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Solution of a minimax problem with additive final cost *

Laura S. Aragonef; Silvia C. Di Ma‘rco1 & Roberfo L.V. Gonzélezt -

Abstract

In this paper we study a minimax optlmal control problem with finite horizon and additive
final cost. We introduce a generalized problem where the original one can be embedded. For
this generalized problem, we establish a dy ‘namical programming principle and we present the
associated Hamllton—Jacobl-Bellman (HJB) equation. This equation is defined in terms of a
discontinuous Hamiltonian and we prove that the optimal cost of the generalized problem is the
unique viscosity solution of this HJB equation.

Key words: minimaz problem, dynamical programming principle, Hamilton-Jacobi-Bellman
equation, viscosity solution
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Solutlon d’'un probleme d’optlmlsatlon minimax
avec cout ﬁnal additif

Resume. On analyse ici un probleme dc contréle optimal de type minimax avec. cout final
additif. On introduit un probleme auxiliaire généralisant le probleme original et permettant
d’utiliser les techniques de la programmation dynamique. Pour le probleme g généralisé, on établit
un principe de la programmation dynamique et on présente aussi I'équation de Hamilton-Jacobi-

" Bellman (HJB) associée. On démontre que le cout optimal du problemc généralisé est 1'unique

solution de viscosité de cette équation de HIB.

I\/_Iotclefs: problémes minimaz, principe de la programmation dynamique, équation de Hamilton-
Jacobi-Bellman. solution de viscosité »

AMS Classification: 49535, 49L05, 49[‘20.‘ 49L25
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1 Introduction

The optimization of dynamic systems where the criterion is the maximum value of a function is
a frequent problem in technology, economics and industry. This problem appears for example,
when we attempt to minimize the maximum deviation of controlled trajectories with respect
to a given “model” trajectory. Minimax problems differs from those usually considered in the
optimal control literature where a cumulative cost is minimized. Since in some cases, minimax
problems describe more appropriately decision problems arisen in controlled systems whose per-
formance is evaluated with a unique scalar parameter, the minimax'optimization has received
considerable attention in recent publications (see, for example, 3, 4, 5, 6, 7, 8, 9, 10, 19]). Fur-
thermore, the relation of minimax problems with the design of robust controllers can be seen in
[11].

In addition, from the academic point of view. the minimax optimal control problem is of interest
in the area of game theory because minimax problems can be seen as a game - see [14] — where a
player applies ordinary controls and the other one — using complete and privileged information
— chooses a stopping time. Problems of this type lead to the treatment of nonlinear partial
differential inequalities akin to those appearing in the obstacle problem (with obstacle given in
explicit or implicit form, see [7]). To find solutions of these systems we must consider generalized
solutions — even discontinuous solutions — since commonly there does not exist classical solutions
of such systems (see [1, 2]). The treatment of the infinite horizon problem also presents great
analytical difficulties, because the optimal cost is neither necessarily lower semicontinuous nor
upper semicontinuous. Moreover, the optimal cost cannot be approximated with a sequence of
finite horizon problems. Studies concerning these issues can be seen in [15, 18]. Besides, it is
also important to develop numerical methods to compute these solutions in approximate way
because in general it is not possible to find exact analytical solutions. Numerical methods to ob-
tain approximated open loop optimal controls are analyzed in [20] and for closed loop, see [4. 14].

Here, we analyze a minimax optimal control problem where the functional to be.optimized,
not only depends on the maximum of a function along the complete trajectory of the system
but also it takes inté account (in an additive fashion) another function of the final state of the
system.

For a problem with this structure, a dynamical programming principle cannot be formulated
merely in terms of the initial time and the initial state. To obtain a dynamical programming
principle, we introduce an auxiliary parameter which “remembers” the past maximum values
(the use of a similar procedure can be seen in (17, 18]). Using this parameter, we present an
auxiliary problem which gives the solution of the original problem using a particular value of
the auxiliary parameter. For this second optimal control problem, we establish the associated
dynamical programing principle and a Hamilton-Jacobi-Bellman (HJB) equation. Finally, we
prove that the optimal cost of the auxiliary problem is the unique solutlon of the associated
HJB equation. :

The paper is organized as follows. In §2, we present the optimization problem. In §3 we
describe the auxiliary problem and its relation with the original one. We also establish there the
dynamical programming equation. In §4, we give the HJB equation associated to the problem
and we prove the uniqueness of solution in the viscosity sense.
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2 The optimization problem

2 The optimization problem

2.1 Presentation of the problem

We consider a minimax optimal control problem with finite horizon and final cost. More speci-
fically, the problem consists in minimizing the functional J

J:0,T)]xR"xA — R ‘

t,z,a()) — Jtz,0())= esssap f(3,9(s), a(s)) + ¥ (y(T)), ‘

where y(-) represents the state of a dynamic system which evolves accordingly to the following

differential equation,
y'(s) = g(s,y(s)afs)) Vi<s<T

y(t) =z, zeR™.

A= L>([0,T), A) is the set of admissible control policies and A is the control set.

The optimal cost function is given by

u(t,z) =. inf J(t,x,a(-)). (1)
af )<.4
This problem is an extension of another one analyzed by Barron-Ishii in (7] and by Di Marco—
Gonzélez in [12, 13]. We are interested in analyzing the new problem from the continuous .
viewpoint. '

After introducing an auxiliary problem, which generalized the problem presented above, we
establish the dynamical programming principle corresponding to the new problem. and we pre-
sent a Hamilton-Jacobi-Bellman (HJB) equation associated to the optimal cost. Finally, we
prove that the optimal cost is the unique solution of this HJB equation.

2.2 General assumptions

Let BUC([0, T} x R™ x A) be the set of bounded and uniformly continuous functions in
[0,T] x R™ x A. We assume the following hypotheses hold:

(Hy) g:[0,T] x R™ x A+ R™, g>e BUC([0,T} x R™ x A),

lg(t,z,a)]| < Mg,

lg(t, z,a) — g(f, &,a)|| < Lo(t — & +lz — 2l), Vt.i€[0;T], Yz, € R™, Va€ A
(H2) f:[0,T] xIR™x AR, f € BUC([0,T] x R™ x A),

my < f(t,x,0) < My,

Uf(tx.a) — f(E.E,a)] < Ly(jt — & + ]z — 2]), Vt,t€[0,T], Vz,2€ R™, Va€ A

(Hs) ¥:R™— R, ¥ € BUC(R™) and

o

W(z) — ¥(2)| < Lylle — )|, VYz,z€R™

(Hy) A is compact.



3 Auxiliary problem

3.1 Auxiliary variable and problem reformulation

In the problem presented above it is not possible to establish a dynamical programming principle
only in terms of the variables (¢,2). In order to develop the analytical and numerical treatment
of the problem we extend the state of the system introducing an auxiliary variable ym+1(-). The
initial value of this variable is ¥,,+1(t) = p and the evolution of ¥4 is given by the following
expression:

sefo,T)

Yma1 (T) = max {ym+1(a), esséup f(s,y(s),a(s))} . oeltT). (2)-

Note 3.1 The interpretation of the additional variable ym,-, is the following one: ymoy Te-
members the mazimum values of the function f from the initial time t to the current time 7.
To make it clear, let us consider ms(t.r) = mjr} f(t,x.a) and p < my(x). Then, from (2), it
g aEg s
follows that
ym=1(T) = ess sup f(s,y(s),a(s)).
s€(t,T)

This variable ym—1 is'a solution of the differential inclusion given by

Bl (o) € T u(s) o) = i (). &
where
0 il w <0,
CG(w) = [0,00] if w=0.
00 if w> 0.

In this way, the original problem can be studied as an ordinary optimal control problem, i.e. a
problem with pure final cost because J(t,z.a(-)) = ym—1(T) +¥(y(T)). In this case, the optimal
cost v is: )

v(t,z, p) = inf{ym+1(T) + ¥(¥(T)) : a(") € A} (4)
wheret € [0.7], z € R™ and p € IR,‘ being p the initial value fpr equation (3), i.e. ym+1(t) = p.

Remark 3.1 From (2), it is clear that {ym41(8) : s € (t,-T]} C v, My], where v = max{p,m,}.
Moreover, if p > My, then ynm+1(8) = p, Vs € [t,T]. : L

3.2 Properties of the optimal cost v

The following properties brings some relations between the optimal costs « and v of the original
and auxiliary problems. They are almost evident and can be proved without difficulties using

the definitions of the original and auxiliary problems described above. Here we omit the com-

plete proofs for the sake of brevity and we only sketch the lines of argument.

o Ifp< migf(t,z:,a), then
T Q€ ' .
_ u(t,z,p) = u(t, z). : (5)
By replacing in (4) and compéring with (1), it follows that v(t,z, p) = u(t, z),
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o Ifp> max f(t,z,a), thenv(t,x,p) = u(t,x)+ p, where i is the optimal cost of the control

problem (1) when f = 0, i.e. where the functional to be minimized is W(y(T)).
In this case Ym+1(8) = p, Vs € [, T). Then, by replacing in (4), we have that

v(t,z,p) = p+ inf W(y(T)). (6)

a()eA
e If p1 > p2, then :
'l)(t,.’l,‘,pl) Z‘U(t,l‘,pg). (7)

Let p; > p2 and y2 ., (-) the solution of the differential inclusion (3) when the initial
condition is p; . Then,

v (T) = max{p:, esssup f(s.y(s),a(s))}
st T) .
(8)
>  max{p2, ess sup f(s, y(s a(s))} =y (7).

set,T)

By replacing in (4) it results v(t, z,p1) > v(t,x, p2).

e v is bounded V p € [-K, K].
This property follows from the definition of v and the boundedness of f and W.

e v is Lipschits continuous with respect to the three variablest,x. p.
This property follows from the hypotheses verified by f, g and W.

e v may be not semiconcave.

In effect. if ¥ = 0. 1 can be not semiconcave (see [12]). then v has the same property (see
examples in {14]).

3.3 Dynamical programming equation

It is clear that in this new problem with the state augmented by the variable p, the dynamical
programming equation is given by
vu(t, . = inf v(s,y(s ~1(8)) "
(t,z.p) e i) (s:y(s8), ym-1(5)) (9)

We also have the final condition

v(T,z,p) = max {p, rncir}f(T,r,a)} + W(z). (10)

4 Hamilton-Jacobi-Bellman equation
Let us define

H.A(t’x,P,'U) = inf{v(t,r,f(t,r,a)) _U(trrrp)
f(t,.’L',a) > P 'U(t,.’l‘, f(t,z,a)) < U(t,l‘,p)} H

P A
H(t,z,p,Vv) = mf{;(t z,p)+ g;(t,:r,p)g(t,z,a) : f(tz,a) < p},

H.(t,z,p,Vv) = inf{ {t,z,p) + i (t z,p)g(t,z,a): f(t,z,a) gp}

1Y



4.1

The optimal cost as a viscosity solution

Taking into account the dynamical programming equation we obtain the following differential
formulation. Strictly, it takes the following form ’

min{HA(t,:zr,/)-,u), H(t,z,p,Vv)} >0,
(11)
min {HA(th:/)v v), H.(t,z,p,Vu)} <0,

with final condition
v(T,z,p) = max {p, m‘ig f(T,:L',a)} +w(z). (12)
Qs
The solution in the viscosity sense of this system (11) is defined as follows.

e The function w is a subsolution in the viscosity sense if,
— w is upper-semicontinuous on (0,7) x R™ x IR,
— w is upper-bounded on (0,T) x R™ x [-K,K|, VK € R™,
— w is a non-decreasing function of the variable p,
— given (¢,z,p) € (0.T) x R™ x R and ® € C'((0,T) x R™ x R) such that & — w has
a minimum in (¢, z,p) in a neighborhood N (t,z, p). it results

H(t.z.p,V®) > 0. (13)

e The function z is a supersolution in the viscosity sense if,
— 2 is lower-semicontinuous on (0,7) x R™ x IR,
— z is lower-bounded on (0,7) x R™ x [-K,A], VA € R™,
— given (t.z.p) € (0,T) x R™ x R and ® € C*((0,T) x R™ x IR) such that & — = has
a maximum in (¢,z,p) in a neighborhood N (¢, ,p), it results

min {H 4(t.z.p,2), H.(t,z,p.V®)} <O0. (14)

By virtue of the especial definition of viscosity solution given above, we can use the fol]owing
equivalent form of the HJB equation:

H(t.z,p,Vv) >0,

_ (15)
min {H (¢, z,p,v), H.(t,z,p;Vv)} <O.

4.1 The optimal cost as a viscosity solution

Theorem 4.1 The optimal cost v is a solution in the viscosity sense of the system (11).

Proof. The final condition is trivially verified from (9) and it was proved that v is conti-

nuous, bounded and non-decreasing with respect to p. So it remains to prove the last property
.of the subsolution’s definition and the last one of the supersolution’s definition. '

First, we will prove that v is a subsolution of (11).

Let. (t,z,p) € (0,T) x R™ x R and ® € C'((0,T) x R™ x IR) such that & — v has a mi-
nimum in (¢,z,p) in a neighborhood N (t,z, p).

Let us prove that H(t,z,p,V®) > 0. Let a € A such that f(f,x,a) < p and {a,} be a
control sequence such that a,(3) =a, for all's € [t,t +n~!].

From equation (9), we have that

u(t,z,p) < v(t+n‘1,yn(t+n.“‘),niax{p, esssup.f(s,yn(s),.an(s))}) (16)

O seft,t+n—1]
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Since lim esssup f(s,yn(8),n(s)) = f(t,2,a), for all n > ng, we get

N0 seft,t+n 1]
max {p, esssup f(s.y,,(s),an(s))} =p
s€ft,t+n=1]
and then, from (16), we obtain
v(t, z,p) Sv(t+n"Lyn(t+n"1),0). (17)
By the minimality of & —%) at (t,z,p), it follows that | ‘
d(t+n" yalt +n71),p) —®(tz.p) S v(t+n yt+n"1) p) —v(t.z,p) > 0. (18)

Since
’ l--n_l

t 1 :
_ lim &'(—ﬁtnf)‘l = lim n / 9(s.y(s), an(s))ds = g(t, 7. a),
n—o0 n- n—oc )
t

dividing by n~! in (18) and taking limit when n — co. we have that

oP

g
—_ P - . > .
5 (t,z.p) + £ (t.z.p) g(t,z,a) >0

Then. since a is arbitrary, it results that

H(t.z.p.Y®) > 0. (19)
So. (13) and (19) imply that v is subsolution.
Let us see that v is a supersolution of (11).

Let (t,z.p) € (0,T) x R™ x IR and & € C'((0.T) x R™ x R) such that ® — v has a ma-
ximum in (¢,z.p) in a neighborhood N (¢,z. p).

We assume that 37 > O such that
min {H 4(t, z,p.v), H,(t,z.p,V®)} > 1> 0. (20)

Let {@,} be a minimizing control sequence such that

W2p)+ 5 2 byt e ) max(p, esssup f(s,un(s)ea(DD.  (21)

seft,t—n"1]
By the compactness of A, there exists a € A and a subsequence of {a, } such that

lim  esssup f(s,yn(s). an(s)) = f(t, 7, 0a).

TR0 seft t+n 1l

The case f(t,z,a) > p can be ruled out.

In effect, the inequality (20) implies that H4(t.z.p.v) > n. But taking limit in (21) and
by virtue of (20) and (7), it follows that v(t,z,p) > v(t.z,p) + 1, which is absurd. '

So, we have that f(t.z,a) < p. We will analyze the effect of this condition on the relation
H.(t,z,p,V®) > n > 0 (valid by virtue of (20)).

o

-



4.1

The optimal cost as a viscosity solution

As f(t,z,a) < p, then for all € > 0, f(t,z,a) < p+<. In consequence, there exists n. such that
vVn > ne, - h
esssup  £(5,yn(s), n(s)) < p+<. (22)

seft,t+n—1}

Eventually, by redefining the controls a,(-) in zero measure sets, it is possible to affirm that
Yn>n.,Vset,t+n"l,
f(8,yn(8),an(s)) < p+e. (23)

Since f is Lipschité-continuous, we have that Vn > n., Vs € [t,t +n7}],
fit,x,an(8)) <p+e+Lp(l+M)n" ' <p+2e. | (24)
We consider the set of controls Z. given by
Z.={a€A: f(t.z,a) < p+2}.

Then, for any n > n. and s € [t,t +n" 1], it results a,(s) € Z..

As (t,.x,p) is a maximum point for the function ® — 'U,. from (21), we have

B¢+t yalt + 1Y) p) = B(t,2,0) < vlt + 1yt +071)p) — v(t,Tp) S (25)
It is possible to prove that there exists g € Co(g(¢,z, Z,)), where Co(E) is the convex hull of
the set F, such that (eventually using a suitable subsequence)

t—n"!

Jm [ a(on(s).an(s)ds =

t

and so, by virtue of {25), we get

v Pt +n Tyt +nt),p) - P(t,z,p) 0P od
: y Lo — — BT
Jim_ 5 5 Gz )+ 5-(t.z,p)g< 0. (26)

On the other hand; as Z. is closed, we have that Co(g(t.z,Z.)) = Co(g(t,z, Z¢)).

Asg € Co(g(t,x,Z.)) Ve > 0, we get that g € Co(g(t,z,2o)). Then, there exists a pro-
bability measure p(-) with support in Zg such that -

5= [ olt.z,0)du(a). | @
=/ |

From (20), if a € Zy, then %b(t,z,p) + g%(t,x,p)g(t,:r,a) >n>0. -

Using this inequality and the integral ekpression (27) in (26) we have that,

Zo

od 8% od 8% . «
0> — ‘ —_ q = — — . 9
025 (t,z,p) + o (t,z,p) 7 /(87: (t,z,p) + o (t,r,p)g(t,x,a)) du(a) > 1. (28)

This inequality contradicts the initial assumption (20) and so, we obtain by reductio ad absurdum
that v is a supersolution. :

]

~3
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4.2 - Uniqueness of the viscosity solution

Theorem 4.2 There is a unique solution of the system (11).
Proof. Let w be a subsolution and z a supersolution of (11).
We will prove by reductio ad absurdum that w < 2.

Let us suppose that 3 K > 0 such that _
r = sup {w(t,z,p) — 2(t,z,p) : (0,T) x R™ x [-K, K]} >0,

then given 0 < § < g there exists (ts, s, ps) € (0,T) x R™ x [—K, K] such that

wo|

w(ts, Ts, ps) — =(ts, Ts, ps) > sup (w(t,z,p) — 2(t.z,p)) = 6>
(0,T)xIR™xi— K,K;

Let M > 0O such that
w(t,z,p) <M, in[0,T] x R™ x [-2K,2R],

2(t,z.p) > =M, in[0.T)] x R™ x [-2K.2K].

As w is upper semicomtinuous, Jw,, : R~ +— IR~ such that ‘
sup {w(t',z',p") « |t' —t| +|lx' —z|| + o' — p| < n} <w(t.z.p) +wu(n).

For each € we consider the hump function

2 . 2 , :
T O
€2 :

P(t.x1,8,y) =

The elements of & have the following properties:
e £(-) € C(R) verifies

K'(mi<1
e 0 < min {M. .8_(%‘&5)}
° The derivatives of ¢ are
( %b(t,:c,s,y) = —2(16_25) +0t22 + é :
Tetz,) = 2520 4 (5 (VD) € (2 - aal) 2,
Z—f(t z,8,y) = Z(t;s)

S -y =1 =gl = 5) + (6 + (VO Elllz = zsl).

(30)

(32)

"
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4.2

Uniqueness of the viscosity solution

- We define the function

¢‘/E(t,.r,p,s,§/) = 2(t,z,p) — w(s,y,p + Ve) — 2(¢,z,5,9).- . (34)
As w is nondecreasing, from (29) and (31) we have .
w(t,z,p+ Ve) — z(t,z,p) < T+ ww(VE)
so the function #V¢ has a minimum in‘(O,‘T) xR™ x [-K,K] x [0,T] x R™.
Let (to,Z0, Po, S0,Yo) be one of these minimizing points. From (30) and (32), we get

2 2
—_ —_ —1 _t'
lto — 0] 4 llzo — vol| +O(L_0)+.§(1_t?0)52:\1 +0(T 5

€2 €. . to

If we define AM; = 2M + 027-: + %, the last inequality and the definition of ¢ imply that
5 )

oT < t.
EYA
to — sol < VM €,
[to — sol 1€, (35)
llzo = yoll < VM1 €.
lzo — zs]] £ 3.
In particular. as (¢g. Zo. pos So. ¥o) is @ minimizing point
Ve t ‘ . < Ve
oV<(to, To, Pos S0+ Yo) < ©V (Lo To. po, Lo To) -
and so. we have
lto = s0/® | llzo — woll® '
5+ < w(so.yo o+ Ve) — w(to, zo, po + VE) < wu(Ve). (36)
From (36), we get :
[to — o] < € \/ww(€), A
(37)

llzo — yoll < € Vww(Ve)-

Let us define the function ¢; € C*((0,7) x R™ x R) as follows:
d’l(t,x,p) = w(So,‘yoap + \/6-) + ‘p(t,l‘, SanO) .
From (34), ¢; — z has a maximum in (%o, Zo, o). then, as z is supersolution, it follows that
min(H 4(to, Zo, po. 2): H.(to, 20, po, V1)) <0. (38)
We can suppose w.l.g. that H4(tg,Zo, po.2) = +00. (see the justiﬁcatioh of this argument in

the Note 4.1 given below).

Therefore, it must be min(H 4(to, Zo, po, =), H.(to, Zo, po, V1)) = H.(to, Zo, po, V1)), so

Ha(tOer:pO=V¢l)) SO . A (39)



4 Hamilton-Jacobi-Bellman equation

Then, it must exist @ such that f(to,zo,a) < po and

20,
ot

On the other hand, by defining ¢2 € CY{(0,T) x R™ x R)

g o
(to, o, po) + %(to,xo,po) g(to,z0,a) < 0.

(152(3»'!/,9) = z(t07x01p - \/g) - q)(tOP'L'O’s:y) )

from (34) we have that ¢2 — w has a minimum in (s0,Y0, po + NGP

As w is a subsolution we have

H(307y01p0 +\/E7v@2) 2 0.

(40)

(41)

Since |so — to] < € \/w,(VE) and [|Zo — yol| < € /ww(V/€) we can suppose that € is small enough

such that
£(50,50,8) < f(to,203a) + 2Ly € 1/ ww(Ve) < po + Ve

and so, by definition of H we have that

96, don | a
532 (50,Y0,p0 + Ve) + —‘(;;)2_(301 Yo-po + V) g(s0.y0,@) 2 0.
Besides,
B 2P (to — 3)
T2 (5,y.p) = ——1(to,T0,8.y) = —2
s (5,9, p) (‘33( 0,Z0, S y)‘ 2
Ay od ~ (o —y)
fay——(.s,y,p) = ——@(to,ro-&y) = =2 2
96, 5P (t=s0) T
ke § = == = -2 — o —
o (t,z,p) o (t,z,50,Y0) 2 o ter
Py _ 9% o e P et )
. —é;(t,l',p) = Er (tvxyb()vyo) — = €2
+(6 +ww(Ve) €' (llz — zsl))

Using these expressions in (40) and (42) we have °

OS _r_ S _0,_‘]_; +2<I0 _y01g(t07z0:’a) —g(SOeyOsa»
8T 5 €2

<IO - I6vg(t0,$0)a))
lizo — zsl]

—(8 +wu(v€) €' (llxo — z5ll)

2L

(z -
Il =

(42)

zs)
zs||

< 252 ||zo —~ woll (llzo — woll + lto — s0l) + (6 + ww(v/6)) llg(to, o, )|

€

< ALgwu(e) + (8§ +wu(VE) My

Letting successively € and 6 go to zero, we have that r < 0 which contradicts the inequality (29).

Then z > w. Finally, taking into account that any solution is at the same time a subsolution

and a supersolution, we obtain the uniqueness of solution.

h)

a



L

A%

4.2 Uniqueness of the viscosity solution

" Note 4.1 If (to, xo, po, S0, Yo) realizes the minimum of

¢\/Z(t’337p,3ay) = .’;(t,I,p) - u’(sv%ﬂ + \/E) - q)(tv‘ri's)y)} ' (‘13)

then 3 (to,os Po, S0,Yo) that also realizes the minimum of ®V€ and the point (to, To, o) has the
property: Ha(to,Zo, Po,2) = +00.

_ Proof.  Let us suppose that
miﬂ(HA(tO,l'O,POs :)7 Ht(thIOwOOa vol)) = HA(t(),.'l'o, Po, :) s

then .
H‘.g(to.l‘(),po,;’) S 0. (44)

In consequence, there exists a’ € A, such that
f(to.zo,a") > po
and (45)

:(LOa'rOv f(tOvIO- al)) S :(tOsIOr /)0) -

From the continuity of f and the lower-semicontinuity of z, it is obvious that there exists at

least one @ € A such that

f(to.z0.@) = max{f(to,r0.a’) : a’ € A and (43)} (46)

We define: v
Po = f(to.0.3) . (47)

Since w is a subsolution, it is a non-decreasing function of the variable “p" and as py + /€ >
po + /€. we have

From the inequalities (45) and (48) it follows that

u"(sovyOva + \/E) - :(tOSIOSpO) 2 u-'(SOfyO:pO + \/E) - z(t0=1‘07 pO) .

So, we have that

w(SO’yO)pO'*_\/E) - Z(t07~7:07)‘50)_{'-q)(tOP’l:Oy307?)’0)

> w(s0,Y0,p0 + V€) — z(to, Zo, po) + P(to, To, 50, o) -
This last inequality proves that (o, Zo, By, S0,%0) is also a point where-'.d>‘/g has a minimum.
Let us now show that
HA (t()’IO!pO!z) = +0c0 ’ (49)

If we :suppose that H 4{t0,z0, fp, 2) < 00, then

HA(tO)xONBOvz) SO ’ (50)

w(s0, Y0, Py +/€) = w(s0.y0, po + V). (48) -

11
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In consequence, it would exist a’’ € A, such that
f(to,z0,a") > Py
and (51)

z(to, o, f (to, o, a")) < 2(to, Zo, Po) -
From (45)-(47) and (51) we have
2(to, o, f(to, o, a")) < 2(to, Zo, o) = 2(to. o, f(t0,70,@)) < 2(to, To, Po)
and

f(t0~1‘07a‘”) > r)() = f(tOPTO:a) > po- ’ (52)

These inequalitieé contradict the maximality of f(to,z0,@) given by (46). So, by reductio ad
absurdum we get (49).

a

Conclusions

In the minimax optimal control problem analyzed in this paper, by extending the state of the
system, we have embedded the original problem into another one where it is possible to establish
a dyvnamical programming principle and a HJB equation with unique solution in the viscosity
sense. The optimal cost of the auxiliary problem is that unique solution and this property enables
us to characterize the optimal cost and to deal with the numerical analysis of the problem.
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