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Abstract: We give an explicit analytic series expansion of the (max, +)-Lyapunov exponent
v(p) of a sequence of independent and identically distributed random matrices in this algebra,
generated via a Bernoulli scheme depending on a small parameter p. A key assumption is that
one of the matrices has a unique eigenvector. This allows us to use a representation of this
exponent as the mean value of a certain random variable, and then a discrete analogue of the
so-called light-traffic perturbation formulas to derive the expansion. We show that it is analytic
under a simple condition on p. This also provides a closed form expression for all derivatives
of v(p) at p = 0 and approximations of v(p) of any order, together with an error estimate
for finite order Taylor approximations. Several extensions of this are discussed, including
expansions of multinomial schemes depending on small parameters (p1, ..., pmn) and expansions
for exponents associated with iterates of a class of random operators which includes the class
of so called topical operators. Several examples pertaining to computer and communication
sciences are investigated: timed event graphs, resource sharing models and heaps models.
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Développements Analytiques d’Exposants de Lyapounov dans
I’Algébre (max,+)

Résumé : Nous donnons un développement analytique explicite de I’exposant de Lyapounov
v(p) d’une suite de matrices aléatoires i.i.d. dans le semi-anneau (max,+), tirées selon un
mécanisme de Bernoulli dépendant d’un petit parameétre p. Une hypothése clef est que 'une
des matrices posséde un unique vecteur propre. Cette hypothése nous permet d’utiliser une
représentation de «y(p) comme la moyenne d’une variable aléatoire, puis un analogue discret
des méthodes de perturbations pour obtenir ce développement. Nous montrons que ce dernier
est analytique sous certaines conditions sur p. Nous donnons aussi une représentation explicite
de toutes les dérivées de y(p) en p = 0, ainsi que des approximations de Taylor de tous ordres,
accompagnées de bornes sur les restes. Nous proposons plusieurs extensions, notamment au cas
multinomial et au cas d’itérées d’opérateurs aléatoires non-expansifs. Plusieurs exemples sont
étudiés en relation avec des problémes de modélisation en informatique et dans le domaine
des communications: graphes d’événements, modéles de partage de ressources, et modéles
d’empilement de pieces.

Mots-clés : développement de Taylor, exposant de Lyapounov, algébre (max, +), couplage
fort, événement de renouvellement, régime stationnaire, analycité, relation de récurrence li-
néaire vectorielle, modélisation de réseaux, réseau de Pétri stochastique. classification AMS
1991 : Primaire 41A58, 34D08, 15A52, 15A18; Secondaire 60K05, 60C05, 32D05, 16A78,
41A63.
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1 Introduction

It is well known that under mild conditions, the Perron Frobenius eigenvalue of a non-negative
matrix, the parameters of which depend analytically on a parameter z, also depends analyt-
ically on this parameter. This result of the conventional algebra cannot be extended to the
(max, +) algebra, since the Perron Frobenius eigenvalue, which is given by the maximal cycle
mean formula [1], is then the maximum of a finite family of analytic functions of z, which is
not analytic in 2z in general.

In the conventional algebra, there are also several well known results on the analyticity of
the Lyapunov exponent of i.i.d. matrices, the law of which depends on a parameter p ([13],
[14], [15]). The focus of the present paper is to investigate the analogue of this second type of
questions in the (max, +) algebra.

Using a simple class of random matrices sampled from a finite set, we will show that,
under technical conditions to be specified later, not only the associated (max, +)-Lyapunov
exponent depends analytically in the probabilities used for the sampling, but also that a
constructive approximation scheme can be given, based on a closed form representation of
the coefficients of all orders of the analytic expansion, and on error estimates for finite order
Taylor approximations. For p small enough, the error bound decreases geometrically to 0. So
for all given intervals, there exists a finite algorithm allowing one to decide whether ~(p) is
in this interval. This situation differs significantly with the result of [16] that conventional
Lyapunov exponents are not algorithmically approzimable.

The computational complexity of the computations required to obtain a Taylor expansion
of order m is not a polynomial function of n. Nevertheless, we will give several examples where
this can be used to derive expansions of practical use.

The paper is structured as follows.

In Section 2, we briefly recall tools and results which we will need to state and analyze the
problem.

In Section 3, we consider the series expansion of the (max,+)-Lyapunov exponent of a
sequence of i.i.d. random matrices, where each matrix is sampled among two possible values
using a Bernoulli scheme with parameter p. The main theorem is first given under certain
restrictive assumptions (H1) (H2) (H3) defined in Section 3.1 and is illustrated through various
examples. All proofs are gathered in §6.

In Section 4, we present three extensions of the main theorem: the multinomial case is
considered in §4.1 whereas §4.2 focuses on the weakening of Assumption (H2). The extension of
this class of results to iterates of random operators (which are not necessarily linear operators
in a semi-ring, as it is the case for the (max, +) setting considered above) is given in §4.3 with
an example of (min, max, +) system. in §4.4. A key property for such an operator extension
is the finite range coupling of some pattern of the operators. Section 4.5 summarizes these
three extensions into a generic theorem. An example of application to heaps models is given
in §4.6.

Section 5 focuses on the interpretation of the results in terms of perturbation type formulas.

The proofs of the main theorems are concentrated in §6.

Section 7 gives further expansions covering some cases with continuous distributions. It
also contains comments on the relationship holding between different expansions which may
be proposed for the same exponent.

Finally, Section 8 focuses on the comparison with other approaches. In §8.1, the merits
of direct simulations are discussed and compared to those of the series expansion. In §8.2,

RR n°® 3427



4 Frangois BACCELLI and Dohy HONG

the regenerative theory approach is shown to allow one to derive the same type of analytical
results in certain particular cases.

2 Preliminaries on (max,+)-Lyapunov exponents

2.1 Algebraic framework and basic spectral theorems

Most of this paper bears on product of matrices in the so called (max,+) algebra, namely
over the semi-field R0 = R U {e} where ¢ = —o0, endowed with an addition denoted &,
which is the max operation and with a product, denoted ®, which is the sum. The element ¢
is the neutral element of this semi-field.

We shall denote RZ . the set of vectors of dimension d and R%X¢ the set of square matrices

of dimension d x d over this semi-field. The set R*¢ is endowed with two operations, also
denoted @ and ® and defined by

(A® B);j = @ A @ Brj, (A@ B)i; = Aij ® Byj.
1<k<d

(R4 @ @) is a semi-ring. The n'™ power of matrix A, denoted A®™ or A", is to be

max?

understood in the (max,+) sensei.e. A" = A®---® A, n times. Note that if d = 1, a®" = na:
The following notations and definitions will be used throughout the paper: for all Z €
RY ,, and M € R4

max mazx?

|| Z||c = ®1§i§d Zi o ||Ml|le = ®1§i,j§d M;; e ZI[| = ®1ZS'i>SEd | Z;]

L] H|M||| = ®1A§li,j>§d |M”| L] HZ“D = maxlﬁisd Zz - minlgisd Zz
ij > €

For Z € R?, we shall denote Z the equivalence class of Z for the (colinearity) equivalence
relation Y =Ziff Y =Z®« ,ie foralli=1,...,d, Y; = Z; + a, for some scalar a.

By definition, a matrix A € R%*4 is irreducible if for all i and j, there exists a sequence

maxr

@ =10,%1,...,in = j, such that A;, ;41 > ¢ for all [.

A key result concerning irreducible matrices is the following theorem:

Result 1 (cyclicity theorem for deterministic matrices [1]) For each irreducible ma-
triz A, there erist uniquely defined integers c(A), o(A) and a uniquely defined real number
v(A), such that for all n > c¢(A) :

A®[n+cr(A)] — (,}/(A))@w(A) ® A®n
e 0(A) is the cyclicity of matriz A;
e v(A) is its eigenvalue;

e c(A) is its coupling time :

c(A) =inf{i : Vn>i, A" = 4(A)® A" }.

INRIA
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In particular if A has cyclicity 1 and has a unique eigenvector X,, then for all n > ¢(A) and
for all vectors X in RY:

AP — 4 (A) @ A®"  and A®" @ X =a® X,,
where o is a scalar which depends on X and n, so that A" @ X = X,,.

An irreducible matrix always has a single eigenvalue, but it does not always have a unique
eigenvector. A sufficient condition for this last uniqueness property to hold is that the critical
graph of A has a single Strongly Connected Subgraph, with a CYClicity equal to 1 (see [1] for
the definition of the critical graph and for that of its cyclicity). This property will be referred
to as scsl-cycl below.

2.2 Stochastic setting and Lyapunov exponents

Let some probability space be given on which all random variables introduced below are de-
fined. A random element of RY,, . or of R%X? will be said to have fixed support if each of
its entries is either a.s. equal to € or a.s. non equal to €. In this case, it will be said to be
integrable if in addition each entry non equal to ¢ is integrable. Note that the definition of
irreducibility can directly be extended to a random matrix with fixed support.

The general setting of the paper will be that of a given sequence of random matrices
of R4 say {A(n)}, and of the sequence of random vectors X, € RY,,. defined by the

max?
recurrence relation

Xpy1=An) @ X,, n>0 (1)
and by the initial condition Xy € R

Here are two general results on this type of sequences:

Result 2 (Lyapunov exponents via subadditivity [7], [1], [12]) Assume that {A(n)} is
a stationary and ergodic sequence of random matrices of REX%  and that A(0) has fived sup-
port and is irreducible and integrable. Then the following limits exist regardless of the initial
condition:

lim Xn _ lim E <&> =|:|=T. (2)
n—-+oo N n—-+oo n -
v

The constant ~y is referred to as the (max,+)-Lyapunov exponent of the sequence of random
matrices {A(n)}.

The proof of this result is in two steps: using first the fact that for all n > m >,
|A(n) © - @ A(l)]|oo < [[A(R) @+ @ A(M)||oo @ [[A(m +1) @ --- @ A(I)]|oo;
it follows from the subadditive ergodic theorem that a.s.

i NAM € - @A)l _

n—-4oo n !

for some constant . The second step consists in showing that all coordinates of X,,/n have
the same limit -, regardless of the initial condition, which follows from the irreducibility
assumption.

RR n°® 3427



6 Frangois BACCELLI and Dohy HONG

Result 3 (strong coupling [12], 6.8) Assume that {A(n)} is an i.i.d. sequence of ran-
dom matrices, independent of Xo, and that A(0) takes its values in a finite set {A;,l € L}
of irreducible matrices of REXL  where each element of the set has a positive probability of
occurrence.

If there exists a scs1-cycl pattern in {A;, 1 € L}, namely a product A, @...® Ay, of elements
of this set, which is irreducible and scsi-cycl, then {X,} converges with strong coupling to
a unique stationary sequence. In particular, there exists a unique random equivalence class

X (w) such that for all deterministic initial conditions X,
e the law of {X,,} converges in total variation to that of X;

e for a.s. all w, there exists N(w) < o0 s.t.

Vn>Nw), AO,w) @ A(-L,w) @ ® A(—n,w) @ Xy = X (w). (3)

This result, which is stated under much more general assumptions (stationary and ergodic) in
[12], is essentially based on Borovkov’s renovating events theorem (see [4], where the definition
of strong coupling may also be found).

Result 3 allows for another representation of the Lyapunov exponent, which will be crucial in
this paper: from (3), under the above assumptions,

3 lim_ A @ @A(-n)@Xo—A0)®--- @ A(—n) @ Xo = A, a.s.
where
A=A1)©X - X (4)

is a finite random variable. Therefore, if |A(1) ® Z — Z| is uniformly bounded by an integrable
random variable (this is a restrictive hypothesis which we shall partially relax later; see Remark
14 in §6.1.2),

3 lim B[ Xpps — Xpid]

n——+00

= lim BA1) @ © A(-n) @ Xo - A(0) ® -+ ® A(—n) © X]

= E| lm AQ)®- @ A(-n)® Xo — A(0) @--- @ A(-n) @ Xo

= E[4],

where we used the dominated convergence theorem to get the second equality. Using now
Result 2 and a Cesaro averaging argument, we get that

Xn
lim E[Xn4 — Xppq] = lim E [—] =T,

n—-+4oo n—-+4o0o n

where I' is the Lyapunov exponent of {A(n)}. Therefore under the above assumptions, we
also have the following representation:

F=E[A]= lim E[Xy0 - X, (5)

INRIA
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3 Bernoulli case

3.1 Assumptions and main results for the Bernoulli case
dxd

The setting of this section is the following: {A(n)} is an i.i.d. sequence of matrices of RZ 5,

and A(0) takes its value in the set {4, A'}: for all n,

A(n) = A with probability 1 —p
"= A with probability p.

In this section, the assumptions on A and A’ are the following:
(H1) : The matriz A is irreducible.
(H2) :  The matriz A is scsl-cycl.
(H3) : The matriz A" has at least one entry different from  on each line.

If in addition A’ is irreducible, this setting is then a special case of that of Result 3. If A and
A’ have the same support, it is also a special case of that of Result 2. As we shall see below
(Lemma 1 in §6), under (H1), (H2) and (H3), both Result 2 and Result 3 hold, so that the

Lyapunov exponent

v(p)
of the above Bernoulli scheme is well defined via Result 2. The main result in this case is the
following theorem.

Theorem 1 1. Under assumptions (H1), (H2) and (H3), v(p) is analytic at point 0, with
a radius of convergence larger than or equal to 2—16, where ¢ denotes the coupling time of A:
¢ = c(A). The coefficients of the analytic expansion are given by the following formula, where
X, denotes the unique eigenvector of A:

l
B Tl = | (©

= <—1>l{( ) >X0+ (”1> r<o>}+i
-1 ! bt

el 2ctj1+-F k-1 . )
VLY AQARANQA ... A1 A X, ).
, . —k
J15eeJk=1=0

2. Forallp €]0,0], with § < %, the error term in the Taylor expansion of y(p) of order 1
is bounded from above by:
D(2c8) 11 +1(1 — 2¢6)]
(1 — 2¢6)?

where D = [2(|[[A[|[ V [[[A"][]) + | Xo||p] (¢ +1).

9

RR n°® 3427



8 Frangois BACCELLI and Dohy HONG

n

In (6), we adopted the following conventions: ( ) =0ifp>nandfork=1:

p

el 2¢+j1+-Adk—1 . .
AAQARANTA ... A1 A ® X,
J1yJe—1=0 =k

2c
= ( >A6®A'®Xo.
-1

The first three coefficients of the expansion of I'(p) are the following:

7(0) 1 +(0)
| = | ¢ | =T,
| 7(0) +(0)

= A9A ®X,—X,— (c+1)[(0),

[ 7(2) ] 1
: = Z{AC®A’®AJ'®A’®XO}
| 7(2) | 7=0

c+1
—2cA° @ A'® X, + cX, + ( ) r'(0).
2

Remark 1 An estimate of the computational cost to evaluate (1) using Equation 6 is : d*lc.
For more details see §6.1.4.

Remark 2 Note that due to Result 1, the generic term in (6) can be rewritten as follows :
A ® AI ®Aj1 ®AI"'Ajk_1 ®AI ®Xo = )‘(jl" ©e 7jk71) ®X0’

where A(j1,--+,Jk—1) s a scalar. We know that (6) is not modified if we replace X, by X, ® «
for some scalar a. Since A® (X ® a) = (A ® Xp) @ «, this property implies that we can
rewrite Equation (6) as follow :

1
o Do

c-1 2e+g1+ - +ik—1
= > {(‘Ulk > ( ) /\(jla"'ajk—l)}
k=1 Fpedho1=0 =k

Remark 3 Note also that in (6), it is enough to consider the indices k larger than or equal to
«, with « the integer part of [1_72] It is easy to see that for k < «, the binomial coefficients
in the sum are equal to zero.

The proof of Theorem 1 is given in Section 6.1.

INRIA
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3.2 Examples
3.2.1 A simple case of closed cyclic Jackson network

We consider a closed Jackson network with 2 single server FIFO stations. Assume that there

o1(n) ~ Bernoulli

3

o9(n) ~ Bernoulli

Figure 1: A cyclic Jackson network with 2 stations.

are exactly 2 customers and that there is initially one customer in each station. All service
times are independent with a Bernoulli distribution :

Vn, oi(n) = o; with probability 1 — p.
= o} with probability p.

The evolution of such a model can be captured via the following (max, +) recurrence :

Xn1 = A(n)®X,, where
A, = (01(71) 0'1(71)>‘

UQ(TL) Uz(n)

Here, we take for state vector X, = (X!, X2)!, where X! is the epoch of the n-th departure
from station ¢, and we take for initial condition Xy = (0,0), which corresponds to the case
when each station starts its very first service when the evolution begins.

We can evaluate the Lyapunov exponent characterizing its stationary throughput using
Theorem 1. Assume o1 > o9 (this is not a restrictive assumption as in a cyclic network, the

g1

choice of the first coordinate is arbitrary). Then we have X, = and c=1.

g2
We denote v = 01 V 09 and v = o] V 0. Formula (6) gives:

=Y {(—1)“’“ ( : ) Ao (A @Xo} (1) {XO+ () r}.
k=1 I—k 1

A direct evaluation shows that :

m(0) =~y

RR n°® 3427



10 Frangois BACCELLI and Dohy HONG

(1) = ' =~
w(l) = 0 forl>1.

Then we have

Yp) = v+ O =vp=7p+~v(1-p). (7)

Remark 4 One may wonder why (7) holds and when this occurs. The easy case is when X,
is also an eigenvector of A’ for the eigenvalue ~'. This implies that E[X, 11 — X,;] does not
depend on X, and E[X, 11 — X,,] = E[4;.X, — X,] = (1 —p)y+pY'.

A slightly more general case is when there is at least one component of A'. X, which increases
like a common eigenvector of A and A’, when multiplied by a finite number of these matrices.

3.2.2 Network with breakdowns

Consider a network with two stations, where the first one is a single server station as above,
and the second one has two servers. The network has three customers (see the Petri net of
Figure 2).

W
KJ
1 server
s
IV
— = A
3] /'\U |4
N

2 servers

©

Figure 2: A network with 3 servers modeled by A

This network can be described as a (max,+)-linear systems with matrix A given by the formula
A=P;2P; (see [1]) with :

e 0 ¢ 0 e € € €
€ € € ¢ o & € &€
Py = , Py = ;
€ € € ¢ e 0 0
€ € € ¢ e ¢ o ¢
0 0 £ 0
e 0 ¢ ¢
Pk = P? =
0 @ e e 0 ¢ |’
n>0
e € ¢ 0

INRIA
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so that

q\

m o Q Q
=G
Q.o o
=G

Let V! denote the epoch of the nth firing of transition ¢ in the Petri net of Figure 2, and let
Y, = (Y}})). It is easy to check that if one takes the initial condition Yy = (0,0,0,0)!, then
{Y,,} is the solution of the evolution equation

Yn+1:A®Yn7 nZ]-

and is coordinatewise non-decreasing. Notice for further use that this recurrence equation
reads

Vi, = oY, @d Y
Yo, = o0y,
Yo = YooY,
Vi, = doYl

1 server

1 server

breakdown

Figure 3: Breakdown case modeled by A’.

Consider now another network with one server less in station 2 (Figure 3). By similar
arguments,

e 0 ¢ O € € € ¢
, € € € ¢ , o € € ¢
]POZ 9 ]P1: 9
e e ¢ 0 e 0 ¢ ¢
€ € € ¢ e e o ¢
0 0 € O
e 0 ¢ ¢
P.* = P." =
0 @ 0 e ¢ 0 0]’
n>0
e € ¢ 0

RR n°® 3427



12 Frangois BACCELLI and Dohy HONG

that is,

A=

o.l
&
o.l

m Q q
n O MmO
m M o M

& g

The same observations as above can be made, and in this case,

Yo = c0Y, 0o aY"?

Y1121+1 = 00 erlz
Yo, = YievYied =Y. oV,

14 _ ! 13
Yn+1 = O ®Yn

Let us now consider a third network with an initial condition as above, namely one customer
starting its service in station 1, and two customers in station 2, one starting its service and the
other one in the buffer, and with the following type of breakdowns: when the n-th customer
enters station 2, n > 1,

e cither there is a breakdown (which takes place with probability p), and this customer
can only start its service there after n departures have taken place from this station (like
in the one server case);

e or there is no breakdown (which takes place with probability 1 — p) and he only has to
wait for n — 1 departures to have taken place (like in the two server case).

To describe the evolution of a such system, we put:
X'rL+1 = A(n) & Xn;

where X! denote the n-th epochs when a customer leaves the transition i (i.e. X} (resp. X3)
is the n-th epochs when a customer starts its service in station 1(resp. 2) and X2(resp. X2)
is the epochs when a customer leaves station 1(resp. 2)).
Then we can use the above framework with A(n) equal to A or A’ with probability (1 —p)
and p respectively to describe the network with breakdown (for justifications and details, see
20

2
Appendix §10). We check that ¢ = 4, y(0) = 0 and X, = 7| for A.

1. For ¢/ < 20, there are two regimes :

e if 20/ < 30,v(p) =0

e if 20’ > 30, we find by direct computations the following series expansion :

Y(p) = o+ (20" —30)p + (50 — 30")p* + (40’ — 60)p> + (70 — 50" )p*

+(90" — 130)p° + (260 — 170" )p® + - --

2. For ¢/ > 20, A becomes 2-periodic (see Remark 10 in §4.5).

INRIA
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3.2.3 Window flow control

Now we proceed in the same way as the previous example except that instead of breaking
down servers, we cut down the number of customers allowed in the system. This is what
happens in the TCP/IP protocol, where the window size is reduced in case of overload. We
consider here the case where there are 4 or 2 customers in the network.

1 server
e N
AN A
— = A
O'I
3 (O | 4
| \_/ |
2 servers

Figure 4: A network with 4 customers modeled by A

WA
N/
1 server
e
-\
— = A
3 /;\U | 4
| N |
2 servers

O

Figure 5: 2 customers only allowed case modeled by A’.

Let A denote the matrix of the system with 4 customers and A’ that of the system with
2. We have :

~

o e ¢ 0 o € o0 €
4| o€ ¢ ¢ g | o e ¢
e 0 0 |’ o € € ¢
e ¢ o ¢ e e o ¢

RR n°® 3427



14 Frangois BACCELLI and Dohy HONG

Here, c=7, v(0) =0 and X, =
O,I

We will only consider the case ¢’ €]o,20[. Direct computations give the following series

expansion :

Yp) =0+ (—o+0)p* + (o0 — W+ (—o+ )" + ...

Note that here, there is no direct interpretation of this representation as certain epochs of the
system, as we did in the previous example.

4 Extensions

In this section, we give three extensions of the Bernoulli case.

4.1 Multinomial case

We first extend Theorem 1 to the multinomial case. That is, instead of having one perturbation

possibility by A’, we allow m types of perturbations through m matrices All, e AL

4.1.1 Notations and assumptions

Let {A(n)} be an i.i.d. sequence of matrices of R%Z | following a discrete distribution :

A with probability 1 —p1 —p2 — -+ — pm
A\ with probability p;
A(n) = A,  with probability py

A with probability pm,.

m

The sequence {X,,} is defined by the same linear recurrence equation as in (1). This will be
referred to as (m + 1)-nomial scheme in what follows.
In this section, the assumptions are the following :

(H1)’ :  The matriz A is irreducible.
(H2)’ :  The matriz A is scsl—cycl.
(H3)’ :  Each of the m matrices A; has at least one entry different from € on each line.

By the same arguments as in the binomial case, under these assumptions, both Result 2 and
Result 3 still hold, and in particular the Lyapunov exponent I'(P) is well defined.

For stating the main theorem, we will need the following notations :
o P= (pla"' 7pm)
o K =(ki,...,km).

e If B={A(n)}, |B| = K means that in the sequence B,
Card{z':Ai:A;}:ki,forlgigm.

INRIA
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|K| = 3220 ki

" n!
(L) = T2
L
_ L!
<K> = KI(L-K)

e K < L means that Vi, k; <;

Note that all indices in capital letters are vector indices.

Theorem 2 Under assumptions (H1)', (H2) and (H3)', the Lyapunov exponent of the m+1-
nomial scheme, T'(P), is analytic at point 0, with a radius of convergence larger than or equal
to ﬁ, where ¢ is the coupling time of A. The coefficients of the expansion are given by the
following formula, where X, s the eigenvector of A:

1 dr ‘ o
T1dPE L(P)p=y = (=Dl {1;—1{<L_K> Xo} * ( L )F(O)}

c—1 i
+ Z {(—1)\L|7|KIZ Z <2 BEARRREIY 1)

1<|K]| J1-J|K|-1=0  Cn, n=1,,|K| L-K

K<L with Cn:A;. for some 1

Card{n:Cn=A}=k;

A°® CL® AT @ Cy AT © Ol @ X, ). 8)

For all p € [0,6], with 6 < ZClm, the error term in the Taylor expansion of T'(P) of order 1 is
bounded from above by:

D(2c6) 1 +1(1 — 2¢6)]
(1 — 2¢6)?

9

where D = [2([[All| V [|41][| V- V [[[ AL ]I]) + [ XolIp] (c +1).
The proof is given in §6.2.

4.1.2 Example

Here is an example of a 3-nomial scheme, i.e. of an i.i.d. sequence {A(n)} sampled from three
values A, All and AIQ, with respective probabilities pg, p1 and ps.
The three matrices are chosen as follow:

A= , A= , Ay =

ORI R
oo n
o~ o
o R o
oo n
W NN
IO )
—_ o 0
o w o

RR n°® 3427



16 Frangois BACCELLI and Dohy HONG

A is scsl-cycl, ¢ = 2, Xg = (0,1,0)" and 7(0) = 1. We can then compute the coefficient of
Taylor series expansion from Formula (8), which gives:

Y(P1,p2) = 1
+p1+p2
+p1?
+0
+p12p2% — pi®pe
—P13P22
+p12p2* = 3p1°p2® + pi'pa?
—2p13pa* + 2p1*po?
—5p1°pa® + 6p1tp2* — p1°po
+7p1*p2® — 3p1°pa*
~10p1ps” + o (|[(p1,p2)[2) -

3

In this example, the random sequence has a fixed structure but this is not necessary for
this type of computations. This case was chosen in such a way that when starting from the
initial condition X, the Markov chain X,, evolves on a finite number of states, which allows
us to obtain the exact value of the Lyapunov exponent:

p12(1 = pa + p1p2 — P1p2?)
1 — pa — pa? + pa3 + 2p1pa — p1p2? — p1p23 + p12pa?

Y(p1,p2) =1+ p1 +p2 +

Of course this is generally not the case that such a direct computation can be made. The
interest of a series expansion stems from the fact that it also holds when the above finiteness
property is not satisfied(a sufficient condition of this property can be given solving the well
known Burnside problem, see [8]).

4.2 Weakening of the (H2) assumption

All assumptions are as in the binomial case, but for (H2) which is replaced by the weaker
assumption that there is a pattern of {4, A’} of length ¢ which is scsl-cycl and irreducible
(see definition in Result 3).

Let A denote the pattern, A(n) be defined by the relation

An)=A((n+1)g—-1)@---® A(ng)

and let X, be defined by the recurrence relation

Xn+1 = A(’I’L) X X’n

The sequence {A(n)} is i.i.d. and each matrix in this sequence can take at most 2¢ values. If
all these matrices have at least one entry different from ¢ per line, we can check that :

where f‘(p) is the Lyapunov exponent of the 2¢-nomial scheme.

INRIA
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4.3 The operator case

An operator A4 : R — R? is 1-homogeneous if for all vectors X € R¢, and all scalars «, if
Y = X + al is the vector with coordinates Y; = X; + «, then A(Y) = A(X) + a1, namely
A(Y); = A(X); + « for all i.

Consider the following setting: let A : R? — R% and A’ : R — R¢ be two deterministic
1-homogeneous operators Let A(n) be an i.i.d. sequence of operators defined the same way as
in the (max, +)-binomial case, namely A(n) is equal to A with probability p and to A’ with
probability (1 — p). Let

Xp,=An—-1)o---0 A(0)(X,),

where X, is some deterministic vector. Let f : R — IR, be such that for all X and Y as
above, f(Y) = a+ f(X), and consider the random variables

U(B") = fo A1) o A(0) o --- A(=n)(X,) — f o A(0) o --- A(—n)(X,), (9)

where B" denotes the truncation of the sequence B = {A(n)}, ;-
The results of the binomial setting can be generalized to such an operator setting under
the condition that the properties (P1)-(P3) below are satisfied :

(P1) [strong law of large numbers]

lim Elf (Xn)] = 7v¢(p) ( and

f(Xn) H}
n

n—-4o0o n

’Yf(P)) ;

where v¢(p) € R.

(P2) [uniform coupling property] A", the n-th iterate of A is such that
Jest.Vn>c, VY € RTAMY) = a(n,Y) + X,,
where a(n,Y’) is a scalar.

In the (max, +)—algebraic framework which was considered so far, the last property was
derived from (H1) and (H2).

P3) [growth rate condition] VI, |f(X;)| < g(A, A’, X,,1), for some non-negative function
g g
g such that
!
g(AaA 7Xoal + 1) l_i?o e R.
9(A, A, Xo,1)

An example of a class of operators for which these properties have been studied is that of
topical operators, which includes the class of (min, max,+) functions. For the deterministic
theory of such operators, see [10] and [6]; for the random case, see [17], where an analogue of
Result 2 can be found, and [3|, which contains an analogue of Result 3.

Theorem 3 Under (P1), (P2) and (P3), v¢(p) is analytic at point 0; the radius of convergence

1

is larger than or equal to Ter and the coefficients of the analytic expansion are given by the

RR n°® 3427



18 Frangois BACCELLI and Dohy HONG

following formula:

w1(1) = (-1) { <l_c1> £ (X0)+ (f) fyfm)} (10)

N Z {(—1)l7k C_Zl (20+j1+~-+jk—1>

k=1 J1yeedE_1=0 =k
fAT0 A oA o A/ A1 0 A(X,)) |
The proof is given in §6.3.

Remark 5 In the binomial (max, +) framework described in the previous sections, (P2) means
that A¢ is of rank one, which means that A is a scsl-cycl pattern. In this case, (P2) is
equivalent to (H2) when the pattern is irreducible. (P2) includes cases of reducible matrices.

Remark 6 As a direct application of Theorem 8 to the (max,+) case, one can evaluate all

components of the first order limits like lim,, @ and in particular,
(X)) in1eiea( X )
ti PR ) g g D))
n—-+o0o n n—-4o0o n

when taking f(X,) = max;(X,); (resp. min;(X,,);). These questions are only of interest in
the non irreducible case, otherwise these two limits are equal to y(p).

More generally, all Lyapunov exponents can be expanded in analytic series using this method,
and not only the mazrimal one.

4.4 Example : random (min, max, +) operators

Here we give an example of random topical operators belonging to the (min, max, +) class of
functions which includes that of (max, +) functions (see [10]).
For operator A, we take:

($1V(.Z‘2+1)V(.Z‘3+1))/\((.Z‘1 +1)V(.Z‘2+1)V(:L‘3+1))
A(.Tl,xz,xg) = ((331 + 1) V (332 + 2) \Y (333 + 1)) AN (:Cl V (.CL'Q + 1) \Y .Tg)
((x14+1)VasV(zs+2)A(z1 V(22 + 1)V (23 4 2))

For this operator, it was shown in [6] that an analogue of Result 1 holds, with ¢ =2, X, =
(1,0,2)" and v = 2.
For A’ we take operator A of the last (max, +) example, i.e.:

(x1+1)Vas
AI(.TL‘l,LEQ,LL‘g): (ZL‘1+2)V$2\/($3-|—1)
xZ9 \/.773
From Formula (10), we get:
v(p) =2—2p+p*+2p° —p* —4p° + Tp" + 3p® + o(p®),

a formula which can be checked by simulation.
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4.5 General extension theorem

The three extensions we have presented above are all compatible: we can consider a multi-
nomial case with a pattern of length larger than one and satisfying (H2)’, or consider a
multinomial scheme in a more general operator framework, or such a framework with a gen-
eral pattern etc.

Let £ = {A, A, ..., A,,} be a finite set of operators from R? to R? and let {A(n)} be a
sequence of 1.i.d. L—valued operators, where A(n) is equal to A] with probability p; and to A
with probability (1 — 3 p;). Let

Xn=A(n—1)o---0A(0)(X,),

where X, is some vector. Let M denote the space of realizations of the sequence {A(n)}, <1,
and let ¥ : M — RY be a measurable mapping. Consider the following set of assumptions:

(A2) [memory loss property] There exists a vector X, € R? and a sequence M[L, q] =
(CP,C9,...,CY) of elements of £, such that for all A(1), A(0),...,A(—n), A(—n—q—
1),A(—n—q¢—2),...in L,

U(A(1), A(0),...,A(—n), M[L,q|, A[-n — ¢ — 1, —0o<])
= @n(A(l)’ Tt ’A(_n))a

where A[—n — ¢ — 1, —co| denotes the sequence of matrices A(7) for i < —n—g¢—1, and
®,, is some function depending only on (A(1),---, A(—n)).

(A3) [growth rate condition] There exists a function f : R? — R such that ¥(B") =
[f(Xnt2) — f(Xng1)] 0 0™ and that |f(X;)|] < g(L£,X,,1), for some non-negative
function ¢ such that

g(‘CaXoa I+ 1) =400
—_— R.
7 AU

Remark 7 (A2) is satisfied under the assumption of §4.8 thanks to (P2) and the homogeneity
property.

We can embed this problem in a (m + 1)%-nomial scheme as in Section 4.2 as follows. Let
A=coC) - 0CY

and let £ be the set of all compositions of ¢ operators of £, such that the composition is
different from A. This set has at most /m = (m + 1)? elements. If we define

A(n) = A((n+1)g—1)o---0 A(ng),

then the sequence {A(n)} is i.i.d. and the law of A(n) is multinomial on the finite set LU{A},
Let p;, for 7 ranging from 1 to 7 = (m + 1)? — 1, denote the probabilities of the elements of
L. We shall use the following notations :

RR n°® 3427



20 Frangois BACCELLI and Dohy HONG

for all infinite sequences B of elements of £ U {A},

For all subsets S of {1,0,-1,...}, Bg denotes the set of all infinite sequences of elements of
LU A such that all terms of the sequence are equal to A, but for those with indices in S, which
belong to L.

Theorem 4 For all n, EY(B") is an analytic function of P. Let (L) be the coefficient of

PL in the analytic expansion of EV(B™). Under (A2), 73 (L) tends to a limit when n tends
to oo, which is equal to

wn) = 0 () v (1)

+ ¥ (_1)\L\—|K\§1: < 1”) 3 o(0r)
=0

L-K
1<|K| MeBy_j i . —ji—|K|+2
K<l J;‘ Jyees—i—|K|+

Theorem 5 Under (P1), (A2) and (A3),

¥¢(P) = qv¢(P)

and the function ’yf(f’) s analytic at least in the open ball of radius ﬁ; the coefficients of
its series erpansion are given by

i) = <—1>'L'{ > {(L1K>f<xo>}+(i)af<o>}
K|=1

R (CICELS ) ( ’ )

~ L-K
1<K Cnel, n=1,...,

K<L )
CaTd{'n,:Cn:Ai }=k;
i=1to (m+1)4—1

f (Aoc1 o...oqm(xo)) } (12)

Remark 8 Note that in (12), we only need to sum over the set {max(1,|L| —2) < |K|,K <
L}.

Remark 9 If there exists a constant ¢ with ¢ = c'r s.t. (M[E,r])cl = MI|L,q| for c > 2 and
r > 1, we can construct a reduced scheme by embedding the problem in a (m + 1)"-nomial
scheme with ¢ = ¢’. This is really a reduced scheme if this leads to a decrease of the complezity
of the algorithm.

In the induced (m + 1)?-nomial scheme, the complezity is (see 24) :

d|L|((m +1)? — 1) ",
In the reduced (m + 1)"-nomial scheme, the complexity is :

E|L|( (m+1)" —1) )
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Then the ratio is :
((m+1)7 —1)"

(((m+1)r—1) ¢ )

This ratio is larger than 1 when (m +1)"¢ —1 > ((m+1)" —1)¢. To prove this, put g(x) =
(x+1)¢ —1—((x +1)" — 1) ¢, differentiate it to show that ¢'(z) > 0 and check that g(0) = 0.

Remark 10 In Assumption (H2), the cyclicity assumption could be relazed, because if the
pattern is scsl-cyc h, the h-composition of the pattern is scs h-cycl and reducible. Then, we
have to look for h classes of periodicity, each irreducible, which means at most h Lyapunov
exponents to expand.

Remark 11 The formulation with the distribution on A’ may be obtained on each extension
results in the same way that we did in (25) in §7.1.
4.6 Example : stochastic task resource model
We consider the following task resource model described in [9]. We recall some notations :
e A is a finite set of pieces.
e R is a finite set of slots.
e R: A — P(R) gives the subset of slots covered by a piece.
e h: A — RT gives the execution time of a task.

We assume : A = {a,a1,a2},R = {r1,r2},R(a) = {ri,m2},R(a1) = {r1}, R(az) = {r2}.
h = 1. That is : the matrices associated with this resource automaton are :

a2

a2

ai

1 T2

Figure 6: 2 resources model.

11 1 1 ¢ 1 0 ¢

We assume that the sequence of tasks is given by a sequence of i.i.d. variables a(n) € A with :

p1 = P(a(n) =a1)
p2 = P(a(n) =ay)
1—p1—p2 = P(a(n)=a).
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In this case, the Lyapunov exponent -y(p) was considered and calculated explicitly in [5] :

1pi+ps—4pip2+ (2 —p1 —p2)V1I—dpips

Y(p1,p2) = 3 T—pi0s (13)
By application of (12) for ¢ = 1, we get the formula :
2
fD) = Y {CyEE oy ( ) Ao (A)F 6 X,
1<|K| Al=a' L-K
K<L i,
Card{n:AnzAi}:ki
I Z 1 2
e L\ K L
0
with 7(0) = 1 and any vector X,, for instance X, = [ 0 |. Then after some elementary
0
calculations,
v(p1,p2) =
T /on—2 +© fon—1
1-2)" . (pp2)" + [p1(p1p2)™ + p2(p1p2)"]
n=1 \"" n=0 n

which is equal to (13) for p; +ps < 1.

In case of generalized task resource models (Tetris type [9]), the formulas of Theorem 5 hold
if the memory loss property (A2) is satisfied, that is if there is a piece of Tetris that occupies
all resources or a sequence of pieces of rank one. Here, a guarantees this property.

5 Perturbation representation of the coefficients of the expan-
sion

In this section we show how Formula (12) can be interpreted as a perturbation formula. This
representation will allow us to get a new formulation of (12) which is both more compact and
more easy to understand. The setting is that of §4.5.

For any K € R™, we define:

S (K) = 3 f(Aoclo...oqm(Xo)),

! !
Cne{Al, AL}, n=l,..., K|
Card{n:cn:Al }=k;

i

with

Let
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where e; is the vector with all components equal to zero except the ¢th one which is equal to
1, and by convention S/(K) = 0 if at least one component of K is negative.
Finally, we define:

ASH(K) =ST(K) - 6S/(K).
=1
Then we get :

AYSH(K) = A(AST(K)) = ST(K) - zf;a,-sf (K)+ i 6:6;57 (K).

=1 2,7=1

We now come back to Formula (12). Without loss of generality, we can assume that ¢ = 1
and rewrite it, when |L| > 2, as:

wy() = (1) { > {(, )b () ®<M@>}
K|=1

R (e L VR VIO P CRLERR RS
-IK|

|LI;(2<§LIK| Cn€{A], AL}, n=1,. B
- Card{n:Cn=A}=k;
i1=1 tom
= > f(AcCiooC(Xy)

! !
Cne{Al, ., A}, n=1,.|L|
Cu,'r‘d{n:Cn:A::}zli

i=1tom

_Qi Z f(AoClo---oC‘L‘_l(Xo))

y— 1 !
Jj=1 Cn€{A ., Ay}, n=1,...,|L|-1
!
Ca"d{":cn:Ai}:li_éij

i=1tom

2y (e ecun)

] = ! !
j#h=1 Cn€{A], . Ap}, n=1,..,|L|-2
'
CaTd{n:Cﬂ:Ai}zli_'sij_'sih

i=1tom

B x s(aecie e am)

y ! !
I Cnefal A}, n=l, Li-2
!
CaTd{n:Cn:Ai}:li—Zﬁij

i=1tom

with 6;, = 01if j # h and 6;; = 1. It is then easy to verify that:
(L) = A?S/(L). (14)

This relation is verified for any L if we put A2S7((0,..,0)) = Af(A(X,)) = f(A(X,)) —
f(Xo) = 7£(0).
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6 Proofs

6.1 Bernoulli case

This section focuses on the proof of Theorem 1. This proof is based on a light traffic type
expansion in the spirit of that of [2]: the expansion is first derived in the finite memory
case; the infinite memory expansion is then obtained via some direct analytical convergence
arguments.

Its first part is proved in three steps (6.1.1, 6.1.2, 6.1.3). The notations and assumptions
are those of §3.1.

Lemma 1 1. Under (H1) and (H3), Result 2 holds.
2. Under (H1),(H2) and (H3), Result 3 holds.

Proof

e Extension of Result 2. The first step of the proof is the same; as for the second one
Assumptions (H1) and (H3) are sufficient to prove that all coordinates of X, /n again
have the same a.s. limit. More precisely, for each (7, ), there exists ng such that:

(Xn+no)j > (Ano)ji + (Xn)z

This occurs almost surely an infinity of times, such that we can construct a subsequence
of n choosing n(w) for which this is hold, and diving by n, we get : v; > 7;. Then,
permute ¢ and j.

e Extension of Result 3. The proof is the same than in [12] (6.8, 8).

Remark 12 To prove Theorem 1, only the extension of Result 2 is needed.

In what follows, we will take Xy = X, where X, is the unique eigenvector of A. Thanks
to this and to (3), we can see X (Result 3) as a R%valued functional of the sequence

B = {Az‘}z’gr
We will also use the following truncation of B:

n_ % ) A, =A; ifi>n
B" =1{A;}, th ~ v =
{ikic wi {m:A if i < n.

We will denote M the set of all possible values of B, and M™ that of all possible values
of B™. Finally, we will denote ¥ : M — RR? the mapping

U(B)=A(1) @ X — X = A,

where X is any vector in the equivalence class of X (see (4).
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Since X, is an eigenvector of A,

\I/(Bn) = AI®Ay---A X, —Ay---A_ X,
= A1 ®@Xpp100™" = Xpqp100™"
= Xn—|—2 of " — n+1 © einv

where 6 is the basic shift of the sequence {A,} (A, = Ag o 0™ for all n). In addition, since
Result 3 holds,
U(B") —, ¥V(B)=A a.s.

Remark 13 The function ¥ is not modified if we replace X, by X, ® o for any scalar a.
Besides, since X, is an eigenvector of an irreducible matriz, for all i € {1,...,d}, (X,); > e.
Hence taking o = ||| X,|||, we can assume X, > 0, i.e. each component of X, is positive.

In the same way, replacing A and A' by A= A® a and A' = A' ® o, with o = |||A]]| @ ||| 4|]|,
we get that U = U ® . From this, we obtain the initial Lyapunov exponent by the relation :
v(p) = (p) — a. We conclude that we can assume X,, A and A’ positive (namely, all entries
of these matrices which are not equal to ¢ are non-negative). Then for all n, X,, is positive
too.

Throughout the section, we will use the following notations :

e In order to simplify notations, we will replace the product operation ® in (max,+) by
"." and the conventional product operation X will be omitted.

|B| = k means that in the sequence B , Card { i: A, = A" } =k .

M;, .., is a sequence B where A; = A’ for i =4y ...i; and only for these indices.

AP denotes the number of arrangements of p elements among n, i.e.

¢ denotes the coupling time of the matrix A, i.e. (see Result 1)
c=inf{i : Vn>i, A" = ~(0).A" }.

6.1.1 Evaluation of EV — truncated case
First we can obtain an expansion of E¥ by the following conditioning :

n+2
E[U(B"] = Y E[U(B") | [B"| =k P(B"| =k) (15)
k=0

Memn
|M|=k

n+2 /n42 1
= Z( )pk(l—p)"”_k (n+2> Y ¥(M) |,
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n+2
because P(|B"| = k) = ( >pk(1 — p)"*2~* and B™ conditioned by |B"| = k follows a
k
uniform distribution.

n+2—k

By expanding (1 — p) and regrouping the coefficients of p*, we get the final equation

n+2 l n+2—I+k
e =30 (7 ) o[ 3 won |
=0 | k=0 |]J\\/IJ|€:j\lA—nk

Note that the coefficient 7™ (1) of pt, 0 <1< n+2,in the last expression can be rewritten as
follows:

l n+2—k
(1) = Z(—l)l_k< ) >, U(M)

k=0 =k MeMn
|M|=k
Remark that the two following relations hold :
1
. > Y(M) = il > U (M)
|M|=k i1 #Fip
—n<i;j<1
o ALK UMy = Y U(Miq), kE<I<n
iy A 1177
lgian lgian

The second relation comes from the fact that [ — & indices have to be chosen within the n — k
free indices in the R.H.S sum.

Using these relations, we get :

l n+2—k _1\l—k
") = 2(” )( AU I SR 1T

d nt2-k\ (n - !
= Z(_l)l_k% ( a ) ((n—_{—‘_;—k))' Z ‘II(MMM)

k=0 i1y
—n<ij<1
l 1 1
I—k
= > (-1 l—'<k> 'Z’ U(M;,..,)
k=0 i1 FF
77151']'51
Interchanging the summations :
1 : -k [
™0 o=y 2 {Z(—l) ()MM)} (16)
it (k=0 k

—n<i;<1
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1 ! ! l
- ﬂ Z {(l) \Ij(Muu) - (l—l) \Ij(Mil"'il—l) et (_1)l <0> \I/(M(Z))} ’

BERE-U]
—n<i;<1

where My is the sequence where A; = A for all 3.

6.1.2 Convergence

Convergence of 7"(l) We prove that, for each I, 7(I) — 7 (l), when n — +oc0o. In fact this
limit exists and is reached in a finite time. This result is a direct consequence of the following
lemma.

Lemma 2 Under the foregoing assumptions,

1. If the l indices in (16) are all such that i; < —c+1,Vj € {1---1}, then

g L0 :

2. Let N={-n, -+, 1} andlet Cla) ={ a, a+1, ---, a+c—11}, where a is an
integer such that a +c—1 <1 and —n < a. Then we have

> {Xl:(—l)l"“ (i) \If(Mil...ik)} ~0.

iyt (k=0
i EN —C(a)

Proof Property 1 follows from the fact that if i; < —c + 1 for all j, then W(M;,...;,) is equal

!
to T'(0) and of the fact that Y% _,(=1)"% ( ) = 0.
k

For Property 2, consider the case where there are ¢ indices ai,:--,qq, all larger than
a+c—1and ! — ¢ indices smaller than « .

(17)
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we start by regrouping the terms which contribute to the same value of ¥. Because of the gap
of length ¢, the [ — ¢ indices on the left of a do not affect the value of ¥. Therefore, once the
[ indices ag - - - oy and the integer ¢ are given, the different values of ¥ are :

\I/(Mal,az,'--,aq) ~» 1 possibility

q
\I/(Mah_”’aq_l),\I/(Mm,__,,aq_maq), etc ~q= ( ) possibilities
1

q
\I/(Mal,---,aq_z)7 etc > ( ) possibilities
2

U(Mp) ~+ 1 possibility .
Let us represent V as the sum
1
V= > > Vi e
ai,...,0p q=0

where VI, collects all terms with ¢ indices bigger than o + ¢ — 1, chosen in the set
{ai,...,aq}. This can be rewritten as

q
Ve =2 Bl > U(Ma(1)-a(k)) }s

k=0 a(1)<.<a(k) € {ag,--- ,aq}l

~"

q
terms
k

since all terms of type ‘If(Ma(l)“a(k)) depending on k indices have a common factor g by
symmetry.

To get 3, we count how many times (Mg, a,,...a,) aPpears in V... .a,- For the first term
of (17), we have to count the number of ways of arranging the ¢ elements {aq,- -, aq} among
the [ positions. For the second one, we have to count the number of ways of arranging the
q elements {a1,---,aq} among the [ — 1-st first positions and so on; in each case we have to
multiply this by the number of permutations of the [ — ¢ indices on the left of «, so that,

By = <z—q>!{(i) Al - () Ay oo+ (1) () Az}-

Consider now the general case §,—;. First we must remove at least j indices from the ¢
first ones. This means that the first term giving f,—; comes from the j-th term of (17), that
is W(M;,,..;,_;) - here we have to count the number of ways of arranging the ¢ — j indices
a(l),...,a(q — j) among the [ — j indices showing up in ¥, and to multiply this by the
number of arrangements of the j indices 4;_;1,...,% among the j removed indices. For the
(I —j — 14 k)-th term from U(M;, ...;, ), we have to count the number of ways of arranging
q — j elements among k indices, times the number of ways of arranging j indices among the
[ — k removed indices, and so on. Therefore

1 = l .
(l . q)!lB‘I*j = .(_1)l_k ( > ‘Azij‘Agfk:

k
k=q—j

INRIA



Analytic Expansions of (max,+) Lyapunov Ezponents 29

l

l
I-k —j 4d
- Y0 () AL
k=0 k
with the convention AP = 0 if p > n. Now the lemma is almost proved, because Az_j .A{_ L 18
a polynomial in k, the degree of which is less than ¢, that is less than [ — 1. We just need the

following result to conclude the proof :

l e
VjE{l,"',l—l} ) Z(_l)kkj< >:07
k=0 k
and this can be easily proved by induction when differentiating j times the function (1 — x)!

and evaluationg it at point 1. Q

This lemma enables us to write 7(l) as

l l
"l) =3 Py Sy ( ) U(Mq,), (18)

‘im —in | <c
for all successive indices (im ,in)

with W(M;,....,) = ¥(Mp) =I(0) if £ = 0. Remark that the first index should be in [—c+1, 1]
due to a) of Lemma 2. Consequently it is sufficient to look for indices in [—(lc — 1),1] and
this implies that m,(l) = w(l), for n > lc — 1.

Convergence of E[¥(B")] Here we focus on the convergence of the series representation
of E[¥(B™)], namely
S = m" (O,

when n goes to infinity. We show that this series is uniformly convergent, that it converges to
I'(p), and that

S =3 x()p' =T(p). (19)

We first discuss the conditions under which the last series is convergent. First, let us give
a simple bound on W(M;,..;,). For alli € {1,...,d},Z € RY,

(A2 - 2) = | D (41);-2) - Zil

1<j<d

P (4w),;-2) -z

1<j<d
A(1);5#e
A(1),,,
A, | + 125, - Zi

<
< F+|Z]|p,

+Z;, — Z;| for some j,

with F' = |||A]|| V |||4"]||- In these inequalities, we have used the assumption that both A and
A’ have at least one non ¢ element per line.
Similarly, for all 7, j, all Z € R? and all n,
[(A(n).2); = (A(n).2);] = |A(n)

+ Zi, = A(n)j5, = Zio| <2F +|Z]|p

110 Jjo
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(sharper bounds can be derived whenever A and A’ are positive, in the sense of Remark 13).
Hence
|A(n).Z||p < 2F + || Z]|p
and by induction
Vk,Vij,Vl >1 |\I/(M11'Lk)| < (cd+ 1)DI < DI,
with
D = [2([|A[ll V [IIAI) + (| Xollp] (e + 1).
Using this, it follows from (18) that | ()| is bounded from above by

! L[t
l—!zchkXZ% <k> = Di(2¢)". (20)

This bound also holds for 7™(1), for all n. Therefore we have dominated convergence for S,
on every compact [0,6] with § < (2¢) !, so that the convergence is uniform on every [0, 6],
and therefore

S= lim S,=> =(l)p

n—-+0o0o ]
is analytic in p in the open disc of radius (2¢)~!. Now by Cesaro averaging,

n—o00 n

and since N )
LB [F(F)] _ E[Xp] ~ B[] oo
n n
(where the last limit follows the fact that Result 2 holds from Lemma 1), (19) follows imme-
diately.

Remark 14 Here are two sufficient conditions where, in addition to (19), we have
I'(p) = E[A] (21)
(A is the rndom variable defined in (4)):

1. If A and A’ have all their entries different of €, then we can show that || X,||p is bounded,
which implies the boundedness of ||A1.X, — Xn||oo- By dominated convergence, we can
then conclude as indicated at the end of §2.2 (see the proof of (5)).

The case when there exists a positive integer q such that all matrices obtained by products
of ¢ matrices of {A, A’} have all their entries different of ¢ can be handled in the same
way.

A more general sufficient condition can be obtained from the finitely generated torsion
semigroup property related to the so called Burnside problem (/8]).

2. When p is small enough, we can bound V(B™) uniformly by an integrable random vari-
able, using the same kind of arguments as above. Indeed, let I(A’) be the last index n,
n € {1,0,—1,...} such that A(n) = A’ and such that the sequence 1,0,—1,...,1(A") has
no subsequence of more than c consecutive A. Then,

3D such that Vn, |U(B™)| < DI(A").

It is easy to show that [(A") is integrable. So we obtain by dominated convergence that
U (B™) tends to W(B) in L1, which concludes the proof of (21).

INRIA



Analytic Expansions of (max,+) Lyapunov Ezponents 31

Remark 15 In practice we find c by calculating the successive values of A™ and then evaluate

w(1).

Remark 16 The ezact domain of analyticity is generally larger than the disc of radius (2¢)~!.
We found no numerical evidence indicating the existence of a singularity at this point. This
question will be examined in a future paper.

6.1.3 Simplification of the coefficients

The aim of this section is to simplify the expression in (18). Indeed we can easily see that
many terms in (18) are redundant. Let us give an exemple through a simple case.
First remark that there is another way to write our expressions using the notation :

Ay, i) = AT AL A AT AL A A

Then

1
i > U(M;,.)

T iy
= > UMy
i1>>1)
1 i1—1 1—1—1
= Z Z Z \P(M111l)
i1=—c+213=t1—c¢ 1y=tj_1—C

— ZZ {Alfil,A/,Ailfizfl,Al. . 'AI'Ail_l_il_l.Al.Xo AT gl ‘AI.XO}

with the convention A~.A’ = I, identity matrix
c c—1 c—1
= Y YA A A AN X - AT A ALY
11=012=0 1;=0
c c—1 o ) )
= > ) > A A AR A A AT A X,
i1=043=0 ;=0
c—1 c—-1 c—1 ) ) )
-3 Sy A A AR A A AR ALK,

i1=—1ia=0  4;=0

c—1 c—1
= YooY {Anaab A A X, A X

t2=0 ;=0
c—1 c—1

= > o > {AAA( i) Xo — Al i-1). X0}
i1:0 il_1:0

Now we would like to operate in the same way for the other terms. But the difficulty is that
the general term W(M;,..;, ) is not invariant by permutation of {i; ---¢;}. This will be taken
care of by the two following lemmas.

Lemma 3 Let ji < -+ < j1 be such that |jn, — jn+1| < ¢ forn =1 to k — 1 (this garantees
U(Mj,...;,.) is really depending on k terms, we exclude cases where V(M;,...;,) could have for
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value V(Msirictly tess than k indices)- Assume there are v indices of jxi1,--.,71 in|jk — ¢, jx| and
u indices of jr41,---,J1 between jr and 1. We suppose the | indices ji,...,jr and jrii1,-..,J1
fized. Then in the sum (18), all the factors of terms W(Mj;,...;,) where v+ u indices have been

\% u

| |
I I
~_ 7

l-k-v-u Ik C Jk 1

£/

suppressed in |jr — ¢, 1, sum up to zero if | — k — v — u is not equal to zero.

Proof To get W(Mj,...;,) we have to suppress at least v + u elements between ji — ¢ and 1.
Therefore we have to look at the contributions of the following terms :

l—(v+u)

!
(—1)vHutl ( ) (M o))

I—(v4u+1)

(—1)v+u< l )‘I’(Mjl---jz(v+u)),

From the first term we get :

1 l

—(—1)vt (v 4+l — (v+u)! = (=1)"
I I—(v+u)

because the [ indices are fixed and we can only permute those giving the same value i.e. v+ u

and | — (v + u).

From the second term :

1 l l—k—v—u
l—!(—l)”"""+1 ( ) (w+u+1)—(v+u+1) ( )

I—(v+u+1) 1
futl l—k—v—u
— _1 vTU
(1) 1

because the (v + u + 1)th index to remove can be chosen among the | — £ — v — u indices on

the left.
I—k—v—u
(_ 1)v+u—|—n
n

From the (n + 1)th term :
because we can remove n indices chosen among the | — k — v — u indices on the left.

So by summation :
l—k—v—u Ik l—k—v—u
0 l—k—v—u

and the lemma, is proved. Q

INRIA



Analytic Expansions of (max,+) Lyapunov Ezponents 33

Consequence 1 The sum differs from zero only when l—k—v—wu = 0. Therefore in order to
get the factor of W(Mj,...;.), we just need to consider cases where only indices between ji — ¢
and 1 are suppressed. And for this operation, we choose | —k indices among (1—(jr—c)+1)—k
so that the factor is :

(1)t (l) B — k! (2_jk+c_k> — (—1)* <Hk+6_k>
I k I~k I—k

Lemma 4 (3 bis) In the sum (18) all the factors giving V(My) when suppressing « indices
in [—c+1,1] sum up to zero if a is not equal to l.

Q
Consequence 2 The factor of ¥(My) =TI'(0) in ©(l) comes from the case | — a = 0. Hence

c+1
it is equal to (—1)! ( ) if | < c+1 and zero if not.
!

Now we can rewrite 7([) as follow :

—c+1 i1—c th—1—C 2—iptc—k
n(l) = Z{Z )IREED'S (—1)l_k( ) )‘I’(Milmik)}

k=1 | 211=1 22=21—1 tp=ip_1—1
c+1
+(=1) ( ) I(0), (22)

n

with the convention ( ) =0ifp>n.
P

Take now as new variables :

J = 1—=14
J2o= n1—12—1 Ntjet o tie=—ixg+2-k
o= 41 —y—1

Then

c

l c—1
) = > >, >, (D)

k=17j1=0 j2,..,7%x=0

CAGy =1 ) Xo] 4 (—1) (fl) T(0).

<c+j1+---+j;c

) [A(j1, 72 Jk)-Xo
I—k
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For the k fixed indices, we have, omitting X,:

gt , _ _ _
> . [AG - Jk) — AlGr — 1+ )]
e [ ctiittik . . ezl ctjr+-+ir+1 . .
= Z AQGy -+ jg) — Z AQj1 -+ ji)
J1=0 =k j1=-1 =k

et \ [ et
+
-k I—k—1

¢ c+j1Jk <l et
= Z_<+ ) AL je) — Y. <+ )A(jl"'jk)

j1=-1 -k

el [etinii . . =l fe1tjajn . .
_Z A(j1 - i) — Z A(j1 -+ j)-
=0 I—-k—1 f2=0 I—k—1

Simplifying the two first sums by summing w.r.t. ji, we get :

c—1 2¢c+j1 k-1 o o ) . c—1471Jr-1 ) )
= 3 A A A(Gy - Gpe1) — A1+ Jk-1)
— I—k -k
17
c—1 c+j1gn c—1 c—14j1jp_1
—Z ( )A(jl“‘jk)_z ( )A(Jl"'jkl)
: l—k—1 : l—k—1

c—1 2¢+j1 k-1 et k-1
= > {( >ACA’ Jk—1) — ( )A(jl--'jk—l)}

71=0 1=k

el etk )
- Z A(

Using the relation ( ) in the underlined terms, we get :

7j1=0

2¢+g1Jr—1 e ) ]
ACALA(GL - k1)
=0 -k

el fetirge ) ) el fetjrjo—t ] )
- . A k) — D - A(jr- - Jk-1) -

j1=0 j1=0

c—1

I
™

~ > ~ >
~~

Xk Yp-1

Injecting this in the first equation, the terms ¥ cancel each other except for the last one for
c

k = 1, which is equal to ( ) X,, so that:
-1

! <2c+j1+..+jk_1

IR IS
k=1

j1=0..c—1,---
Jg—1=0..c—1

- )AC.A'.A(jl---jkl).Xo
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—(~1)+? (l_:) X, + (—1) (t1> (0).

This proves the first part of Theorem 1. Q

6.1.4 Complexity and error term

In this section, we give an estimate of the computational cost to evaluate the Lyapunov ex-
ponent by Formula (6), when using a Taylor approximation of order [, (and when supposing
that the coupling time ¢, the eigen vector X,, the eigenvalue 7(0) and all binomial coefficients
are given). We also compare this to what would be obtained by Formula (18). The estimates
are given up to a multiplicative constant.

To evaluate 7 (1) by applying (18), or equivalently (16) with n = cl, we need :

o for U(M;, ;,), we need 2d?(2 — max(i1..i)) operations (summations and multiplications)
since we multiply (2 — max(i;..i5)) matrices of size d X d by a vector. Hence we need at
least 2d*k operations.

e for Zzl;;;izl \IJ(M“%) :

i;2—lc

we write this as kI(l — k)! 20, > >4, Zik+1 > >0 V(M )

~~ ~~

2
le lo—k 2d?%k
terms terms
k -k

le le—k
Then we need ( > X ( ) x 2dk operations.

le
— at least d212! ( )
l

In order to evaluate 7(l) using Equation (6) :

o for the generic term, we need :

c—1
-1
2w Y (bt i) = (e (- S g
J1.-Jk—1=0

~1
¢ 242

= & HE+(k-1)
~ kcd?

— ~ d?lct.

As for the error term in a Taylor approximation or order [, since we have a geometrically
dominated convergence in the analyticity region from (20), the simplest bound on this error

o Ds ((2c6)l+1>l ~ D(2¢6) 1+ 1(1 — 2¢6)]

1
T2 ) = forp € 10,6], 6 < —.

(1 — 2¢6)? 2c
And this proves the second part of Theorem 1. V)
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6.2 Multinomial case

The proof in multinomial case is an extension of the above calculations.

6.2.1 Evaluation of ¥

By conditioning as in the binomial case :

E[¥(B"] = Y. E[¥(B") | |B"|=K|P(B" =K)
|K|<n+2
|K|<n+2 v
with
_ (n+2—|K|)
(L=pr = —pu)" 7= 57 () :
Li<nt2- K| hl---lal(n+2 — |K| = |L|)!
so that
E [¥(B")]
ks L L n+2—|K|
= > I »* > 0511 » > w(M
K|<n+21<i<m |L|<n+2—|K]| 1<i<m L

|M|=

K
|M| K )

=YY (pH [ At (”“ 'K'>

|K|<n+2 |L|+|K|<n+2 1<i<m L

Taking as new variables [; := [; + k;

E[¥(B")]
D DI es ) LN | <n+2—|K|> Y W)
|K|<nt2 I‘(<<L+2 1<i<m L=K e

SR POEIEC G | DRl

|L|<n+2 | K<L -k Wk 1<i<m

We shall denote 7 (L) be the coefficient of [];<;<p, pﬁ in the last sum. Below, q; # means

that the variables ¢; are all different, and M, L = denotes the infinite sequence

qqul qkz ql . q
with all its elements equal to A, but for those of indices ¢i, ..., qkl which are all equal to A,
Vi=1,...,m. We have :

1
® Z \IJ(M):K! Z (M UGy GGy a7 G );

|M|=K "

- < i<1
nsq; S
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LI-|K
* A‘ ‘u|(|‘ ) (M. qkm): > \Ij(Mq}---qL” )-

m

i i
qj?é q]-'#
15!1;-5" 154;5"
1<j<k; 1<5<;

L
(L) = % 12# {K;L(_DLIK <K> \I/(Mq% qkm)}. (23)

6.2.2 Convergence

We proceed exactly in the same way as for Lemmas 2 and 3. Reasoning term by term, one
can check that the coefficient Sg—_; becomes :

bo-s = (L-Q)! { > (~pHi (i) 11 AZijiAjZ_ki} :

K<L 1<i<m

Here .Aq’ ]1./4]‘ _, is a multivariate polynomial in £, the degree of which in k; is less than ¢;,
that is less than l — 1. And we have again :

> (-1 Xl (i) 9 ke = (),

K<L

if for all ¢ , w; < [; — 1. This can be proved by differentiating w; times the function
[Ti<icm (1= ;)% w.r.t z; and evaluating it at the point (1, ... ,1).

The variable 77(L) is bounded from above (23) by D|L|(2¢)!*! |£—!' which can be bounded
itself by DI(2cm)! when summing on |L| = [ since m" = 2K =n %, so that the con-
vergence region contains the ball of radius (2cm)™*

|IP]|oe = maxi<i<m |pil-

w.r.t. norm [.||c on R™ defined by

For the extension of Lemma 3, the coefficients we obtain are :
L-I-V-U
Z (—=1)IE=I] < ) = 0.
L—(V4+U)<I<K L-K-V-U

The other steps of the proof of Theorem 2 are very similar to those of the binomial case.

6.2.3 Complexity

To evaluate w(L) by applying Equation (8), we need a first summation with :

c—1
2d> " (K| + g1+ + i) ~ K| Kld?
Ji1--J)k|—1=0

terms.
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K]t

e Thesum ) c¢,, n=1,., x| , multiplies this by —;

. ! .
with Cn:Ai for some 1

Card{n:Cn=A'}=k;
e The sum 21<|K| Jf‘,—, multiplies this by m/%! (because Zl<|K| J?!— < E\K|<\L\ J%— that
is of the order m|L|)

Hence, for expansion of order |L| we get the estimate :

d?|L|(cm) P, (24)

6.3 The operator case

We first consider the finite horizon expansion for which we can write :

E[U(B")] = E[foA(1)cA(0)o...0 A(—n)(X,) — foA(0)o...0 A(—n)(X,)]
n+2

= Y )
1=0
when conditioning w.r.t. the choices made for the random variables A(l), 1 > 1> —n.
Lemma 5 Under (P2), we have,
Jim 750) = (1),

where the limit w¢(l) is reached in a finite time and is given by :

l —c+1 i1—c tp—1—C 2—iptc—k
mp(l) = Z{Z )RS (—1)l_k< )‘P(Mil---ik)}

k=1 | i1=1 io=i1—1  ip=ip_1—1 1=k
! c+1
HeD' () e,
where M“ i, = (A(1), A(2),..., A(ix)) is the sequence with A(i) = A foralli=1,... i, but
for iy, ... ix where A(1) = A’
Proof
One easily checks that (P2) is a sufficient condition to obtain Lemmas 2, 3, 4. @

Lemma 6 Under (P2), ws(l) is given by (10).

Proof
Just repeat the last calculations of Section 6.1.3 replacing all terms A(j1,--,jkx) ® X, by

f(EU1, - ,k)(X,)), where

E(j1,,dk) =AM oA 0. oAk A
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Proof of Theorem 3
On |0, ﬁ[, we have the equality :

lim E[U(B")] =3 n;()p

n—-+o0o ]

and this convergence is dominated and hence uniform on every compact in [0, ﬁ[
(P3) implies that E [f(X,)] is finite for n > 0. Now using (P1) and a Cesaro averaging
argument,

Fong t BIVBY)] _ E[f(X02)] = BIf (Xng)] ntie

n n

v¢(p)-

6.4 The general case

The proofs are similar to those of the Bernoulli case for ¢ = 1. The main property leading to
(18) from the first relation (15) is indeed only based the fact that the function ¥ loses memory
of the past.

7 Other expansions and relationship between expansions

7.1 Yet another binomial expansion

There is an immediate extension of Theorem 1 when each occurrence of matrix A’ is replaced
by that of an independent random matrix A’(w), which admits a discrete or continuous dis-
tribution. More precisely, A,, is equal to A with probability 1 — p and to B,, with probability
p, where the sequence {B,} is i.i.d. and independent of the sequence used to chose between
A and the alternative. Then, if we note E’ the expectation w.r.t. this distribution, (6) can be
reformulated as follows:

(1) c ctl l
: :(—1)l{<l 1>X0+<z )F(o)}+z
- k=1

-k = 2etgitetik-1 ! c I j i j I
(=1) > » ElaAed ool  A10doX,) ;.
J15e-5Jk—1=0 -

Similar extensions can of course be contemplated for all the extensions considered in §4.1-4.5.

7.2 Binomial versus Multinomial

An interesting special case of what is considered in the previous subsection is that when the
law of B, is discrete and with finite support. Assume for instance that we are in the setting of
§4.1, namely A’(w) is equal to A;- with probability p;, j =1,...,m, and each of the matrices
in question have at least one non ¢ element per line. In this case, we have both an expansion
in the parameter p = p; + p2 + - - - + pm, Which is that of (25) above, and an expansion in the
multiparameter P’ = (pp1,...,ppm) which is that of Theorem 2.
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7.3 Symmetrical versus Asymmetrical

In the multinomial case, we obtained an analytic expansion of the Lyapunov exponent w.r.t.
the parameters (p1,-- -, pm) of the law, which are such that pg = 1—p; —- - - —py, represents the
probability of an event which should be frequent enough to entail the memory loss property
(e.g. in the (max,+)- algebra case the sampling of the scsl-cycl matrix A). This is an
asymmetrical expansion in that it is not made w.r.t. all parameters (pg,- -+, Pm)-

Within the general setting of §4.5, symmetrical expansions can also be derived in comple-
ment to those obtained so far in the following way: for all integers I > 0, we have the following
representation:

EX] = ) > Cyo---0CX,) ppb®---phr
ko+---+km=l I{C1,-",Czc}'le=a(k0,--,km)

- Z Z Ol o - OC1l ) PK,

[K|=l | ICI=K
C;eL

where K = (ko, k1,...,km) and P = (po,---,pm). So for I > 2,

E[X, - Xi4]-E[X_1 - Xi 9] = )
|E|:l

Z Cio---0C(X,)—2C10---0C_1(X,)+ Cro---0Cj_9(X,) FK'
|c|=K
C;eL
1=1..1

So, if we define

where
sO= Y {Gio-oquX,)}
ICl=(lg," )
C;eL
we obtain:

E [Xl—i—l - Xl] —E [Xl - Xl—l] = Z W(f)ﬁL

This also gives the terms of order [ in the symmetrical expansion of
n+1

E X, — X, =) {E[X; - X; 1] -E[X; 1 — X; ]}
=0
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with X_1 == X_2 = 0.

We can then use the convergence of E [X,,+1 — X,,] to I to derive the coefficients of the
symmetrical expansion of I'.

Let us comment on how this result is related to the asymmetrical expansion with ¢ = 1.
Consider the multinomial (max, +)-setting of §4.1; we associate with this a (m + 2)-nomial
scheme with parameters (p,po — 757, -+, Pm — 57547), Where p is a real number such that this
vector is a probability law. In this scheme, matrix A’ is sampled with probability p; = p;— mLH,
for all i = 0,...,m (we take Aj = A), and with probability p, the matrix 0 which has
all its entries equal to 0 is sampled. We can then apply the asymmetrical expansion w.r.t.
(p, PG - - -, Py ), when taking as scsl cycl matrix the matrix 0, which has for unique eigenvector
the vector e with all its coordinates equal to 0, and for which ¢ = 1. It is then easy to check
that the coefficient of (ph)e ... (p!,)" in the asymmmetrical expansion for this (m+2)-nomial
scheme is equal to the coefficient of (pg)® ... (pm)™™ in the above symmetrical expansion.

8 Comparison with other approaches

8.1 Simulation

In this section, we compare the asymptotic expansions of the previous sections with direct
simulations based on a sampling of the random matrices.

An important preliminary remark is in order. Even if we would know how to compute
a confidence interval I(n) for the estimator X,,/n of v(p), based on such a simulation, there
would of course only be a high probability, say 95%, that «(p) is in the interval [X,,/n —
I(n), X, /n+I(n)]. In contrast, when it can be used, the expansion gives certitude that v(p)
is within a certain interval determined by an expansion of finite order and the associated error
bound.

8.1.1 Example 1

This example is a continuation of that of §3.2.3. A simulation based on the sampling of

Bernoulli variables (in Maple) gives the following expressions for X,,/n when p = % :

for n = 1000, 0,998¢ + 0,0050'
for n = 2000, 0,9950 + 0,006

The expansion of order 3 yields :
v(15) = 0,9940 + 0,0060" + o(p®).

For this sample, the precision looks better than the one we have via the expansion (which is

of the form D(145)(i[_1f4?;()12_146)] ), and particularly here since we do not have p < 1/2c.
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8.1.2 Example 2

Here we take two arbitrary and unrelated matrices A, A’.

hold, A is taken of the same form as above. We take :

M M W W

N O M M

= M M M
o O M O

AI

Then we still have ¢ = 7 and v(0) = 3 and X, =

From Theorem 1, we get :

v(p) =3 —2p+p+ 20> + p* + 5p° — 61p° — 15p7 ...

o W W

_ o M =

To make sure that (H1) and (H2)

[N RO SR
M M oM

M DN M M

Now for p = %, we have :
order 0 1 2 3 4 5 6 7
Series 3 2.8 2.81 | 2.812 | 2.813 | 2.813 | 2.813 | 2.813
Error(%) || 6.64 | -0.47 | -0.11 | -0.04 | -0.02 | -0.02 | -0.02 | -0.02
The error is estimated w.r.t. the simulation n = 100000 (2.81318).
In comparison, a direct simulation gives :
n 100 200 | 300 | 400 500 | 1000 | 2000
Simulation || 2.910 | 2.815 | 2.820 | 2.793 | 2.794 | 2.798 | 2.800
Error(%) 3.44 | 0.06 | 0.24 | -0.74 | -0.68 | -0.54 | -0.49

n is the number of sampled random matrices and the error is estimated w.r.t. 2.81318 (n =

100000).
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[ Talor expansion : p=1/10.}

0.01 —
0.005 —
S F i
o 0
1 L 4
> |- .
-0.005 — —
_0_017\ P " P P " P P P \7
0 1 2 3 4 5 6 7
X = expansion order
1 Simulation : p=1/10. 7+ 1T 1
0.01 —
0.005 —
5 F i
o) 07 i
1
- L i
-0.005 — —
-0.01 - —
Lol b b b b b b b b

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

X=n

The direct simulation shows fluctuations which make the estimation of ~ difficult, whereas
the power series converges very quickly to 7.

In order to check what happens with the formula of Theorem 1 when p is larger, namely

when the expansion method is expected to be less effective, here is what we get for p = % via

3
the same method,

order 0 1 2 3 4 5 6 7
Simulation || 3.000 | 2.333 | 2.444 | 2.519 | 2.605 | 2.626 | 2.542 | 2.535
Error(%) 17.3 | -8.80 | -4.46 | -1.53 | 1.84 | 2.66 | -0.63 | -0.90
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The error is estimated w.r.t. the simulation n = 100000(2.55801). The simulation gives (with
the same rules as above) :

n 100 200 300 400 500 | 1000 | 2000
Simulation || 2.650 | 2.550 | 2.570 | 2.575 | 2.564 | 2.558 | 2.559
Error(%) 0.08 | -0.31 | 047 | 0.64 | 0.23 | -0.00 | 0.04

T —q Talor expansion : p=1/3. j— —
01— —

0.05 - -

error
o

1
>

-0.05 —

-01 —

T S S T S S S H T S SRS
0 1 2 3 4 5 6 7
X = expansion order
——— Simulation : p=1/3. -

0.01 —

0.005 —

2 WMWMM% |

o 0 i my ¥ N AT ]

1 4
>

0.005 —

L PN IR BRI Ll Ll L |

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

X=n
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8.2 The regenerative theory approach

The aim of this subsection is to investigate another potential way of obtaining the main result,
based on regenerative theory. The main conclusion will be that the approach via perturbation
formulas which was followed above seems to be more effective.

As in Section 6, we use here the simplified notation "." instead of ®.

We start with the following basic observation:

Theorem 6 Assume (H1), (H2) and (H3) hold. Let

77 = inf{n>c: X, =A%4, 1 - Ao X,}
T, = mf{n >Te 1+c: X, =A%A, _1_¢ Ao.XO} V k>2,

with the conventions : To = 0 and A_1.Ay = identity matriz in (maz,+).

Foralln >0, S, =Tht1 — Tn, A = Xng1 — X, Z = f(Ao,-..,Ar,—1) (here we only need
Z:AO+"'+AT1—1)-

Then {T,, An}n>0 is a regenerative process i.e. {Sy}n>0 and {Z o O }i>0 are i.i.d.
Moreover we have for p €]0,1]:

_ E[Xp — X

O 1-(-p)

E[T1] = o =)

Remark 17 The relation (25) is valid for p =0 or p =1 by taking the proper limits.

Remark 18 From the first equality in (25), the property of analyticity could be derived using
results obtained by M.A. Zazanis ([18]) who studied Poisson process depending functional under
certain moment conditions. His approach consisting in a change of measure argument can be
ertended to the Bernoulli scheme considered here.

Proof

1) The fact that the random variables {S,} are i.i.d. is immediate.

2) One checks that the random variables T), are stopping times such that T, = T,,_1 + T o
Or,—1. The random variable Z is Fr, - measurable, where Fp, is the o-algebra generated
by {Xo,X1,---, X7 }. That the random variables {Z o O7;};>¢ are i.i.d. nfollows from the
Strong Markov property for discrete time Markov chains.

3) Take g(Xi) = Xk41 — Xi. From the ergodic theorem :

1 1

— > 9(Xp) 25 ——=E[X5, — X
0<k<m—1 E 7]
and 1 X
p— > g(Xk) = Wm =% T(p).
0<k<m-—1

For proving the last equation, we use the relations :

PThy=%k) = 0 fork<ec
P(Ty=c¢) = (1—-p)
P(Ti=k) = pd—p)P(Ti>k—c—1) fork>c
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Thus :
Y P(Ty=k) = p)+ Y p(1—p)P(TL>k—c—1)
k>0 k>c
= (1-p) +p(1—p)°| D P(Ti>k)
k>0
=1 = (1-p)°+pQ-p)E[T].
This concludes the proof. Q

In order to rederive the result of Theorem 1 via this representation, we now need a direct
evaluation of the numerator of the first equation of (25). We have :

E[X,] = Y E[Xp/Ti =n]P[Ti =n]
n>0
= IE[XTl/Tl = C]P[Tl = C] + Z E[XTl/Tl = n]P[Tl = n]
n>c+1
= 1-p)SA°Xo+ Y E[Xn/Ti=n+c+1] Pl =n+c+1],
n>0
with
E[X7, /Tt =n+c+1] = > < ) pl(1 —p)ntAc AT AR Al Aln X,
14 i g Hl=n !
ichfl

Substituting this expression in the upper equality :
E[X1]=(1-p)°A° X+ (26)

" N .

> ( ) AC AL AT AT AT Xop (1 = p)" I P[T = n 4 e+ 1],

n>0 i1+ +igpq H=n l
ijgc—l

In order to obtain the law of 77, we use generating functions as follows :

“+oo
E [le] = Y P(Ty = k)
= (1-p)+p1-p)© Z P(Ty >k —c—1)2F
k>c+1
= (1-p)+p1- ZPT1>k) etlth
k>0
= (1—-p)%+pQd—p)zt! Z P(Ty > k)2*
k>0
= (1—-p)°+pl CCHZP (zo—l—..—l—zk_l)
k>1 -~ ’

= (1-p)zf+p(l—- p)czzc_ﬂl (B[] -1),
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thus,

(1 —p)ezc(1+ £

<I>(z) :]EI:ZTl] = ( 1+1Z)

1+p(1—p) (32)

Now we have :
P(T=n) = Lom) = L / "B (™) e . (27)
n! 2 J _x

Let’s see first what ®)(0) looks like :

(1—p)2*(1 —2) +p(l —p)2tt _ (p—1)2" 4 2°

B R B e e R PP

with a = (1 —p)©.
We can now expand this as a power series using the relation :

1
1—(z — pazet!

+oo
= Z 2R — pazc)k
) i

that is
1 +oo k k ik
— —pa)tzCtk
1— (2 — pazetl) kz_og<2>( pa)
So,
+oo k k o +oo k k o
®(z) = a Z ) (p— 1)(_pa)zzc(z+1)+k+1 + az Z ( ) (_pa)zzc(z—l—l)—i—k
! k=0i=0 \°

= a Z (k_l> (p— 1)(—pa)izc(i'i'l)ﬂC + idem.

k k=1 . .
<> +-1) ( | )) (—pa) 2T, 4 gz

k k—1 k—1 o
o
k>0i—0 \ \ i1 i

To get the coefficient of z€(™+1+7 in the last expression, we have to take :
1= m k=1

t= m—1 ,k=c+r

1= 0 Jk=cm+r.

R ([
n=c(m+1)+r m— m

n>c

cem~+r—1 em~+r—1
+ (( ) +p ( )) (—pa)o} ZemADFr 4 e
-1 0

Therefore,
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and forn >c+1:

%Q)(n)(O) . {i (((m—f)c;}—r—l) . ((m—i).c-f-r—l)) (_pa)i} .
: i=0 v !

Since in (26) n is bounded for a given [/, we deduce from this expression that there is a finite
number of terms in 7(/) indeed. Unfortunately it seems difficult to derive an explicit expression
from there. From the expression :

[=E]

E[Xp]=1-p)AX+Y, > >

n>0 i1 +..+ijp1+Hi=n =0
i;<c—1

(—1)1 ( ) << B ) +p ( - )) pl+’i(1 _p)n*l-}-C(i-f—l)Ac-Al.A’il..AI.AiH_l.XO
l i—1 7

one can indeed find back the result of Theorem 1 with this method in the particular case
¢ = 1. The general cases (¢ > 1) seems much harder.

Starting with the second formula in (27), difficulties are not least. Put f(z) = ®(z)z~ ("1
with z = €/*. Then P(Th =n) = 1] Joq f(2)dz, where 09 is the unit circle covered from —m

27y
to m and from the theory of holomorphic functions :

(2)dz = 2my Z Resf(zk),
k

f
00

where z;, are the poles of f, namely 0 (if n > ¢) and those included in © among the ¢ + 1
complex roots of paz‘t! — z +1 = 0. Here difficulties stem from the determination of z.

There is a third way to reach P(T} = n). Put p, = P(T1 = n). For n > ¢+ 1, we have :

pn = p(1=p)P(Th >n—c—1)
= p(1 - p)c[pnfc + Pn—ct1+ ]
Pnt+1 = p(l — P)C[pn—c+1 + Pn—ct2 t+ ]
So,
Pnt1 — Pn = —p(l - p)cpn—c-

The characteristic equation is :

2 =2 p(1—p)© =0,

which has ¢ + 1 simple complex roots for p < 5 (as it can be checked by differentiating
once). Therefore :
c+1
Pn = Z ai(zi)na
i=1
with ¢+ 1 initial conditions {p.+1 = .. = pac = p(1 — p)¢ and pac+1 = p(1 — p)°[1 — (1 — p)°]}.

The problem here is that we only know one explicit root, namely 1 — p.
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9 Conclusion

This paper bears on (max,+)-Lyapunov exponents obtained by sampling matrices from a
finite set. Two results which were derived should be stressed in contrast with the properties
of Lyapunov exponents in the conventional algebra:

1. Closed form formulas can be obtained for the coefficients of Taylor approximations of
all orders, provided one of the matrices in this set has the so called scsl-cycl property.

2. If the probability of occurrence of this specific matrix is large enough, the Lyapunov
exponent is analytic in the parameters (p1,...,pm), which give the probabilities of the
other matrices in the set; as a result, the exponent is also computationally approximable,
in that a geometric error bound can be derived on its approximation by finite order Taylor
expansions.

Future research will bear on better estimates of the radius of convergence and of the error
bounds for the proposed computation method.

10 Appendix

Let us denote AL, BL and D} the n-th epochs when a customer enters station 1, starts its
service there, and leaves station 1, respectively, and 3} and 6! the epoch when the customer
which enters at time Al begins its service in station 1, and leaves station 1, respectively. For
the same reasons as above, whenever the initial condition is with one customer starting its
service in station 1, then for all n > 0

1 _ 1 1
Bn—l—l - Dn—l—l 2] An—l—l
1 1
D.., = o.B.,

with an initial conditions B} = 0, and with A} and D} undetermined yet. Notice that as
above, B! = 3} and D} = 6! ;.

In the same way, let A2, B2, D2, 32 and 62 be the corresponding quantities for station
2 (i.e. 62 is the departure time of the customer entering station 2 at A2), and let b, be the
event that there is a breakdown for the customer entering at time A2. Then in view of the

way breakdowns take place, for all n > 1,
2 A2 o D2 on by;

A2 o D? 11 on by
62 — O'I 2

no

with A2 = 0 and D3 = 0. Let us now prove that for all n, 32 112 (2. Indeed, using the fact
that each of the sequences {A2} and {D?} is non-decreasing, we obtain that on by 1,

2 2 2 2 2 2
n+l — An—|—1 @ Dn—|—2 Z An @ Dn—|—1 Z /Bn

On Bn—|—1 N En,
/87214—1 = A72H-1 D D721+1 > A72H-1 D D'/% = /6721
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and finally, on b, 1 N by,
57214-1 = A?H—l S D721+1 > A?z S D721+1 = 5721

Therefore, for all n, 2 = B2, and 62 = D2_,. We conclude from this that the following
equalities must hold:

D2 = AL2X!
D, = A2EX2

and if we take X} 2 B? and X} 2 B/, we finally get

X111+1 = X'r2l—|—1 ® X§+1 = O'Xrlz ® UIXS

X2, = oX;}

3 B X2 X} on by,;
T X2e Xt =X2eo X2 onb,

Xﬁ—l—l = O-I'Xga

with initial condition Xy = (0,0,0,0)?.
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