotZ�o r Z�o�epzt^ªcqin�jbdZ.o
oghqiµe9hjzg^`Z�i ep�.Z�o9otZ�b`hji�bdc~mXzgZ.Y�^dW.zgZ:ºX^`ogotZ�v3epzg^`v�Zf Q Z�o9^`i r ^`v�Z.o�1�Z.e32�oghji e�ztZ�bdcfep^£¢¤o9cqaux°v.h_hjz r hjiXin��Z�o r a
iXhuZ�a r r Z"v�cfbdv.aXb � E X41 
 [�H*X52 
 �ÀX�whqaXo hjº_epZ�inhjiXo:m&hjaXz«bdZ S�a_x *&,1b`Z�o«Z3x_mXztZ�ogot^dhqiXo�ogaX^£�fcqi epZ�o��

8 R�i�¬uaXc r zpcfiX�jb`Z �
**" ?��, -�X-& +

6 
 � �

\�] l^\�_



���������
	��
�������������	���������������	�� �!��	����
�"�$#�%&�
�'	��(���*)+#,�.-
	��
�"�$#/%&�
�'	��+0 ¶�¸ �1�2����3�.0 �

? ���� �  � " &l¶�� � F�¶�¸ " � � " -FP? ���� � �� " ;G" +3F ¶ -�� � & 6 ¶�¸ " � � " -FP? ���� � � � " ¶�� � F"¶�¸ " � � " -
FP? ���� � � � "9&M;G" +3F ¶ -�� � & 6 ¶�¸ " � � " -
FP? ���� � " �q¶�¸ " � � " F �q¶�¸ " � � " -FP? �� �� � � " ;G" +3F ¶ -�� � & 6 ¶�¸ " � � " -
FP? ��  � � � " &l¶�� � F"¶�¸ " � � " -
FP? ���� �	� � " &M;G" +3F ¶ -�� � & 6 ¶�¸ " � � " -FP? ���� �	� � " ¶�� � F�¶�¸ " � � " -

�}��[ �

!

8 R�i�epzg^dcqiX�qbdZ:�
**" ? �, -�X & +

+B; 
 � �
? ���� �  � " &2;|¶
� � F�¶�� � F"¶�¸ " ;�� � &�� � " -

FP? ��  � � �  � " &l¶
� � &l¶
� � ¶�¸ " � � F� � " -
FP? ���� � �� " 6 " +3F ¶ -�� � &2;G" +3F ¶ -�� � & 6 ¶�¸ " ;�� � &�� � " -
FP? �� �� � � �� " ;G" +3F ¶ -�� � F ;G" +3F ¶ -�� � & 6 ¶�¸ " � � F� � " -
FP? ���� � � � " &l¶
� � F ;f¶�� � F"¶�¸ " � � & ;�� � " -FP? ���� � � � " ;G" +3F ¶ -�� � & 6 " +3F ¶ -�� � & 6 ¶�¸ " � � & ;�� � " -FP? ���� � " �q¶�¸ " � � F� � " F �q¶�¸ " ;�� � &�� � " F �q¶�¸ " � � & ;�� � " -FP? �� �� � � "9&2;�" + F ¶ -�� � F 6 " +3F ¶ -�� � & 6 ¶�¸ " � � & ;�� � " -FP? ��  � � � " ¶
� � &2;|¶
� � F"¶�¸ " � � & ;�� � " -FP? ���� � � �	� � "9&2;�" + F ¶ -�� � &2;G" +3F ¶ -�� � & 6 ¶�¸ " � � F� � " -
FP? ���� �	� � "9& 6 " + F ¶ -�� � F ;G" +3F ¶ -�� � & 6 ¶�¸ " ;�� � &�� � " -
FP? ���� � � �	� � " ¶
� � F�¶�� � F�¶�¸ " � � F� � " -
FP? ���� �	� � " ;f¶�� � &l¶
� � F"¶�¸ " ;�� � &�� � " -

�}�YPN�
!

c��jZ.v ��� � X A 
 ILKNMOC°Z.e�� � X A 
 MRTSUC

� � 	 � !�� ��� � �L) � = �
Q c¿¢¤hjinv.ep^`hji�� cq^`i hjaÇ¢Jcqv.egZ�aXz r �»cqY�mXb`^`¹�v�cfep^`hji·iXhqep�/' m&Z�ztY+Z3e r Z r �.egZ�zgY�^`iXZ�z'¡¿bªc ¢¤hj^`o�³�bdc

otepcqºX^`bd^£ep�f³�b´����¬µa�c|ep^`hjiN�.¬uan^`�fcqb`Z�i epZ�Z.e�bJ�»Z.zgztZ�aXzlZ3xncqv3epZ r ��aXikotv�VX��Y+cn
y5hqaXz r �.¹�iX^`z '�³�iXhjanow�.v�zg^£�jhqiXoP?V" E@X " 1 F��$- 
 [�H
X " 2&F��/- 
 [ ��X " P FZ+ - 
 � -�othj^`e>? ����� �� � � ��v�hqY+Y�ZlaXi Y�h r Zl¬uanZ�b`v�hjiX¬µaXZ r Zw��hqaXzg^`Z�z "�� I<KNM�� [�� M R,S���- r �.¹XiX^�^dv.^&Z.i v.h_hjz r hjiXin��Z�o©m&hjbªcf^dztZ�o©hTS

lmlon
p�q�qsr�t



� � � ��� #,�
%&-@��� �������
	�����

�LZ.otelbdc r ^`zgZ.v.eg^dhji�m&Z�zgm&Z�i r ^dv.aXbdcq^dztZ2cfa_x�^`ogh �fcqbdZ.aXzgo r Z	v�Z	Y�h r Zq
? ����� �� � � �� Z�o}e	zg�.¢¤�.zgZ.iXv���m�cqz~zpcqmXm&hjz}e	¡@?V" E�X 1 
 [MH/X 2 
 [�� X P 
 � -~oghj^£eV? ���� � r Z�bªcPY+cqiX^`W�ztZogan^`�fcqi epZ:�

?������ �� � � �� XZ' ��������� �	��
��� ������������ ?����� � c��jZ�v:�,� � X &P+ �}� � �
®2�»cqmXztW�o " + �!-1Z3e�Z�ikanep^`bd^`opcfiµelbdc�bd^`iX��cfzg^£ep� r akY�h r W�b`Zq³�inhjaXolc��jhjiXo��

? ������� � X ? ���� � F 
 � * F

 � �; *�� * F 
 � �� *���*���*HF 
 � �; 6 *�� *�� *�� * �}�YXN�

®~a�¢Jcq^£e�¬uanZ2**" ? �, -:Z�otelaXinZ�v.hjY�m§hqog^£ep^`hji�¹XiX^dZ	Z3ewb`^`iX��cq^`zgZ r Z��fcqb`Z�aXzto ? �� �� � � �� " + 6 - " +��!-K�
* " ? �, - X+�

� � �
� � � � ? �� �� � � �� �}� � �

�whqaXo�m§hja_�jhjiXolm&hjogZ.z r Z
" + � - Z.ika_ep^`bd^`opcqi eV" + �!-K�
� X 
 � �

� � �
� � � � � ������� �	��
��� �� �����!��� �}� � �

hTS bdZ.o � othji e r Z�o�¢¤hjiXv3ep^`hjiXo�^di r ��m&Z�i r cqi epZ�o r Z �X³ � Z.e 
 �°Y+cq^`o r �.m§Z.i r cqi egZ�o r Z�eghjanegZ�o�bdZ.o
cqanegzgZ.o��fcqzt^ªcfºXbdZ.o �OA [ 
 [�C�Z.el¶ ³n¸�
®~Z
" +#"N-3³XZ.ika_ep^`bd^`opcqi eV" +#$!-:Z.e " + �!-3³O' o.�»�.v�zt^`e �

' X +3F � F � �; F � �� F � �; 6 � N � �

� Z3e ' oghji ewcqb`hjzgo1¢¤hjinv.ep^`hjiXo r Z�eghjanepZ.o�bdZ.o��fcqzt^ªcfºXbdZ.o�^di r ��m&Z�i r cfiµegZ�o��¶©³_¸5³GA|³ 
 ³ 
 �À³OC_³��"³��n
� bªc�mXbdcqv.Z r akm�cfo r Z	egZ�Y�mXo 
 �:iXhjanola_ep^`bd^`oghjinowb`Z	iXhjY2ºnzgZ r ZA` hjaXzgcqi e�%&³ r �.¹�in^�mXcqz �

% X A 
 �

 � N � �

� ��� 0 � $F!#�'&2� ��� !#�
�whjano��qhjaXb`hjiXo r �3epZ�ztY�^diXZ.z�bdZ�iXhjY�ºXzgZ r ZT` hqaXzpcqi e(%;bªcf^dotopcqi e�³ cfa otZ�iXo r Z � hji �lZ�aXY+cqiXi ³

i¼��^dY�m&hjztegZ	¬uanZ�b�Y�h r Z r Z���hjanzg^`Z�z�otepcqºXb`Zq ` Z�bd¡�o�����v�zt^`e �
U5zthjan�qZ�z %*),+ '-+/. +10 �32 % 4V[50 �62�¯ Y�[ ;�7¼² � N$N �

R�i?¢Jcq^£e�³E' "<; YN-�Z�ote�aXiXZ+¢¤hjiXv3ep^`hjiFm&��zt^dh r ^`¬uanZ v�cfz � " +#$N-�bJ�»Z.ote�cfaXogot^©Z.i �jZ�zto°b`Z�o��fcqzt^ªcfºXbdZ.o � � X
 � I<K!M � Z.e � � X 
 � M R,S�� ogaXz�aXiXZ	Y���Y�Z�m§�.zg^`h r Z r Z ¯ Y�[ ;�7¼² ��~^`iXog^J³ "<;T; - m§Z.anelogZ	epzpc r aX^`zgZ�Z�i-�
U5zthjan�qZ�z/%*),+ '8+ . +�0 � � [ � � 2�¯ Y�[ ;97 ² � N � �

\�] l^\�_



���������
	��
�������������	���������������	�� �!��	����
�"�$#�%&�
�'	��(���*)+#,�.-
	��
�"�$#/%&�
�'	��+0 ¶�¸ �1�2����3�.0 �j�

y�bdano"¬µaXZ°bJ�»^`iX��¬µa�c|ep^`hjiB"<;��N-3³&iXhjaXo~cqbdb`hjiXo~v�VXZ�ztv�VXZ�z�b`Z2iXhqY2ºXztZ r ZZ` hjanzpcqi e"v.zg^£ep^`¬µaXZ % � ³&�j�.zg^£¹�cqi ebJ�»�.� cqb`^`eg� �
U5zthjan�jZ.z�% � ) + '8+7X + 0 � � [ � � 2Ç¯ Y�[O;97¼² � N [ �

®~W.owb`hjzgo�¬µaXZ %8. % � ³�b`Z�otv�VX��Y+c+ogZ�zgc+o}e�cqºnbdZ	Z.el^`iXotepcqºXb`Z r cqiXo�bdZ	v�cqo�v�hji epzgcq^`zgZq��Z�otegZ�¬µaXZ % � cqaPegzpc��jZ.zgo r Z*" ; 6 -«Z.ote1Z.iXv�hjztZ�aXiXZ"¢¤hjinv.ep^`hji r Z>Cu³n¶¥Z.e:¸�`dn� b Z�o}elcqb`hjzgo:mnzghjm&hjog� r Zv�VXZ.zgv�VXZ.z"bdZ�iXhjY�ºXzgZ r ZG` hjaXzpcfiµewv�zt^`eg^d¬µaXZ�v�hji �qZ�i�cqi e	¡�ephqanepZ r ^`zgZ�v3ep^`hji r �»c r �qZ�v3ep^`hji C�¬uanZ�iXhqaXo
iXhqegZ�zthjiXo � % � � � � Z3el¬uan^�ogZ�zgc r �.¹�iX^�mXcqz �

U�zghqan�jZ.z�% � � � � ) + '8+7X + 0 � � [ � � [3C32Ç¯ Y�[O;97¼² � N PN�
% � � � � iXZ	ogZ.zpc+cqb`hjzgo1mXb`aXol¬µa¼�»aniXZ�¢¤hqiXv.eg^dhji r Z	¶?Z.e�¸(¬µaXZ	iXhjaXo�mXztZ�i r zghjiXow¡°�fcqbdZ.aXz r cqiXo�¯ Y�[.+�²´R
x_mXbd^`v�^£ephqiXo~Y+cq^`i epZ�iXcqi e�³�b´��Z3x_mXztZ�otog^`hji r ZP' Z�i r ��v.hjY�m§hqopcqi e � Z�ikopc�m�cqz}ep^`Z�zt��Z.bdb`Z ��� Z.ew^`Y'cf�j^£¨i�cq^`zgZ � � 

� X ��� F4� � �
' X � +�F ��� F +; " � �� & � �� -^F ���� " � �� & � � �� -^F +; 6 " � �� & � � �� � �� F � �� -��

F � � � �� " � F � ��� F � � �� & � �� F ��� " � �� & � �� - -�� � N � �
c��jZ�v:�

8 Z.ik¬µa�c r zpcqiX�qbdZ:�
��� X &w¶�¸�% � " I<KNMOC " " + & ILKNM�� � - � F " MRTS�C " " + & I<K!M�� � - � �
� � X &�% � I<K!MOC MRTS � � " +3F�¶ " + & I<KNM � � --^F MRTS C M R,S � � " +3F ¶3" + &�I<KNM�� � -- ! � N XN�

8 Z.i�egzg^dcqiX�jb`Z �
��� X & ¶�¸�%� � " ; I<K!MOC & MRTS9C " " + &�I<KNM�� � - � F " ILKNM C & ; MRTSUC " " + & I<KNM � � - �

F " I<K!MOC�FBMRTS C " " + & I<KNM."�� � F�� � - - � !
� � X & % � � "�I<KNMOCUFBM R,SUC!-�MRTS�"�� � F�� � -L" +�F ¶3" + &�I<KNM " � � F � � -- -

F*" ; ILKNMOC & MRTSUCN-�M R,S � � " +3F ¶3" + & ILKNM�� � --
F*" ; M R,SUC & ILKNMOCN-�M R,S � � " +3F ¶3" + & ILKNM�� � -- ! � N � �

Q c zgZ.bªc|ep^£�jZ°b`hjaXz r Z�aXz r Z°bJ�»ZÀxnmnzgZ�otog^`hji r Z + '8+¾³&inhjaXo"v.hji r aX^£e	¡'¢Jcf^dztZ2aXiXZ2zgZ�mnzg��otZ�i e�c|ep^`hji¿iuanY+�À¨
zg^`¬µaXZ r Z % � � � � "¤¶�[g¸J-1¬µaX^��fc r �.v�zg^`zgZ�aXiXZ�i�cqmXm&Z r hqiXiX��Z r cqiXowbªc�¹��jaXztZ°�n&y5hqaXzweghjanepZ��fcqbdZ.aXz r Z%#Z�i r Z�otoghjaXo r Z	v�Z3egegZ�i�cfmXm§Zf³�bdZ	otv�VX��Y+c'Z.otelotepcqºXb`Z	m§hjanzli �»^`Y�m§hjz}epZ	¬µaXZ�b�cfiX�jb`ZPCu
�whqaXo1s#v�hjinote�c|ephjiXo��

8 ¬µaXZ % � � � � Z�o}el^ r Z.i ep^`¬uanZ2m&hjaXz1b`Z�o N otv�VX��Y+cqolZ�i �u^`opcq�j�.o� ` Z�bdc+ot^d�qiX^`¹XZ�¬µaXZ	m&hjaXz�i¼��^dY�m&hjztegZ
¬µaXZ.b�v.hjaXmXb`Z "¤¶�[g¸J- r hjiXiX�f³§bdc�mXbdanowm&Z.eg^`egZ��fcqb`Z�aXz r Z % � Z.otew^ r Z�i ep^`¬µaXZ°Z�ik¬µa�c r zgcqiX�jb`Z�Z3elZ�iegzg^dcqiX�jb`Z�bdhqzgog¬µaXZPC�m�cqztv�hjaXzto�b´��^di egZ�zt�fcqb`b`ZP¯ Y�[ ;97 ² 

lmlon
p�q�qsr�t



� N � ��� #,�
%&-@��� �������
	�����

8 ¬µaXZ�bªc ot^`ega�cfeg^dhjikbªc'mXbdano~^`iµeg��ztZ�ogogcqi epZ�cqaNiX^`�qZ�cqa r a iXhjY�ºXzgZ r Z ` hjanzpcqi e r Z�¢Jc! .hji ¡+mXzg�À¨
otZ�zt�qZ�z�bdc otepcqºX^`bd^£ep�f³ Z.ote r Z2mXzgZ.i r zgZ2¶ X Yn �~b`hjzto�³&¬uanZ�b`¬uanZ+othj^£e~¸�³ iXhqaXo"m&hjan�jhqiXo"mXztZ�i r ztZ
% ��;_

8 ¬µaXZ % � � � � Z�ote~aXiXZ	¢¤hjiXv3ep^`hji r �.v�zthj^dotopcqi egZ�c��jZ�v�¶;v�zthj^`ogopcfiµe"cqb`hjzgol¬µa¼�»Z.bdb`Z��fcqzt^dZ�mXb`aXo�¢Jcq^dºnbdZÀ¨Y�Z�i ewc��jZ.v�¸�
8 ¬µaXZ�bªc¥og^£epa�c|ep^`hji bdc¥Y�hj^`iXo+^di eg��zgZ.ogogcqi epZ(cqa·iX^£�jZ�cfa r a iXhjY2ºnzgZ r Z ` hjanzpcqi e r Z�¢Jc  �hji·¡
mXzt��otZ�zt�qZ�zwbªc�otepcqºX^`bd^£ep�f³�Z�o}e r Z	mXztZ�i r zgZ	¶ X +	Z3el¸ X +j % � � � � �fcqa_e~cfbdhjzto1Z�i �u^dzthji ����

®"cqino bdc?Y�Z�otaXzgZf³«hTS·iXhjaXo'ogZ.zghjiXo cqY�Z�iX�.oP¡¥zgZ��jcqz r Z.z'bdc?ot^`ega�cfeg^dhji·m�cqz}ep^`v�aXb`^dW.zgZ r ZN¶ X �� Z3e¸ X�Yn³ r Z�bªc ¹��janzgZ " #>%(' ) � -À³9iXhjaXo�hqºnepZ.iXhjiXo�aXi iXhjY�ºXzgZ r Z9` hjanzpcqi e+v�zt^`eg^d¬µaXZ#�fcqbdcqºXb`Z#m§hjanz
ephqanepZ r ^`zgZ.v.ep^`hji r �»c r �jZ.v.eg^dhji C r Z��qcfbdZ.aXzlcqmXmXzth x_^`Y+cfep^£�jZ:�

% � � � � � +!) 6 � � N � �
Q Z.olmXcqzpcqY�W3epzgZ.o�¶FZ.e�¸(�3e�cqi e�¹nx_��o.³�iXhjaXo�m&hjan�jhqiXol¢Jcf^dztZ�aXiXZ	zgZ.mXzg�.ogZ�i epcfep^`hji m&hjbdcq^dztZ r Z % � "<; 6 -

NAPPE CRITIQUE DU NOMBRE DE COURANT

NU_c min
    1.25

0

0.5

1

1.5

2

BETA [0:1]

GAMMA [0:1]

NU

1325476�� 8�� ��� ���.��� % � � � � "¤¶�[t¸�- = 	 	����
�"�$%���� : #,�.-
	��
�"�$%��

Z�iP¢¤hqiXv.eg^dhji r Z C "$#&%('*) 6 -3_�whjaXo v�hjiXo}e�cfeghjiXo�cqb`hjzto aXiXZw¢¤hjzgY�Z~Z.i#bdhqopcqiX�qZ"m§hqaXz bdc r ^`ogv.zg�.eg^dogcfep^`hji
¬µa�c r zgcqiX�janbªcq^`zgZ r �.Y+hqiµegzg�.Z r cqino"¯ N ²&Z.e©h �jh�� r Zwm§hqaXz bªc	�j��hqY+�3epzt^dZ�epzt^ªcqin�jaXbdcq^dztZ~cfbdb`hjiX�j�.Z�^dv.^&otZ�b`hji
b`Z�o�Vµsum&hqep�.iµaXogZ.o r Z.o�egzg^dcqiX�jb`Z�o��JmXztZ�Y�^`W�zgZ¥ºX^`ogotZ�v.egzg^`v�Z.�3�` Z�o�v�hjaXztº§Z.okothji e�e�cqiX�qZ�i epZ.okotZ�b`hji bdc
ogZ.v�hji r Z2ºX^`ogotZ�v3epzg^`v�Z�Z.elZ�o}e~bdc�mXbdanowm&Z.eg^`egZ	�fcqb`Z�anzwc r Y�^dotog^`ºXbdZ �´cqa�ogZ.iXo r Z�bdc�ote�cfºX^db`^£ep�0� r Z %#m§hjanz

\�] l^\�_



���������
	��
�������������	���������������	�� �!��	����
�"�$#�%&�
�'	��(���*)+#,�.-
	��
�"�$#/%&�
�'	��+0 ¶�¸ �1�2����3�.0 � �

2.5

2

1.5

1

0.5

0

0.5

1

1.5

2

2.5

2.5 2 1.5 1 0.5 0 0.5 1 1.5 2 2.5

QUADRANGLE
TRIANGLE

1325476&[ 8 � �^� ��� � 	��A-/�3����#/	 �
���c1�	��'����)+#�� % � "$CN- = ¶ X ���� ¸ X Y

ephqaneUC_��lhjaXo1sPepzthjan�qhjiXo r hjiXv	bdc��fcqb`Z�anz % � � � � y
cfzlbdc�ogaX^£epZf³�iXhjaXo�mXztZ�i r zthjiXolotsuoteg��Y+cfeg^d¬µaXZ.Y+Z.i e � %
X +

� � � 021�$ ��� ++� !6�	����$ ��� +���� ����1�� ! 1�$
�wi otv�VX��Y+cPiµaXY���zt^d¬µaXZ2iXZ2zt��oghqa r {tcqY+cq^`o~m�cfzt¢Jcq^£epZ.Y+Z.i e"ºX^`Z�i b`Z2Y�h r W�b`Z2¬µaXZ�b´��hjikv�hjiXot^ r W�zgZf

R�ikzt��cqb`^£ep�q³�^`b¼�fc�zg��othja r ztZ�bJ����¬µa�cfeg^dhji���¬µaX^£�fcqb`Z�i epZ:�
? DGFHA�I<KNMOC ?EQ FHAJM R,SUC ?EW X A �

��� �	� , 
�� �� ��� � ��� � ? � Q � � W �´�j� �

hTSPb`Z�o � ��� � oghji e r Z�o1v�huZ.¦+v.^dZ.iµego1zg�.Z�b`o r ��m&Z�i r cqi e r Z 
 epZ.i r cqi e:�qZ�zgo��°b`hjztog¬µaXZ 
 epZ.i r �jZ.zgo��2ot^iXhjanowc��qhjiXo 1���������� �
� 1�� r a�ogv�VX�.Y+c cqa�Y�h r W�b`Z " +0-3
]_^�iXhqaXolc �qhjiXolm§hqaXz1�.epcfe�^din^`eg^ªcqbJ³J?���³XaXi�Y�h r Z r Z���hjanzg^`Z�z&"���[ ��- Z.e r �»cqY�mXb`^`ega r Z�� �

?��3X���ILKNM � � E I<KNM���F H3MRTS �,! �´�n� �
� b�Z�o}ewcq^dot� r Z��jhj^`z�¬uanZ�bdc�oghjb`anep^`hji�Z3xncqv3epZ ?�� r Z " +0-:Z�o}e r hjiXiX�.Z	m�cqz �

?���X�� I<KNM � � E9ILKNM���F H MRTS�� & A���ILKNM0"$C & ��-"! �´� N �
v�hqzgzgZ.ogm&hji r cfiµe�¡wbdcwepzgcqiXogbdcfeg^dhji r Z ?�� r cqiXo
bdc r ^`zgZ.v.eg^dhji � r �»aniXZ r ^`otepcqiXv�Z�% �:c�s cqi e�m&hjaXz��fcqbdZ.aXz �

%���XZA � I<K!M " C &���- �´�j� �

lmlon
p�q�qsr�t



��[ � ��� #,�
%&-@��� �������
	�����

�wi�ogv�Vn��Y+c iµaXY���zt^d¬µaXZf³§m�cfz "��NYN-À³�oghjanowbdc�Y �.Y�Z2v�hqi r ^£ep^`hjik^`iX^£ep^dcqb`Z "���+ -À³X�qc r hqiXiXZ�zlbdc+othjbda_ep^`hji
v�cfbdv.aXbd�.Z*? � ¯ N ²«¯ X|²¼ogaX^£�fcqi epZ �

? � " � -�X�����ILKNM�� � E I<KNM���F H M R,S�� & ¯ % �EF���²�! �´�q[ �

c �qZ�v���X � � D��� � �
�  �
	�� � � ��� � "�&P+ -������� " � - �  � "$I<K!M���- � "$MRTS ��- � � ��� ��� �� �´�.PN�

Z3e�� X &9A�� �
�  � � � 	�� � � �� ��� "�&&+ - ���������� "�� - �  ��� � "�I<KNM���- � "�MRTS ��- � � ��� � �´�j� �

®~Z.a_xPe sum&Z�o r Z r ^ h§��zgZ.iXv�Z.o r ^do}ep^`iXv.egZ�olcqmXm�cfzpcq^`ogotZ�i e�Z�i epztZ�bdZ.o1Z3x_mXztZ�ogot^dhqiXo r Z ?��." � - "�F;!-«Z.e9? � " � -"� 6 -K�
8 bdc r ^dotog^`m�cfeg^dhji v�hqiXog^`otepcqi eP¡(Y�h r ^`¹�Z.z�b´�»cqY�mXb`^`ega r Z � m�cqz�b`Z#¢Jcqv.egZ�aXz � r hjiXiX� r cfiXo@"� � -
� {"!$#'m�cq^`z��À³

8 bdc r ^`ogm&Z�zgot^dhqi¥v.hjiXot^do}e�cqi e�¡PY�h r ^`¹�Z.z�bdZ r ��mXbdcqv.Z�Y�Z�i e=% � r a(Y�h r Z�m�cqzwb´�»c|{}hjane r Z%� "� �!-
� {"!$#'^dY�m�cf^dz �3

�whqaXo�v�hjinote�c|ephjiXo�¬µaXZ�v.Z�o r ^ h �.zgZ�inv�Z�o	othji e	ogm&��v�^£¹�¬µaXZ.o°¡PbdcPm�cqzg^£ep� r Z�bªc#oghqY+Y�Z�1&F 2 Z.e�iXhqaXo
hjºXotZ�z}�jZ�zthjiXo©mXb`aXo«ºXcqo�¬µaXZwbdc�mXaX^`ogogcqiXv�ZlZ�i 
 r Z � ��� � Z.ote©Z�i
1 F 2 & +1m§hqaXz�v�Z�Y�h r W�b`Z r �»�.¬uaXcfep^`hjir �»c r �qZ�v.eg^dhqiNºX^ r ^`Y+Z.iXog^`hjiXinZ�b`bdZf

Q Z+ºnane r Z�v�Z�m�cfzpcq�jzgcqmXVXZ�i �»Z.ote�m�cqo r Z r hjiXiXZ.z�bJ��Z�zgztZ�aXz r ^`ogm&Z�ztog^£�jZ+Z.e r ^`ogot^dmXcfep^£�jZ+ephqepcqbdZ r Z
v�V�cq¬µaXZ2ogv�VX�.Y'c_³ Y+cq^`o~Z�ikzgZ.� cqz r cqi e"b`Z�o~�.¬µa�cfep^`hjiXow��¬µaX^£�fcqbdZ.i epZ�o"egzghjin¬uan��Z�o.³ iXhqaXo"cqb`b`hjiXo��j��zt^`¹XZ�z
Z.e r hqiXiXZ�z��

8 bdc�v�hjiXot^do}e�cqinv�Z r a�otv�VX��Y+cn³&vq��Z�o}ew¡ r ^`zgZ	¬µa¼��^db�i �»ZÀxn^`otegZ°cqanv�aXi � ��� � r ��hjz r ztZ 
  
8 bJ�»hqz r ztZ r akotv�VX��Y+c'¬µaX^�Z.otelbdc+mXan^dotopcqiXv.Z�Z.i 
 r akmnzgZ�Y�^`Z�z � ��� � iXhji�iµaXbJ
8 b`Z�o1�fcqb`Z�aXzto~¡ r hjiniXZ�zlcqa_x#m�cqzpcfY+W3epztZ�o�¶ ³n¸(m&hjaXz�cqaX�qY+Z.i epZ�zlbJ�»hjz r zgZ r Z.o�ogv�VX�.Y'cfo�
8 b`Z�o�Z.zgzgZ.aXzgo�cqmnmXzghuv�VX��Z.o�m§hjanz r Z�o�Y�h r Z�o r Z ��hjaXzt^dZ.z�v�hjztzgZ.v.epZ.Y�Z�i e r ^dotv�zt�.ep^`og�.o5mXcqz�bdZ�Y+cq^`b`bªcq�qZq³
vf�»Z.ote~¡ r ^dztZ�zt��m&hji r cfiµew¡�bdc�v.hji r ^£ep^`hji �


 � &'& + �´�.XN�
R�i2v.hjiXog�.¬µaXZ�iXv.Zq³ r hjiXiXhjino5Y+cq^`i epZ�iXcqi e
b`Z�o � ��� � {}anog¬µa¼�»¡wbJ�»hjz r zgZ©[~Z.i 
 m&hjaXz�v�V�cqv.aXi r Z�o
otv�VX��Y+cqo.
Q �»hqºnepZ.iµeg^dhqi r Zwv�Z�o©epZ.zgY�Z�o ¡�m�cfztep^`z r ZV" + 6 -9Z.e " +#�N- Z.ote«^dY�Y�� r ^ªcfegZ~Z.i aneg^db`^dogcqi e:bdc�Y��.egVXh r hjb`hj�j^`Z
^`iµegzgh r aX^£epZ r cqino2¯±�f²�Z3e r �.�qZ�b`hjmXm&��Z r cqiXo�¯��|² 

\�] l^\�_



���������
	��
�������������	���������������	�� �!��	����
�"�$#�%&�
�'	��(���*)+#,�.-
	��
�"�$#/%&�
�'	��+0 ¶�¸ �1�2����3�.0 �YP

< ®~^dotm§Z.zgot^dhjiNZ�i 
 �

D 7 � = � <#� � 7 V L D
U R � �@R©]9R � 
 � �J®~^dotm§Z.zgot^dhji �
� ��� � �©cqb`Z�anz

� � �  
 �
"<;N-L"� - ILKNMOCG"��q¶�& + -

� � � �

 �
"<;N-L"� - Y

� � � �

 �
"<;N-L"� - Y

� �� � 
 �
"<;N-L"� - M R,SUC�"�q¶ & + -

D 7 8 � 6 � 7 V L D
U R �9�9R«]TR � 
 � �´®~^`ogm&Z�ztog^`hjiO�

� ��� � �©cqb`Z�aXz

� � �  
 �
"<;N-L"� - I<K!MOCG"�f¶ & + -

� � � �

 �
"<;N-L"� - "��q¶ & +0-<"$ILKNMOCUFBM R,SUCN-

� � � �

 �
"<;N-L"� - "��q¶ & +0-<"$ILKNMOCUFBM R,SUCN-

� �� � 
 �
"<;N-L"� - MRTSUCG"��q¶ & + -

< ®~^dotog^`m�cfeg^dhjikZ�i 
 �

D 7 � = � <#� � 7 V L D
U R � �@R©]9R � 
 � �J®~^dotog^`m�cfeg^dhji �
� ��� � �©cqb`Z�anz

� � �  
 �; � "�&w¶�¸ " I<K!MOC " -

� � � �

 �; � � Y

� � � �

 �; � � Y

� � � �

 �; � � Y

� �� � 
 �; � "�&w¶�¸ " MRTS�C " -

D 7 8 � 6 � 7 V L D
U R � �@R©]9R � 
 � �´®~^`ogot^dmXcfep^`hjiO�

� ��� � �©cqb`Z�aXz

� � �  
 �; � ¶�¸ "�& " I<KNMOC�F MRTS C " & " ; I<K!M C & MRTS9C " -
� � � �


 �; � � "�& 6 ¶�¸ " ILKNM CUFBM R,SUC " -

� � � �

 �; � � "�& �f¶�¸ " ILKNM CUFBM R,SUC " -

� � � �

 �; � � "�& 6 ¶�¸ " ILKNM CUFBM R,SUC " -

� �� � 
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®~Z.olepcqºXb`Z�cqa_x#mXzg�.v�� r Z�i epo r hjiXi�cfiµelb`Z�o � ��� � ³�inhjaXo r � r aX^dothjiXo��
8 bdc�v�hjiXot^do}e�cqinv�Z r Z�o�ogv�VX�.Y+cqo"cqa�Y�h r W�b`Zq³
8 aXi�hjz r zgZ N Y�^diX^`Y+cqb r Z.olotv�VX��Y+cqowm§hqaXz:ephjanolb`Z�olv�hqaXmXb`Z�oP"J¶�[g¸J-3³
8 aXi�hjz r zgZ	� r Z�o�otv�VX��Y+cqowog^�¶ X �� ³
8 aXi�hjz r zgZ�[ r Z�o�otv�VX��Y+cqowog^�¶ X �� Z3el¸ X Yn³

®~Z�mXb`aXo�³&iXhjaXolzgZ.Y+cqzg¬µaXhjino {}aXot¬µa¼�½¡'b´��hjz r zgZ	[X³�aXiXZ�^di r ��m&Z�i r cqiXv�Z r Z�o � ��� � Z�i �jZ.zgo~b`Z�iXhjY2ºnzgZ r Z
` hjaXzgcqi e % r a�¢Jcq^£e r Z	b´��^`iµeg���jzgcfep^`hji�epZ.Y+m&hjztZ�b`bdZ r Z���aXiX�jZÀ¨	��anegepc r �»hqz r ztZ�[n
y
cfz«cf^db`bdZ.aXzgo.³_inhjaXo v�hjinote�c|ephjiXo.³µm§hjanz©bdc	�j��hjY��3epzg^`Zl¬uaXc r zpcfiX�jb`ZwZ3e�{}anog¬µa¼�»¡�bJ�»hjz r zgZl[X³ r Z.o � ��� � iµaXb`oog^�b`Z	mXzgh r aX^£e 1 2��X Yn

� ��� 021�$41��#� 1 +��#$ �'3�3M� ������� 1�$ )�� � � )�� 1�� 1-!4�
R�iFaneg^db`^dogcqi e "�� �N-"Z.e "�� � -3³�inhjaXo�hjºnepZ.iXhjiXo�b`Z�o�Z�zgztZ�aXzto2cfmXmXzghuv�VX�.Z�o r ^dotm§Z.zgog^£�jZ.o r ��hjz r zgZ N Z3e

r ^`ogot^dm�c|ep^£�jZ�o r ��hjz r ztZ��+otaX^`�fcqi egZ�o �
8 R�i�¬uaXc r zpcfiX�jb`Z � � � � X A�� 
 � � � "�q¶�& + -	�U" C([ ��- �´�j� �

hTS
� "$C [ ��-�X "$I<K!M � �/ILKNMOCUFBMRTS � � MRTS9C!- )��
� ��� X����� A � 
 � � � ¶�¸��	�5" C [ ��- �´�j� �

hTS�� � " C [ ��-�X & �G"$I<K!M � � " I<KNMOC " FBMRTS � � " MRTSUC " - ) + ;
8 R�i�epzg^dcqiX�qbdZ:� � � � X A�� 
 � � � "�q¶�& + -	�U" C([ ��- �J[ � �

hTS��U" C([ ��-�X "$ILKNM � � I<KNMOC�F MRTS � � MRTS C
F I<KNM�� MRTS��>"$I<K!M ��FBM R,S ��-<"�I<KNMOCUF MRTS C!-- )��

� ��� X����� A � 
 � � � ¶�¸�� � " C [ ��- �J[X� �
hTS
� � " C([ ��-�X-& � � I<KNM � �>" " I<K!MOC�FBMRTSUC " F " ; I<KNMOC &�MRTS9C " -F � MRTS � �>" " I<K!MOC�FBMRTSUC " F " I<KNMOC & ; MRTS�C " -F ; I<KNM�� MRTS�� " I<KNMOCUF MRTS C " " ;UF � I<KNM � MRTS ��- ! )(+ ;

�~^`iXot^´³ m&hjaXz�ephqanepZ.o©b`Z�o r ^`ogv.zg�3ep^`opcfeg^dhjino v�hqiXog^ r ��zt��Z.o�³ub´��Z�ztzgZ�anz r ^dotm§Z.zgog^£�jZ r ��hjz r ztZ N Z.ote©mXzthjm§hqztep^`hji_¨
iXZ.bdb`Z�cqaN¢Jcfv.epZ.aXz �f¶ & + "� �!- " 6 YN-1e�cqi r ^dow¬uanZ°b´��Z�ztzgZ.aXz r ^`ogot^dm�c|ep^£�jZ r ��hjz r zgZ°�'Z�ote~aXiXZ°mnaX^dotopcqinv�Z
r a�¢Jcqv.egZ�aXz�¶�¸ "�� $N->" 6 +0-ÀgR i�v�hqiXog�.¬uanZ�iXv.Z �

8 ¶ ���I5&Æ �NÆ � � 3J� � � �|� 3JÂ 8 ���£Â�� � ��� C �����uÅNÆ � ��Â§��� 3 � 3JÆ 3 Ã � � �(Å�� �48�5�� �P��Â 8 � 3 5 8 ���
8 ¸ ���I5&Æ � �"!?¶$#"%¼� �9Æ � �93´��� 3�� �nÃ 3¤Â 8 ���£Â�� � ��� U �����_Å�Æ � ��Â&��� 3 � 3´Æ 3 Ã � � �NÆ&� �4898¼��Æ � �('

\�] l^\�_



���������
	��
�������������	���������������	�� �!��	����
�"�$#�%&�
�'	��(���*)+#,�.-
	��
�"�$#/%&�
�'	��+0 ¶�¸ �1�2����3�.0 �YX

� �%$ 021�$41��#� 1 +��#$ �'3�3M� ������� 1�$ )�� � � )�� 1 $ 1-!��

���qZ�v'¶ X �� ³�iXhjaXo	i¼�»c��jhjiXo�mXb`aXo r �»Z.zgztZ�aXz r ^`ogm&Z�zgot^`�qZ r ��hjz r zgZ N ����jZ.v'¸ X Yn³�iXhqaXo	i¼�½c��qhjiXo
mXb`aXo r �»Z.zgztZ�aXz r ^dotog^`m�cfeg^`�qZ r ��hjz r ztZN�_ R i·v�hjinog��¬µaXZ.iXv�Zf³:^`b1iXhjaXo+¢Jcqane+Y�hji epZ�z+Z�i·hjz r zgZ�m�cqz�bdZ.o
��¬µa�c|ep^`hjiXo:�.¬uan^`�fcqb`Z�i epZ.o1m§hqaXz m&hjan�qhj^dz«v�hjY�m�cfzgZ�z bdZ.o v�cfo epzt^ªcqin�jaXbdcq^dztZ�o«Z.e:¬µa�c r zpcqin�jaXbdcq^dztZ�o.X�whqaXo
r hjiniXhjiXo.³nopcfiXo:b`Z r �.epcq^`b r Z.o:��¬µa�c|ep^`hjiXo1��¬µaX^£�fcqb`Z�i epZ.o�³�b`Z�o:ZÀxnmnzgZ�otog^`hjiXo r Z � ��� Z.e r Z$� ��� m&hjaXz«bdZ.or Z.a_x�v�cqo��

8 R�i�¬uaXc r zpcfiX�jb`Z �
� � � X A � 
 � � � 0 " C([ ��- �J[ N �

hTS.0 " C [ ��-�X � & 6 "�I<KNM���� I<K!MOC F MRTS � �/M R,S CN- &1% � ILKNM��0" � & C!- � ) + ;!Y
� ��� X  � � A�� 
 � �
	 0 � " C([ ��- �J[ � �

hTS*0 � "$C [ ��-�X & � %��OI<KNM 	 " �4& CN-"! ) + 6 6
8 R�i�epzg^dcqiX�qbdZ:�

� � � X A � 
 � � � 0 " C([ ��- �J[j[ �
hTS 0 " C([ ��-�X � & 6 "$I<K!M����/ILKNMOC�FBM R,S � � MRTS C!- & % � I<KNM�� " �4& CN-
& � � ILKNM��/M R,S��>"�I<KNM���FBMRTS ��-<" +3F I<KNM�� MRTS ��-L"$ILKNMOC�FBM R,S CN- ! ) + ; Y

� ��� X  � � A�� 
 � �
	 0 � " C([ ��- �J["PN�
hTS*0 � "$C [ ��-�X & � %��OI<KNM 	 " �4& CN-"! ) + 6 6

�whqaXo"hjºnegZ�iXhqiXo"aXiXZ�Z�ztzgZ�anz r ^`ogm&Z�zgot^`�qZ r �»hqz r ztZ2[ r ^ h§��zgZ.i epZ�Z�i egzgZ°b`Z°v�cfowepzt^ªcfiX�jb`Z2Z.e"bdZ�v�cqo"¬µa�c¾¨
r zgcqiX�jb`Zq ` Z¥i¼��Z�otekm�cqo#�q��zg^£¹��¥m§hqaXz�b´��Z�ztzgZ�anz r ^dotog^`m�cfep^£�jZ r �»hqz r ztZ Pu ` Z.egegZ r Z�ztiX^dW.zgZ¥Z�o}e cqb`hjzto
aXiX^`¬µaXZ�Y�Z.iµel¢¤hjiXv3ep^`hji r a�iXhjY�ºXzgZ r ZA` hjaXzgcqi e/%Pv�Z	¬µaX^¼^`i r ^`¬uanZ�¬µaXZ	bJ�»aXogcq�jZ r ��aXik�laniX�jZ3¨ ��anegepc
r ��hjz r zgZ��n³XiXhqaXo�m§Z.zgY�Z.etepzpcf^`e r ����b`^dY�^`iXZ�zlv�Z3egegZ�Z.zgzgZ.aXz r ^`ogog^`m�cfeg^`�qZq`d

 � � � � � ) � 7 �/� � !���� ��� � � � 	 ) 7 � �
` Z.etepZ+v�hjY�m�cqzgcq^`oghji?m§hjz}epZ�oganz�b`Z�o�Z�ztzgZ.aXzgo�cqmXmXzth_v�Vn��Z�o�v�cqb`v�anbd�.Z�o°cfa?m�cfzpcq�jzgcqmXVXZ�mXzt��v.� r Z.iµe�

®~Z.a_x�e sum§Z.o r ��Z�ztzgZ.aXzgolo���h
h§zgZ�i e r hjinv�¡�iXhqaXo �
8 Q c r ^`ogm&Z�zgot^dhqi
8 Q c r ^`ogog^`m�cfeg^dhqi
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���qcfiµe�³ r �»cqb`bdZ.z:mXb`aXo:b`hj^`i¼³niXhqaXo �jhqaXbdhqiXo r hjiXinZ�z:¬µaXZ.bd¬µaXZ.ol�q��iX�.zpcqb`^`eg��o:otaXz:b`Z�o1ztZ�mXzt��ogZ.i e�cfeg^dhjino1¬uan^
�jhqiµelotaX^`�uztZ �

8 ` V�cfv�aXiXZ r Z.o	Z�zgztZ�aXzto r a¿ogv�VX�.Y'c�epzt^ªcqin�jbdZ�hqa¥¬µa�c r zpcqin�jbdZ�c#aXi(¢Jcqv3epZ.aXz�v�hjY�Y�aXi?hqa¥aniXZ
mXan^dotopcqiXv.Z m&hjog^£ep^£�jZ v.hjY�Y2aXinZ og^lºX^`Z�i ¬µaXZ*7¼� �XÆ 3 Ã��nÃ 3 ���u� �R8§Ã ³9iXhqaXo m&hjan�qhjiXo inhjaXo ztZ�o�¨
egzgZ�^`i r ztZ�¡+bdc�v�hjY�m�cqzgcq^`oghji r Z�o�¢¤hjiXv3ep^`hjiXo r Z&C�Z.e r Z �" Q Z�o�Zsh§Z.ego r Z.o�m�cqzpcfY+W3epztZ�ol¶FZ.e�¸
otZ�zghqiµe r ^`ogv.anep�.o~aXb£ep�.zg^`Z�aXztZ�Y�Z�i e�

8 �lhjaXo~Y�aXb£ep^`mXbd^`hjiXo~bdZ.o~Z�ztzgZ.aXzgo r ^dotm§Z.zgot^`�qZ�o�m�cqzwbdZ�og^`�jiXZ r a r �.mXbdcqv�Z.Y+Z.i e	Z3xncqv.e9I<KNM." � &BC!-
Z.ikc�h Z.v.e�cfiµe1cqa_xP¢¤hqiXv.eg^dhjino r Z C°Z.e r Z � ani#^di r ^dv.Z�otaXm&��zg^`Z�anz��ug` Z�v.^�c°m§hqaXz1c��fcqi e�cq�jZ r Z
¢Jcq^`zgZ2m§hjz}epZ.z	cqa_x(Z.zgztZ�aXzto r ^dotm§Z.zgot^`�qZ�o2ani¥ot^d�qiXZ�m§hqog^£ep^£¢ ot^�c��qcfiXv�Z�hja¿iX�.� cfeg^`¢©og^
zgZ.epcqz r m�cfz
zgcqmXm&hjztelcqa r �.mXbdcqv�Z.Y+Z.i e�c r �qZ�v3ep^£¢ r Z	bªc�othjbda_ep^`hjikZÀxncqv.egZq

8 �lhjaXo�mXzgZ.i r zthjiXolm§hjanz1bdZ.olZ.zgztZ�aXzto r ��hjz r zgZ	[�Z.e�P_³XanikiXhqY2ºXztZ r ZA` hjanzpcqi el^ r Z�i ep^`¬µaXZ
%
X +

¬µaX^�ogcfep^`ot¢¤Z.zpc°ephja|{}hjaXzgo�bdc�ote�cfºX^db`^£ep� r Z�o�otv�VX��Y+cqolm§hqaXz1bdZ.olcqmXmXb`^dv�cfep^`hjiXo�¬µaX^�otZ�zghqiµelY�Z�in��Z�o.
8 �lhjaXo�zgZ.Y'cfzg¬µaXZ�zthjiXo'¬uanZ�bJ��Z�zgztZ�aXz+hjºnegZ�iµaXZ r cqiXo+aXiXZ�v.hjin¹��janzpcfeg^dhji " C  [ �  - r hjiXiX�.ZkotZztZ.epzthjan�qZ r cfiXowbdc�v�hjin¹X�jaXzpc|ep^`hji "$C  F��*7 [ ��F���7E-3³�¬µaXZ.bd¬µaXZ�oghj^£e��NZ3e�� r Z	�
�>Z.ew¬µaXZ�b`¬µaXZothj^`e"bªcPi�c|epaXztZ r Z°bJ�»Z.zgztZ�aXz.m` Z�v.^9mXzgh �u^`Z�i e	ºX^`Z�i¿�.�u^ r Z�Y�Y�Z�i e r a ¢Jcq^£e�¬µaXZ°b`Z�o"¢¤hjinv.ep^`hjiXo r Z
C Z3e � othji e�m§�.zg^`h r ^`¬µaXZ�o�Z3e+c m§hjanz�v�hjiXot��¬µaXZ.iXv�Zf³©hqanepztZ#aXiXZ�zg� r aXv.eg^dhqi r a r hjY+cq^dinZ r Z
�fcqzt^ªcfeg^dhqi r Z "$C [ ��-1¡N¯ Y�[ 7 ²���¯ Y�[ 7¼²´³ r Z	iXZ	m�cqolc��jhq^dzl¡�v�hjinog^ r ��ztZ�z~bJ��hjzg^`Z�i e�c|ep^`hjikmnzg^`ogZq

$+��� 0 � )M� $�3 1���$#� ���
®~Z�aux�v�cqo�ogZ r ^`oteg^diX�qaXZ�i e �
8 Q Z	v�cqo�¶ �X ��Q c"mXztZ�Y�^dW.zgZlZ�ztzgZ�anz r ^dotm§Z.zgot^`�qZ~Z�o}e r ��hjz r ztZ N Z.e Z�o}e©zgZ�mnzg��otZ�i ep�.ZwmXcqz��� " C [ ��-
otaXz bªc�Y�hj^£ep^`�
otaXm§�.zg^`Z�aXztZ r Z�bªc�m�cq�jZ����n Q Z�mXb`aXo�oghjan�qZ�i e�³&v�Z3egegZ�Z.zgztZ�aXzlc�aXi�Zsh§Z.e r �»c��qcfiXv�Z	Y+cq^`ol^`b ¢Jcqa_e
� cfz r Z.z"¡'bJ��Z�ogmnzg^£e�¬µa¼�½c��qZ�v�b`Z°m�cqzgcqY�W.epztZ2¶ ³&v�Z.etepZ�Z�zgztZ�aXz~Z�ote"Y+h r aXbdcqºXb`Z°¡'oghjaXVXcq^`e©{}aXog¬µa¼�»¡
m&hjan�qhj^dz r Z.�qZ�iX^`z1aXiPztZ.epcqz r _��Z�otegZ"¬µa¼�»¡2¶ ¹nx_�q³_Z�b`bdZ"Z.ote mXbdano:^dY�m&hjztepcqi epZwZ�iPepzt^ªcfiX�jb`Z~¬µa¼��Z�i
¬µa�c r zpcqiX�qbdZ	opcfan¢ r cfiXo�bdZ	v�cfolh S � X C���� � �J^`ogh �fcqb`Z�aXztow�qbd^`ogogcqi e~otaXz�Z�b`bdZ.o}¨ Y��.Y+Z.o��À

8 Q Z	v�cqo�¶ X ��Q c�mnzgZ�Y�^`W�ztZ"Z�ztzgZ�anz r ^`ogm&Z�ztog^£�jZ�Z�o}e r ��hjz r zgZl[°Z.e Z�ote zgZ.mXzg�.ogZ�i eg��Z�m�cqz 0  " C([ ��-©oganz bdc�Y�hj^ ¨
eg^d�	^`in¢¤��zt^dZ.aXzgZ r Z	bdc+m�cf�jZ�� �ng` Z3egegZ�Z.zgzgZ.aXz�v�hjztzgZ.ogm&hji r bdZ	mXb`aXo�oghja_�jZ�i e"¡�anikztZ.e�cfz r Z.e�Z�o}e
eghjaf{}hjaXzto1mXb`aXow^`Y�m§hqzte�cfiµegZ	Z�i�epzg^dcqiX�qbdZ�¬µa¼��Z�ik¬uaXc r zpcfiX�jb`Zq

®~Z.o zgZ.mXzg�.ogZ.iµepcfep^`hjiXo m§hjbdcq^`zgZ.o Z�i+¢¤hjiXv3ep^`hji r Z C�othji e r hjiXiX�.Z�o:m�cf�jZ N ��m&hjaXz � XZC�Z3e � XZC F�� � � bJ�»ZÀxuep��zt^dZ.aXz r a r ^`og¬µaXZ r Z zpc�sjhji+�n N ³|iXhjaXo�v.hjiXo}e�cfeghjiXo9aXi�Z�h Z3e r �»c �fcqinv�Zq³ r Z:zgZ3e�cqz r ¡"b´��^`iµeg��zt^dZ.aXz
Z.e r ��Z3xncqv3ep^£epa r Z2¡�bJ�»hjz r zgZ	mXztW�ologaXz�b`Z	v�Z�ztv�b`Zq

\�] l^\�_
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< 6 I [AD~�9I 6 : 7 � � R y©� R©]�R �wUE��U1�}���"]Ny©� Q �~��� R«]�y��~�
U1� `:� Q � R � R«]&d`

Ω = θ

θ
x

y

ISO
Ω

CAS:

ISO θ
x

y
CAS: Ω = θ + π/2

Ω

d`»® R �  " C!-EFBY�) ;/�¤hjz r zgZ 
 � �3`d
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`d»® R 0  "$CN-^FHY ) ;/� �"z r zgZ 
 � �3
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8 Q Z	v�cqo�¶�¸ �X Y

Q c�mXzgZ.Y�^dW.zgZ	Z�ztzgZ�anz r ^dotog^`m�cfep^£�jZ�Z�o}e r �»hqz r ztZ	��Z3e�Z�o}ewztZ�mXzt��otZ�i ep�.Z2m�cqz �����
" � � "$C [ ��-- otaXz
bdcNY�hj^£ep^`� oganm§�.zg^`Z�aXztZ r ZPbdcNm�cq�qZ N �j R�b`bdZPZ.ote�ephjaf{}hqaXzgo�Z.e°inZ.egegZ�Y�Z�i e�Y�hj^`iXo°^`Y�m§hjz}e�cqi egZ
Z.iF¬µa�c r zgcqiX�jb`Z+¬ua �»Z.i?epzt^ªcfiX�jb`Zq\` Z.etepZ+Z�zgztZ�aXz�Z�o}e2Y�h r aXbdcqºXb`Z'mXcqz	bdZ+m�cqzgcqY�W.epztZ�¸ r Z�Y'c¾¨
iX^`W�ztZwZÀx_m§hjinZ�i ep^`Z�b`bdZf��"i m&Z�a_e v.hjiXotepcfepZ.z�³µv�hqY+Y�Z r cqiXo~¯ X¾² ³µbdc�v�cqzpcqv3ep�.zg^`otep^`¬µaXZ r a'ogv�VX�.Y+c°¡
Y+cq^`bdbdcq�jZ�epzt^ªcfiX�jaXbdcq^`zgZ�¬µaX^§Z.ote r ZlY+hq^diXo r ^`ogog^`m&Z�z r Z�o©Y+h r Z.o r Zw��hjaXzg^`Z�z r hqiµe«b`Z�o ^`ogh �fcqb`Z�aXzto
otZ�zpcf^dZ.iµe~v�hjb`^`iX��cq^`zgZ.o"cqaux�Vµsum&hqep�.iµaXogZ.o r Z�olepzg^dcqiX�qbdZ.owZ3e~v.Zq³&mXzpcfeg^d¬µaXZ.Y�Z�i e�^`i r ��m&Z�i r cqY�Z�i e
r Z	bJ�»hqzg^`Z�i e�cfeg^dhqi r Z	bJ�½c r �jZ.v.ep^`hji C �

8 Q Z	v�cqo�¶�¸ X Y
Q c	mXzgZ.Y+^`W�ztZ"Z�ztzgZ.aXz r ^dotog^`m�cfep^£�jZ~Z�ote r ��hjz r ztZ P	Z.e«Z�o}e ztZ�mXzt��ogZ.i ep��Z�mXcqz �����
"<0 � " C [ ��- - otaXz
bdc�Y+hq^`eg^d��^`in¢¤��zt^dZ.aXzgZ r Z	bdc�m�cq�jZ N �q,R�bdb`Z	Z�o}elegzgW.o:¢Jcq^dºnbdZf³�iXZ r ��m&Z�i r cqi el¬uanZ r akiXhqY2ºXztZ r Z
` hjanzpcqi e°Z3e°^ r Z�i eg^d¬µaXZ#Z.iFepzt^ªcqin�jbdZ'v�hjY�Y�ZPZ.i;¬µa�c r zgcqiX�jb`Zq ` Z.egegZPZ�ztzgZ.aXz2otZPY�hji epzgZ'mXb`aXo
^`Y�m§hjz}e�cqi egZwb`hjzgot¬µaXZwbdc r ^dztZ�v.eg^dhqi C r Zlb´�»c r �qZ�v.eg^dhqiPZ�o}e:v�hqbd^`iX��cf^dztZ~¡	bªc r ^`zgZ.v.ep^`hji r hjiXiX�.Zwm�cfz
�" �wa v.hji epzgcq^dztZq³�Z.bdb`ZkZ.ote+º&Z�cqaXv.hjaXm mXb`aXo�¢Jcq^dºnbdZ�m&hjaXz�aXiXZ�c r �jZ�v3ep^`hji·¢Jcf^dogcqi e'�qbd^`ogotZ�z�bdZ.o
^`ogh �fcqb`Z�aXzto r a�Y�h r Z r Z	��hjaXzt^dZ.z1ogaXz1Z.bdb`Z�o�¨ Y���Y�Z.oV�¤v�hjaXm&Z�o�m�cf�jZ N$N �À,R�in¹�i¼³�v.Z�¬µaX^�Z�o}e1epzgW.o
ztZ�Y+cqzg¬µa�cfºXbdZ�Z3e	Z3x_mXb`^dv.^`egZ�Y�Z�i e r hjiXiX��m�cqz~bdZ.o�ZÀx_mXzgZ.ogog^`hjiXo " 6 �!-~hjaH" 6 �!-3³¼Z.ote	¬µaXZ�b´��Z�ztzgZ.aXz
Z.otelv�hjinote�cfiµegZ�otaXz1ephja_epZ�¢JcqY�^db`b`Z " C [ ��-:egZ�b`bdZ	¬µaXZ:�

� XZCUFHA � P�� ��� P ���

$+��� �#��� �-� ++$��	���
�whjano�v.hji e�cfeghjiXo	¬µa¼�»Z.iFztW��jb`Z��j��iX�.zpcqb`Z'¡�¶ Z.e	¸;¹nx_��o.³�bdZ.o�Z.zgzgZ.aXzgo r ��hjz r zgZ N Z.e���v.hjY�Y�^dotZ�o

Z�i egzg^dcqiX�jb`Z�oPothji e�mXb`aXo#^dY�m&hjztepcqi epZ.o#¬uanZ(bdZ.oPZ�ztzgZ�anzgo�v�hjY�Y�^`ogZ�o�Z.i ¬uaXc r zpcfiX�jb`Z�o�c` Z�m&Z�i r cfiµe�³
�jz��qv�Z2cqa_xkm�cqzgcqY�W.epztZ�ow¶ X �� Z.ew¸ X Yn³&v�Z.o~mXztZ�Y�^dW.zgZ.o�Z�zgztZ�aXzto~m&Z�an�qZ�i e r ^`ogm�cfzpc��depztZ2bdcq^dotopcqi e~Z�i
^`Y+m&hjz}e�cqiXv.Z"cqb`hjzto«mXbdcqv.Z"cqa_x'Z.zgzgZ.aXzgo r �»hqz r ztZ~[2Z3ecPu �wa iX^£�jZ�cqa r Z~bJ��Z�zgztZ�aXz r ^`ogm&Z�zgot^`�qZ r ��hjz r ztZ~[X³
iXhjano5v.hjiXotepcfephqiXo
cfbdhjzto5ani�Z�h Z3e r Z©zgZ3e�cqz r eghjaf{}hjaXzto�mXbdano
^`Y+m&hjz}e�cqi e�Z�i�epzg^dcqiX�qbdZ©¬µa¼�»Z.i2¬µa�c r zpcqiX�qbdZf
R�i?v.Z�¬uan^�v�hjiXv.Z�ztiXZ�b´��Z�ztzgZ�anz r ^dotog^`m�cfep^£�jZ r ��hjz r ztZ3P_³¼b`Z�o r Z�aux r ^`ogv�zt�.eg^dogcfep^`hjiXo�ogZ��fcqb`Z�i e�mXaX^`og¬µaXZ
v�Z3egegZwZ.zgzgZ.aXz Z�o}e«otaXº&hjz r hqiXiX��Zw¡	b´��^di eg���jzgcfep^`hji�epZ�Y�m&hjzgZ.bdb`Z�v�VXhj^`og^`Z~Z3e cfa+inhjY2ºXztZ r Z�` hqaXzpcqi e©mXzt^do.

	 ��
�
>� 	 � !���� � � ) � � � 	 ) � �
®"cqiXo�v.Z�mXcqzpcq�qzpcqmXVnZq³XiXhqaXo:�jhjanbdhjinol^`b`bdaXo}epztZ�zl¡�m�cqzteg^dz r �»aXi�Y�h r Z r Z	��hjaXzg^`Z�z1ºn^dZ.i r ^`ogv.zg�3ep^`og�

m�cqz1b`Z	Y+cq^db`bdcq�jZ	bªc�Y�h r ^`¹Xv�cfeg^dhji r Z	bdc+othjbda_ep^`hjikmXcqz1zpcqmnm§hjz}el¡�bªc�oghqbdaneg^dhqikZÀxXcfv.epZf
y5hqaXzkv.Z¥¢Jcf^dztZq³�mXbdc! �hjinokiXhqaXokotaXz�aXiXZ¥�jzg^`bdb`Z¥zg���qaXbd^`W�ztZq³�hjz}epVXhj�qhji�cqb`Z¥c �qZ�v?v�hji r ^`eg^dhji r Z¥º§hjz r
m&��zg^`h r ^d¬µaXZ r Z r ^`Y�Z�iXot^dhji + � +"Z.i-� + �-� +"m&hj^`iµego>" 
 X ; )T+0Y � � -Àn�lhjaXo:mnzgZ�i r zghjino:m§hqaXz Y�h r W�b`Z
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b`Z°Y�h r anbdZ r Z°bdc'�u^`egZ�ogotZ r �»c r �jZ.v.eg^dhji A X +j³&bªc r ^dztZ�v.eg^dhqi r �»c r �jZ.v.eg^dhji C*X � � Z.e"m§hjanzwv.hji r ^£ep^`hji^`iX^`eg^ªcfbdZ:�
?��3X ;�F I<KNM " E F HG-0othj^£e r Z "���+0- � � X +N[ � X 7

6 [ �PX�� ; �J[ � �
c�s cqi elm&hjaXz�zgZ.mXzg�.ogZ�i epcfep^`hjiNºn^ r ^`Y�Z�iXot^dhqiXiXZ�b`b`Zq³&b´�»cqb`bdaXztZ�otaX^£�qcfiµegZ �
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¬µaXZ�iXhjaXo�zgZ.� cqz r Z�zthjiXo r cqiXo�b`Z	mXbªcfi r Z�v.hjaXm&Z r �.¹�iX^�v.^£¨ r Z�otogaXowZ�i�m§hq^di ep^`b`bd�:�
Uo
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1.5
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iXhjanolm&Z�ztY�Z.egepcqi elaXiXZ�Y+Z.^db`b`Z�aXztZ��u^`oga�cqb`^`opcfeg^dhji r Z�o�Z.zgzgZ.aXzgolv�hqY+Y�^`ogZ.o�
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` hjY�Y�Z�iXhjaXo"bJ�»c �qhjiXo�Y�^`o"Z�i(�3�_^ r Z.iXv�Z�b`hjzgo r a v�cqb`v�anb r Z�o~��¬µa�cfeg^dhjino���¬µaX^£�qcfbdZ.iµegZ�o.³�bdZ°mXcqzpc|¨

Y�W.egzgZl¶Nm&Z�zgY�Z3e r Zwzt���jb`Z�z bJ�»Z.zgzgZ.aXz � 3J� � � �|� 3 � � r ��hjz r ztZ N Z3e«v.Zwmnzghjm&hjzteg^dhqiXiXZ�b`b`Z�Y�Z�i e cqa+¢Jcfv.epZ.aXz �
�q¶ & +!)

y5hqaXz r ��v.hjaXmXb`Z�z	v�Z3e�Zsh§Z.e r Z�bJ�»Z.zgzgZ.aXz r ^`ogog^`m�cfeg^`�qZq³�iXhjaXo	mXztZ�i r zghjiXo�¸ X Y r cqiXo	bdZ.o	Z3x_m§�.zg^`Z�iXv.Z�o
Y�Z�iX�.Z�olv�^ ¨ r Z.ogothjaXo"cfmXzgW.olaniXZ�c r �jZ.v.eg^dhjikogaXz�aXinZ r ^do}e�cqiXv.Z r Z +.Y � ; �}����¢¤hq^do�bdc��qzg^`bdb`Z0�À

D 7 � = � <#� � 7 V L D

Beta=1/3
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D 7 8 � 6 � 7 V L D
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� ¶;¹nx_�°¬µaXZ�iXhjaXo~mXzgZ.i r zghqiXo"¡ �� m&hjaXzloganmXmXzg^`Y�Z�z"bdc r ^`ogm&Z�ztog^`hji r ��hjz r zgZ N ³&inhjaXo"c��qhjiXo~�ua

¬µaXZ�bªc r ^`ogot^dm�c|ep^`hji r ��hjz r zgZ���Z�o}e~¡�aXinZ�mXan^dotopcqiXv.Z r akmXzth r aX^`e �
¶�¸E)

]_^�ºX^`Z�i�¬µaXZ	m§hqaXz�¶ r hjiniX�q³�bdc � 3J��� 3 � �_Ã 3JÂ 8 r �»hqz r ztZ���otZ�ztW��jb`Z�cqa�Y+h sqZ�i r a�mXcqzpcqY�W3epzgZ�¸(m&hja_¨
�fcqi e©Z�i ep^`W�ztZ�Y�Z�i e r ^dotm�cqzpc �ªegzgZlm§hjanz9¸/X Yn �lhjaXo©Y�Z�iXhjino«¬µaXZ.bd¬µaXZ.o Z3x_m&��zt^dZ.iXv�Z.o:v�^ ¨ r Z.ogothjaXo«cqmXzgW.o
aXiXZ�c r �jZ�v3ep^`hjiNotaXz�aXiXZ r ^`otepcqiXv�Z r Z*+0YNY � ; �}� �q��¢¤hq^do1bdc+�qzg^`bdb`Z0�À

D 7 � = � <#� � 7 V L D
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Q Z"ogv�VX�.Y+c �À¶�¸3�1c r hjinv"bªc	¢Jcqv�anb`eg� r �»c �qhj^`z:ogZ.o:mXzgZ.Y�^dW.zgZ�o1Z.zgztZ�aXzto r ^`ogm&Z�zgot^`�qZ�o�Z.e r ^`ogog^`m�cfeg^`�qZ�o
zg�.�jbdcqºXb`Z�o©cqa_x�Y�h sjZ.iXo r Z�o m�cqzgcqY�W.egzgZ�o©¶�Z.e ¸� �Ncq^`i epZ�iXcqi e�³µiXhjaXo��qhjaXb`hjiXo anep^`b`^dotZ�z©v�Z�ogv�VX�.Y+c�otaXz
b`Z2otsuo}epW�Y�Z r Z.o"��¬µa�cfeg^dhqiXo r � R�aXbdZ.z"ºX^ r ^`Y+Z.iXog^`hjiXinZ�b r cfiXo"b`Z2v�c r zgZ r a v�cqolepZ.ote^`~� r Z°b´�½����R ���
cf¹�i r Z�{}aX�jZ.z r ZPogc ogZ.iXog^`ºX^`bd^£ep��Z�i �qZ�zgo�bJ��Z�zgztZ�aXz r Z�� 3J� � � �|� 3¤ÂD8 m�cqz�bªckoghjb`anep^`hjiÇ^`iXotepcfep^`hjiXiXcq^dztZ
¬µa¼��^db r hqiXiXZq
Q Z(m�cqotopcq�jZ r Z�o�zg�.ogaXb£e�cfego#hjºnegZ�iµaXo�ogaXz#b`Z(Y�h r W�b`Z(bd^`iX��cf^dztZ r Z(b´�»c r �qZ�v.eg^dhqi ¡;v.Z(otsuotegW�Y�Z?inhji
b`^diX��cq^`zgZ¥Z�ote�v.bªcq^`zgZ.Y�Z�i e otaf{}Z.eN¡Çv�cqaneg^dhqi¼ ` Z�m&Z�i r cqi e�³lbdZ.okzt��oganb`epcfepo�iµaXY���zg^`¬µaXZ�o r hjiXin��ok¡ bdc
¹�i r Z�v�Z#v�VXcqmX^£epzgZ�otaXz�bdZ#v�cqo�epZ�o}e `~�k�.m§hqaXogZ.iµe+mXztZ�ot¬uanZ ��	���� � � ��� �JiXhjano°sÇzgZ3�_^`Z�i r zghjino'¡(bdc
v�hqiXv�b`aXog^`hjiO�1b`Z�v�VXcqiX�jZ.Y+Z.i e r Z	ot^d�jinZ r Z	bJ�»Z.zgztZ�aXz r ^`ogm&Z�ztog^£�jZ r akY�h r W�b`Z	bd^`iX��cf^dztZ �
� ��� �#�����,� +���� !��	� �+$
y�aX^dot¬µaXZ iXhqaXo�othjaXV�cf^`eghjiXo�zgZ�i r zgZ+v�hjY�mnegZ r �»aXinZ'otZ�iXot^dºX^`b`^`eg�P¡�bªc r ^`ogm&Z�zgot^dhqi¼³�^db v�hqiµ�u^`Z�i e r Z

epzgc��qcf^db`bdZ.z	c��jZ�v+aXiXZ r ^dotog^`m�cfep^`hji r ��hjz r ztZ��#v�hjiXo}e�cqi egZ'¡ r �3¢Jcqane r Z�m&hjan�qhj^`z �.epztZ�iuanbdb`ZqmR�i¿Zsh§Z.e�³
mXztZ�i r ztZ ¸ X Y r cqiXo�bdZPo}suotepW.Y�Z r Z�o°�.¬µa�cfep^`hjiXo r �kR�aXb`Z�z.³
vf�»Z.ote�oganmXmXzg^`Y�Z�z°Z.i ep^`W�zgZ.Y�Z�i e+bªc�Y'c¾¨
epzt^dv.Z r Z2��h_Z�Z3e r hjiXv�v�hjaXm&Z�z�v.hjaXzte~¡�ephjanegZ��_^`ogv.hjog^£ep�2cqzteg^`¹Xv�^`Z�b`bdZ�v�Z�¬uan^�Z.Y�m��.v�VXZ2b`Z�mXcqogogcq�jZ r a
Y�hj^`i r zgZwv�cqb`v�anb´�R i v�hjiXot��¬µaXZ.iXv�Zf³X�jhjaXbdcqi e:in��cqiXY�hj^`iXo:b`^`Y+^£epZ.z:bJ�»Z.zgzgZ.aXz r Z r ^`ogot^dm�c|ep^`hji r ��hjz r ztZ"�n³
iXhjanowc��qhjiXolmXzg^`o�aXikmnzgh r aX^£e�¶�¸Nv�hjinote�cfiµe r Z��fcqb`Z�aXz ��  ��Z�otepcq^£e"¡+ogm&��v�^£¹�Z.z~¬µaXZ�b`¬µaXZ�ow�qcfbdZ.aXzgo r aNm�cfzpcqY�W.egzgZ�¶ r Z�Y'cfiX^dW.zgZ�¡ r ^`ogm&hjotZ�z r �»aXinZ�Z.zgzgZ.aXz r ^do�¨
m&Z�zgot^`�qZ r ��hjz r zgZ N c �qZ�v"ztZ.epcqz r ³uiµaXb`bdZ"Z3e1c��jZ.v�c��fcqiXv�Zfn�lhjaXo r hjiXiXhqiXo r cqino b`Zwe�cfºXbdZ�cqaPv.^£¨ r Z�otoghjaXo.³
b`Z�o�v�hji_¹��jaXzgcfep^`hjiXo r Z	v�cfbdv.aXb�Z�i �u^dogcq�j��Z.o �
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� � � � !��'&M��� �"!#��$
� b�v�hqiµ�u^`Z�i e r Z��j��zt^`¹XZ�zl¬uanZ�mXztZ�i r zgZ	aXi�iXhjY2ºnzgZ r ZA` hjaXzpcfiµe

% X +
opc|ep^`ot¢Jcq^£elbªc�otepcqºX^`bd^£ep� r Z�ephqanepZ.owb`Z�o�v�hqin¹��jaXzgcfep^`hjiXolZ�i �u^`opcq�j�.Z�o. y�hjaXz�v�Z	¢Jcq^`zgZq³niXhjaXolzgZ.mXzg�.ogZ�i eghjiXo
Z�i�¢¤hjiXv3ep^`hji r Z	¶FaXiXZ	v.hjaXm&Z r Z�bdc°¹��jaXztZ �+m&hjaXz1aXi�mXzth r an^`e�¶�¸ v.hjiXo}e�cqi e r Z��qcfbdZ.aXz ��  
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N
U

BETA

NU_cmin

ZONE STABLE

ZONE INSTABLE

Beta=1/6 - Gamma=6/10

Beta=1/3 - Gamma=3/10

Beta=1/2 - Gamma=2/10

1325476jP&8�� ��� �^-/�b�� � � �'% �'� �(���*-�� �'���� � � �'% �'� �d����#/	^� ��#/� C���¶�¸ X �� 
�whjano�v.hjiXo}e�cfeghjiXo�ogaXz�bdc�¹��qaXzgZ �:¬µaXZ«mnbdaXo�b`Z ogv�VX�.Y'c ���µÃ � � � �*"¤¶ & �� -¼Z3e5mnbdaXo�^`b Z�o}e5o}e�cqºnbdZf �wav�hqiµegzpcq^`zgZf³qmXb`aXo�b`Z:ogv�Vn��Y+c �(� �48�Å � "¤¶ � �� -5Z3e�mXb`aXo9ogc2
�hjiXZ r Z:otepcqºX^`bd^£ep�1otZ:zgZ.otegzgZ�^`i r .` Z�m&Z�i r cfiµe�³

m&hjaXz~b`Z�o�v�cqo"iXhqaXo"^`iµeg��ztZ�ogogcqi e�³¼mnzgZ�i r zgZ %/X +°bdcq^`ogogZ�ephjaf{}hqaXzgo"o}e�cqºnbdZ2eghjanegZ�o"b`Z�o"v.hjin¹��qaXzpcfeg^dhqiXo
¬µaXZ�b`¬µaXZ	oghj^£e1bdc r ^`zgZ.v.ep^`hji r �»c r �qZ�v.eg^dhqi@C�mXzg^`ogZf�R�i�v.hjiXot��¬µaXZ�inv�Zq³ %
X +�Z.ote1bdc2�fcqbdZ.aXz r a#inhjY2ºXztZ
r ZA` hjaXzgcqi el¬uanZ�inhjaXo�mXzgZ.i r zthjiXo�e�cqi e�m&hjaXz�bdZ	Y�h r W�b`Z�c r �jZ.v.eg^`¢
¬uanZ�m&hjaXz1v.Z�b`aX^ r a�otsuotegW�Y�Z r Z.o
��¬µa�c|ep^`hjiXo r �kR�aXb`Z�z.
�lcqmXm&Z�b`hjiXolZ�in¹�iN¬uanZ2bdc�¹��qaXzgZ ��Z.ote"ztZ�mXzt��otZ�i e�cfeg^`�qZ r Z�bªc�otepcqºX^`bd^£ep� r aNotv�VX��Y+c#¡�Y'cf^db`bªcf�jZ�¬µa�c¾¨
r zgcqiX�jaXbdcq^`zgZ	v�hqY+Y�Z	v�Z.bdan^5¡�Y+cq^`bdbdcq�jZ�egzg^dcqiX�jaXbdcq^`zgZf
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���qZ�v v.Z�o'v�hjin¹X�jaXzpc|ep^`hjiXo r Z�o'm�cqzpcfY+W3epztZ�o ¶ Z.e ¸�³ zgZ.mXzgZ.iXhjiXo'bªc¥v�hji r ^`eg^dhqi ^`iX^`eg^ªcfbdZ�" 6 �N-�Z3e

Z3xncqY�^`iXhjiXo~ogaXzwbªc�¹��jaXztZ �'b`Z�o~Y+h r ^£¹�v�c|ep^`hjiXo r ^dotm§Z.zgog^£�jZ.o�Z.e r ^dotog^`m�cfeg^`�qZ�o r aNotv�VX��Y+c �À¶�¸ ��¬µa�c¾¨
r zgcqiX�jaXbdcq^`zgZ�cqmXztW�o�aXi�m�cqztv�hjaXz}e r Z*+0YNY � ; r cqiXo�bdc r ^dztZ�v.eg^dhqi C&X � � ¡�bªc°�u^£epZ�otogZ A7X +j
�whqaXo�zgZ.�u^`Z�i r zghjiXow¡�bªc�v�hqiXv�b`aXog^`hjikogaXz�b`Z�otv�VX��Y+c�epzg^dcqiX�qaXbªcf^dztZq

EXACTE

1

1.5

2

2.5

3

Beta=1/2
Beta=1/3
Beta=1/6
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�whjano:v�hjinote�c|ephjiXo&�¤opcqino:ogaXztmXzg^`ogZ r �½cqmnzgW�o1bJ���.epa r Z"Y�Z�iX�.Z�mXzg�.v�� r Z�Y�Y�Z�i e �1¬µaXZ"iXhqaXo:hjºnegZ�iXhqiXo
aXiXZkv�hji_¹��jaXzgcfep^`hji �¤Z�i ºnbdZ.aO�'c��jZ.v aXiXZkZ�ztzgZ�anz r ^`ogm&Z�ztog^£�jZ r Z�e s_m&Z c��fcqiXv.Zq³©aXiXZkv�hjin¹X�jaXzpc|ep^`hji
�JZ.i�hjzpcqin�jZ0�2c��qZ�v�aXiXZ#Z�ztzgZ.aXz r ^`ogm&Z�zgot^`�qZ r Z�e sum&Z#zgZ3e�cqz r Z3e�aXiXZ#v.hjin¹��janzpcfeg^dhji �¤Z�iÇ�jZ.zte �°c��qZ�v
aXiXZ2Z�zgztZ�aXz r ^dotm§Z.zgot^`�qZ r �»hqz r ztZ N iµaXb`bdZf¼�whfephjiXo~¬uanZ°bdZ2zgZ.epcqz r Z.e"bJ�»c �fcqinv�Z°othji e�¬µa�cqi e�cfeg^`�qZ�Y�Z�i e
^ r Z�i ep^`¬µaXZ�o.
y5hqaXz v�Z1¬µaX^�Z�o}e r Z1b´��Z�ztzgZ.aXz r ^dotog^`m�cfeg^`�qZq³ubdZ:¢Jcq^£e r Z1iXZ�m�cfo c �qhj^`z©mnzg^`o©ani+mnzgh r aX^£e ¶�¸ X Y�Z�iX�qZ�i r ztZ
aXiXZ�Z�ztzgZ.aXz r ��hjz r zgZ��+inhjiNiµaXb`bdZ�Y+cq^dol¬µaX^�Z�o}e&3 � �R8§Ã 3 7¼� � m&hjaXz1ephqanepZ.o~b`Z�olv�hjin¹X�jaXzpc|ep^`hjiXolZ.ew¬uan^
zgZ.otegZ2cqotogZ�
�Y�h r Z�o}epZ�m�cqz1zgcqmXm&hjztelcqaux�ogv�VX�.Y+cqo~v.bªcqotog^`¬µaXZ�o°¯ X|²´
� �%$ �>��$ +��"!#� !#$ )/+ 5 � )�6���1 ��� � � ���+��� � � 1

Q Z?Y�h r W�b`Z?inhjiLb`^`iX��cq^`zgZ¥Z�o}eNºn^dZ.i Z�i egZ�i r a v�Z�b`aX^ r a otsuotegW�Y�Z r Z.ok�.¬µa�cfep^`hjiXo r � R�aXbdZ.z� Q Z
mXzthjºXb`W�Y�Zk�3epa r ^d��Z�o}e'v.Z�b`aX^ r a r �.epcqv�VXZ�Y�Z.iµe ephjaXztºX^`bdb`hjiXi�cf^dztZ�ºn^ r ^`Y�Z�iXot^dhqiXiXZ�bw¡¿b´��^di eg��zg^`Z�anz r Z.o
mXzthjmXaXb`ogZ.aXzgow¡+m&hja r zgZ r � �~zt^ªcqinZ � ¯±��[ N ²´
Q ckv.hji r ^£ep^`hji;^`iX^£ep^dcqbdZ'v�hjY�Y�aXiXZ#¡�ephjanegZ�o�bdZ.o°v�hji_¹��jaXzgcfep^`hjiXo r a;otv�VX��Y+c4�À¶�¸ ��Z.ote r Z mXztZ�i r ztZ
aXiXZ r Z�iXot^`eg��v.hjiXotepcqi epZ "�� X + -À³naXinZ�mnzgZ�otog^`hji�v�hjiXo}e�cqi egZ " � X +.YNY>YNYNY -À³naXiXZ��u^£epZ�otogZ�iµaXbdb`Z�Z.e�v.Z
r cqino�eghjane�b`Z r hjY+cq^`iXZ r Z�v�cqb`v�aXbJ
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Æ´� ¯ � �|²©c#�3ep��zg��cqbd^`og��otaXz	b´���.epcqºXb`^dotogZ�Y�Z.iµe r Z�o��.epcfepo�^`iXo}e�cfeg^dhjini�cq^`zgZ�o�v�cfz�³¼otaXz	aXi?Y+cq^`b`bªcq�qZ
v�hqY+Y�aXi r Z ��+�������+1m&hj^`i epo�³ ^`b`o«othji e r Z r Z.a_x�e sum§Z.o�`d Q ��aXi r Zwv.Z�o©�.e�c|epo Z�o}e aXinZlzt��m&hjiXotZ~cqv.hjaXo�¨
ep^`¬µaXZ°¡�aXiXZ�¢¤zg�.¬uanZ�iXv.Z r ��Z�i �u^dzthji ; "!Y!Y����'cqbdhqzgol¬uanZ2bJ�½cqa_epzgZ�Z�o}e"aXinZ�zt��m&hjiXogZ2¡'aXinZ�¢¤zt��¬µaXZ�inv�Z
r ��Z�i �u^dzthji � �NY!Y����n

Q Z�otv�VX��Y+c �À¶ X �
	
[ ¸@X 	�  �*�JzgZ3e�cqz rkr ^dotm§Z.zgog^£¢ � r hjiniXZ2bdc�¢¤zt��¬µaXZ.iXv�Z r Z ; "!YNY���� �JhqzpcqiX�qZ0�3

Q Z#ogv�VX�.Y+c �À¶ X �� [�¸ZX ��  � �´c��fcqiXv.Z r ^dotm§Z.zgot^`�qZ0� r hjiXiXZ#bdc ¢¤zg�.¬uanZ�iXv.Z r Z � �NY!Y����H�¤ºXb`Z�aO�À
` hjiXv.bdanzgZ°^`v�^�¬µaXZ°bJ�»�3e�cfe~^diXo}e�cfeg^dhqiXi�cq^`zgZ�hjºXogZ.zt�q��Z�otew¢¤hjiXv3ep^`hji r Z�bªc r ^dotm§Z.zgot^dhji r �»hjz r zgZ N ogZ.Y2ºXb`Z
epztW�o�hjot��Z3e+iX��v.Z�ogot^`egZNaXi·cqmXmnzghq¢¤hji r ^dotogZ.Y+Z.i e#cqa�Y�h sjZ�i r a·otv�VX��Y+c �À¶ X �� ['¸ X ��  �PhTS�bdcr ^`ogm&Z�ztog^`hji r ��hjz r zgZ N r Z.�u^`Z�i ewiuanbdb`Z � �jZ.zte �À
R�i(¢Jcq^`e�³ ^`in¢¤hjztY'c|ep^`¬uanZ�Y�Z�i e�³�bdc �fcqb`Z�aXz"¶BX �� i¼���.epcqi e	m�cqo�aXinZ°�qcfbdZ.aXz r �.v�^`Y'cfbdZf³�i¼�»Z.ote	m�cfo�mXzghf¨�jzgcqY�Y'cfºXbdZfgR�iNv�hqiXog�.¬uanZ�iXv.Zq³ inhjaXowc �qhjiXolmXzg^`o r Z�a_x��fcqb`Z�anzgo r Z	¶;^di_¹�iX^`Y+Z.i ew�qhj^dot^dinZ�o"bJ�»aniXZ r Z
bJ�½cqa_epzgZ�¡ +0Y � �  mXztW�o �

¶ X Y ) � ��� � � � ��� � �2Z3ew¶ X Y�) � � � ��� � � � � 6

Q Z�o�zg�.ogaXb£e�c|epo�hjºnegZ�iµaXo�^di r ^d¬µaXZ.i e'¬µa¼��^`b sÇc m�cfogopcf�jZ r ��aXiXZ#¢¤zg�.¬uanZ�iXv.Zk¡ aniXZ�cqanegzgZ#m&hjaXz°bdc
�fcqb`Z�aXzl¶�X �� � `~��Z�ote"cqaXotog^�bªc��qcfbdZ.aXzwh SNbdc r ^`ogm&Z�ztog^`hji r ��hjz r zgZ N v�V�cqin�jZ r Z�og^`�jiXZ�Y'cf^dowcqaXotog^�hTS
b`Z�otv�VX��Y+c �À¶�¸3� r Z3�u^dZ.iµewmXb`aXolmXzg�.v�^`o�
y5hqaXz cfmXmXansqZ�z:Z.iXv�hjztZ~v.ZwmXzthjm&hjo�³µaXiPv.hjiXo}e�cfe«ogZ.Y2ºXbdcqºXb`Z�¡��3ep��¢Jcq^£e r cfiXo"¯ N ²§c��jZ.v"bdZlogv�Vn��Y+c �À¶�¸ �
epzt^ªcfiX�jaXbdcq^`zgZ2h S bªc+¢¤zg��¬µaXZ.iXv�Z r Z ;3"!YNY����'�.e�cf^`e"cqmXm�cqztaXZ°m&hjaXz r Z�ow�qcfbdZ.aXzgo"¶�X ��  [:¸ X �� Z�iu¨�jZ.i r zpcfiµe aXiPotv�VX��Y+c�c��jZ.v"zgZ3e�cqz r Z.e bªc	¢¤zg��¬µaXZ.iXv�Z r Z � �NYNY����2m&hjaXz©¶ X �� [©¸ X ��  Z�iX�qZ�i r zgcqi eaXi�ogv�Vn��Y+c�mXbdano©mnzg��v.^do�¬µaXZ1bdc~�jZ.zgot^dhji+mXzt��v�� r Z�i egZwZ3e r Z1Y���Y�Z r ^`ogot^dm�c|ep^`hji r �»hjz r zgZ:�n.` Z.m§Z.i r cqi e
bJ�»VX^`oteghj^`zgZ	iXZ r ^`e�mXcqo�v�hjY�Y�Z�i e �� c��fcq^`e��3ep��cqb`hjzgo�^`in¢¤hjztY'c|ep^`¬uanZ�Y�Z�i e~cqmXmXzth x_^`Y��qy5hqaXz2v.hjin¹�ztY+Z.z2bJ�»ZÀx_^do}epZ�inv�Z r Z'v�Z.o r Z.a_xF¢¤zt��¬µaXZ.iXv�Z.o�³
bdckoth_v.^d�3ep�
	dR �
U1����b`Z�o2ck���jcqbdZ.Y�Z�i e�hjº_¨
epZ.iµaXZ�o	cqa(Y�h sjZ.i r a(v�h r Z°U���R«]�R R ¬µaX^´³§epzgW.o"v�anzg^`Z�aXotZ�Y�Z�i e�Z�ote"aXi(ogv�VX�.Y+c�iµaXY��.zg^`¬uanZ'¡+epzgW.o
¢Jcq^`ºXb`Z r ^dotm§Z.zgog^`hji r �»hqz r ztZ N ¯ X|²´
R�in¹�i¼³�ephqaf{}hjaXzto r �»cqmXztW�o°¯ X|²´³�bdZ�v�h r Z r Z2bJ�½�	��R �U� Y�hji epzpcfiµe~bd^`iX��cq^dztZ�Y�Z�i e~aXiXZ r ^dotm§Z.zgog^`hji(c��qZ�v
¢¤hjztv�Z°ztZ.e�cfz r i¼�»cPmXa(¬µaXZ r hjiXiXZ.z"bªc ¢¤zt��¬µaXZ.iXv�Z r Z ; "!Y!Y���#cqbdhqzgo~¬µa¼��^`iµ�qZ�ztogZ�Y�Z.iµe2bdZ.o"v�h r Z.o r a
`dR �9��� `1]¿Y�hji epzgcqi e	bd^`iX��cq^dztZ�Y�Z�i e�aXiXZ r ^dotm§Z.zgog^`hji¥c��jZ.v�¢¤hqzgv�Z°c �fcqinv�Z�i¼��hji e	mXa(¬µaXZ r hjiniXZ�z�bdc
¢¤zg�.¬µaXZ�iXv.Z r Z � �NYNY����_

D&8�ÅjÂD8����R7¼� �R85Å ����� ��Å � !2Ã Â&��Ã �_� Å �_� ÅjÂ�� 85ÅF3 � �#8�Å �u� �I8�Â§���:��Â&�;� �_�©Ã��R8§Ã �u��� �2ÅjÂ 8�Å Æ´� ���7¼� �ÇÆ �`� Ã��_Ã*3 8��.Ã��nÃ 3¤Â 8 8 �43 ��� ���>Å ����Ã �_�3Ã�? 5 ���)� �#8 � Ã�� �u��� Â�� Ã��u� �R8§Ã � ��Æ � 8 �nÃ¾� ��� � �
Æ � � �����u� � � 3J� � � �|� 3 � � �5� ��Å����u� � �|� ��Æ 3J� �48§Ã'Æ �?� 3´�¿��Æ �nÃB3JÂ 8 8¼���F� �:3 7¼� ��'
]_aXz:bdc2m�cf�jZ"�n�q³_iXhqaXo:Y�hji epzthjiXo:b`Z�o:othjb`anep^`hjiXo:hqºnepZ.iuanZ�o1m�cqz«bdZ �À¶�¸3�:ogv�VX�.Y+c�¬µa�c r zpcqin�jaXbdcq^dztZ

r cqino"aXiXZ�zgZ�mnzg��otZ�i e�c|ep^`hji r a zghfe�cfeg^dhjiniXZ�b�hTS bJ�»hqi v�hjinote�c|epZ°m&hjaXzlmXzg^`iXv.^dm�cfbdZ r ^ h§��zgZ.iXv�Z2Z�i epztZ°bdZ.o
r Z.a_x�oghjb`aneg^dhjino�³�bdc+mXzt��otZ�iXv.Z r ��aXi�ephjanzgºX^`bdb`hji�ogZ.v�hji r cq^dztZ�mXcqzg^`�.epcqb´
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¶ X �
	
[ ¸ X 	�  	 Cj_����gF�� 

¶ X �� &�� ³ ¸ X ��  c��jZ.v �3X +.Y � �  	 Cj_����gF�� 

¶ X �� F�� ³ ¸ X ��  c��qZ�v � X +.Y � �  	 Ugi��	� F�� 

¶ X �� [ ¸ X ��  	 Ugi����gF�� 

Q ���jZ.i r Z r Z�olv�hqaXbdZ.aXzgo

5200

6200

2700 3600

 RETARD 
 BETA < 1/3 

 AVANCE 
 BETA > 1/3 

Pa

Hz�~iXcqb`suotZ�otm§Z.v.epzgcqb`Z r Z	bdc�mXzgZ.ogog^`hjiNcqa�¢¤hqi r c �fcqi e
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Q Z�o�oghjb`anep^`hjiXo	^`iXotepcfep^`hjiXiXcq^dztZ�o�hjºnegZ�iµaXZ�o�ogaXz	b`Z�otsuotegW�Y�Z r Z.o��.¬µa�cfep^`hjiXo r � R�aXbdZ.z�otZ�v�cqb`¬µaXZ�i e

Ã��¾Â � � 3 �R8FotaXz�b´��Z�ztzgZ�anz r ^`ogm&Z�ztog^£�jZ r �»hqz r ztZ N r a�Y�h r W�b`Z�ºn^ r ^`Y�Z�iXot^dhqiXiXZ�b5c r �qZ�v3ep^£¢� ��U5zthjm�ºX^dZ.i �
r cqino�bdZ#otZ�iXo�hTS¼³9¡ bªcN�fcqb`Z�aXz�¶ X �� ³
bJ�»Z.zgztZ�aXz r ^`ogm&Z�ztog^£�jZ r hj^£e �.egzgZ�cqb`hjzgo�ztZ�v�VXZ.zgv�VX�.ZN¡(bJ�»hqz r ztZ[X �"z.³�¡ v�Z3e'hqz r ztZq³9bJ�»�3epa r Z�b`^`iX��cq^`zgZ�^`i r ^`¬µaXZk¬µaXZ�bdc r ^dotm§Z.zgot^dhji Z�o}e r Z#i�cfegaXzgZ�¡ Z�in�jZ�i r zgZ�z+b`Z
mXb`aXo othjan�qZ�i e�aXi���� Ã�� � � r ^`ogm&Z�zgot^`¢�``�R�iPv.hjiXog�.¬µaXZ�iXv.Zq³�iXhqaXo:c��jhqiXo
�Àm ��v�Vn� �lm�cqz©Z3x_v.W�o r Z�
�W.bdZwZ�i
cqb`bªcfiµewv�VXZ.zgv�VXZ.z"aXiXZ��qcfzg^dcfep^`hji r Z�¶ r Z�b´��hjz r zgZ r Z +0Y � �  m&hjaXz�mXzthjan�jZ.z"¬µaXZ2bdc+�fcqb`Z�anzw¶�X �� Z�o}ebdc��fcqbdZ.aXz«¢¤zthji ep^`W�ztZ~m&hjaXz©b´��hjºnegZ�i ep^`hji r Zwv�Z�o �.e�c|epo ^`iXo}e�cfeg^dhjini�cq^`zgZ�o�¯£� �|² � d`_�whqeghjiXo v.Z�m&Z�i r cqi e1¬µaXZo���^`b Z�o}e�hjog� r Z~¢Jcq^`zgZwaXi#zpcqmnmXzghuv�VXZ�Y�Z.iµelZ.iµegzgZ"b`Z�o1Z.zgztZ�aXzto r ��aXi�Y+h r W.bdZ"b`^`iX��cq^`zgZ~Z.e1iXhqi#bd^`iX��cf^dztZ�¡
bJ�»hjz r zgZ N ³n^db�Z.otelZ�iXv.hjzgZ�mXb`aXo r hjanegZ�a_x r Z�b`Z�¢Jcq^`zgZ	¡�b´��hjz r zgZ	[X`d
� b i¼�»Z.i?ztZ�o}epZ+m�cqo�Y+hq^diXo��uzpcf^©¬µaXZ+v�Z3egegZ+�3epa r Z'm&Z�ztY+Z3e r Z'v.hjiXotepcfepZ.z	aXiXZ+ogZ�inog^`ºX^db`^£ep� r a?v�cqo

epZ.ote�`~� r Z	b´�½����R �U� ¡�bJ�»�.� cqz r�r Z	bdc r ^dotm§Z.zgog^`hjikbd^`iX��cf^dztZ r �»hjz r zgZ N 
y
cqz�cf^db`bdZ.aXzgo.³ r cqiXo�¯±�f²1hqi�c Y+hqiµegzg��bdc ogZ�inog^`ºX^db`^£ep� r Z#v�Z#v�cqo°epZ.ote'¡ bªc r ^dotog^`m�cfep^`hji bd^`iX��cq^dztZ

r ��hjz r zgZ+��cqbdbdcqi e r Z�b´�»cfetep��iµa�c|ep^`hji r Z+bJ�»cqY�mXbd^£epa r Z r Z�b´��hji r Z'cqv.hjaXoteg^d¬µaXZ�{}aXot¬ua �½¡�bªc r ^`ogmXcqzg^£ep^`hji
r a�mXVX�.iXhjY�W�iXZ r Z�ephqaXzgºX^`b`bdhji r �3e�cqv�VX�f

R�in¹�i¼³ r cqino2¯ N ²�hqiNc�Y�hji epzt��bdc�ogZ�inog^`ºX^db`^£ep� r Z	v�Z�v�cqo1epZ.otew¡�bªc�v�hqi r ^£ep^`hjik^`iX^£ep^dcqb`Z�mnzg^`ogZq
R�ikv.hjiXog�.¬µaXZ�iXv.Zq³§bdZ.olm&Z�ztogm&Z�v3ep^£�jZ�o r hjiXiX�.Z�ow¡�v�Z.etepZ	�.ega r Z�oghji e �
8 bdc�zg��othjb`anep^`hji r Z	v�Z	v�cqo1egZ�otelotaXz�Y'cf^db`bªcf�jZ	mXbdano�¹Xikm&Z�ztY+Z3egepcqi ewbJ��hjºnepZ.i ep^`hji r �»aXinZ�othjbda_ep^`hji
^`iXotepcfep^`hjiXiXcq^dztZ	aXiX^`¬uanZ�¬µaXZ.bd¬µaXZ�oghj^£e�bdZ.ol�fcqb`Z�anzgo r hjiXin��Z�owcqa_x#m�cqzpcfY+W3epztZ�o�¶;Z.e1¸�

8 b`Z r �.�qZ�b`hjmXm&Z�Y�Z�i e r ��aXi·ogv�VX�.Y'c¥iXhji bd^`iX��cq^dztZkmnzg��v.^do ¡(b´��hjz r zgZ�[¥m&hjaXz��fcqb`^ r Z�z+aXiXZ#epZ.bdb`Z
othjbda_ep^`hji¼

\�] l^\�_
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