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Abstract:  When charged particles are submitted to a large external magnetic field,
their movement in first approximation occurs along the magnetic field lines and obeys a
one dimensional Vlasov equation along these field lines. However, when observing the
particles on a sufficiently long time time scale, a drift phenomenon perpendicular to the
magnetic field lines superposes to this first movement. In this report, we present a rigorous
asymptotic analysis of the two-dimensional Vlasov equation when the magnetic field tends
to infinity, the observation time scale growing accordingly. Techniques based on the two-
scale convergence and the introduction of a second problem enable us to find an equation
verified by the weak limit of the distribution function.
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Comportement en temps long de I’équation de Vlasov
bidimensionnelle avec un fort champ magnétique extérieur

Résumé : Lorsque des particules chargées sont soumises a un fort champ magnétique
extérieur, leur déplacement en premiere approximation a lieu le long des lignes de champ
magnétique et est régi par une une équation de Vlasov unidimensionnelle le long de ces
lignes de champ. Néanmoins, en observant les particules sur un temps suflisamment long,
il vient ce rajouter a ce phénomene un effet de dérive perpendiculaire a ces lignes de
champ magnétique. Nous présentons dans ce rapport, une étude asymptotique rigoureuse
de I’équation de Vlasov bidimensionnelle lorsque le champ magnétique extérieur tend vers
I'infini, le temps d’observation s’allongeant en méme temps. Des techniques basées sur la
méthode de convergence a deux échelles et 'introduction d’un probleme annexe, nous per-
mettent de trouver une équation vérifiée par la limite faible de la fonction de distribution.

Mots-clé : Equations de Vlasov-Poisson, équations cinétiques, homogénéisation, ap-
proximation gyrocinétique, échelles de temps multiples, convergence a deux échelles.
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1 Introduction

Following our first paper [5], we continue the investigation of the Vlasov equation with a
strong external magnetic field. This problem is of great importance in many plasma devices
like electron guns, diodes and most of all tokamaks. In the first paper, we proved that in
the limit when the magnetic field goes to infinity, the three-dimensional Vlasov equation
reduces to a one dimensional equation along the magnetic field lines. In a device like the
tokamak the geometry of which is toroidal, the particles then circle around the device. But
when watching the particles on a long enough time scale, if those are submitted to a self
consistent or external electric field, a drift phenomenon perpendicular to the magnetic field
occurs and this is what we want to investigate in this paper.

In order to describe this behavior, we consider a strong magnetic field %, where ¢ is
a small parameter and with M = e; where e; is the first vector of the canonical basis
of IR® (e, ey, e3). We also assume that the charged particles are submitted to an external
electric field deriving from a potential the derivative of which vanishes in the direction of the
magnetic field. This assumption which is somewhat restrictive enables us to decouple the
two transverse directions from the parallel direction and thus consider only what happens in
the plane orthogonal to the magnetic field, which is a simplified description of the physical
problem. Moreover, the observation time scale we consider is %

In the context we chose, no force acts on the particles in the zq-direction. Hence the
problem may be modeled by a two-dimensional Vlasov-equation. The natural position
variable is then x = (z2,73) € IR%, the velocity variable is v = (vq,v3) € IR? and the time
space is [0, 7). We introduce the notation Q = IR2 x IR?, O = [0, T) x IR% and O = [0, T) x Q.

Now, the space-velocity distribution f£°(¢,x,v), describing the above phenomenon for a
particle species s is the solution of:

aff v —V;p M
> - 1‘56 >\s : USEZ 3
Qt+€Vf+ ( +v><€2)Vf 0 (1.1)

where A is a dimensionless constant linked to the charge over mass ratio of the species s
and thus characterizing this species of particles and where

VXM:< v ),

p(t,x) € CY(IR;, C}(IR2%)), C? being the space of bounded and twice continuously differen-
tiable functions. The initial data satisfies

fio >0, / fio dxdv < oo, / £2 dxdv < oo. (1.2)
Q Q

With those conditions, equation (1.1) has for any positive ¢ a solution which is positive,
which belongs to L>°(0,7; L' N L*(Q)) and which satisfies

55N Lo 0,102(0) < € (1.3)
RR n°3428



4 Emmanuel Frénod and Eric Sonnendricker

for some constant C'.

From (1.3), we may deduce that we can extract a subsequence such that
L5 — fiin L%(0,T; L*(Q)) weak — x, (1.4)

but also, see [1, 9], for any (¢, T,x,v), regular, with compact support in ¢,x,v and
27 /As—periodic in 7, we have that there exists a profile F(t,7,x,v) € L*=(0,T; L5 Y (IR;
L?(€2))), also called the two scale limit of f°, such that

2w/ As
/ L2 (0)° dtdxdv — / / Ry drdtdxdv, (L1.5)

where (¢)° = ¥(t, &,

L.x,v). Moreover the weak—# limit f; of (f°). is expressed in term of
the two scale limit £

f= /0%//\51«;:(.,7,.,.) ar. (1.6)

Notice that we adopt the following convention: if A; < 0, then F; < 0.

Using this tool we shall derive the equation verified by F; and then formula (1.6) will give
us the equation for f; for each species s of particles. Moreover, those equations will no
more be genuine kinetic equations, but merely involve v as a parameter. Hence we shall be
able, integrating over the velocity variable v, to obtain one unique equation satisfied by the

charge density
p= Zs:qs /B%fsdv, (1.7)

of the whole bunch of particles, where ¢, is the dimensionless charge of species s.

Let us now state the main results of the paper:

THEOREM 1.1 Under assumptions (1.2), the sequence (f°(t,x,V)). of solutions of (1.1)
weak—x* converges to f;(t,x,v) unique solution of

Ok | (Npx M) -V + S (Ap (v x M) -V =0,
Ot o 2 (1.8)
.]2|t:0 = % 0 f:;‘O(er(VvT))dTv

where r(v,T) is the rotation of angle T applied to v.

Moreover

THEOREM 1.2 Assuming (1.2) satisfied for a set of particles, the charge density p defined
by (1.7) of the set of particles is the unique solution of

at+( Vep x M) - Vpp =0,
Pli= 0—2%/ Jo(x,v) dvdr.

'u

(1.9)

INRIA



Long time behaviour of the Vlasov equation 5

This model corresponds to the guiding-center model which has been used by physicist
for some time [4, 6, 8, 10]. We are now proceeding with the demonstration of these results,
which is outlined in the following way: First we determine a constraint equation and study
its consequences, then we derive an equation enabling to compute the two-scale limit of f?,
and finally we give an equation for the weak limit of f7 and prove the theorems.

2 The constraint equation and its consequences

We multiply equation (1.1), where we do not write down explicitely for the moment the
index s, by (¢)° = zb(t,s%,x,v) where 9 (¢, 7,x,v) is regular, with compact support in
(t,x,v) and 27 /A—periodic in 7. We then integrate by parts and get the following weak
formulation with oscillating test functions:

/ofs[(%)f 42 (a—¢)f + g (V) + A(_Zzp + v x /5\4—2) (Vyp)°] dt dx dv

at 2\ 91
:_/Qfm/;(o,o,.,.)dxdv. (2.1)

Multiplying (2.1) by % and passing to the limit gives

/A e
/ / F(=+ AX(vxM) -Vyo)drdtdxdv =0, (2.2)
QJo 07’

which is as we saw in Frénod and Sonnendriicker [5] equivalent to

oF
8—7_—|—)\(v>< M) -V, F =0in D'(IR, x IR?), (2.3)
for almost every ¢ € [0,7T) and almost every x € IR2.

We now introduce the transformation r(.,7) : IR* — IR* defined by
r(v,7) = [vzcosT — vssin T]|ey + [vg sin T 4 v3 cos Tes. (2.4)
From (2.3) we may deduce (see [5]) that there exists a function
G = G(t,x,u) € L*(0,T; L*(IR% x IR?%)),

such that
F(t,r,x,v)=G(t,x,r(v,AT)), (2.5)

where we denote, similarly to x and v, u = (ug, us).

3 Obtention of an equation for G

In order to deduce the equation satisfied by G, we shall use first, in the weak formulation,
test functions satisfying the constraint. This will yield a weak formulation in which one
RR n° 3428



6 Emmanuel Frénod and Eric Sonnendricker

term is multiplied by % Choosing then appropriate test functions and using an ad hoc
change of variables, we shall obtain the limit of this term. The deduction of the equation
for G will then be straightforward.

For any function ¢(¢,x, u) regular and with compact support, we define ¥ (¢, 7,x,v) =
p(t,x,r(v,A7)). Then the function 9 is 27 /A—periodic, satisfies the constraint, and using
()¢ as a test function in (2.1) leads to:

Lff[(%—f)%z-(vm)mx‘?’p)-(wm dtdxdv:_/gfw(o,o,.,.) dxdv. (3.1)

e

We now introduce the change of variables

t

v s u=r(v, )\8—2), (3.2)
whose reverse transformation is
t
u—>v:r(u,—)\€—2). (3.3)

Using the definition of ¢, and defining ¢°(¢, x, u) by ¢°(¢,x,u) = f°(¢,x, r(u, —)\Et—Q)) which
is equivalent to f°(¢,x,v) = g¢°(¢,x,r(v ,)\g—g ), since

9P B dyo do
9oy — (¢, 7,%,Vv) = cos )\T—a 2(t x,r(v, 7))+ sin )\T—a S(t x,r(v,AT)),
¢

—(t, A1, x,v) = —sin )\Tg—go(t, x,r(v,AT)) + cos )\Tg—@(t, x,r(v,AT)),

8‘03 (%) us

the change of variables (3.2) transforms the equation (3.1) into

/o,g (% w22 %, w)

+ {(u;)cos)\——l—u;gsln)\ )599 (t,x,u)+ (- u281n)\i—}—u;3cos)\ )3@ (t,x,u)
T T
, Jdy
+ A[((=0z,p) Cos)\g—2 + (0z,p) sin A= )0u2 (t,x,u)
F(~00,p) sin A S+ (<0.9) Ma“(t W dxa
2,P) S A 25 P) COS A 9us X, u x dv
—/ fov(0,0,x,v)dxdv = —/ fop(0,x,u) dx du. (3.4)
Q Q

Now we focus, for a few pages, on passing to the limit in (3.4). For this purpose, we
need to characterize the weak—x limit and the two scale limit of ¢°, and to compute the
limit of the term containing the % in factor.

First, we have

LEMMA 3.1 The two scale limit of g° is the function G defined by (2.5). Consequently, the
weak—x limit g of ¢¢ is (27 /\)G
INRIA
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Proof. We take any function ¢(t, 7,x, u), regular, with compact support in (¢,x,u) and
27 /A—periodic in 7. On the one hand, denoting by G the two scale limit of g°, we have

2w /N
/ g°(t,x,u)p(t, %, X, u) dt dx du — / / G(t,m,x,u)p(t, 7,x,u)drdtdxdv. (3.5)
’ £ rJo
On the other hand,

. t t t t
/ng (t,x, u)@(t,g—Q,x, u)dtdxdu = / g (¢, x, r(v, )\5 ))@(t,E—Q,X,r(V,)\S—Q))dtdxdv

t
_ /fftxv X eV, A ) didx v,
which converges to
27w /A
// F(t,r,x,v)e(t,7,x,0(v,A7)) drdt dx dv =
2 Jo
2 /A
// G(t,x,r(v,AT))e(t, 7,x,x(v,AT)) drdl dx dv =
QJ0

27 /A
/ / G(t,x,u)e(t, 7,x,u) drdt dx du.
Q'Jo
Thus, we may conclude
G(t,7,x,u) = G(t,x,u),

which implies that G is the two scale limit of g°. The first part of the Lemma is proved.
Moreover

2m/A
g(t,7,u) = / G(t,r,x,u))dr,
0

27/ A

= / G(t,x,u)dr,
0

= 2Tﬂ-G(t, X, u),

prooving the second part of Lemma 3.1. [ |

Concerning the computation of the term containing the L factor in (3.4) we have:

LEMMA 3.2 Denoting by G(t,x,u) the two scale limil of g°, which is also the function
linked to the two scale limit F' of f° by (2.5), the following formula holds true for all test
functions ¢(t,x,u):

. . 1 t L, dy
ll_r)r(l){ g°(t, x, u)g[(mcos)\——}—u?)sm)\ )(?x (t,x,u)
Iy
)61,3(

, t ) N 2N 7%
+A((=0z,p) cos Ag—g + (0z;p) sin )\5—2)%(

t,x,u)

+(- u281n)\ + uzcos A=

t,x,u)
RR n° 3428



8 Emmanuel Frénod and Eric Sonnendricker

+A((—0z,p) sin )\5% — (Op,p) cOs A= )gi(t x,u) drdt dxdu} =

27 dp | Jy
= ¢ o p—— — D, p——

T [ Gl Wi - 0g”

1 2 2 dp dyp
+2(0I2p+0$3p)( u;g—au +u g—au )] dtdxdu. (3.6)

—

Proof. As in the singular perturbation theory, see [7], we are looking for the limit of the
inner product of g° by a function which is not bounded but which converges to 0 in the
sense of distributions. Indeed since

1 t d (e 1 t d € 4
- cos )\8—2 == <)\ sin )\€2> ) 2 —sin )\82 7 < 3, €08 )\52) (3.7)

those functions converges to 0 in the sense of distributions. Using this Remark, we develop
a method which is in the same spirit as the one used by Cioranescu and Murat [2, 3].

For any ¢, we build an oscillating test function e whose 7—derivative when applied in 7 =
% gives L [(uzcos A+ ugsin )\6”;) 55+ (—uzsin A5+ u3 cos A5 )81:3+ A((=0p,p) cos A5+
(O3, p) sin )\E%)gTi—l— A((=0z,p) sin A5 — (9z,p) cos A5 )2 Choosmg the function « as a
test function in the weak formulation (2.1) gives first an expressmn of the limit we want to
compute in term of «. Then using the expression of the function «, an easy but fastidious
integration leads to the result.

For any regular ¢(¢,x,u), we define

1 J
alt, 7,x,u) = ) —(uzsin AT — ug cos A7) 052 (t,x,u)
1 Jy
‘I—X(UQ COS AT + uzsin A7) — o (t,x,u)
. Iy
(( zzp) sin At — (aﬂssp) cos AT) .—(tv X, u)
aUQ
+((0z,p) cos AT — (0z,p) sin AT) gi(t, X, u), (3.8)
us
and we consider
Bt 7,x,v) = alt, 7,x,r(v, AT)). (3.9)
Applying the contraint operator to 3, we get
g—ﬂ +A(VXM)-V,0=
Ja or da
ar + )\a (v, AT) - Vya + A(v x M) - Vya = <a—7_> (¢, 7,x,r(v,AT)), (3.10)

and the computation of g—f gives

INRIA



Long time behaviour of the Vlasov equation 9

da . ) (%)
<E) (t,7,x,u) = (uz cos AT + ugsin A7) 2 (t,x,u)
dp
+(—ugsin AT + uzcos A7) ——(¢, x, u)
0953
+A((=0z,p) cos AT + (0y, p) sin A7) gi(t, X, u)
()
+A((—0z,p) sin AT — (Oy,p) cos AT)gi(t, X, u). (3.11)
U3
Beside this, easy computations give
08 .. da t t
(at) (at)(tv 2 7r(vv)‘€_2))7 (312)
a0 Ja t t
(o) = (50 )t o xx (v A5, (3.13)
B .. t (da, 1 t L fdaN, t
(a—l)?) _COSA <au )(tv IR X, (V7>‘€_2))+Sln>‘ <0u3)(t7€_27X7r(V7>\8_2))7 (314)
93 t [ da t t t [ da t t
(dvg) sin >‘_ (a—UQ) (tv g2’ X, (V7 Ag_g)) + COS)‘_ ((97) (tv g2’ X, (V7 )\8_2)) (315)

Having those formulae at hand, we use test functions

£(B)* =epl(t, Sé,x,V), (3.16)

in the weak formulation (2.1). We get

/ Tl ! (gf) + v (VeB)" + A(=Vap+ v X %) - (V,3)F] dt dx dv

:_5/ 7oB(0,0,.,.)dxdv. (3.17)
Q

Now, using formula (3.10), the expression of f° in term of ¢° and the expressions of the
derivatives of § (3.11)-(3.15), equation (3.17) becomes

X

><

k(5 ya%JJWA;»

t t
) (t, 553 £ (v, A55) + V- (Vaa) (1, 235, (v, A 55))

‘ )

“(t
#2

t
Oz, p Cos)\—— O, p) sSin A=
O, )sm)\ + (Opsp )COS)\g—

t
-2 x, r(v, )\5—2))]dtdxdv

7827

AAQ)

= —5/ foa(0,0,.,.)dxdv. (3.18)
Q

RR n° 3428
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In equation (3.18) we make the change of variable (3.2), it gives

[ oot (5) 0 S

1 (0« t l L
+g <E)(t7 BOR ,11)—|—I'(11,—)\€—2) '(VJTQ)(t’g_Q’X’ 11)
t t
(Oz,p) cos A= — (O, p) sin A=
) &iQ %2 (Va)(t, = x, u)]dtdxdu

(Og,p) sin )\8—2 + (0z,p) cos )\8—2
- —5/ foa(0,0, .,.) dx du, (3.19)
Q

which, passing to the limit in €, using Lemma 3.1 gives

lim{ [ ¢°(¢,x,u)= (aa)(t, 2, ,u)dtdxdu} =

e—0 Q' 07’

2m /A :
_/ G/ [( UQCO‘S)\T—I—U;gSIH)\T )-(Vza)(t,r,x,u)
Q' 0

—Ug 8IN AT + U3 COS AT

Oz, p) €OS AT — (Oz,p) sin AT
-2 ( E(% g sin Ar 4+ ((8$ 5)) cos A7 ) - (Vya)(t, 7,x,u)]dr dtdxdu, (3.20)

and

Jda i

1
/Q,!] (t,x, ll)g (0_)(t’5_2’x’ u)dtdxdu =

1 t
/ g° (¢, x, u)g[(u2 cos )\— + uzsin A= )§—¢(t, X, u)

t dy
+(—ugsin )\——|-U3COS>\5 )0$3(t X, u)
+A((—0 )Cos)\— + (0 )sm)\ ) A 0 (t,x,u)
{Z,‘Qp 52 1‘3p auZ

+A((—0z,p) sin )\% — (Oz,p) cos A 2)5(’9 (t,x,u)]dr dt dx du, (3.21)
€ € u3

is exactly the term whose limit we want to compute in (3.6).

At this level, formula (3.20) gives the seeked limit in terms of o. Hence we now have to
replace, in the right hand side of (3.20) « by its expression in term of ¢ and to integrate
in 7. This step is straightforward but fastidious. The detailed computation yielding the
following formula is given in the appendix.

We have

20/A [ wycos AT + ussin AT (05,p) cOSAT — (O, p) sin AT
/0 ( —ugsin AT 4+ ug cos At | (Vea) =& (0zyp) SiN AT + (9yp) cOSAT | (Vue)] dr =

27 de 0y

0 0
Oy = 0py D) 5 00,0+ 0 p) (—us g, Huag )]

Oug Jdus
(3.22)
INRIA



Long time behaviour of the Vlasov equation 11

Using then (3.22) in (3.20) gives the Lemma. |

Since Lemma 3.1 and 3.2 give the two scale— and weak— * —limits of g and the limit
of the term containing the % in (3.4), we can pass to the limit and obtain

Lo pr o2 w28 0, 2%
2((3 p+0..p) (USO “ Uy au3)] dtdxdu

—/fOSO(O,X,V) dxdu, (3.23)
Q

27 dyp dp dp
W e a”pa +0npg

for all ¢(t,x,v) regular and with compact support, which is the weak formulation of the
equation for G we are seeking. Thus noticing

5 Op o Oy

A A 2 o, 24
Py, T 0mpy = (=Vep X M) - Voip (3.24)

and P P

¥ P _
Uy T B T (ux M) - Vo, (3.25)
and denoting

=92 p+ 02 p, (3.26)

we have proved the

THEOREM 3.3 Under assumptions (1.2), the sequence (f*(t,x,v)). of solutions of (1.1)
two-scale converges to a profile F'(t,7,x,v) € L*(0,T} sz/A(]RT; L%(Q))) salisfying

F(t,r,x,v)=G(tx,r(v,AT)), (3.27)

where v(v, ) is given by (2.4) and where G = G(t,x,u) € L>(0,T; L2(IR2 x IR%)) is the

unique solution of

a.—G + (=Vep X M) - VoG + l(Ap(u x M))-V,G =0,
ot 2 (3.28)

A
Gle=o = gfo(& r(v,A7)).

4 Equation for f, proof of the Theorems

Using the relation (1.6) linking f and F, we have

27r//\ 2w /A
_/ Ty dr_/ G(., -y x( AT)) dr, (4.1)
0

and noticing

(r(v,AT) x M)) - VLG (t, x,2(v,AT)) = (v x M) - V[G(t,x, (v, AT))], (4.2)

RR n° 3428



12 Emmanuel Frénod and Eric Sonnendricker

replacing u by r(v, A7) in (3.28) gives

%[G(t, X, (v, AT))] 4+ (= Vip x M) - VL[G (¢, x, (v, AT))]
—I—%(Ap (vx M) -V [G(t,x,x(v,AT))]= 0, (4.3)

G(0,x,r(v,A7)) = %fg(x, r(v,AT)).

Integrating (4.3) in 7 from 0 to 27 /A finally gives equation (1.8) and achieve the proof of

Theorem 1.1. ]
Noticing
V- (Ap(V X M)) = 07
and
1 2m
g/o /IRﬁ fo(x,x(v,7))dvdr = /lR% fo(x,v) dv,
the proof of Theorem 1.2 is straightforward integrating (1.8) in v and summing in s. |

INRIA
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A Appendix: Computation yielding (3.22)

In this appendix, we gives the fastidious computation yielding formula (3.22).
Using the definition of « in term of ¢, we have

2w /A . - .» .
/ [ ( Uy COS AT + us sin AT ) (Vaa) = A ((d%p) cos AT — (Oz,p) sin /\T) (Vua)]dr =
0

—ug sin AT 4+ us cos AT (Oz4p) SIN AT + (Dz,p) cos AT

2w /A 1 92
[(u2 cos AT + us sin A1) {—(u2 sin AT — u3 cos A‘T)(—fl‘g) +
o A dxs
1 92
X(UQ cos AT + u3 sin )\T)(a—;garg)
a2 . 2 do - . - 8290
—I—((—d$2z2p) sin AT — (8x2x3p) cos AT)(=——) + ((—=Oz4p) sSin AT — (Oz,p) cos )\‘7’)(—2 ug)
dus dxs
2 2 . a@ . 82@
+((93,2,P) cOS AT — (93,5, P) sin A7)( )+ ((9zyp) cos AT — (Dzyp) sin AT)(—ua)}
dus dxs
1 a2 1 a2
+(—u2 sin AT + us cos A7){—(u2 sin AT — u3 cos )\‘T)(—fl‘g) + —(u2 cos AT + us sin )\‘T)(—(‘;I‘g)
A drs A dr;
a2 . 2 de - . - 82@
+((=08Z,z.p)sin At — (9Z_,..p) cos AT)(=—) + ((—9z,p) sin AT — (9z,Pp) cos /\7')(—2 ug)
2Z3 3T3 g 8x2
2 2 . Jyp . 3%
+((93,2,P) cOSAT — (33,5, P) sin A7)( )+ ((9z,p) cos AT — (Jzgp) sin AT)(—5us)}
dus drs
a A . . dy dp
+((=0824p) cos AT + (9z,p) sin A1) {sin A7 ( ) 4+ cos At(—)
81’2 dl‘g
'2(,0 'QW
+(u2 sin AT — uz cos A1)( = 5 ug) + (ug cos AT + ug sin A1) (=—=u2)
oz3 dzg
. 82@ ~ . 82g5
+A((=0Bz4p) SIn AT — (8z4p) cos AT)( 52 ug) + A((Bzyp) cos AT — (Oz,p) sin A‘T)(W’ug)}
2 2
. . O . e
+((—=0824p) sSiIn AT — (Oz,p) cos AT){ — cos AT(=——) + sin A7(—)
dl‘g 81‘3
92 92
(u2 sSIn AT — ug cos A1)( = (gug) + (u2 cos AT + us sin /\T)(—fU3)
drs dxg
. 82@ ~ . 82g5
+A((=0Bz4p) SIn AT — (8z4p) cos AT)( 52 us) + A((Bzyp) cos AT — (Oz,p) sin A‘T)(W’ug)}]d‘ﬁ
2 3
(A.1)

In order to provide the computations in (A.1) we first use (to reduce the number of terms)
f027r/A sin A7 cos AT d7 = 0. We then get
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27 /A : p
/ [(0_99) (cos® AT 4 sin® A7) (0, p) — (0_99) (cos® AT + sin® A7) (0, p)
0 Oy Oz
—I—(g%)(—m(cos2 AT — sin )\T)((?Qﬂsp) — ussin )\7(022932])) — U3 COS )\7(023933])))
2
+(§7¢)(U3(COS2 AT —sin® A7)(92_,,p) + ug cos® AT(92,,.p) + uzsin® At (92, . p))
3
—I-l(GQ—@x )(—uguz(cos® A\t — sin? A1) + (ix )(uguz(cos® AT — sin? A1)
X922 2 2U3 922 3)(ugus
1 0% 2 2 .2 2 2 . 9
—I—X(@?xS)(uQ(COS AT — sin® A1) — uj(cos® AT —sin” A1)
2
Po ) )
+>\(WUQ)((0z2p)((?$3p) (cos® AT — sin® A7)
2
Po oo ) -
—)\(Wu;g)((amp)(dxsp) (cos” AT — sin® AT))
3
P 2 2 .2 2 9 . 92
—I—)\(Wu;g)(—(azzp) (cos” AT — sin” A7) + (0z,p)“(cos” AT — sin” A7))
2
0*¢ ; 2 .2 , 2 . 9
—}—(W'ug)(—uz(a%p) (cos” AT — sin” A7) 4 u3(0z,p) (cos® AT — sin” A1)
2
0%¢ ; 2 .2 , 2 . 9
—I—(a?u;g)(m(dmp) (cos® AT — sin” AT) + ug(0y, p) (cos” AT — sin” AT))
2
P ; 2 .9 , 2 . 9
-I-(a?ug)(—uQ(apr) (cos® AT — sin® A7) — ug (0, p) (cos® AT — sin” AT))
3
0 . 2 .2 , 2 . 9
—I—(a?u;g)(—m(dwsp) (cos” AT —sin” A7) 4+ u3(0z,p) (cos® AT —sin“ A7))]d 7. (A.2)
3

Finally, using that f27r/ (cos? AT + sin? Ar)dr = 27/, f%//\(cos2 AT — sin? At)dr = 0,
fO%/A cos? Ardr = /X, and IO%/A sin? A\rdr = /), (A.2) gives

2r o dp . Do T o 92 9¢ Op
)\(.@?ﬂjspal‘2 0$2p8x3)+)\(0z2p+0$3p)( u30 +u 0u3)

which is the left hand side of (3.22). |

(A.3)
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