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Abstract: We present a single block adaption strategy for 3-D cartesian grids. The adaption
process proceeds as an interface with the PHOENICS package. It allows continuous runs or
unsteady calculations by reconstructing the interpolated solution on the new mesh at each
adaption step. To perform the adaption, we define a new metric based on and proportional
to the Hessian of the unknown variables. The adapted grid is defined by equidistributing the
nodes. The interpolated solution is computed by using its barycenter coordinates together
with its first order partial derivatives.
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Adaptation de maillages cartésiens en CFD

Résumé : On présente une stratégie d’adaptation monobloc pour des grilles cartésiennes
3-D. Elle est utilisée via une interface avec le code PHOENICS et permet d’effectuer des
calculs évolutifs par la reconstruction d’une solution interpolée sur le nouveau maillage &
chaque étape d’adaptation. L’adapation est effectuée en calculant une métrique définie
comme étant proportionnelle au Hessien des inconnues du systéme. La grille adaptée est
ensuite déterminée en equirépartissant les noeuds du maillage. L’interpolation des variables
sur le nouveau maillage est calculée a ’aide des coordonnées barycentriques de 1’ancien
maillage et utilise ses dérivées partielles premiéres.

Mots-clé : Méthode adaptative, Maillages cartésiens 3-D, Méthodes d’Eléments Finis et
Différences Finies, PHOENICS.



Cartesian grid adaption in CFD 3

1 Introduction

The purpose of this report is to present a single block adaption strategy for 3-D cartesian
grids to be used by the software PHOENICS. PHOENICS is a CFD software having a wide
panel of physical models and devoted to the use of numerical simulations such as furnace mo-
delling, environment problems, internal or external flows around many structures (buildings,
marine structures etc...), multi-phase flow problems, turbulent flows etc ...That software
has been chosen in the framework of the ESPRIT contract MICA (Model for Industrial CFD
Applications N? 20 966) to create a CFD expertise network using the Internet for european
small and medium enterprises. A virtual reality interface allows non-CFD engineers to pose
their design and analysis problem solely in physical and geometrical terms. Our role is to
create numerical tools to improve the efficiency of that software. Adaption is one of those
tools that we describe in the present report.

2 Mesh adaption and PHOENICS

2.1 General strategy

The coupling between PHOENICS and the adaptation tool is represented on Fig. 1. The
general strategy consists in :

1. reading the interface data file (“gradpt.old”) provided by PHOENICS (using the PHOE-
NICS input data file “EARDAT?”), in which meshdata and the present value of the
computed CFD solution is stored,

2. calculating an error estimate,

3. adapting the mesh by equidistributing the new nodes, region by region, in function of
this error estimate,

4. writing a new interface data file (“gradpt.new”).

The interaction with the PHOENICS code is done by some interface code “INTERFACE”
written in Fortran that will change accordingly the old input data file “EARDAT” into a
new one that will be read again by PHOENICS for the next run.

3 The adaption strategy

The main point of the adaption strategy is based on the definition of a new metric associated
with a given mesh solution.

Indeed, during automatic mesh generation it is necessary to have as much information
as possible on the nature and the local behaviour of the solution. Those indications governs
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4 M.-H. Lallemand

EARDAT (old)| +— [EARDAT (new)

N3 T
gradpt.old INTERFACE

(input data file) (PHOENICS)
J T
|GRID-ADAPTOR| —  gradpt.new
(INRIA) (output data file)

Figure 1: Mesh adaptation and PHOENICS.

the grid generation. As we are interested in the cell size, we need to convert somehow what
we know about the solution to something having the dimension of a length and containing
directional information. This might be done by giving at each mesh point, say z, six para-
meters in IR, describing a local metric tensor. Thus, the adaptation metric measures the
ideal length (in terms of cell number) of the mesh in each direction at the considered point.

3.1 Definition of the metric

In a first stage, the metric can be expressed as a function of the absolute value of the hessian
of the solution variables and it can be viewed as a measure of the local error (see [3], [4]).
Let u be a variable solution that we suppose known at each cell centers and let H(u) be its
hessian computed at each cell face. The metric M (u) associated to u can be simply defined
as

M(u) = emer [H(u)]

where ¢pet is a user-defined constant depending on the mesh size (typically, ¢met is approxi-
mately proportional to the inverse of the mesh size) and |H (u)| is the absolute value of the
hessian of the scalar variable u. When more than one scalar variable is involved the different
individual metrics are intersected following F. Hecht rule (see § 3.3 and [2]).

The main point is therefore to define the second order partial derivative of the solution
variables. Since we are restricted to cartesian grids, we adopt a mixed approximation com-
bining both Q1 Finite Element and Finite Difference approximations. Also, scalar variables
are given by the PHOENICS package at each cell center and a typical mesh size chosen
by the adaption is defined by the intervals joining two cell face centers in each direction.
Those facts motivate us to choose Finite Difference approximation to define the second order
partial derivatives at each face center of the mesh cells. This definition involves both cell

INRIA



Cartesian grid adaption in CFD 5

center and vertex values of the scalar variables but also cell center and face center values of
the first order partial derivatives of those scalar variables.

3.1.1 Vertex values of the scalar variables

Let u be any scalar variable given at each cell center of a given mesh with dimensions NX,
NY and NZ. Let Cas be a given fluid cell of the mesh and denote upys or uc the cell center
value of u. Then the value of u at the vertex s of cell Cps is defined by :

u(s) ~ Z (UM + Yua - CW) /nw(s) ,

M | svertex of Cas

where nw(s) is the number of fluid cells having s as a common vertex, cps is the cell center
of cell Cpr. The cell center value of the gradient of u is defined by the following formula
based on Finite Difference approximation :

ou 1 <UCE — Ueypy Uy, — UCM)
—(cpm ~ + 3
81‘( ) ne(epmr, 1) \Zep — Teyy  Tew — Teny

8“ 1 <U‘CN - ucM UCQ - ucM)
—|CAr ~ P + =

ay( ) nC(CM, 2) Yen — Yeur Yes — Yeur ’
du 1 <UcH — Ucyy Uey, — UCM)
—(cpm ~ + 3
8,2( ) nc(cM, 3) Zeg — Zenr Zep, — Zeng

where nc(M,l) is the total number of neighboring fluid cells in direction I | [ = 1,2,3.
Notations cg, ew (for the z-direction), ¢y, es (for the y-direction), ¢y and cp (for the
z-direction) stand for the East, West, North, South, High and Low cell centers of the neigh-
boring cells of Cpr in the PHOENICS convention. If (i, j, k) is the set of indexes representing
cell Cpr, then similarly cells Cg, Cw, Cn, Cs, Cg and Cr, may be respectively represented by
the following index sets: (i + 1,7,k), (i — 1,4, k), (¢,5+ 1,k), (4,7 — 1, k), ({,7,k+ 1) and
(1,7, k — 1) whenever those sets make sense.

By means of QI Finite Element interpolation, we may also define u on any (z,y, 2)
location of the mesh by :

u(z,y,z) ~ Z u(s) ¥s(z,y,2) ,
s €S

where & is the set of all vertices of the mesh, 9, is the Q1 basis function attached to vertex s.
From this, we can derive the following cell center values of the first order partial derivatives
of u, that we denote by Dj(u)(ear) for I =1,2,3:

Di(u)(ear) =Y uls) v i(enm) |

s €S

Since second order partial derivatives at cell face centers will be defined using also cell face
center values of first order partial derivatives of u, we must define those quantities before. We
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6 M.-H. Lallemand

will do this by using linear interpolation. Let us denote by E’ZU(F) the first order partial
derivatives of u at a given cell face center F' in the direction [, | = 1,2,3. Keeping the
PHOENICS convention, we will denote by E, W, N, S, H and L the six cell face centers
of cell Cpr. Cell centers will be denoted by ¢ for Cas, cg and ey for the East and West
neighboring cells of Car, ¢y and cg for the North and South neighboring cells and finally
cg and cp, for the High and Low neighboring cells. Recall also that the index M can be
represented by the index set (1, j, k).

1. East face:

o If cell (7,7, k) is such that i < NX then set

o (2ep — 25)/(ep — o)

and define . et
D ju(E) = aDi(u)(c)+ (1 —a)Di(u)(cg) ;

o If cell (7,7, k) is such that i = NX then

2. West face:
o If cell (7,7, k) is such that ¢ > 1 then
- def —=
D’IU(W) = D’lu(Ei_Lj’k) s

where E;_1 ;1 is the East face center of cell having (i — 1, j, k) as its index set;

o If cell (7,7, k) is such that 7 = 1 then

3. North face:

o Tf cell (7,4, k) is such that j < NY then set

a®f (Yen — UN)/ (Yer — Ye)

and define . et
D ju(N) = aDi(u)(c) + (1 —a)Di(u)(en) ;

o If cell (7,7, k) is such that j = NY then

INRIA



Cartesian grid adaption in CFD 7

4. South face:
o If cell (7,4, k) is such that j > 1 then
- def —
Dylu(S) = Dylu(Niyj_lyk) y

where N; j_1 x is the North face center of cell having (¢, j — 1, k) as its index set;
o If cell (7,7, k) is such that j = 1 then

5. High face:

o If cell (7,7, k) is such that & < NZ then set

and define

6. Low face:

o If cell (7,4, k) is such that & > 1 then

- def —=
Dyu(L) = Du(Hijk-1)
where H; ; ;_1 is the High face center of cell having (i, j, k — 1) as its index set;
o If cell (7, j, k) is such that £ = 1 then

Note that with those definitions given above, if one of the dimensions NX, NY or NZ
is equal to one then the first order derivative with respect to that direction at the cell
face centers are both equal to the cell center value of the first order derivative in the same
direction.

RR n~ 3406



8 M.-H. Lallemand

3.1.2 Second order partial derivatives

Now that all the previous definitions have been set, we may define the second order partial
derivatives of u at each cell face centers by means of centered Finite Difference approxima-
tion, using the available values of the first order derivatives. We give below the complete
definition of Dzyl(u)(F), D;l(u)(F) and DZ,(U)(F) (I = z,y, z) denoting the second order
partial derivatives of u at a the face centers F' = F and F = W of cell Cp as an example.
The other definitions can be easily derived from those formulae.

1. East face:
(a) Computation of Dgylu(E) :

o If cell (4,4, k) is such that i < NX then first set

a=(ep — 2E)/(Tep — )

and define

D2 u(E) % o Du(E) = Di(u)(e) (1 = o) 20)(cm) = Dyu(E)

ITE — Z¢ Lep — TE

o If cell (4,4, k) is such that i = NX then

z,l TE — Tw 3

(b) Computation of Dz,l“(E) :
o If cell (4,4, k) is such that 1 < j < NY then first set

o= (yry —Ye)/(YEN — YES) ,

where Ey is the East face center of cell having (¢, 7 + 1, k) as its index set,
Fg is the East face center of cell having (¢, j—1, k) as its index set and define

def o ﬁylu(E) — Eylu(ES)

D u(Eyx) — D u(E
D2 u(E) ¥ 1u(En) — D u(E)

+(1-«a) :
YE — YEs YEx — YE

o If cell (4,4, k) is such that j = 1 and NY > 1 then

of Dyu(En)— D u(E
D;lu(E) d:f ylu( N) ,lu( ) :
’ YEn — YE

1Observe that this formula, as the following ones, reduces to a standard 2 point centered difference scheme
for an equidistributed mesh.
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Cartesian grid adaption in CFD 9

o If cell (4,4, k) is such that j = NY and NY > 1 then

def D u(E) =D u(E
D u(B) = 1u(E) 1u(Ps) ;
; YE — YEs

o If cell (4,4, k) is such that j = 1 = NY then

D2 lU(E) d:ef E;IU(N) _E;IU(S) =0:
YN —Ys ’

(c¢) Computation of DZ,U(E) :
o If cell (4, 4, k) is such that 1 < k < NZ then first set

a = (z2gy — 28)/(2Ex — 2E.) ,

where Fjr is the East face center of cell having (7,7, k + 1) as its index set,
FEy is the East face center of cell having (4, j, k — 1) as its index set and define

+ (1 _ a) ﬁylu(EH) — ﬁle(E) :

ZE _ZEL ZEH — ZE

o Du(E)— D u(E
() & o DL Dl

o If cell (4,4, k) is such that k = 1 and NZ > 1 then

D2 ju(E) % D,u(Eg) — Dyu(E)

ZEpy — RE

o If cell (4,4, k) is such that £ = NZ and NZ > 1 then

D2 u(E) % Dyu(E) — Du(EL)
z,l g — 2, )

o If cell (4,4, k) is such that £ = 1 = NZ then

dﬁf EJU(H) — ﬁylu(L)

ZH — 2L

D? ju(E) =0;

2. West face:
(a) Tf cell (4,7, k) is such that i > 1:
2 def 9
Dpu(W) = Dy u(Eiza k)
where E;_1 ;1 is the East face center of cell having (i — 1, j, k) as its index set;

(b) If cell (4,7, k) is such that i =1:

RR n - 3406



10 M.-H. Lallemand

e Computation of Dg’lu(W) :

e Computation of D;‘jylu(W) :
i. If cell (4,4, k) is such that 1 < j < NY then first set

a= (ywy —yn)/(ywy — yws)

where Wy is the West face center of cell having (4,7 + 1, k) as its index
set, W is the West face center of cell having (i, — 1, k) as its index set
and define

D u(Wy) = D ju(W
41— a) qu(Wn) = D u( );
YW — Yws YWy — Yw

o D -D
Dy o P = D)

ii. If cell (4,7, k) is such that j =1 and NY > 1 then

of D -D
02 () 22 DreV) = Duuli)
’ Ywn — Yw

iii. If cell (4, J, k) is such that j = NY and NY > 1 then

of D -D
D} qu(yw) % D) = Pau(is)
' Yyw — Yws

iv. Tf cell (7,7, k) is such that j = 1 = NY then

det Du(N) — D u(S
D} u(W) = (V) ) _y.
Yn —Ys

e Computation of Dilu(W) :
i. If cell (4,4, k) is such that 1 < k < NZ then first set

o= (zWH — ZW)/(ZWH - 'ZWL) )

where Wiy is the West face center of cell having (4,7, k + 1) as its index
set and Wy, is the West face center of cell having (7,7, k — 1) as its index
set and define

INRIA



Cartesian grid adaption in CFD 11

ii. If cell (4,7, k) is such that k = 1 and NZ > 1 then

aet D ju(Wa) — D ju(W
D;,lU(W) s ) ( H) . ( )’
ZWH—ZW

iii. Tf cell (4, 7, k) is such that k = N7 and NZ > 1 then

of D u(W) =D u(W,
Dz,lU(W) def (W) Ju(Wr) :
W — ZWL

iv. Tf cell (7,7, k) is such that k = 1 = N7Z then

def ﬁle(H) — 5JU(L)

ZH — 2L

=0.

Dz,lu(W)

3.2 Definition of the weighted metric

Once all second order derivatives have been computed, we define a weighted (adimensional)
hessian at each cell face center point. Let H(u)]\FJ be the hessian associated with u defined
on the face center F of cell Cps and denote by u,.; a reference value of u (that will be defined
later), then the weighted hessian denoted by H(u)f; is defined as:

Tl = — s
upr + € Ure f

where ups is the cell center value of u and ¢ is a positive real number which is user defined (a
typical value would be 107°). The reference value u,.; is defined as a function of the reference
enthalpy h,.y which can either be defined by its average value over the computational domain
or by

href = Eref +pref/Pref )

if the reference total energy F.,.f, the reference pressure p,.; and the reference density prs
are available. We define the reference values of the different variables by :

e Pressure variable :

Pref = Pref href ;

e Velocity component :

Uref = (href)% s

e Kinetic energy of turbulence (if dealing with turbulent flow problems):

kref = href s

RR n~ 3406



12 M.-H. Lallemand

e Rate of dissipation of turbulence kinetic energy (if dealing with turbulent flow pro-

blems) :

3
Epres = (href)?/Lres
where L,.; is a reference length typical to the turbulence phenomenom.

If we are dealing with multi-phase flow problem then a reference enthalpy and a reference
density should be provided for each phase.

Once the weighted hessian is defined, we first symmetrize and diagonalize it. The diago-
nalized form at every point z € Q C IR? is given by :

A1(z) 0 0
M(z) = R(x) 0 Xfz) 0 R(z)™!, (1)
0 0 As(z)

where A;(z) >0 ,i=1,...,3 are the M(z) eigen-values and R(z) is the rotation matrix of
angle a(z) that maps the IR? canonical basis over the M () unit eigen-vectors.

Then we compute the absolute value of the hessian by replacing the eigenvalues by their
absolute values in (1).

Remark 3.1 In the metric definition, we have to introduce the marimum and minimum
edge lengths we tolerate in the mesh to remove the cases of unrealistic metrics that sometimes
we might get. This is not really a restriction as we usually have a good idea of what these
quantities should be.

3.3 Intersection of metrics

The final local metric is defined by intersecting all variable-wise local metric (see also [1]).
We can associate an ellipsoid £x4 to the metric tensor M having as axes di, ds and d3
(eigen-vectors of M) and with respective lengths 1/v/X;, i = 1,...,3. This ellipsoid Exy is
the unit sphere in this geometry.

Suppose now, that several variables 51, 79, ...,n, are given, the problem becomes: find
the metric so that the maximum interpolation error i1s minimized for all the variables. 1t 1s
clear, from the geometrical identification ellipsoid—-metric that the solution to the previous
minimization problem is to find the biggest ellipsoid contained in the intersection of all
the ellipsoids &1, &3, ...,&, corresponding to metrics My, Ms, ..., M, computed from
the variables 71, 72,...,n,. It is not easy in general to find the optimal solution of this
problem. However, the following algorithm seems to be suitable enough (see fig. 2 depicted
in the 2-D case). Suppose that initially only two variables (1, and 72) are provided. We
find an approximation of the optimal intersection ellipsoid by the following procedure :

e if the two ellipsoid curves &, &5 have not any intersection point (this happens when one
ellipsoid is contained into another), the one with smallest area is taken as intersection
and the suitable metric is the associated one;

INRIA



Cartesian grid adaption in CFD 13

T T T JUE=y T T
p Rirst ellipse —
0.15 | Second el lipse ---- |
. Approxi mated intersection ellipse -----
0.1r Bl
0.05 Bl
0
0.05 Bl
-0.1F 4
0.15 - b
1 1 1 1 1 1

Figure 2: Approximated optimal ellipse of two-ellipse intersection.

e otherwise, let )\g and vlj, t = 1,...,3, 7 = 1,2 the eigen-values and eigen-vectors
(resp.) of M, j =1,2. The intersection metric, M, is defined by

m= Mt M (2)

where M, (resp. M) has the same eigen-vectors as My, (v}, v}, vi) and has for

eigen-values
)\}:max()\},vilTszil), i=1,...,3. (3)

In other words, we compare the i-th eigenvalue of M; with the Rayleigh quotient of
its corresponding eigenvector in M.

Now, if n variables are given, the final intersection metric is computed recursively as follows:
o« M= intersection (M, Ms).
e fori=3,...,n
M = intersection(M, M;).
3.4 Definition of the mesh size in the new metric

Now that the metric M is defined at each cell face center, we must compute the lengths of
the mesh size to start the adaption process. Let us first recall the definition of the measure
of a parametric curve in the metric M.

RR n - 3406



14 M.-H. Lallemand

Let A and B be two given points of a bounded domain Q in IR* and O the origin. The
measure of the parametric curve y(¢) = (1 — 1) OA +10B with t € [0,1] in the local metric
M is written by :

L) [ 0T M)y @

where M(7(1)) is the previously computed local adapted metric. Just looking at this segment
[A, B] locally in one dimension and since the ideal length we want to reach in the adapted
segment should be equal to one, the nearest integer value of that measure will give us the
number of nodes that should be added (if that measure is greater than one) or removed (if it
is less than one and in the sense that this gives us the factor from which this segment should
be enlarged) in the interval defined by A and B. Since we are dealing with cartesian mesh,
the points A and B will define the initial cell length in each direction (z, y and z) in which
refinement or coarsening should be performed. The final process will consist in defining first
a quasi-local directional mesh length (for each direction): for e.g the z-direction, we will
define a z-length that will only depend on the i-location, so taking the maximum over j and
k of the local z-lengths answers this requirement. To know the total number of adapted
cells in the z-direction, we just take the sum over ¢ to get the total length in the new metric
of the segment [0, NX]. The nearest integer approaching this length will give us the new
number of z-cells in the new adapted mesh. We apply the same process for the two other
directions. Returning back to our local segment [A, B], the points A and B represent the
face centers of each cell C; ; 1, and chosen for each direction by :

e z-direction :

A¥w ¥,

e y-direction :

A¥s p¥ N,

e z-direction :

AY L B g

We need for the following to set some convention notations first (see Fig. 3):

1—1 ) ) 1—1
1= j—1 2= j—1 3= J 4= J

k—1 k—1 k—1 k—1

1—1 7 ? 1—1 (4)
5= j—-1 6=1 j—1 7= J 8§ = J

k k k k

and each face 1s denoted as

INRIA



Cartesian grid adaption in CFD 15

z-direction | face (2,3,7,6) = E (east)
face (1,4,8,5) = W (west)

y-direction | face (4,8,7,3) = N (north)
face (1,5,6,2) = S (south)

z-direction | face (1,5,6,2) = H (high)
face (1,2,3,4) = L (low)

4 (i-1.j.k-1) 3 (ij.k-1)
8 7.k 1 A ) .wak)/.

-
P SR I = E

2 (i,j-1,k-1)

Figure 3: Cell C; ; &

Since M is not known everywhere but only on the cell face center locations, we approximate
L(7) by assuming the local metric to be linear on each of the segments [A, B] (see [5]). Let

us denote by
def def

My = M(%(0)) , Mp = M(x(1)) ,

and set

5 =AB Mn(0)AB =AB M4 AB,
—AB' M(v(1))AB = AB' Mg AB .

~
)

RR n-~ 3406



16 M.-H. Lallemand

For example, I3, would be equal to i M(y(W) EW. Since M) = Ma+t(Mp —
M), we have

L(%) ::Alﬂi+tﬂé—iinédt
: i
:%E%E“a+u@—@fh if 1y # 15
20—
31212
20 +ialp+13
3 la+1p

We finally get the following approximation :

li—}-lAlB—f-l%
la+1p

)

L)~

from which we can deduce, for a given cell C; ; 1 the cell lengths in each direction by :

e In the z-direction : (W — E)

2 12 +lle—|—l2
W—oEy _ w E
Lx(viiz )—gw~

e In the y-direction : (S = N)

212—1—1511\{—1—12
SNy _ 2t5 N
LY(%’,J’_,Z )—gw

e In the z-direction : (L — H)

2 12 —f-lLlH—}-lz
L—HY _ L H

Since we want to keep on dealing with cartesian grids, those definitions above should
not depend on the location of the cells but only on the coordinate component associated
with the corresponding direction i.e. the new lengths that will be used for the adaption
process will be finally defined as the most demanding length among all possible edges in
that direction :

e r-direction: 1 = 1,...,NX

INRIA



Cartesian grid adaption in CFD 17
e y-direction: j=1,...,NY
.\ def SN
Ly (j) = H}%XLY( i,k ),
e z-direction: k=1,... NZ

def
Lz(k) = n}?xLz(’y{jﬁH

).

The local lengths are stored in the file named “metloc.gen.out” to give an idea of the
global quality of the mesh to the user, for each direction z, y and z with the following
format (that can be used by a graphic software such as “gnuplot”:

i=1,...NX,j=1,...NY , k=1,... N7,

XC(Z,_],]C), YC(Z’]Jk)J ZC(Z,_],]C), LY(’Y;S:J_,}I«N) )

where XC,YC,YC are the cell face center coordinates. The new lengths in the z (resp.
y and z) direction are stored in the files named “metxloc.out” (resp. “metyloc.out” and
“metzloc.out”) for a given plane (e.g. # — y plane defined by a given k = kg, 0 < kg < N7Z)
with the following format (here also given for the use of the graphic software “gnuplot”) :

i=1,...,.NXand j=1,...,NY

XC(Z’]J kO) ) YC(ZJ]s kO) ) LX (i)(resp. LY (.7))

4 The adaption process

4.1 Computation of the new coordinates

Once all mesh lengths are computed, the adaption consists in equidistributing the new nodes
with respect to these new local lengths. For each direction, e.g z-direction, we first compute
the maximal number of nodes denoted by N2 as it follows:

NP*¥ = INT (LG4 (N,))

where INT (8) is the nearest integer for the given positive real number 2 and LG (i), i =

0,..., Ny is defined as the total adapted length of the path joining the origin of the domain
to the present node in the z direction, i.e. it is defined as the following cumulated length :
ke.=1
1Ga(i) = Y Ix(k) )
k=0
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with the convention LG;(0) = 0. The same is done for the other directions leading to
the new dimensions N7, N and N7 for the adapted mesh. The coordinates of
those new nodes are defined region by region. The nodes delimitating each region remain
fixed during the adaption process. We just recall that in softwares such as Phoenics, the
regions are first defined locally direction by direction. For the z-direction, a region of index
ire, trx = 1,...,NXREG, is defined by its cell limit indexes irl,ir2 where irl is the z-
index of the cell starting the region of index irz and ir2 is the z-index of the cell ending
that region: those information are provided by a table of length 2 x NXREG, denoted by
IREGN, such that

IREGN(2  ira) = ipeg , IREGN(2 % ir@ 4+ 1) = iopng , ire = 1,...,NXREG ,

where ipcq (resp. ienaq) is the first (resp. last) cell index starting (resp. ending) the z-
region irz. Same information are provided for the y and z directions and corresponding
tables are denoted by JREGN (of dimension 2 + NYREG) and KREGN (of dimension 2 %
NZREG) respectively. For ease of programming, we create an additional table denoted by
IRGLIM(irg, idir, ilim, im) ,irg = 1,...,NREG, idir = 1,...,3, ilim = 1,2, im = 1,2
that gives us the cell index limits (first index corresponding to ilim = 1 and last index to
ilim = 2) of a global region irg in the direction idir for the old mesh (im = 1) and new
adapted mesh (im = 2) and where NREG = NXREG * NYREG % NZREG. Given a triplet

of indices (irz,iry,irz), we can define the associated global region of index irg by setting

irg = NZREG * (NYREG « (irz — 1)+ (iry— 1)) + irz .

The above formula is simply derived by renumbering triplet index entities to single index
entities in cartesian (and more generally structured) meshes: e.g the global region irg = 1
corresponds indeed to the region having (irz = 1,iry = 1,irz = 1) as a triplet of indices
(replacing the values of irz, iry and irz in the above formula leads indeed to irg = 1).
From that given global region we can define the index intervals of the vertices (ia, ja, ka)
belonging to the new adapted mesh in that region :

10 = ipeg, ..., end ,
Ja = jabeg,...,Jlend ,
ka = kapeg, ..., kaena ,

which are provided by taking the information from the table IRGLIM, with im = 2. As
a matter of fact, we know the lengths in the new metric of each interval (in each direc-
tion) defining a directional region. We may therefore deduce the number of adapted cells
inside each of those regions and therefore deduce the cell indices (in the new numerotation)
delimiting that same region. E.g. for the z-direction, we first redefine the table IREGN
(since information for the old initial mesh are saved in table IRGLIM(irg, 1,1 : 2, 1)) by the
following process :
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NXAT = 0

IXF =0

DO irx = 1 , NXREG
NXA(irx) = 0
IBEG = IREGN(2*irx - 1)
IEND = IREGN(2*irx )
NXA(irx) = max( min(1,NX) , INT( LGX(IEND) - LGX(IBEG) + 0.5) )
NXAT = NXAT + NXA(irx)
IREGN(2*irx - 1) = IXF + 1
IXF = NXAT
IREGN(2*irx ) = IXF

ENDDO

where LGX stands for LG, defined in formula (5) and NXA(irz), ire = 1,...,NXREG
stands for the total number of new vertices contained in the z-region of index irz. Similarly,
we will denote by NYA(iry), iry = 1,...,NYREG (resp. NZA(irz), irz = 1,...,NZREG)
the total number of new vertices per y (resp. z)-region. Those information are used to define
the “global” table IRGLIM(irg, idir, 1 : 2,2) for irg = 1,...,NREG, idir = 1,...,3 for the
new adapted mesh. We also have the index intervals of the vertices (i, j, k) belonging to the
old initial mesh in the same region (provided from table IRGLIM(irg, idir, 1: 2,1)):

i :ibeg7~~~7iend7
.7 :jb€g1~"a.7€nda
k :kbega~~~7kend .

For both meshes, the index starting the region irg coincides with the cell index given by
table IRGLIM, except for irg = 1 and if one of the starting indexes is equal to 1, since in
that case the corresponding vertex index in the respective direction has to be set to 0. So,
for a given index triplet (¢a, ja, ka) of a vertex related to the new adapted mesh in the global
region irg, its node coordinates za(ia, ja, ka,id), id = 1,2,3 are defined as the barycenter
coordinates of (it — 1) and z(i7) (resp. y(j7 — 1) and y(jj), z(kk — 1) and z(kk)) for the z
(id = 1) (resp. y (id = 1), z (id = 3) ) direction:

za(ia,ja, ka,1) = azz(ii—1)+ (1 — ay)z(ii) ,

xa(ia,ja,ka,?) :ay y(].]_ 1)+(1_ay) y(]j) )

za(ia, ja, ka,3) = a,z(kk —1)+ (1 —az) z(kk) ,
where z(i7) (resp. y(jj), z(kk)) stands for z (74, jj, kk, 1) (vesp. z(ii,jj, kk,2), z(4i, jj, kk, 3))
and

ap = (LGy(i1) —1ly) [/ (LGg(4) — LGg(it — 1)),
ay = (LGy(jj) —ly) /| (LGy(jj) — LGy(ji — 1)),
a, = (LG.(kk)—1;) [/ (LG;(kk)— LG;(kk—-1)),

with the z (resp. y, z)-length l; (resp. l,, [,) respresents the accumulated length in the new
metric up to the z (resp. y, z) position of the new node of index (ia, ja, ka) :
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lo = LGu(ipeg—1) + (ia—itpeg+1)  (LGa(iend) — LGaliveg — 1)) / NXA(irz)
ly =LGy(joeg—1) + (ja—javeg+1) (LGy(jend) = LGy(jreg — 1))/ NYA(iry)
. =LG:(kpeg—1) + (ka—kapeg+1) (LG (keng) — LG (kpeg — 1)) | NZA(irz)

(recall that we know the total number of new nodes within each region and that they are
equidistributed inside each of those regions); the indexes (ii, jj, kk) are found in [ipeg, fend) X
[Jveg: Jend) X [kbeg, kena] under the following requirements:

LG,(ii—1) < I, < LG.(ii)
LGy(jj—1) < 1y < LGy(jj) , (6)
LG.(kk—1) < [, < LG.(kk)

4.2 User-defined scaling

In the above strategy, the control of the mesh size N7, N and N is left to the user
by specifying the value of the constant ¢,,e; in the construction of the local metric. This
user dependent data is not very convenient.

A more flexible and sensible data is to let the user choose the number of cells that he
wishes to use nem and we then compute ¢pe; in order to match this requirement by mean

of the formula :
nem

NX?NY® Nz )
where NX? NY? and NZ? are the predicted numbers of cells in the adapted mesh for the
given c¢pme:. By example, we present below (Fig. 4) the number of cells of the refined mesh

as a function of nem in the 2-D case of the backward facing step with the initial dimensions
NX = 12 and NY = 12 (this test case will be described in the validation section).

W[

Cmet = (

5 Interpolation of the unknown scalar variables

Now that the vertex coordinates of the new adapted mesh are defined, we must interpolate
all the scalar variables at each cell center of the new mesh. This is done by some finite
difference approximation applied in each direction as described below: let (ia, ja, ka) be any
triplet of indexes in the new mesh and suppose we can define the triplet (7, j, k) of indexes
in the old mesh such that:

z(i—1,7,k,1) <=za(ia,ja,ka,1) <z j k1),
z(i,j—1,k,2) <=za(ia,ja,ka,2) <x(i,jk 2),
z(i,j,k—1,3) <=za(ia,ja,ka,3) <x(i,jk3).

Those indexes 4, j and k (corresponding to indexes ii, jj, kk in (6)) may be found by
creating an additional table say INDEX(ia, ja, ka, idir) while defining the new coordinates
za(ia,ja, ka,idir),ia =1,... . NXA, ja=1,...,NYA ka=1,...,NZA and idir = 1,...,3.
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Backward facing step
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Figure 4: Number of cells in the refined mesh as a function of nem.

Let us denote by zc(i, j, k,1),l = 1,2,3 (resp. zca(i,j, k,1),l = 1,2,3) the cell center coor-
dinates of the old (resp. new adapted) mesh and set

zel = ze(i, j, k, 1), yel = xe(i, j, k,2) , zel = ze(1, 4, k,3)
zen = zea(la, ja, ka, 1),  yen = zea(ia, ja, ka,2) , zen = zca(ia, ja,ka,3)

then we proceed by linear interpolation, direction by direction, using barycenter coordinate
weights as it follows :

1. z-direction interpolation of u:

(a) If zen < zel then
e If i = 1 then set

re2=z(i—1,5,k 1), a=(zcl —zen)/(zel — 2c2) |
and define

= uli, ) + (w2 = wel) Da(u)(i,J,F)
u =t + (1 a)uli,j k),

RR n -~ 3406



22 M.-H. Lallemand

e If 7 > 1 then set
re2=zxc(i—1,4,k,1), a=(zcl —zen)/(zcl — 2c2) |
and define
uy = au(i— 1,7, k) + (1 - a)u(i,j, k),
(b) If zen > 1 then
e If i = N, then set
ze2==x(i,j,k, 1), a=(zc2 —zen)/(xc2 — zcl)
and define
up =u(l,j, k) + (xe2 — zcl) Dy (u)(4, 4, k) ,
w =au(l,jk)+(l—a)fp,
e If 7 < N, then set
ze2=zxc(i+ 1,5,k 1), a=(2c2 —zen)/(ze2 — zel) |
and define
2. y-direction interpolation of u:
(a) If yen < yel then
o If j =1 then set
ye2 = z(i,j — 1,k,2) , a = (yel — yen)/(yel — yc2) ,
and define

Uy = U(i,j, k)+(yc‘2—ycl) DQ(U)(ZaJak) 3
us = aunm+ (1—a)u(i,j, k),

o If 5 > 1 then set
ye2 = ze(i,j— 1,k,2) , a = (yel —yen)/(yel — ye2) ,

and define
Ug = au(i,j — 1,k) + (1 - a)u(iajak) )
(b) If yen > 1 then
o If j = N, then set

ye2 = 2(i, j, k,2) , o = (ye2 — yen)/(ye2 — yel) ,

and define . o
up =u(l, 4, k) + (ye2 — yel) Do (u)(4, 4, k) ,
uy =au(l,jk)+(1—a)fp,
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o If j < Ny then set
ye2 = ze(i,j+ 1,k,2) , a = (ye2 — yen)/(ye2 — yel) |

and define
ug = au(i,j, k) + (1 —a)u(i,j+ 1,k),

3. z-direction interpolation of u:

(a) If zen < zel then
e If £ =1 then set

ze2=1xz(i,j, k—1,3) , a = (zel — zen)/(zel — z¢2)
and define

Um :u(i’j, ]{7)—|—(ZC2—ZCI) DS(U)(ZaJJk) )
us Iaum+(1_a)u(iaj’k):

o If £ > 1 then set
ze2 = zc(i,j,k—1,3) , a = (zcl —zen)/(zel — zc2) |

and define
Uz = au(i,j,k— 1) + (1 - O[) U(Zajﬂk) 3

(b) If zen > 1 then
o If £k = N, then set

ze2 =z(i,7,k,3) , @ = (z¢2—zen)/(z¢2 — zel) |
and define

up =u(l,j, k)+ (2¢2 — zcl) D3(u) (4,4, k) ,
us =au(t,j,k)+ (1—a)fp,

e If k < N, then set
ze2=ze(i,j,k+1,3) , a = (z¢2 = zen)/(ze2 — zel)

and define
uz = au(,j, k) + (1 —a)u(i,jk+1),

Finally define the interpolated value at the center of cell (ia, ja, ka) of the new mesh by :

u(ia, ja, ka) def (w1 +ug + uz)/3 .
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6 Numerical test

6.1 User-defined parameters

The adaption process needs some user-defined parameters set in the input data file of the
adaptation package :

® Cmet - constant used to initiate the prediction of the refined mesh size,
e ncm : integer constant used for scaling the number of adapted cells,
e ¢ : positive real parameter used for the weighted metric.

Moreover, the frequency of adaptation is set in a PHOENICS input file and frozen during
the restart processes. In the case of steady calculations, a PHOENICS parameter is set which
limit the number of sweeps that are performed before another adaptation.

6.2 Validation in 2D : the backward facing step

We present a numerical test that validates our adaption strategy in two dimensions. It is a
steady turbulent flow over a backward facing step of height & in a 2-D channel of width 3 h.
The Reynolds number is set to 45000 and A = 0.0381 m. The first computation is done on
a relative coarse mesh with two regions in the z and y directions (NZ = 1) :

NXS1 =6, NXS2 =6, NX = NXSI + NXS2 ,

and

NYS1 =6, NYS2=6, NY =NYSI1 + NYS2.

The metric constants are set as below :
Cmet =1, nem =580, e =1075 .

The coarse mesh is depicted in Fig. 6 and the resulting solution (pressure and velocities)
are given in Fig. 7-9.

The steady state is reached after 96 sweeps and the corresponding metric is calculated.
In Fig. 15 and Fig. 16, we give the ideal lengths in the z and y directions obtained in the
coarse mesh.

The corresponding adapted mesh is depicted in Fig. 10. Its dimension is 31 cells in
the z direction and 15 in the y direction. The interpolated solution (see the pressure Fig.
14) allows PHOENICS to restart with a satisfying solution. The new adapted solution are
represented in Fig. 11, 12 and 13. The boundary layer as well as the downstream part of
the flow (in the z-direction) are well capted by the adaptor. Besides the scarcity of the
refinement of the initial coarse mesh just after the step, the recirculation zone is also caught
by our adaptor.
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6.3 Validation in 3D : the 3D oven simulation

We are now interested in the validation of the adaptor in three dimensions. The chosen test
case describes the steady three dimensional turbulent flow with conjugate heat and mass
transfer in an industrial oven, we cannot give values of the different quantities we refer in
describing the test case below. Inside the oven, the air is heated indirectly by a gas-fired
heat exchanger as shown schematically in figure 5. The hot exhaust gases flow through a
multi-pass heat exchanger located in an outer compartment on the left-hand side of the
oven. Heat is then transferred to the oven gas primarly by convection and surface-to-surface
radiation. The flow across the heat exchanger is driven by a fan located in a duct at the
top of the oven. The hot gas is driven through a porous screen so as to heat the ware
within the oven compartment. The circuit is completed by air leaving the compartment via
a porous screen situated above the oven and below the fan compartment. Mass transfer is
not considered and the turbulence is represented by using a constant eddy viscosity based on
the fan speed and the fan-duct height. Buyoncy forces are ignored and the thermal analysis
does not account for radiative heat transfer. For simplicity, the fan is modelled by a fixed
velocity, and the heat exchanger as a volumic heat source. The porous screens are modelled
by a frictional resistance force in the momemtum equations and a area porosity factor. The
flow area of each screen is also prescribed.

For air, both the molecular kinematic viscosity and the thermal conductivity are prescri-
bed, and the density is computed from the ideal gas law. The heated ware are represented
by steel with the following given properties: p; (in kg/m?), ks (in W/mK) and C, s (in
J/kgK). Heat can escape from the system to ambient air via the top, bottom and left-hand
external walls; the wall thickness is given together with the thermal conductivity ky (in
W/mK). The right-hand wall is a symmetry plane and so zero-flux boundary conditions
are applied. The walls separating the outer compartment from the oven are taken to be
perfectly insulating.

The initial grid dimensions are 20 cells in the z direction, 36 cells in the y direction
and 44 cells in the z direction. The 34 965 points are distributed in a uniform cartesian
grid. The furnace length, width and heigh are also precribed (in meters). Those dimensions
used for the simulation represent half the oven length and only a single section of its width,
exploiting symmetry in each direction. The calculations are performed for a given volumic
heat input (in kW/m?) from the heat exchanger. The corresponding level of heat input
is selected so as to maintain an average oven temperature of Ty, (given in Celsius) during
steady-state operation. The volumic flow rate of the fan Qq, (given in m?®/s) is specified,
and the resistance force through the porous plates is specified as A dp, where A is the free-
flow area and §p = —1/2 (k p) V2, where (k p) is given and V is based on the actual velocity
within the screen. The oven operates at a prescribed pressure. After 200 sweeps, the error
estimates are calculated and the mesh quality is described Fig. 17. A first adaptation is
performed with

Cmet = 1mem = 60000, ¢ = 107° .
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fan =

upper porous screx

5 —~~ heat exchanger heated ware

pA
/;UTFLCW

<7

//V \
INFLOW lower porous scr

Figure 5: Industrial oven: description of the geometry in the cup plane z = 0.5m.
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The corresponding new mesh size is 36 cells in the z direction, 40 cells in the y direction
and 60 cells in the z direction (i.e. 92537 points). Then we make run the interface to
change the “EARDAT?” file accordingly to the new adapted mesh and solution. PHOENICS
restarts with this new mesh and the interpolated solution. After again 200 sweeps, a second
adaptation is performed with

Cmet = 1mem = 100000, ¢ = 1077 .

This second adaptation generates a new mesh the dimensions of which are 35 cells in the
z direction, 54 cells in the y direction and 66 cells in the z direction (i.e. 132660 points).
PHOENICS restarts again for 200 sweeps. The solution calculated on the second adapted
mesh after 200 sweeps is depicted on Fig. 18 (Velocity) and Fig. 19 (temperature). We can
observe that the mesh is refined where the solution is the steepest corresponding to a more
important error. Moreover, the solution is not polluted by the interpolation on the adapted
mesh.
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7 Conclusion

The validation of the adaptation process is achieved :
e The metric calculation provides a good error estimate of the CFD solution;
e The mesh refinement matches the error estimate behaviour;
e The nodes equidistribution is efficient to generate an adapted cartesian grid;
e The region definition is respected.

The PHOENICS interface is efficient and allows a good restart of the “earth” program.
We did not observe any pollution of the solution when the computation restarts with the
interpolated values on the new mesh. The next step would be to create a multiblock adaption
tool that would avoid the generation of unwanted refined regions. As a matter of fact, the
present strategy is global and extend refinement in every direction even if the error has been
detected high in a very small region. The way the multiblock adaption would be another
alternative is to have a good sensor that would determine those particular regions in which
the error is high. To achieve that goal, particular attention has to be paid in defining
error troncature and then to find a good algorithm that would colour then define patches
in which refinement has to be perform. With a scale strategy defining the error truncature,
we may define multi-level patches, i.e. define embedded blocks (which have to be cartesian)
with the additional constraint that there should be a fixed cell ratio between two embedded
blocks (i.e. refinement has to be uniform from one level to the next inside a same block).
Comparing to the present global adaption strategy, only the error estimate has to be kept
since we will not use equidistribution anymore. That work is in progress and will be subject
to another report.
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Figure 7: Pressure contours NX =12, NY = 12
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Figure 8: Velocity in y-direction NX = 12, NY = 12
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Figure 10: Adapted mesh NX =31, NY =15
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Figure 12: Velocity in y-direction after adaptation NX =31 , NY = 15

RR n~ 3406



M.-H. Lallemand

o

:
g

Vect or

©®NOORAMONE,

N
[S]

[
nNoE
N WA OO N OO OO RFRr N®

|||
I
N

-
w

;T-<

—=22 Mn: 2.64E-01 Max: 1.32E+01
BACKWARD- FACI NG STP KE MDL NX=31 NY=15 : ADAPTED MESH

Figure 13: Velocity vectors after adaptation NX =31 | NY = 15
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Pressure interpolated values in the (x,y) plan (k=1)
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Figure 14: Interpolation of the pressure to restart PHOENICS
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Figure 15: Ideal lengths in the z-direction on the coarse mesh NX =12 | NY = 12
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Figure 16: Ideal lengths in the y-direction on the coarse mesh NX =12 | NY =12
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Stork1.ql : Mesh lengths in the new metric in the x-direction

2.2

1.8

1.6

mesh length

1.4

1.2

0.8

0.2

Storkl.ql

0.4 0.5

x-mesh

Mesh lengths in the new metric in the y-direction

1.8

1.6

1.4

mesh length
B
N

0.8

0.6

0.4

Storkl.ql : Mesh lengths in the new metric in the z-direction

y-mesh

2.5

S o>

1.5

mesh length

0.5

Figure 17:

RR n-~ 3406

3D Oven

0.5

z-mesh

simulation : Ideal lengths in the z, y, z directions on the coarse

2.5

mesh



40 M.-H. Lallemand

SECOND ADAPTED MESH ON THE FI RST ADAPTED SOLUTION - Y = 1.7 @

THE PHOTON
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Figure 18: 3D Oven simulation : Second adaptation - Velocity and adapted mesh in the
plane NY = 53
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SECOND ADAPTED MESH ON THE FI RST ADAPTED SOLUTI ON PHOTON
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Figure 19: 3D Oven simulation : Second adaptation - Temperature and adapted mesh at
z=0.5m
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