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L’analyse compléte d’un algorithme de factorisation de polynéomes
sur les corps finis

Résumé : Cet article propose un cadre unifié pour ’analyse des parameétres qui intervien-
nent dans la factorisation de polynomes sur un corps fini. L’étude repose d’une part sur les
séries génératrices utilisées pour décrire les principaux paramétres, d’autre part sur ’analyse
de singularité qui fournit les informations asymptotiques correspondantes. Est ainsi obtenue
une analyse compléte d’une chaine classique de factorisation fondée sur 1’élimination des fac-
teurs répétés, la factorisation en degré disticts, et la séparation des degrés égaux. Plusieurs
statistiques de base relatives aux polynomes sur les corps finis résultent de cette analyse.



THE COMPLETE ANALYSIS OF
A POLYNOMIAL FACTORIZATION ALGORITHM
OVER FINITE FIELDS

PHILIPPE FLAJOLET, XAVIER GOURDON, AND DANIEL PANARIO

ABSTRACT. A unified treatment of parameters relevant to factoring polynomials over finite
fields is given. The framework is based on generating functions for describing parameters
of interest and on singularity analysis for extracting asymptotic values. An outcome is a
complete analysis of the standard polynomial factorization chain that is based on elimination
of repeated factors, distinct degree factorization, and equal degree separation. Several basic
statistics on polynomials over finite fields are obtained in the course of the analysis.

1. INTRODUCTION

Factoring polynomials over finite fields intervenes in many areas like polynomial factorization
over the integers [8, 31], cryptography [7, 33, 36], number theory [3], or coding theory [2]. The
implications include finding complete partial fraction decompositions (a problem itself useful for
symbolic integration), designing cyclic redundancy codes, computing the number of points on
elliptic curves, and building arithmetic public key cryptosystems. In particular, the factorization
of random polynomials over finite fields is needed in the index calculus method for computing
discrete logarithms over finite fields [36].

This paper derives basic probabilistic properties of random polynomials over finite fields
that are of interest in the study of polynomial factorization algorithms. We show that the main
characteristics of random polynomial can be treated systematically by methods of “analytic
combinatorics” based on the combined use of generating functions and of singularity analysis.
Our object of study is the most basic factorization chain that is described in Fig. 1 and is close
to standard implementations used in general purpose computer algebra systems [20]. In this
paper, we provide a complete average-case analysis of this basic polynomial factorization chain
which, despite its simplicity, does not appear to have been completely analysed previously.

The algorithm that we study need not be the fastest available at the moment; compare
with [17, 18, 25, 43]. However, the discipline of analysing completely such an algorithm, which
is in the line of Knuth’s works [31], reveals parameters that are of general interest for polynomial
factorization algorithms and for problems that deal with polynomials over finite fields at large.
An illustration appears in [39] that deals with testing polynomial irreducibility along similar
lines. On another register, Shoup [42] provides the average-case analysis of an algorithm he
proposes. Shoup’s highly interesting methods are based on estimates for the number of solutions
of equations over finite fields and Weil’s bounds; their scope is however quite different from the
framework of this paper.

Algorithmic framework. The algorithmic problem that we address is as follows: given a
monic univariate polynomial f € F,[z], find the complete factorization f = fi*--- f;*, where
fi,..., fr are pairwise distinct monic irreducible polynomials and ey, ..., e; are positive inte-
gers. The basic factorization chain (see Fig. 1) operates in three stages:

Date: February 26, 1998.
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procedure factor(f : polynomial);

1. a:=ERF(f);
2. b:=DDF(a);
F:=1;
3. for k from 1 to n do
F:=F.EDF(b[k],k);
od;
4, return(F.factor(f/a));
end;

Ficure 1. The complete factorization chain.

ERF: climination of repeated factors replaces a polynomial by a squarefree one that contains
all the irreducible factors of the original polynomial with exponents reduced to 1;

DDF: distinct-degree factorization splits a squarefree polynomial into polynomials whose
irreducible factors all have the same degree;

EDF: equal-degree factorization factors a polynomial whose irreducible factors have the
same degree.

An often used variant of the first stage is:

SFF: squarefree factorization replaces a polynomial by a collection of squarefree ones that
contain all the irreducible factors of the original polynomial with exponents reduced to 1.

As we shall see in Section 4 the difference in costs induced by the two versions, ERF and SFF,
is marginal, while consideration of ERF greatly simplifies the whole analysis.

Computational model. We fiz a finite field F, with ¢ = p™ (p prime) and consider the
polynomialring F, [z], see [20, 31, 34]. The probabilistic model assumes all ¢ monic polynomials
of degree n to be equally likely and all average-case analyses are expressed as asymptotic forms
in n, the degree of the polynomial to be factored. The complexity model assumes that a basic
field operation has cost O(1), the cost of a sum is O(n), and the cost of a product, a division
or a ged is O(n?), when applied to polynomials of degree < n. For dominant asymptotics, we
can freely restrict our attention to polynomial products and geds. We take as 7n? the cost
of multiplying two polynomials of degree less than n modulo a polynomial of degree n, and
as Ton? the cost of a ged between a polynomial of degree n and a polynomial of degree at
most n. (There, 7 and 7 are system and implementation dependent constants.) What we
have in mind is a general purpose factorization algorithm typically applied to polynomials of
moderate size, for instance in a computer algebra system, where operations are implemented by
quadratic algorithms. Similar studies could be conducted using FFT (fast Fourier transform)
based algorithms.
An extended abstract of this paper has been presented at the ICALP’96 Conference [13].

2. SUMMARY OF RESULTS

A random polynomial of degree n is irreducible with probability tending to zero [2, 31], and
has close to logn factors on average and with a high probability [5, 15]. Thus, the factorization
of a random polynomial over a finite field is almost surely nontrivial. Other known results
as well as our general framework based on generating functions and singularity analysis are
presented in Section 3.



ANALYSIS OF POLYNOMIAL FACTORIZATION 3

ERF. The first phase ERF of our factorization chain starts with the elimination of repeated
factors, a simplified form of squarefree factorization described in Section 4. The ERF stage
returns the squarefree part of the original polynomial, that is a polynomial in which each
irreducible factor of the original polynomial appears exactly once. The remaining factors of
the original polynomial form what we call the non-squarefree part. Theorem 1 quantifies this
process and shows that up to smaller order terms, the expected cost is dominated by a single
ged of the polynomial f to be factored and its derivative f’; so that it is @(n?) on average. In a
precise technical sense, most of the factorization cost results from the subsequent phases (DDF
and EDF), since the non-squarefree part has average degree O(1).

DDPF. The second phase DDF that is described in Section 5 splits the squarefree part a of
the polynomial to be factored into a product a = by - b5 - - - b,,, where b, is itself the product of
the irreducible factors of a that have degree k. This phase is based on elementary properties
of finite fields and is the one with the highest computational cost, namely O(n® logq) on
average. Theorem 5 provides a precise comparison of three strategies: the “naive” rule, the
“half-degree” rule and the “early abort” rule whose costs are found to be in the approximate
proportion 1 :: % 5 % Thus a savings of about one third results from controlling the DDF
phase by the early abort strategy. These analyses involve the joint distribution of the largest
and second largest irreducible factors of a random polynomial (Theorems 3 and 4). At the end
of this phase, the factorization is complete with a probability ranging asymptotically between
0.56 and 0.67 (Theorem 6). In addition, the number of degree values such that more than one

irreducible factor occurs is O(1), and the total degree passed to EDF is O(logn) (Theorem 7).

EDF. The third phase EDF can be exactly analysed and its expected cost is comparatively
small, being O(n? log q) (see Lemma 4 and Theorem 9 for precise statements). For each nontriv-
ial factor by, it involves a recursive refinement process again based on properties of finite fields.
The analysis is close to that of digital trees known as “tries” [30] under a biased probability
model.

Precise statements are given in the next sections with an explicit dependency on the field
cardinality ¢, and some of them involve number-theoretic functions that can be both evaluated
and estimated easily. A simplified picture is as follows. The ERF phase involves with high
probability little more than a single polynomial ged. The DDF phase of cost O(n? logq) is
the one that is most intensive computationally, where control by the “early-abort” strategy is
expected to bring gains close to 36%. The last phase of EDF is executed less than 50% of the
time and its cost is again small compared to that of DDF. A comparison between worst-case
costs and average-case costs for each step is drawn in Section 8.

3. BASIC METHODOLOGY

This section gathers basic tools needed to analyse properties of random polynomials. It cen-
ters around the use of generating functions, either univariate or multivariate, whose functional
relations reflect the algebraic decompositions of various classes of polynomials. The asymptotic
analysis of coefficients of generating functions is then attained by means of singularities.

The results in this section are classical, but they are needed to set the stage for subsequent
analyses. General references for this section are Chapter 3 of Berlekamp’s book [2], the exercise
section 4.6.2 of Knuth’s book [31], and the paper by Flajolet and Odlyzko [14] for asymptotic
methods.
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3.1. Generating functions. We restrict our discussion to polynomials over a finite field IF,.
Let Z be the collection of all monic irreducible polynomials. The formal identity
1

= l4wd Wi

l—w
expresses arbitrary repetitions of the irreducible polynomial w. The product, with repetitions
allowed, of elements taken from Z generates the collection P of all monic polynomials. In a
similar way, the product of distinct elements taken from Z generates the collection @ of all
monic squarefree polynomials over IF,. Thus, symbolically,

(1) 0=J[0+w), and P=]JJ0-w)"
weT w€eZT
In this context, 7 may itself be identified with
7= Z w.
w€ET

Let z be a formal variable, and |w| be the degree of w € Z. The substitution w — zI*l in the
above identity produces the generating function

I(z) = Zzlwl = Zlnz",
weT n

where I, is the number of polynomials in Z having degree n. Similarly, one has

(oo}

Q(z) = H(l—l—zl”l) - H(1+zn)1n
(2) weT n;l
P(z) = Jla-zht = J[a-=)".

The coefficients @, = [z"]Q(z) and P, = [2"]P(z) evaluate to the number of monic squarefree
polynomials of degree n, and to the number of monic polynomials of degree n, respectively.
Obviously, P, = ¢, and therefore we have

(3) P(z)

The number of irreducible polynomials, I,,, is determined implicitly from the second relation
of (2) that relates it to P(z). A well-known process based on the Moebius inversion formula
gives it in explicit form; see [6, p. 41], and Theorem 3.43 in [2, p. 84]. Indeed, taking logarithms
and rearranging the sums leads to

1 1(z%) q Inyi
4 1 = E d —= E —=
4) og . an .

k=1 k|n

1
T 1l—gqz’

The relation is then solved for I,, by means of Moebius inversion, which yields

1 > (k) 1
_ - nfk _ H
I, = - kgl u(k)g™'", and I(z) = kg_l & log T goF

In particular, we have the important consequence

n n/2
M:i+o@ ).
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This identity shows that a fraction very close to 1/n of the polynomials of degree n is irreducible.
As an aside, this result was first proven by Gauss for the case of prime fields. It appeared in
his posthumous book [19]; see also [11], and [40].

Regarding the number of squarefree polynomials @, each polynomial f factorizes uniquely
as f = s-t%, where s is a squarefree polynomial and ¢ is an arbitrary polynomial. (Separate
the irreducible factors of f according to the parity of their exponents.) We thus have P(z) =
Q(z) - P(z?), so that
P(z) 1—qz?

@) = P(z2)  1—gqz’

Therefore, the number of squarefree polynomials of degree n in IF,[z] is
| q ifn=0,1;

(3) @n = { ""Hg—-1) ifn>2

This result seems to have appeared for the first time in [6].

3.2. Parameters. We need extensions of the symbolic method in order to take care of char-
acteristic parameters of polynomial factorization. Let ® be a class of monic polynomials, and
x some integer—valued parameter on ®. Then, the bivariate generating function

é(z,u) = Z Llwlyx(@)

weD

is such that the coefficient [2"u*]¢(z, u) represents the number of polynomials of degree n in ®
with x—parameter equal to k. If x is additive, meaning that x(f-g) = x(f)+x(g) for relatively
prime f, g € Fy[], then the product decompositions of (2) generalize under the translation rule
w — z1luX(@) The technique of rearranging logarithms of infinite products employed in (4) is
then useful in simplifying such expressions.

Bivariate generating functions contain all information related to the distribution of a pa-
rameter. Averages and standard deviations are obtained by successive differentiations of these
bivariate generating functions with respect to u (the variable marking the parameter), and then
by setting u = 1.

3.3. Asymptotic analysis. Generating functions encode exact informations on their coeffi-
cients. Furthermore, their behavior near their dominant positive singularity ( “dominant” means
in this context “of smallest modulus”) is an important source of coefficient asymptotics.

The generating functions f(z) to be studied in this paper are singular at z = 1/¢q and most
have there an isolated singularity. Consequently, their coefficients f, = [2"]f(z) satisfy an
estimate of the form f, ~ ¢"0(n), where limsup |#(n)|"/" = 1 is a subexponential factor that
reflects the nature of the singularity at z = 1/¢ (see for instance [14], [37]). In common cases,
an expansion near z = 1/q of the form

1 1 \*
(© 1) = o (los =) (ot

translates into coefficients by the method known as singularity analysis [14]

a—1

n
(7) fa = [2"f(2) = ¢" T (logn)* (1 + o(1)).

[(a)
The transition from (6) to (7) is ensured by transfer theorems that require analytic continuation
of f(z) outside its circle of convergence, a condition that is verified by inspection in most
cases considered here. Another useful asymptotic coefficient extraction method is Darboux’s



6 PHILIPPE FLAJOLET, XAVIER GOURDON, AND DANIEL PANARIO

method [9, 24] whose principle is as follows: if an analytic function f(z) defined in the closed
disk |z| <1 is k times continuously differentiable (k > 0) on |z| = 1, then its coefficients satisfy

(8) ["1£(2) = o(1/n").
A recourse to Darboux’s method is needed in Section 6, given the existence of natural boundaries
for generating functions that occur there.

3.4. The permutation model. It is well-known that, as the cardinality ¢ of the field goes
to infinity (n staying fixed!), the joint distribution of the degrees of the irreducible factors in a
random polynomial of degree n converges to the joint distribution of the lengths of cycles in a
random permutation of size n. Generating functions for polynomials over a finite field [F, often
have a dominant singularity at z = 1/¢q while associated generating functions for permutations
have a dominant singularity at z = 1. For parameters that only depend on the basic decompo-
sition, this means that when ¢ goes to infinity, generating functions of random polynomials at
z/q converge to generating functions for permutations. For instance, the generating function
of all monic polynomials, when normalized with the change of variable z — z/q, is

z 1 2 2"
Pl—-]= = e
<q) 1—=2 Zn n!’

which is the exponential generating function of all permutations. Similarly, we have

z 1 s Vil
(2 1 - —=
<q)<q:€o) Tz (n =D

the exponential generating function of cyclic permutations. The relation between P(z) and I(z)
that expresses the unique factorization property for polynomials reduces as ¢ — oo to

1 | 1
— —ex n
1—=z P 1—2)’

which is known [21] to express the unique decomposition of permutations into cycles.

This gives rise to a useful heuristic: probabilistic properties of polynomial factorization
often have a shape resembling that of corresponding properties of the cycle decomposition of
permutations to which they normally reduce as ¢ — co. An instance is mentioned in [24] in
connection with the probability that a random polynomial admits factors of distinct degrees
which, for large ¢ and large n is found to approach e~7 (see Section 6 for more details).

4. ELIMINATION OF REPEATED FACTORS (ERF)

The first step in the factorization chain of a polynomial is the elimination of its repeated
factors. In characteristic zero, this is achieved by a ged between f and its derivative f'. In [y,
g = p™ with p a prime number, additional control is needed in order to deal with pth powers
whose derivatives are identically 0. The corresponding process for ERF is given in Fig. 2.

The first line of the algorithm collects in A one copy of each of the irreducible factors of f,
except the ones whose multiplicity is a multiple of p. The while loop stores in ¢ the factors whose
multiplicity is a power of p, without eliminating their repetitions. The last part of the algorithm
adds to h the factors in g with repetitions eliminated. The auxiliary computation of pth roots,
g'/? is performed in the classical way [20, p. 344], using the identity (a? + b?)'/? = (a +b).

In order to obtain the complete factorization it is sufficient to recursively call ERF with
the input polynomial f/h. There are other algorithms for the full squarefree factorization (see
[31], Ex. 4.6.2.36); however, as Theorem 1 below shows, the reduction of degree induced by
the additional computational effort is only O(1). Therefore, the whole analysis, as regards
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procedure ERF(f : polynomial);
g = ged(£f,£’); h := £/g; k := gcd(g,h);
while k<>1 do g := g/k; k := gcd(g,h) od;
if g <> 1 then h := h*ERF(g~(1/p)) fi;
return(h);

end;

FIGURE 2. The elimination of repeated factors algorithm (ERF).

dominant asymptotics, is not affected by the algorithm chosen for the first stage. We have thus
chosen the elimination of repeated factors (ERF), a simpler algorithm than the full squarefree
factorization (SFF).

Theorem 1. (i) A random polynomial of degree n > 2 in Fy[z] has a probability 1 — 1/q to
be squarefree.
(ii) The total degree p of the non-squarefree part of a random polynomial of degree n has an
expected value that tends to

and one has Cy ~ 1/q as ¢ — .
(#i1) The tail probabilities of p decay exponentially fast:

Pe(p(f) = b, |f] =n) = O ((%)) .

ProoF. Part (i) is a classical result that we have already derived in (5). As for part (ii), the
bivariate generating function of the degree of the non-squarefree part of monic polynomials in
F,[z] is, by the symbolic method of Section 3,

Zk I

E>1

The mean degree of the non-squarefree part is obtained by setting u = 1 in the derivative of
P(z,u) with respect to u and the asymptotic estimate follows by singularity analysis:

9P(z,u) 22k
il Sk Bt - P(z) - I
Ou _ (2) Z Tk
u=1 E>1
1 q—Zk
~ I .
2—1/q 1—qsz:>1 kl—q—k

The asymptotic value of €, as ¢ — oo is obtained from there by the expansion kI = @ +
O(¢*/?).

(#i7) Consider the function P(z,3/2) and compare it with Q(z), the generating function of
square-free polynomials:

P(2,3/2) 22k (2 "
Q) ‘H(”<1+zk><1—<%>kzk>) |

E>1
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The infinite product is convergent and analytic in a disk that properly contains |z| < 1/¢. Thus,
P(z,3/2) has a simple pole at z = 1/¢, and by singularity analysis,

1, 1 3 p(f)_
SEream =2 3 (3) =ow,

T 5=
which implies the exponential tail bound. [ |

Theorem 1 has important consequences for the recursive structure of the factor proce-
dure. The exponential tail of Part (4i7) implies that any polynomially bounded function of the
nonsquare-free part stays of order O(1) on average. In particular, the overall cost of the recur-
sive calls (Step 4 in the top-level procedure) is O(1) on average. Alternative strategies that like
SFF give the full squarefree factorization have asymptotically equivalent costs. Accordingly,
the ERF phase has a cost dominated by that of its first ged.

Theorem 2. The expected cost of the ERF phase applied to a random polynomial of degree n
is asymptotically that of a single ged,

TERF, ~ 7'2712.
5. DISTINCT-DEGREE FACTORIZATION (DDF)

The second stage of the factorization chain is the distinct-degree factorization and it involves
splitting a squarefree polynomial into polynomials whose irreducible factors all have the same
degree. This means expressing the squarefree polynomial a in the form by - by - - - b,, where by is
the product of irreducible factors of degree k in a. The basic algorithm is described in Fig. 3
and it relies on the following fact (see [34], p. 91, Theorem 3.20).

Fact 1. For i > 1, the polynomial 2¢ — z € Fy[z] is the product of all monic irreducible
polynomials in Fy[z] whose degree divides i.

Three different stopping rules are considered:

— The basic strategy explores all the values £k = 1..n and corresponds to the version given
in the algorithm in Fig. 3.

— The half-degree strategy consists in stopping the DDF loop when k = n/2, since at that
moment the remaining factor is either 1 or irreducible.

— The early-abort strategy stops the main loop of DDF as soon as 2k exceeds the degree of
the remaining factor g. In this case, the remaining factor is by necessity irreducible.

The corresponding analyses are carried out in Subsection 5.2. They benefit from informations
regarding the two largest irreducible factors of a random polynomial, a topic that we address
first in Subsection 5.1.

5.1. Distribution of largest degrees of factors. The distribution of the largest degree
among the irreducible factors of a random polynomial over [F, underlies many problems dealing
with polynomials over finite fields. For instance, information on this distribution is useful when
computing discrete logarithms in order to discard polynomials that cannot be written in terms
of smooth ones [36].

In the context of this paper, these properties provide insight on the stopping condition for
the DDF stage. More specifically, we consider the two largest degrees DE], DE] of the distinct
factors of a random polynomial of degree n in IF,. The statements that follow are borrowed
from [38]. The proofs are not given here as they are rather long and not in the spirit of the rest
of the paper, while the results are only needed technically in the very last step of the analysis
of the early abort rule (Lemma 3).
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procedure DDF(a : polynomial);

[a is a monic squarefree polynomiall]
n := deg(a); g := a; h := x;
for k:=1 to n do

1. h:=h"q mod g;
2. blk]:=gcd(h-x,g);
3. g:=g/blk]; [a without factors of deg <=k]
4. if b[k]<>1 then h:=h mod g fi;
od;
return(b[1].b[2]...b[nl);
end;

F1GURE 3. The “basic strategy” of the distinct-degree factorization algorithm (DDF).

Statistics on the largest degree of the irreducible factors of a random polynomial in I, [2] have
already been considered in the literature. Car [5] first obtained an asymptotic expression for the
distribution function of DE] in terms of the Dickman function. This function [10, 12, 44] is a
classical number-theoretic function that describes the distribution of the largest prime divisor of
arandom integer, and it is defined as the unique continuous solution of the difference-differential
equation

puy=1 (0<u<), up (W) = —plu—1)  (u>1),

Gourdon [22, 23] has developed a new approach that also leads to local limit theorems. Theo-
rems 3, 4 below, borrowed from [38], give the asymptotic distribution of the two largest degrees

DE] , DE] in the form of local limits, where the density functions are accessible via their Laplace
transforms. A key role is played by the exponential integral function £ defined by

+o00 _—w
E(a):/ ¢ dv.

v

Theorem 3. The largest degree DE]

degree n over IF, satisfies

among the irreducible factors of a random polynomial of

1 m logn
reol) < = 1 () v0 (527).

where f(u) is a continuous function that is defined by the inverse Laplace integral:

1+ico —E(uh)
(9) flp) = . / eT =k gp,
1

271 J1_ieo

In other words, the largest degree is on average O(n), and the probability that its value
equals m is about 1/m with a modulation factor that involves the Dickman function. (It can be
verified by direct Laplace transform calculations that f(u) = p(1/p — 1), with p the Dickman
function.) The next theorem shows that similar estimates hold if a gap is imposed or if one
considers the joint distribution of the largest two factors.

Theorem 4. The two largest degrees DE] and DE] of the distinct factors of a random polyno-
mial of degree n in F, satisfy
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(i) for 0 <m < n,

1 |
PI(DE] — m;D£12] S m/?) — Egl (%) +0 ( Ogn) ’

m2

where g1(p) is defined by the inverse Laplace integral,

L+ioo = B(uh/2)
g1(p) = . / eTe(l_“)h dh;
1

271 J1 oo

(ii) for 0 < ms <my < n,
1 |
Pr(DY = my, DI = my) = g2 (m @) +0 ( ogn ) :
n

mpms;

where ga(p1, p2) is defined by

1 fiHiee g—E(uzh)
ga(p, pi2) = 27”,/1 ' Te(l wi=p2)h gp

5.2. Analysis of the distinct-degree factorization. The main result of this section, The-
orem 5, provides a quantitative comparison of the three stopping rules for the DDF algorithm.
It is based itself on three lemmas corresponding to the three strategies.

We first fix some notation. The DDF algorithm in its basic version is specified in Fig. 3.
The computation in step 1 is done by means of the classical binary powering method [31, p.
441-442] that leads to introducing two number-theoretic functions.

Definition 1. The function v(q) is the number of ones in the binary representation of q. The
function A(q) is defined as

(10) AMq) = |logyq] +v(g) — 1,

and it represents the number of products needed to compute h? mod g by binary powering.

By the exponential tail result of Theorem 1, we need only consider the cost of DDF applied
to the squarefree part a of the input polynomial f, and our subsequent analyses are all relative
to the statistics induced by a random input f of degree n.

Let di denote the degree of polynomial ¢ when the kth iteration of the main loop starts.
The parameter dj is also the sum of the degrees of the distinct factors of f with degree > k.

Theorem 5. The expected cost of the DDF phase satisfies
——(S
7DDF,” ~ i (o) + )0’ Ma) = [logy ] +v(9) — L,

where () is a constant depending on the strategy S:

5 5
B — Oy o) _ 5 _ g
[ 5 = 0.46667, i = 03125,
1 [e%s) o —u 1 2
aEA) D —/ e~ 2% exp —/  du T dr = 0.2668903307,
12 3 J, c U x

for the basic (B), half-degree (H D) or early-abort (EA) strategy.

Proor. The cost of the basic DDF is Cy 4+ C3 + C3 + C4, where C; denotes the cost of line
number j in the algorithm of Fig 3. Let C'_] be the expectation of Cj;. The mean number of
irreducible factors of f is O(logn), so that Cs 4+ Cy = O(n? logn); thus it suffices to consider
Ci1 + Cs.
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The quantity dy is the sum of the degrees of the distinct factors of f with degree > k. Then,
the quantity Cy + Cs is equal to (A(¢)m1 + m2)o, where

(11) o= > di
1<k<N

with N the stopping value for the DDF loop. We have N = n for the basic strategy, N = n/2
for the half degree rule, N = max{D;/2, Dy} for the early abort strategy, where D;, D5 are
the largest and second largest degree of the distinct irreducible factors of the polynomial. The
theorem follows from the next three lemmas. ]

The analysis of the basic strategy only involves an additive parameter of polynomial factor-
izations. It is thus dealt with directly by bivariate generating functions and singularity analysis.
The estimate also serves (by difference) in the analysis of the other two strategies.

Lemma 1. The expected value of o in the basic strategy satisfies, as n — oo,
5 3

E%B) ~ —n".

Proor. The parameter dj, is by definition the sum of the degrees of the distinct factors of f
with individual degree > k and the paremeter o/®) of (11) is o(B) = > i—1 di. The bivariate
generating function of dy is, by the basic decompositions,

1 L -4 T
Pk(z,u):H<1_z].) H(l—{—u]l_z].) .
jzk

i<k

The expected value of ¢(P) is then given by

E()—iz" z z) = 82szu aﬁzu
D= LB, €0 =X (Gaw+ )

E>1

u=1

The basic relation (2) and a computation of £(z) by logarithmic derivatives imply that
§(2) = P(2) (&1(2) + €a(2)) where

&1(z) = Ej?’]j(zj — 2%) and &a(z) = Z Zjljzj

i>1 k>1 \j>k

The function &;(z) is a simple variant of I(z), namely

&i(z) = <zdiz)3 <I(z) - é](%)) :

Thus, & (z) has its dominant singularity at z = 1/¢ and near this point,

P(2)¢1(z) ~ ﬁ-

Singularity analysis then yields [2"]P(2)&1(2) ~ ¢ n3/3.
We next turn to £5(z). The estimate jI; = ¢/ + O(qj/2) entails, for |z] < 1+ 7,

Sit (2) = v s=0(35).

i>k

&2 G) = 1‘1—2 ﬁ +S5(2), S(z)=) <% + Sk(z)2> .

so that
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The bounds satisfied by Si(z) make S(z) regular beyond the unit disk. Thus, singularity
analysis can be applied to the function P(z/q)€2(z/q). There are two dominant singularities at
1 and —1, but the one at z = 1 has greater weight. The resulting estimate, as z — 1,

r()e) -

implies that the nth coefficient is asymptotic to n3/12. Thus, finally, E%B) ~(1/34+1/12)n3 =
5n/12. n

The analysis of the half-degree rule is related to Theorem 3 since it involves the distribution
of DI, However, it only depends on areas where the Dickman function trivializes so that a
direct argument applies.

Lemma 2. The expected value of o for the half-degree rule satisfies, as n — oo,

FHD) 5 s
16

ProoOF. We now have o(#0) — Ek< /2d It suffices to consider the difference o' = ¢(B) —
ocHD) = 5~ /2<k<n di. If the largest degree DY satisfies D! < n/2,we have o/ = 0. Otherwise

we have ¢/ = ( —|n/2]) ( ) since there can be only one factor of degree larger than n/2,

namely Dy Thus, the mean value of ¢’ is given by
pr pll — 12 k2
(12) .= Y Py(DY =k (k M) k2.
n/2<k<n

By the symbolic method of Section 3, the generating function of polynomials for which all
factors have degree < m is

(13) weo =1 ()

k=1
Thus, the generating function of polynomials for which DE] =mis
(14) S (2) = Xm(2) = Xm-1(2) = xm(2) (L= (L = ™)),

and the probability Pr(DLl] = k) is related to this generating function by
Pr(DL) = ) = 164 (2).
When k > n/2, the nth coefficient of ¢;(z) is obtained from
ou(z) = P(z) (1= (1= 25)) TT(1 = =)' = P(2) (24 + 0(z"+))

i>k
which entalls Pr( =k) = It/q¢* ~ 1//{7 for n/2 < k < n. Plugging this estimate into (12)
gives oy~ n . Thus & _(HD) E;B) ol ~ 15—6 n3. [ |

The early—abort strategy needs to be handled in a more technical way. There is a striking
parallel with the analysis of integer factoring given by Knuth and Trabb-Pardo [32].

Lemma 3. The expected value of o in the early-abort rule satisfies, as n — oo,

EglEA) ~ 6 TLS,
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where

5 1 [ _,. ey 1—22
(15) 6= i g/o e exp <—/x ” du) . dz = 0.2668903307.

ProOOF. (i) Algebra. As above, we denote by D; the degree of the largest irreducible factor of f,
and by Dj the degree of the second largest irreducible factor of f (set Dy = 0 if f is irreducible).
The iteration is now aborted at step ko = max{|D;/2], D2} and o(F4) = > k<k, 43 Consider
the difference N

o = U(B) _ O_(EA) — Z d%.

max{|D1/2|,D2}<k<n

We need to prove the mean-value estimate ¢//,, ~ (15—2 — &)nd.
We have ¢/ = (D — | D1/2|)D? if D1/2 > Ds, and ¢ = (D — D5)D? if D1/2 < D5. Thus,
1 1
the mean value of ¢ is
_ " D

(1) 7o = 30 01 (De= | ) o < DT < D12

D=1

+ > Di(Dy— Dy)Pr(DY] = Dy, DI = Dy).
Dy<D1<2D,

Hence, the generating function ¥(z) of the cumulated values of the parameter o’/ is express-
ible in terms of the generating function %Dl (z) of polynomials for which DE] =Dy, DLz] < Dy/2,
and the generating function ¢p, p,(z) of polynomials for which DE] = Dy, DE] = Dy. By sym-
bolic methods, the generating function of polynomials for which DE] = m and Dg] < m/2

is
I, 2™

1—2zm’

(17) Sm(2) = X{m/2 (2)

with xm(z) defined in (13). In the same way, the generating function of polynomials with

D[ln] = m; and D2n] = mg, mgy < My 18

Iy, 2™
(18) Gmnama(2) = bma(2) T
with ¢, (2) defined in (14). Thus,
¥ =% (- |2]) o0+ X 0i- DD 60,0000
D, D2<D1<2D,

(#i) Analysis. The analysis of the generating function W(z) near the positive singularity
z = 1/q is done by approximating sums with integrals (Euler-Maclaurin summation). The
following fact summarizes what is needed.

Fact 2. The remainders of the logarithm ry,(2) = 3 4, 2% /k are approzimable in terms of
the exponential integral,

(19) rm(e™") = E(mh) + O <%) ,

where the big-Oh error term is uniform with respect to h > 0.
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Justifying this for any A > 0 only requires the Euler Maclaurin formula and “subtraction of
singularities”,

+o00 +oo d
ro(e=) = / Y k) du= / v _v/m _dv
h mh ev/m 1 yp

k>m
1 +oo ;
= E(mh) 4+ Ry (mh), Ry (u) = E/ e 'n (%) dv,

with n(z) = 1/(e* — 1) — 1/z that is continuous over the positive half-line.
The estimate of Equation (19) applied to xm(z) and ¢,,,(z) entails

<6_h) 6—E(mh)+0(1/m) <6_h> 6—E(mh)+O(1/m) e—mh
Xm\— ) = m = .

(20)

q 1—eh ' q 1—eh m

When z = e*/q with t > 0, the evaluation (20) together with the expressions (17) and (18) of
the intervening generating functions give

o—tD1 —E(|D1/2]1) o= (D14D2)t ,—E(Dat)
D, 1 ) ¢D1,D2(z) ~ Dy D t
Approximating sums by integrals, when z = e~%/q with ¢ — 0%, yields
1 [ 1 —(z+y)t
U(z) ~ —/ 2l 1= E@t/2) gp 4 —/ (z — y)$2676_E(ty) dz dy.
2t 0 y<r<2y Ty

The change of variables tz — z and ty — y, rephrases the double integral as

—t 4 [ 1 [ 2 —e (24 3y + 2¢°
ql<6_> Nt_4/ $2€_2x6_E(x)d:L‘+t—4/ wity—e (2+3y+ y)dy.
0 0

ép,(z) ~

q Y
These integrals simplify under partial integration, and one finds
et c )
+ —

(#i1) Coefficients. The asymptotic form (21) of ¥(z) as ¢ — 0 is consistent with the assertion
that
(22) () ~ cq"n’.
However, an asymptotic estimate like (21) is confined to the vicinity of the real line, since it can
be proved that a function like ¥(z) admits its circle of convergence as a natural boundary. Thus
singularity analysis cannot be applied. (A Tauberian theorem could be tried, but Tauberian
side conditions appear to be delicate to establish.) We then proceed instead by an Abelian
argument that is based on a direct proof of existence of the limit

(23) w = lim

n—00 q”n?’

["]W(z).

Indeed, Formula (16) together with Theorem 4, guarantees the existence of the limit in (23)
since

- - D D D, D, D,

T~ § Dy Dy — | = =1 § D [=-1 = =

7 1<1 lQJ)g1<n)+ 1<D2 )g2<n ”)
D;=1 D2<D1<2D;

o l/olggl(x)d$+/olr (//2 <§_1) gg(m,y)dy) dm] n?,
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where, in the second line, Riemann sums have been approximated by integrals. This is sufficient
to conclude on the existence of w in (23). This value can then be identified with ¢/6 in (21)
and (22). [ |

The constant é in the above proof is a close relative of the famous Golomb constant that
intervenes in the expectation of the longest cycle in a random permutation [41].

The global savings of the early abort strategy is thus of 36% compared to the basic strategy,
and of 15% compared to the half-degree rule. The expected cost of DDF is O(n® logg¢) and this
cost dominates in the whole factorization chain.

6. THE OUTPUT CONFIGURATION OF DDF

The DDF procedure does not completely factor a polynomial that has different irreducible
factors of the same degree. However, as shown by the following results, “most” of the factoring
has been completed after DDF. First, the DDF procedure is a complete factorization with as-
ymptotic probability greater than 1/2 (Theorem 6). Next, the number of calls to the subsequent
phase of EDF| that is to say the number of degree values for which more than one factor occurs,
is only O(1), and the sum of the degrees where this happens (the total degree of the fragments
passed to EDF) is O(logn). However, this total degree has a fairly large variability so that
the cost of EDF (to be analysed in the next section) is comparatively small but not completely
negligible. Theorem 7 quantifies some of these phenomena. They are established here by means
of a hybridization of singularity analysis and Darboux’s method, a general technique that we
explain in some detail when we first encounter it in the next theorem.

Theorem 6. The asymptotic probability for the distinct-degree factorization to be the com-

plete factorization is
I
e =[] <1 + qk—il) (1=

E>1
s = 0.6656, c3 = 0.6123, c5 = 0.5861, car = 0.5635, cogr = 0.5618, coo = e~7 = 0.5614, where

v is Euler’s constant.

Proor. We start with the analysis of the permutation model, as this illustrates a “bare-
bones” version of the method. By remarks above, this corresponds to the limit case ¢ = .
The probability that a permutation of length n has all its cycles of different lengths is [2"]F(z),
where the generating function F'(z) is susceptible to a variety of expressions obtained by the
technique of convergence factors:

k=1
142 e k k
— -z 1 < 2% [k
(24) ‘ 1—z’£[2<+k)6
14z 1. . = 2F _ Lk L2k 2
. (1_zexp<—§m<z2>))-(e +: /2g<l+?>e S >)
= S(z)-R(z).

Here Lis(2) := Y ;5 2% /k? is the classical dilogarithm function. The first factor, S(z), in the
bottom equality of_(24) satisfies the conditions of singularity analysis, while the second one,

R(z) is continuously differentiable (of class C1) on the closed unit disc D, since it is of the form
e"(*) where the coefficient [2”?]r(z) is O(n~3).
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We thus have a situation where the generating function of interest is the product of a singular
part S(z) that satisfies strong analyticity properties outside of z = +1, and of a function R(z)
of the Darboux type that is smooth on the closed unit disc D. We only need to justify the fact
that dominant asymptotics of the coefficients [2"]F(z) can be extracted “as though” R(z) was
analytic on D.

The local expansions of S(z) at its singularities 1 are readily found to be

Sy1(z) = 2e¢(2)/2 <1 L log2 + % —log(1 —z) + O((1 — 2) log*(1 — Z)))
—z
1
S_1(2) = Ze—€<2>/2 (2(z + 1) + O((z + 1) log(z + 1)),
with the error terms being C° on D. In summary, we have found that
1
(25) F(z) = <26—€<2>/21— +log(1 — 2) +t(z)> R(z),
—z

for some #(z) that is €°, and R(z) that is C! on D.

The expansion R(z) = R(1) + U(z)(z — 1) with a function U(z) that is C°, can then be
inserted in (25). Darboux’s method applies to the resulting form for F'(z) (see the discussion
relative to Equation (8) in Section 3.3), and one has

["]F(z) = 2R(1)e~ P/ 4 o(1),  R(1)=e']] <1 + %) o= 1/k+1/(2k7)
k=2

This finally simplifies using the infinite product formula for T'(1):
~ 1
2" F(z) = 1+—)e_1/k+01:e_7—|—01.
SUCENIIS ) (1)

This result has been already established by Greene and Knuth [24] by means of a Tauberian
argument combined with bootstrapping. The method used here is in contrast a hybrid of
singularity analysis and of Darboux’s method. It can be employed to derive complete asymptotic
expansions, with roots of unity that intervene in successive asymptotic terms corresponding to
smaller and smaller singularity weights. (This leads to fluctuating terms involving successive
roots of unity.)

We next turn to the case of a finite field of fixed cardinality ¢ to which the same principles
apply. The generating function of polynomials with irreducible factors all of distinct degrees is,
by standard decomposition formulae,

(26) F(z):H(1+Ik(zk+zzk+z3k+~~-)):H<1+Ik1i—zk).

An equivalent form that reveals the pole-like singularity at z = 1/¢ is obtained by multiplying
each term of the product (26) by (1 — z*){x,

k
Fo)= — T (14 52— ) (1= 4y
‘ 1—gqz 2k =)

1

Thus, as z — ¢~+, we have

(21) PO~ o= (1B ) A=,

- 1—gqz’
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and the preceding discussion applies, with the role of the dilogarithm function now played by

[ee]

Ao(2) =" <qk1f l)zzk.

k=1

The hybrid method then yields,

["]F G) = ¢, + o(1),

which, by (27), is our statement. [ ]

Theorem 6 was obtained by Knopfmacher and Warlimont [28] and independently by the au-
thors in [13]. The methods of [13] and the present paper are however rather different from those
of [28]. The paper [28] uses elementary techniques and derives constructive bounds. The meth-
ods developed here are less constructive but they are geared towards full asymptotic expansions
and have been successfully used by Gourdon [22] to solve the Golomb-Knuth conjecture [29,
Ex. 1.3.3.23] regarding the expectation of maximal cycle lengths in random permutations.

Theorem 7. The number Ny of degree values for which there is more than one irreducible
factor produced by DDF has an average that s asymptotic to the constant

o =300 -7y (=g iyt - B

E>1 q

The total degree N1 of the corresponding polynomials has ezpectation logn+O(1). and standard
deviation of order \/n.

Proor. Given a family F of elements, the expression

1
H 1l—w

wEF

formally generates all multisets. The expression

1+Zﬁ+u(n 1_1w—1—2 1:;)

weF weF weF

formally generates all multisets each affected by a coefficient of u if there are different elements,
and 1 otherwise. This applies to the class of irreducible polynomials of each degree n, taking F =
Z,. Thus, the bivariate generating function of the number Ny of degree values for which there
are repeated elements is

(28) Po(z,u) =[] <1 + lliz:k +u ((1 — k)1 ffz;)) .

E>1

The logarithmic derivative with respect to u satisfies

(29 T L (IR

E>1

By our general discussion of the hybrid singularity analysis and Darboux method, the quantity
Ny has an expectation that is asymptotic to the limit g of P{(z,1)/ Po(z,1) as z — 1/q. This
quantity is thus nothing but the value of the right hand side of (29) at z = 1/4.
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For the sum N; of the degrees of these polynomials, an adaptation of (28) yields the bivariate
generating function,

Pi(zu) =[] ((1 + uklik)lk — (W = 1)L %) .

E>1

We only discuss briefly the first moment of N;. The mean value is ¢~ "[2"]R(z), where R(z)
equals Pj(z,u)|,_,;. Thanks to the expansion kI = ¢* + O(¢"'?), near z = 1/q, R(z) is
asymptotic to (1 —¢z)~1log(1 — ¢z)~!. Thus, the expectation of N; taken over polynomials of
degree n is ¢ "[2"|R(z) ~ logn. The second factorial moment of N; is obtained by a further
differentiation of Pi(z, u). [ ]

The analysis of N; in Theorem 7 was given in [13] and Knopfmacher [26] has independently
obtained an estimate of the first two moments of Ny.

It should be clear that the hybrid asymptotic method has great flexibility. As a final illus-
tration, we discuss a question of von zur Gathen and consider the quantity N that is the largest
degree for which two or more factors occur. The generating function of polynomials such that
N < r is in this case

k
(")) = _ ko s
FOe) = TJa=2""T] (1+fk1_zk)~
k<r k>r
Thus, the probability of N < r s, for large degree n and fixed r, asymptotic to

—k
r - —1ik q
(30) =TI (1o )

k>r

and for large field cardinalities, these constants tend to

-1
(31) CE):;) =77 H <1 + %) etk

k<r
We have 1 — c(qr) = O(1/r) for all fixed ¢, some representative values with ¢ = oo being:
Coo = 0.5614, (1) = 0.7631, (2 =0.8387, ¢(>) = 0.9179, (1% = 0.9549.

Thus, (30) and (31) give the following simplified picture in the asymptotic limit (n and ¢
large). A random polynomial has a small number, O(1), of “colliding” degrees; the largest
colliding degree has a (defective) probability distribution with a tail that decays like O(1/r?).
Because of this slow tail decay, the largest colliding degree alone has a first moment that is
O}, r~') = O(logn), and a second moment that is O(>_, 1) = O(n). These observations are

seem to be consistent with the facts asserted in Theorem 7.

7. EQUAL-DEGREE FACTORIZATION (EDF)

After the first two stages of the general algorithm, the factorization problem has been eventu-
ally reduced to factoring a collection of monic squarefree polynomials b all of whose irreducible
factors have the same (known) degree k. The third step in the factorization process, the equal-
degree factorization algorithm (EDF), focuses on polynomials with this special form. Our
reference chain uses the classical Cantor-Zassenhaus algorithm [4] for this purpose. The analy-
sis combines a recursive partitioning problem akin to digital trees —also known as “tries” [30]—
together with estimates on the degrees of irreducible factors of random polynomials [27]. The
net result is that the global cost of EDF is quadratic, a sharp contrast with the cubic cost of
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procedure EDF(b : polynomial, k : integer);

[b is a product of irreducibles of degree k]
if degree(b) <= k then return(b) fi;
h := randpoly(degree(b)-1);

1. a := h"((q"k-1)/2)-1 mod b;
2. d := gcd(a,b);

return(EDF(d,k) .EDF(b/d,k));
end;

FIGURE 4. The equal-degree factorization algorithm (EDF).

DDF. For convenience, we first assume that g is odd, and relegate to Section 7.4 the case of a
characteristic equal to 2.

The EDF algorithm is described in Fig. 4, and we briefly recall its principle here. Let b be a
polynomial that is a product of j irreducible factors fi,..., fj, each of degree k. The Chinese
remainder theorem implies the ring homomorphism,

Fylz]/(b) = Fy[z]/(f1) x - - - x Fla]/(£;),
and a random element h of F,[2]/(b) is associated to a j-tuple (hq,...,h;), where each h; is a
random element of T, [2]/(f;).
Now comes the splitting principle that eventually makes it possible to isolate the various
fi. Since each f; is irreducible, the multiplicative group of each component F,[z]/(f;) is a

field isomorphic to [Fgx. Such a group being cyclic, there are the same number (¢* —1)/2 of
-1)/2

k
squares and nonsquares. The test hz(-q = 1 discriminates the squares in this multiplicative

group. Thus, taking a random h and computing a := R(¢"=1)/2 _1 mod b, we have that ged(a, b)
“extracts” the product of all the f; for which A is a square in F,[2]/(f;).

From the probabilistic point of view, a component h; that is random in FF, [2]/(f;) has proba-
bility o = % — 21—q of being discriminated by the gcd test and the dual probability, 7 = %—i— i of
being a nonsquare. The (small) difference between « and (3 is accounted for by the possibility
of having noninvertible components.

In summary, irreducible factors of each degree can be extracted successively. For each degree
where two or more such factors occur, the recursive splitting process will be launched. Then,
the analysis of the complete EDF phase (Section 7.3) requires a purely combinatorial analysis
of what takes place at each degree (Section 7.2) combined with an estimate of the probability
that there are j irreducible factors of degree k in a random polynomial of degree n. These
probabilities give interesting information on random polynomials and have been obtained by
Knopfmacher and Knopfmacher [27] whose results we recall in Section 7.1.

7.1. Irreducible factors of each degree. Let k,(k) be the random variable counting the
number of distinct irreducible factors of degree k in a random polynomial of degree n. We
consider here k as fixed. The corresponding probability distribution can be computed by the
decomposition techniques of Section 2, see [27]. The bivariate generating function for the
number of irreducibles of degree k is, by the basic decomposition,

Qr(z,u) = <1+u1ikzk)lkn(1_zz)—u

14k
1

e qz(l + (u—1)2F)1x,
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The asymptotics as n — oo are derived from the polar singularity at z = 1/q: the probability
generating function of the distribution is in the limit n — oo,

(14 (u—1)g~ "),

that is to say, the probability generating function of a binomial distribution B(I,q~*). As
observed in [27], this asymptotic formula is even exact as soon as n > kIj.

Theorem 8 (Knopfmacher and Knopfmacher). The probability that there are j distinct irre-
ducible factors of degree k in a random polynomial of degree n is, for n large enough (n > kIy),
given by the binomial distribution B(I;,q~*), namely,

Prira(k) =j} = <I;)(Q"“)j(1 — g F)

As g becomes large, the binomial probability distribution converges to a Poisson law of
parameter 1/k,

. —iyrk -

Pr{r,(k) =j} =¢ BT

in accordance with the known distribution of cycle lengths in the random permutation model [41].

7.2. EDF and digital trees. We can regard the EDF phase as an abstract splitting process
as follows. Start with a group G formed of k individuals. By flipping coins, separate G
randomly into two subgroups, Gy and G, with the probabilities for each element to be sent
to Gy and (G7 being « and (. The process is repeated recursively until all elements have been
isolated. Clearly, any such recursive execution is described by a binary tree. The corresponding
randomness model

k
Pr <|G0| = ]{70 | |G| = ]c) — (k )O{koﬁk_ku,
0
1 1 1 1
a=g5- 2 B = B + 2
that is induced by independent splittings then coincides with the one underlying digital trees
also known as tries [30, 35]. Amongst the many properties that are known, we mention:

(32)

— the expectation of the number of nodes in the tree (the number of splitting stages) is [30]

1 1
FO+em) +om),  H = alog, — + flogy 5.
with e(n) a fluctuating function of amplitude typically < 1075;
— the expectation of the height of the tree is [16]
2
Floan—}—O(l), K =logy(a® + %)~ 1.
K

Thus, these trees tend to be fairly well balanced and we expect that the cost of an EDF phase
should be close to that of a perfect splitting. The lemma below provides an explicit expression.

Lemma 4. The expected cost C; ; of the EDF algorithm applied to any product of j irreducible
factors of degree k is

(ﬁj(]’ —D+i> > (7;) am™ gt (1 — (1 - am—‘ﬁf)f"l)) (T + 72)k?,

£=0

0
where p, = A((¢F —1)/2) = {log2 qkT_lJ +v (qkT_l) -1
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Proor. It is convenient to regard an execution of the splitting process as a tree ¢ and to
consider, with ¢g,%; the root subtrees, a general cost function of the additive type,

(33) Clt]= e + Clto] + C[t4].

Here ey is a (problem specific) “toll” function that depends on the size [t|. that is to say, the
number of irreducible factors (of degree k) to be separated.

The subtree sizes obey the Bernoulli probability of (32). Also the subproblems described by
tg,t1 have, by design, the same characteristics as the whole tree. Thus, the expectation c; of
C'[t] over trees of size j satisfies the recurrence

cj = ¢ +Z < ) ot e+ cjoi) = € +Z< ) ot e,
This translates in terms of the exponential generating functions
C’(z):chzj/j!, E(z):Zejzj/j!,
J J
into the functional equation
C(z) = E(2) 4+ ¥ C(az) + e**C(B2).
This difference equation iterates, leading to the explicit generating function solution
o ] . )
(34) =% ( ) (ai gt )es(1-ar 5"
j=0¢=0
The analysis is completed by specializing this discussion to the EDF costs. The toll function
that arises from the top-level execution of the EDF procedure is then
€ = (pem1 + 2)(kj)?,

for 5 > 2. There, pp is the number of multiplications of the binary powering method, and
the quadratic costs are induced by the naive multiplication and gcd algorithms considered here.
The toll function e; = j*(1—6; ;) corresponds to the generating function E(z) = z(e*(1+2)—1)
n (34). Extracting coefficients of the resulting generating function C(z) in (34) and rescaling
by €;/e; then yields the statement. [ ]

7.3. Complete analysis. Completing the analysis of EDF only requires weighting the costs
given by Lemma 4 by the probability Pr(k,(k ) = j) of finding j irreducible factors of degree k
given by Theorem 8. By Lemma 4, the cost is of the form O(j?k3), and by Theorem 8, the
probabilities are approximately e Ukk J/4!; thus, we expect the total cost of the DDF phase

to be about
2,3 kI 2
Y@K (= ) = 00?).
ki 7
The main result of this section gives a firm basis to this heuristic computation and determines

the implied constant. In order to prove the theorem we need two technical lemmas.

Lemma 5. When k — oo, one has for all j such that kj <n

(5)

Pr(ka(k) = j) = qJTJ (1+O(1/k)),
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where the O(1/k) is uniform in j. Moreover, the following uniform estimate holds

Pr(r, (k) = j) = O (ﬁ) '

Proor. When kj < n, Theorem 8 yields
7 e ()
o _ J _ _ . . .
Pr(ﬁn(k)_.])_ qT](1+7)1 7_2(_1) qkz ) N—Hllﬂ(['ll/k]—_],[k—j).

When £ is large, v = O(1/k), since

Ix—j Ix—j .
<> (qiz) =L+ ") - 1< +g M) = 1= 0(1/k).
=1

This proves the first estimate. As for the second one, it suffices to note that

L\ _ I kj
()< ()
J J! Jki
and to use the first estimate of the lemma. [ |

Lemma 6. The average costs C; of Lemma 4 satisfy for all k

2
Cor=Ci1r=0, Cop = — (urm + ) k2,
of
and, uniformly,

Cjr = OF*K?).

Proor. The first relations are direct applications of Lemma 4. For the estimate of Cj 1, the
inequality 1 — (1 —u)? =1 < (j — 1)u implies

Cik < % +J Z Z (1?) (G — Dam=9620 | (upr + ) k?

m>0£=0
i1
= 370&6 ) (pr71 + 72) k2.

The last equality holds since
o (m 2(m—~) g26 _ 2 2vm L
S (7)o = St = g
m>0 £=0 m>0
Since pup = O(k), the statement follows. [ |
We are now ready to prove the main result of this section.
Theorem 9. The expected cost of the EDF phase satisfies

[n/2]

k k
—= T ¢ —1 ¢ -1
TEDF, ~ — E k k:[lo J+1/< )—1.
aj k:1,u H g2 5

In addition, this cost is O(n? log,) and

2

_ 3 1
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Proor. The intuition behind the proof is that the major contribution comes from situations
where just 2 factors are present, the other cases having globally a very small probability of
occurrence. Let Ej be the expected value of the cost of the EDF algorithm corresponding
to degree k. By definition, we have E; = E]»>2Pr(l{n(]{7) = j)C}j 1, where Cj is given by
Lemma 4.
When 2k < n, Lemma 5 and Lemma 6 entail, as &k — oo,
FO = €0\ 2) (14 01k ol ) = v op
k= 2kqw( +0(1/ ))4‘; (j—,J )—@Mk‘*‘ (1).

When 2k > n, we have EDF}, = 0. Thus, the overall cost of the EDF component is >, E; =

;—b ,Enz/lz] tr + O(n). The second form of the cost is obtained from the general inequality

1 < v(m) <1+ log, m, upon substracting from v(m) its “mean value” %log2 m. [

The quantity &, in the statement measures the default of uniformity in binary representations
of numbers related to the powers of . Under the unproven assumption that such representations
behave like random integers, the arithmetic function &, should be close to 0. This is well
supported by empirical evidence: for instance, with ¢ = 17, we have

€5 = —0.425, £19 = —0.060, €20 = —0.024, €50 = —0.016.

For all practical purposes, we may safely regard &, as being asymptotic to 0.

7.4. Equal-degree factorization in characteristic 2. In the previous sections, we have
analysed in detail the equal-degree factorization over finite fields with odd characteristic. For
these cases, we have followed the algorithm by Cantor and Zassenhaus [4] who also provide
a solution for the even case that relies on factoring the polynomial in a quadratic extension.
Ben-Or [1] showed that this detour is not needed while proposing a method based on trace
computations.

Trace computations introduce only a small change in the EDF algorithm of Fig. 4. Let m
be such that ¢ = 2™. In order to compute the traces, we replace line 1 by

1. a :=h+h"2 + h°(2°2) + ... + h"(2°(km-1)) mod b;

We observe that the analysis for the odd case is valid for the even case. First, the partitioning
process is the same (with probabilities @« = § = 1/2). Then, the cost of computing line 1° is
the same as the cost of computing line 1 in Fig. 4. Indeed, the trace computations can be
determined using basically km products of a polynomial containing j factors of degree k. This
costs essentially km(jk)? = k352 logq, the same cost as in the odd case.

8. CONCLUSIONS

In this paper we have shown how the methodology of analytic combinatorics adapts to the
case of polynomials over finite fields. A systematic usage of this methodology leads not only
to the derivation of basic properties of random polynomials over finite fields but also to the
average-case analysis of a complete polynomial factoring algorithm.

It should be clear that a large number of variants of the factorization chain can be analysed
by our methods. For instance, specifics of the elimination of repeated factors stage are largely
immaterial from the expected complexity standpoint since they lead to identical results in
asymptotic terms. A radical possibility is then to bypass completely the first stage. In this
variant, DDF not only produces the polynomials for the EDF part but also returns a polynomial
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Step | Worst-case | Average-case

ERF O(n?) Ton?

DDF | O(n®logq) 0.26689 (A(¢)m1 + 72) n®

EDF | O0(n®logq) | (4r A5 logg - n?) (141 +0(1))

TABLE 1. A comparison of the worst cases and the average cases of the three
phases of polynomial factorization.

containing the nonsquarefree part of the original polynomial. Once more, there is no difference
in asymptotic terms.

Table 1 summarizes the main results of the paper in terms of the average-case analysis of
the factoring algorithm and it provides a comparison with worst-case behaviors. We recall the
costs of the basic operations. The cost of multiplying two polynomials of degree less than n
modulo a polynomial f of degree n is 7,n?, and the cost of a ged between f and a polynomial of
degree less than n is 7yn?, for constants 7; and 75. The number of products needed to compute
h? mod f is A(qg) = [log, q] +v(q) — 1.

Several authors [18, 25] have stated that from a worst-case perspective, and considering fast
arithmetic instead of classical one, DDF is the bottleneck for the factorization process. Our
results confirm that this is also the case from an average-case perspective.
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Project Alcom-IT (# 20244) of the European Union. We are grateful to Joachim von zur Gathen for
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