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. PROBLEME DE DECOUPE :
UN ALGORITHME RAPIDE POUR CALCULER UNE SOLUTION
PROCHE DE L’OPTIMUM. '

Fabrice Chauvet®, Ahmedou Ould Haouba® and Jean-Marie Proth®

Résumé :
Un ensemblc de barres de longueur n.A est disponible en stock. L’objectif de
ce 'papier est de présenter un algorithme efficace pour calculer une solution proche de

’optimum du probléme qui consiste a découper des barres de longueur i.A, i=1, 2, ..., n

dans les barres de longueur n.A de fagon a satisfaire des demandes connues. Le critére a

minimiser est le nombre de barres utilisées.

Mots clefs : Découpe, Programmation Linéaire.

® Faculté des Sciences et Université Technique de Nouakchott, Mauritanie.
@ INRIA 4, rue Marconi, 57070 - Metz France.
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A FAST ALGORITHM FOR COMPUTING A NEAR-OPTIMAL SOLUTION
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Abstract:

A set of bars of length nA is available in stock. The purpose of this paper is to
provide an efficient algorithm to compute a near optimal solution of the problem
which consists in cutting bars of length 1A for 1 =1, 2, ..., n-1, n, out 0¥ bars of
length nA while minimising scrapes or, equivalently, while minimising the total

number of bars used.

Keywords: Cutting problem, Lincar programming.
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1. INTRODUCTION
Cutting problems, considered in their most general form, are NP-hard. As a
consequence, only small size problems can be solved optimally while real-life
problems require heuristic algorithms. The most common of these heuristic
algorithms are Next Fit (NF) heuristic (see [2] and [7]) which consists in selecting
the stored bars in a random order and assigning the ordered bars also in 2 random
order. If the next ordered bar cannot be assigned to the stored bar under

_consideration, a new ordered bar is selected and the unused part of the previous '

ordered bar is considered as scrap. The First Fit (FF) heuristic (see [2]. [7] and
[9)) is similar to NF, except that the unused part of a stored bar is considered as a
stored bar-and can be used later. The First Fit Decreasing (FFD) algorithm (see {2]
and [7]) is the heuristic NF in which the ordered bars are selected in the decreasing
order of their length. Numerous other heuristic algorithms are available as, for
| instance, Best Fit (BF) (see [2], [7] and [9]), Worst 'Fit (WF) (see [2], [7] and [9)),
Almost Worst Fit (AWF) (see [2] and [7]) to quote only a few. All these
approaches are similar, except in the choice of the stored and ordered bars. and in
the way the unused parts of the stored bars are processed. ‘

In the remaining of this paper, we consider a more specific problem encountered
in mass production. In this case, the stored bars are of the same length, which 1s a
multiple of an elementary length A.  The lengths of the required bars are also
multiple of A. The goal is to provide s, bars of length iA for i = 1, 2, ..., n, using
the minimal number of stored bars of length nA or, equivalently, while minimising
scrapes. ‘We are looking tor a near optimal solution of this problem'.

-In section 2. we propose an iterative approach to compute all the cutting patierns
~of a bar of leﬁgt!1 nA. The problem is presented in section 3. Basic results
associated with the optimal solutions are presented in section 4. Section 5 is
devoted to the algorithm which provides the near optimal solution. Section 6 is the

conclusion.

2. COMPUTATION OF THE CUTTING PATTERNS

2.1. Notations A .
We denote by y, the number of bars of length iA which are cut out of a stored bar of
length nA. Since we are looking for all the feasible solutions, we l{avc_ to find all

the integer and positive solutions of:

Yiy, =n " (1)
i=l

We represent the cutting patteins as a matrix:

-

Tt
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where g, is the total number of feasible patterns when a bar of length nA can be cut
into bars of length 1A, 1 =1, 2, ..., n. The length of the i-th bar cut out from a bar

of length nA when following the k-th pattern is ¢ € {0, 1, ..., n}. It is easy to
g ! g p i y

realise that:
Clz[l]
2 0
G =
R
(3 0 0
C,={2 1 0
11 1

* Two remarks should be made at this level:
(i) The sum of the elements of a row of matrix C, is equal to n. o
(it) We classify the elements of each row in the decreasing order of their value in
order to avoid identical patterns.
2.2. An iterative algorithm _ _

Let us consider a bar of length nA. This bar can be cut out in two parts th: lengths
of which are multiple of A. There are n-1 possibilities to do so if we consider only
the cases when both parts are greater than 0. ~These n-1 possibilities are the pairs
{1A, (n-DA} fori =1, 2, ..., n-1. We further consider all the patterns available.to
cut a bar of length iA into bars of length jA for j= 1, 2, ...,-i. These patterns are
given by matrix C, and the number of such patterns is g,. In order not to compute
the same pattern more than once, we only consider the rows of C, whose elements

{

are less than or equal to n-i. We complete each one of these rows by element n-i,

and we do the same fori = [. 2, ..., n-1. Finally, we complete matrix C, by the
row [n, 0, ...,_()].
The number of rows of C,, that is q,, can be obtained by applying the following

iterative computation:

Qo =1
n-1 )
4, = .7,
i=0




where:
... _n
7\ = %-n-1 2
n = sen-lo n
: Joif i
q;- z z it 1>E
i=0

In this formulation, z' represents the number of rows of C, whose elements are less
v 2 6P ;

than or equal to n-1, except z which is equal 10 one and represents the row
[n, 0, ....0]. The proof of this 'formu.lation can be done by induction.
We denote by [C,], the k-th row of matrix C,, that is the row which represents the
k-th pattern available to cut a bar of length nA into bars whose lengths are multiple
of A. Using this notation, the algoritim to compute the required patterns is
~ Algorithm 1 presented hereafter.
| Algorithim 1
1. Set: q,=1 and C=[1]
2. For j=2 to n do:
( Building matrix C)

2.1. k=1

2.2. [C)=. 0, 0. ..., 0]

This row is made with j followed by (j-1) times 0.

2.3. For r=1 to j-1 do:

2.3.1. For p=1 to q, do:
2.3.1.1. If all the elements of [C ] are less than or
equal to j-r do:
2.3.1.1.1. k=k+1.
23.1.1.2. [Cl=[i. [C.])

24. g=k

In table 1, we provide some values of g, as a function of n.

Table 1: Number of rows of the working matrix with respect to n

q, 7 | 42 |176 231 |297 |385 (490 [627




3. PROBLEM FORMULATION

3.1. onrking matrix '

- From matrix C,, we derive matrix Y, defined as follow:

. Yn‘hasf the same number of rows and column as C,,

* ¥y; » Which is the element of the k-th row and the i-th column of Y.,
represents the number of bars of length iA cut out of a bar of length nA when
following the k-th pattern. ‘ '

In other words, the elements of the k-th row of Y, for k = 1, 2, ..., q,, satisty
relation (1).

For instance:
0 0 1
Y,={1 1 0
| 30 0

Y, is the working matrix associated with the stored bars of length nA.
There exists a row k, of the working mairix such that:

*y,i=0fori=12 ..,n-1

*Ven =1

There also exists n-2 rows k, , k,, ..., k,, such that, forr=2,3, ..., n-1:
*Yeua =Tt -1
* Yepnera = 1

Yy =0fori=12, . mi#lii#zn-r+l )
Finally, there also exists a row k, such that:

*Yg,a =0
» *yi,i =0 for1=2,3 ... n
In the remaining of this paper, we assume that k. =r forr =1, 2, ..., n: in other
words, we assume that the n rows mentioned above are the first n rows of matrix
Y,. The q,-n other rows are ordered randomly.

3.2. Problem Q )
The problem, denoted by @, can be formulated as tollows (x, is the number of
stored bars which are cut according to the k-th pattern):

Qu
Q) minimise) x, ()
. k=1

S.t.
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Ya . |
D) Z{xk'ykj 2s, fori=1,2, .,n 3)
x, 20 and x, integer fork =1, 2, ..., g, (@) !

where si' is the number of bars of length iA which must be provided to the
customers. We denote by D the set of X’s defined by (3) and 4. A
set: X = [X,, X,, ..., X, ] which minimises (2) while satisfying constraints (3) and

(4) is called ‘““optimal solution of problem Q *“.

4. PROPERTIES OF PROBLEM Q
We denote by & the set of X's defined by:

4, ‘ ‘
Y xy =s; fori=2,3,..n ' (5)
k=1 . - .
qa .
(@) zxk'yk.l 2, , o (6)
- { k=1 . .
x, 2 0and x, integer fork =1, 2, ..., q, ‘ 4

\

‘Hereafter, we denote by 2 the probléem defined by (2), (4), (5) and (6). In other

words, P is the problem:

©“

. q“
(@) minimise Zxk
o i=l
X belonging to &. i
Result 1.

There exists an bptimal solution to 2, i.e. @ is notempty.
Proof: '
According to the row order introduced in subsection 3.1, the following

solution is a feasible solution to problem 2

X, =8

i “n+l-i

fori=1,2,...n-1

'n-l +

s, - D (- Dx,
— i=1

n

xll

where [a] is the smaller positive integer greater than or equal to a. Furthermore,

x=0 for i=n+1, n+2, ..., q,.



%

Thus, an optimal solution to problem 2 exists since € is not empty.
| ' QED
Result 2
An optimal solution to 2 is also an optimal solution to Q.
Proof: |
Result 2 is easy to understand by considering that all the bars of length
iA,1=2, 3, ..., n of a solution to @ which are in excess with regard to the demand .
can be cutinto bars of length A. The solution obtained by doing so is solution of
2. indeed, the bars in excess can be selected in variou's ways; in ather words,
various solutions of 2 can be derived from the solution of Q.
QED
We generalise the definition of problem r2 by replacing constraint (6) by

constraint (18):

o

Zxk-y“ 2s +p _ (18)
k=1

where B > 0. We denote this problem by 2" in the remainder of this paper. As a

consequence, the set of solutions to 2* is contained in the set of solutions to 2.

Note that a solution to this problem is usually not integer.
Result 3

Let X' and X* be two optimal solutions to problem 2" .

4y 4
Theani.yk_, = EXL'YU -
k=1 k=1 :

Proof:
Both solutions provide“the exact numbers of bars of lengths iA, i=2, 2. ..., n.
Furthermore, the total number of bars used in both solutions is the same since these

Yy Un

- solutions are optimal. Thus xL.y . and Y xl.y.,., which are the differences
ki kY

. ~k=] k=]
between the total length of the stored bars used and the total length of bars of
lengths iA, i=2, 3, ..., n produced in solutions X' and X respectively, are equal.
' QED

Result 4




Let X" be a feasible solution to problem 2°. If constraint (18) is saturated for X",

i.e. if equality holds in constraint (18), then: -
(i) X" is optimal, and the values of the criterion which corresponds to this solution

is 8= (iisi +f)/n.
i=1

2d

(ii) any other optimal solution to problem 2 saturates constraint (18).
Proof:
a. Let X be a feasible solution to 2. By adding (5) and (18) after multiplying

both sides of the relations by i, we obtain, considering relation (1):

Un n

A ank > Zi.si + .
k=1 i=l

According to the hypothesis provided in result 4, we obtain for X"

nixi = Zn:i.si +pB.
k=l i=l
Uy Y

As a consequence of the two previous relations, . x, < D x, for any feasible
' k=1 k=l

solution X of 7° and X is optimal. This complete the proof of (i).

&

b. (ii) is a consequence of result 3.

[

QED
The next result is the first tentative to connect the real solutions to problems #* to

their integer solutions.

Result 5

Let B, and B, be two real numbers such that O < §; < f3,. Assume that constraint -

_\(18) is saturated for the optimal solutions to problem 2™ and that at least one
optimal solution to problem P”: isinteger. Then, if B,-B,<n, any integer solution
to 2% is also an optimal integer solution to P4 \

Proof:

We denote by & the set of feasible solutions defined by (5) and (18) and we

(p}

consider Xe &M - 2% . This solution verifies:
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“

9

Un

Sl+ﬁl ZkaR1<s+ﬁ

and:

Zxkyk,—s t011—2 3,

k=1

By adding these relations side by side after multiplying these sides by i, we obtain:

=1 <Vx, <t (19)

We denote by Z? the optimal solution of problem 2*. The following relations
hold taking into account the hypotheses of result 5:

ii.si+ﬁ ﬂ o 21s + 5,
i=1 - 2 z =

S B -5 <§;xk < 2" (see result 4).

n

2% is integer and ()<ﬁ B, < 1. Thus, whatever Xe g”' - é”-‘. the reli ted

objective function is not integer. This complete the proof.
| ' ' QED
Result 6

The hypotheses are the same as the ones of result 5, except the fact that B,-B, = n.

clc
&

We denote by 5™ the set of optimal integer solutions to problem 2", Then:
(1) If there exists Xe S such that x,> (), then:

. X, Jisaninteger optimal solution to

* [Xp Xge o X s X2 Lo X
problem 2",

« 20= 21,

« Constraint (18) related to problem @™ is saturated for the optimal
solution.

« All the integer optimal solutions of 2™ are derived from the optimal

solutions of 2 in which x, > 0 by substracting 1 from x,.
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’

(i1) If, for any Xe s, x,=0, then s i the set of integer optimal solutions to

problem F&8 ' .

AV

Proof:

a. Assume that there exists Xe 8§ such that x,> (). Since constraint (18) is

saturated for the optimal solutions to problem 2% we have:

qll
: Zxk-)’k.l =5, +p,
k=i

" Thus, taking into account the order defined in subsection 3.1 for the n first rows of
Y,. we can see that y, , = n and:

Yn

Zxk‘yk‘l Y =S T ﬁ2 —n
k=1

This can be rewritten as:

Gn

zxk'yk.l +Yu X, D=8+ B, —n=5+f
k=1/k=n : .

, :
Since y,;= 0 fori=2, 3, ...,n, the other equality constraints of problem PP sl

hold for the solution [X, X5, ... X X, -1, %, ... 1. Thus, according to result

[

4, this solution is an optimal solution to problem Phand 2= 2 -1,

b. Let us assume that X" is an optimal integer solution to problem 2" such that

X'e 5" Since X"is optimal, we have:

s ,
Zxk-Yk.l Zs, +ﬁ|‘
k=1

and:

Gu
* .
Zxk.yk‘i =s, pouri=2,3, ...,n

k=1

Thus:

i=l

iM:
L
i

i U n
1(2x1\..yk~i H > ) is, + b,
k=1

@

r n 1
xi{zi.yki H > Xi.si+,Bl
B i=1 i=l



(7]

%
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n .
Since Z‘i.yk_i = n this inequality can be rewritten as:

i=l ’
dn n
an; 2 Zi.si +ﬁ3 '(Bz _ﬂl)
k=1 i=1 .

But B,-B,=n. Thus, this inequality can be rewritien as:

q n

N
112;)(k 2 2‘1.5i +B,-n
k=1 i=l

or:
i ii.si + b, -
ZXI_ > 4=l -1
‘ k=l n -
Finally:
P

Since g’" o g”: , we also have 2P <z

These results mean that the optimal solution to 2™ leads to the use of at most one
stored bar less than the optimal solution to P

Both solutions being integer, we can claim that the optimal solutvion of 2™ leads to
the use of either 0 or 1 stored bar less than 2. Taking into account the fact that
the optimal solution to 2" saturates the first constraint and that this solution is
‘integer, s,+B, is integer. Keeping in mind that B,-B,=n, we see that s,+8, = s,+f.-
n, and thus s+, is integer. Since only'lhé first constraint of problem 2” is an
inequality, an optimal solution to this problem, if better than an optimal solution to
% can only be derived from an optimal solution to 2™ by reducing by one the

pattern which corresponds to the cutting out ol a stored bar into bars of length A.

This is only possible if at least one such a pattern is included in one of the integer

optimal solutions, i.e. it x| > 0 for at least one Xe 5.

QED
Result 7

We consider the problem #2* and we assume that constraint (18) is saturated for an

optimal solution and that at least one optimal solution is integer. We denote by S
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the set of integer optimal solutions to this problem. Let X = [x{, x;. .... X, le s®

an integer solution such that: <
x. = max x,, Xes"
Then the  solution X =[X[s X coos Xops Xo=Th Xy oom X, ). where .
T=min[ [%J x.], is an optimal integer solution to problem 2, and the
corresponding value of the objective function is Z*-n. All the integer optimal
solutions of 2 are obtained by subtracting 1 to the n-th component of the integer
optimal solutions of 7* in which x,21.
Proof:
We consider the following sequence of problems: 2, 2, 2, ., 2" By
applying result 6 (i) recursively, we see that X is an optimal integer solution 10
problem 2 and that the value of the objective function tor this solution is 2%-n.
; . oD
5. COMPUTATION OF AN INTEGER NEAR-OPTIMAL SOLUTION
. n-l + ) T
We first define 8 = [s, - Z(i - l).xi} . By solving problem Z":
VAS maximise X,
such that:
0w
ZXK'YU =5, +p
k=1 .
and:
da ' ,
z‘xk.yki =s, 1=2,3,....n..
k=1
we obtain a solution X® which may be not integer. The goal is to find X'e S ’.’ ,
integer solution to problem 2. This solution is such that X, = max x,. X€ s’
' C

Assume that this solution is known. From this solution, we can derive the integer

W

optimal solution X™* of 2 (see result 7): X =[X[. s Xpps X, =71 Xops o0 X 14



\i

w

Y

i3

wheren = min([ﬁJ, x:). The value of the criterion related to this solution is
n

Z2=R*-m. According to result 2, X" is also an integer oplimal solution to problem -

.

As we can see, the remaining problem is to find X*. Computing this solution is, «

. priori , a NP-hard problem. Thus, we decided to derive a solution XP from xR,

this solution being close to X", and to use this solution instead of X* to compute
X**. Note that if the n-th component of X" is the integer part of X*, then X =X,

and X" is the integer optimal solution of 2: this was always the case in the

numerous exemples which were computed to illustrate this approach.

Algorithm 2 summarises the sequence of computations which leads to X,

Algorithm 2 .

-1 M
1. Computation of = [s, - Z(i - l).xi} .

i=2

. 2. Computation of X®, solution to the Linear Programming problem VA

3. Computation of X*.
3.1. .Computatidn of X":I_XRJ, vector composed with the integer parts of
X® '
3.2.- Computation of Y= X*-X*, vector composed with the decimal parts
of X', Let W=[w, wy, o w,ow, | ‘

qll

33. Fori=ltondov, = Zwk.yk_i,and let V:[v,, Vay oy Vo e "q..]'
k=1
qﬂ .
Note that the components of V are integer and that z k.v, =L.n,
’ k=1

where L is integer.

3.4. Consider the components of V as the ordered bars, and assign these bars
to the stored bars of length n.A by upvplying the FFD algorithm. Let U be

the vector whose integer components u,, U,, ..., U, ...,u

n are tae

Gy

numbers of bars cut following patterns 1, 2, ...,n, ...q, given by matrix -

Y, to meet the requirements represented by matrix V.
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3.5. Compute X" = X +U.

4. Compute n:min([EJ, X,). _ <
n

5. XM =[x, e Xoyy X -1, x5 ... %] is the integer optimal solution to
1 n-1 n n+l 4y g P
problems 2, and Q .

6. Compute Z;, criterion related to X™..

6. ILLUSTRATIVE EXAMPLES
For lack of place, we restrict ourselves to the case where n=8. In this case, q,=22,
and Y, is given in the following table.

Table 1: Matrix Y

Matrix Pattern Nuimber
——

0O 0 0 0 0 0 0 1 1
1 0 0 0 0 0 1 0o 2
2 0 0 0 0 1 0 0 3
30 0 0 1 0 0 0 4
4 0 0 1 0 0 0.0 5 N
5 0-1 0 0 0 0 0 6
6 1 0 0-0 0 0 0 7 <
8 0 0 0 0 0 0 0
1 0 1t 1 0 0 0 0 9
0 2 0 1 0 0 0 0 10
2 1 0 1 0 .0 0 0 11
0O 0 I 0 1 0 0 0 12
0 1 2 0 0 () () 0 13
20 2 0 0 0 0 0 14

2 1 0 0 0 0 0 15
3 1 1 0 0 0 0 0 16
1 1 0 0 1 0 0 0 17
0O 4 0 0 0 0 0 0 18
23 0 0 0“0 0 0 1
4 2 0 0 0 0 0 0 20 c
O 1L 0 0 0 1 0 0 21

22

o 0 o 2 0 0 0 0

[
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In table 2, we give seven examples of customers' requirements. Column i contains
the number of bars of length i.A required by the customers.
Table 3 provides the value of B for each one of the example introduced in table 2.

Remember that such a value represents the number of bars of length A produced in
excess if we meet a customer requirement following only the eight first patterns.

In table 4 we provide, for each example, the solution X® of problem Z" (see step 2

~ of algorithm 2)..

Table 2 : Customers' requirements

Table 3 : Values of 8

VALUEOER | 0 [0 [30 [0 J0 T0 [34
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Table 4 : Solution o problem Z"

EXAMPLE
NUMBER =

PATTERNS {§

The optimal solutions presented in table 4, except the solutions of examples 2 and
7, are not integer. In table 5, we present the vectors V corresponding to the seven

examples (see step 3.3 of algorithm 2).

9
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Table 5 : Vectors v

By applying steps 3.4 and 3.5 of algorithm 2, we obtain the integer near-optimal
solutions of the eight ekamples presented 1n this section. - It turns out that the total |
length of the bars obtained by breaking down the V vectors presented in table S
using the FFD algorithm (see section 3.4 of algorithm 2) is equal to 8.L (see the
definition of L in step 3.3 of algorithm 2). As a consequence, the integer solutions

obtained and presented in table 6 are optimal.

Table 6 : Final solution
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0 0 0 0 i 0 .
33 106 |57 36 |22 |33
0 ‘ 0 0 0 0 0

0 0 0 0 1 0

0 0 0 () 0 0

21 |3 3 3 6 1

9 0|0 [0 [0 |0
0 [0 (0 [0 [0 |0
0|0 [0 [0 {0 |0
o 1T [0 [1T 12 |2
00 [0 [0 [0 |0
010 |0 o {0 o
To [0 [0 [0 o [0
0 (0 (2 [0 |9 [0
0 7 10 11 [0

ol

We finally compute the 1 values (see step 4 of algorithm 2) which are the number

of bars cut out following pattern 8 which can be subtracted from the solutions given
in table 6 to obtain the solutions of the initial problems. These values are presented

in table 7.

Table 7 : Values of n

VALUES OF THE
PARAMETER 1

ool 3jojojol4

7. CONCLUSION

As showed above, it is possible to find an nteger near optimal solution o problem
Q by solving one linear programming problem (problem Z" ). In practice, as

shown in the above examples, we never encountered a case where the integer

o

LN
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(1]

(2]

(7]
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solution is not optimal. At this stage of the research, the problem which consists of
proving that the solution obtained is always optimal or not remains open.
The size of the problem increases very fast with regard to n, and a reasonable limit

is n=30.

The proposed method is fast. One of the next research axes will consist in selecting
promising cutting patterns in order to drastically increase the size of the problems

which can be solved. Indeed, this will be done at the expense of the qual.ty of the

~ solution, and the goal will be to make the selection which leads to the best solution.

The n first rows of matrix Y, as ordered in subsection 3. 1., will always belong to

n?*

the selection since they are the initial basis of the system.
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