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Abstract: The problem of optimal filtering is addressed for a signal observed
through a possibly nonlinear channel driven by a fractional Brownian mo-
tion. An elementary and completely self-contained approach is developed.
An appropriate Girsanov type result is proved and a process — equivalent to
the innovation process in the usual situation where the observation noise is
a Brownian motion — is introduced. Zakai’s approach is partly extended to
derive filtering equations when the signal process is a diffusion. The case of
conditionally Gaussian linear systems is analyzed. Closed form equations are
derived both for the mean of the optimal filter and the conditional variance of
the filtering error. The results are explicit in various special cases.
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Une approche élémentaire pour le filtrage dans
des systémes avec bruit d’observation brownien
fractionnaire

Résumé : On considére le probléme du filtrage optimal pour des systémes
linéaires et non linéaires avec bruit d’observation brownien fractionnaire. Une
approche élémentaire et complétement autocontenue est développée. D’abord
on démontre un résultat du type Girsanov et on introduit un processus qui
joue ici le role que joue le processus d’innovation dans la situation usuelle
ou le bruit d’observation est un mouvement brownien. Ensuite 1’approche
de Zakai est partiellement étendue pour obtenir certaines des équations du
filtrage lorsque le processus d’état est une diffusion. Enfin, le cas spécifique
des systémes linéaires conditionnellement gaussiens est analysé. Un systéme
d’équations fermé est obtenu pour la moyenne du filtre optimal et la variance
conditionnelle de 'erreur de filtrage. Dans divers cas particuliers, les résultats
sont complétement explicites.

Mots-clé : Mouvement brownien fractionnaire, formule de Girsanov, filtrage
optimal, processus d’innovation, conditionnellement gaussien.
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1 Introduction

Numerous theoretical results and successful applications have been already
reported about stochastic models and modeling for long-range dependent phe-
nomena (see e.g. Beran [1, 2| and references therein). The fractional Brownian
motion (fBm for short), which provides a suitable generalization of the Brow-
nian motion, is one of the simplest stochastic processes exhibiting long-range
dependence. It has been widely used as a modeling tool (see e.g. Hurst [10, 11|,
Mandelbrot and Van Ness [23], Leland et al. [19], Norros [24, 25|, Coelho and
Decreusefond [4], Comte [3] and Dai and Heyde [6]). So in particular linear sys-
tems driven by fBm constitute a favorable ground for attempts to extend the
classical theory of continuous-time stochastic systems driven by Brownian mo-
tions as developed for example in Liptser and Shiryaev [17]|. Recently several
contributions in this direction have been obtained for instance by Gripenberg
and Norros [9] for a prediction problem, by Norros et al. [26] and Le Breton
[15] for parameter estimation problems.

The filtering problem for systems driven by fBm’s has also been studied.
Various specific cases were investigated by Kleptsyna et al. [12, 13, 14| and
Le Breton [15]. Recently it has been addressed in a rather general framework
by Coutin and Decreusefond [5], but the special form of involved equations for
the system dynamics allowed them to make use only of the classical Girsanov’s
formula for the Brownian motion. Here the filtering problem is revisited in a
simple setting, yet not already covered, for which an appropriate Girsanov type
formula for fBm is needed. A quite elementary and completely self-contained
approach is developed to derive an explicit solution (see also Le Breton [16]
for preliminary results). We consider real-valued continuous processes X =
(Xy, t € [0,T]) and Y = (Y, ¢t € [0,T]), representing the signal and the
observation respectively. The observation equation for the signal X is the
following :

(1) Y, :f—i-/OtA(s,Xs)ds-i—/OtB(s)dWs, teo,T].

Here W = (W,,¢ € [0,T]) is a fBm with Hurst parameter H € (1,1). The
coefficients A and B are continuous functions of [0,7] x R and [0, T'] respec-

tively into R and B is supposed nonvanishing. Moreover the random initial

RR n " 3439



6 M.L. Kleptsyna, A. Le Breton and M. C. Roubaud

condition ¢ in (1) is such that the pair (X, &) is independent of W and has a
given distribution px ¢).

Supposing that only Y is observed but one wishes to know X, the classical
problem of filtering the signal X at time ¢ from the observation of Y up to time
t occurs. The solution to this problem is the conditional distribution m; of X}
given ), = o({Y;, 0 < s < t}) which is called the optimal filter. The most suc-
cessful result of this kind, the so-called Kalman-Bucy filter, was obtained for
linear systems driven by Brownian motions in early sixties. It was followed by
many contributions extending the result to such nonlinear systems. There are
now several efficient strategies to deal with the filtering problem, extensively
developed for X and Y semimartingales (see e.g. Liptser and Shiryaev [17]
and Elliott [8]). The aim of the present work is to show that actually similar
developments are possible in the case of fractional Brownian noises.

The paper is organized as follows. At first in Section 2 some notations
are fixed and preliminaries about fBm and integration with respect to fBm
are discussed. In particular integral transformations which change a fBm to
martingales are described. Then in Section 3 an elementary approach is pro-
posed to derive an appropriate Girsanov type formula. This approach, which
extends that initiated in [26] and [15, 16], permits to avoid resorting to very
elaborated tools as those developed in Decreusefond and Ustiinel [7] and used
in [5]. In Section 4 a complementary preparation for filtering deals with inte-
gral representations of various processes involved in the problem. At this end
a process which plays here the role of the innovation process in the classical
situation where the noises are Brownian motions is introduced. Then in Sec-
tion 5 the Girsanov type formula and the representation results are used to
derive filtering equations when the signal process is a diffusion. Conditionally
Gaussian linear systems are analyzed in Section 6. Closed form equations are
derived both for the mean of the optimal filter and the conditional variance of
the filtering error.

2  Preliminaries

Here, for some fixed T'> 0, W = (Wy,t € [0,T]) is a normalized fractional
Brownian motion on [0,T] with Hurst parameter H € (1/2,1) means that W

INRIA



Filtering in systems with fractional Brownian observation noise 7

is a process, defined on some probability space (2, F,P), with the following
properties:

(i) W is a Gaussian process with continuous paths and stationary incre-
ments,

(17) Wo = 0 and EW; = 0, EW? = ¢?2 for all t € [0, T].
t

Of course the fBm reduces to the standard Brownian motion when H = %

Actually the fBm can be obtained as a stochastic integral with respect to a
standard Brownian motion (see e.g. Mandelbrot and Van Ness [23], where the
fBm was given its name, Samorodnitsky and Taqqu [28], [26] and [7]). Never-
theless the fBm is not a semimartingale (see e.g. Lin [20]) and hence the theory
of integration with respect to fBm does not fall into the classical stochastic
integration theory. However the special case of a deterministic integrand turns
out to be both easy to handle and sufficient for the purpose of the present
paper. Both L? and pathwize approaches are possible (see e.g. [9] and [26] for
an elementary calculation-oriented introduction).

Let us describe briefly the technical framework. Let 'y denote the integral
operator

Tyf(t)=H(2H — 1) /OTf(s) s —t[""%ds, t €[0,T],

and define the inner product

<< f,g>>p = << f,I'yg>>
2) — H(2H-1) /OT/OTf(s)g(t) s — ¢22 2 dsdt

where << . >> stands for the usual inner product on L?([0,T]). Let L% be
the space of equivalence classes of measurable functions f on [0, 7] such that
<< f, f >>p< o0o. Now it is easy to check that the association Tjg;y — W; can
be extended to an isometry between the function space L% and the Gaussian
space generated by the random variables W;, ¢ > 0, as the smallest closed linear
subspace of L?(Q, F, P) containing them. For f € L%, the integral [ f(s)dW,
can now be defined as the image of f in this isometry. Of course, for any f

RR n " 3439



8 M.L. Kleptsyna, A. Le Breton and M. C. Roubaud

and g in L%, the following identity holds:

(3) {/ s)dW }{/ t)dW,}] =<< f,g >>u,

where << f,g >>py is given by (2). Actually if the function f is of bounded
variation, then the integral [ f(s)dW;(w) can be defined for almost all w’s as a
limit of Riemann sums, and it is easy to see that the integral obtained coincides
with the L? integral almost surely. The convergence of these Riemann sums
is equivalent to that of the Riemann-Stieltjes type integral appearing in the
right hand side of the integration by parts formula

" Fs)aw, = FT W — [ Wadf(s),
J J

and thus guaranteed by the continuity of the sample paths of W. Much stron-
ger results (cf. e.g. Lyons [22]) can be obtained using more precise properties
of the sample paths of the fBm. Of course, for an appropriate function f, the
stochastic process (fy f(s)dWs,t € [0,T]), integral of f with respect to W, is
then defined by

/Otf (), = /OT ljo.) (s) f(s)dWs, t € [0,T],

and a continuous version of this process can be chosen, what shall be always
done in the sequel.

Although the fBm is not a semimartingale, simple integral transformations
which change it to martingales can be identified. To prove a Girsanov type
formula in the next section, we shall make use of the following technical result
which was shown in [15] with slightly different notations (see also [26] for a
particular case). In the sequel I" stands for the gamma function.

Lemma 1 Let W be a fBm with Hurst parameter H € (1/2,1). Let C be
a continuous function of [0,T] into R. Define for 0 < t < T the function
kb = (kh(s),0 <s <t) by

ktc(s)é—pglw —/ dww* 1 (w — %* —/ dzzz~
(4)

w—2)7 10(2),

ml'-'

INRIA



Filtering in systems with fractional Brownian observation noise 9

where py = T?(3 — H)D'(2H + 1) sin(wH). Then the function ki satisfies the
equation

t

(5) H(2H — 1)/ kL (s)|s — r[272ds = O(r); 0 <r < t.
0

Define for 0 <t <T

i t
(6) NE & /0 kL (s)dW,; < NC >,2 / C(s)kt(s)ds.

0

Then the process NC = (NF,0 <t < T) is a Gaussian martingale and the
function < N¢ >= (< NY >, t€[0,T]) is its variance function.

Remark 1 (a) Let us mention that the definition (4) of the function £} can
be interpreted in terms of right and left fractional derivatives Dgi_g and Dg_g
(see Samko et al. [27]) :

kb(s) = [[(2H + 1) sin(wH)]_ls%_HDﬁ_isQH_lD(ﬁ_ES%_HC’(S); 0<s<t.

(b) In particular, for C =1 the function &, is (see [26] or [15]) :

(7) E(s)=rgsi 2t —s)2 " 0<s<t,
with 3 1
wi = 2HT (S — H)T(H + ).

Then the corresponding Gaussian martingale (called in [26] the “fundamental
martingale” associated to the fBm W) is

(8) N} = kg /Ots%_H(t — s)%_HdWs, t € 0,7,

and it has the variance function

9) < N* >= kg /Ot séfH(t - s)%’Hds = 7t ?H telo,T],
where

A_pHM&nmnH+9
= T2 —H)

2
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The following property, which is proved in [26], will be a key point in our
developments below : the filtration generated by the martingale N* coincides
with that generated by the fBm W up to sets of IP probability zero.

(c) If C and D are two continuous functions of [0, 7] into R and processes N¢
and NP correspond to C and D respectively by (6), then of course the pair
(N¢ NP) is Gaussian; actually, from (3) and (5), one may easily check that it
is a martingale with the covariance function

t t
< NC NP >,= /0 kL (s)D(s)ds = /0 kb (s)C(s)ds, t € [0,T).
In particular
t t
(10) < NO N* >,= / kL (s)ds = / kt(s)C(s)ds, t € [0,T].
0 0

(d) Let us observe that when H = %, i.e. W is a standard Brownian motion,

then assertions in Lemma 1 reduce to elementary facts concerning the Ito6
stochastic integral with respect to W. Actually in this case

t t
ki, =C; NE = / C(s)dW,; < NC >,= / C2(s)ds,
0 0

and in particular k! =1, N = W;, < N* >,= 1.

Now we state some useful complementary properties of martingales defined
as in Lemma 1.

Lemma 2 Let assumptions and notations be the same as in Lemma 1. Let
also N* be the martingale defined by (8) and < N* > be its variance function

defined by (9). Then the martingale N defined by (6) is continuous. Moreover
there exists a measurable function ¢¢ = (¢F,t € [0,T)) such that

T
/0 (g€)%d < N* >; < +o0,
and the representations
t t
(11)  N¢ :/ gCdN*; < NC >,= / (¢€)2d < N* >,, t €[0,T],
0 0

hold.

INRIA



Filtering in systems with fractional Brownian observation noise 11

Proof At first let us discuss the continuity property of N¢. Since from
Lemma 1 N is a Gaussian martingale, it is sufficient to show that its variance
function < N¢ > is continuous. Actually this can be easily proved starting
from the definition (6) of this function and the formula (4) for the involved
function k.

Of course in particular N* is continuous. Moreover, from Remark 1(b), N*
generates the same filtration as the fBm W up to sets of P probability zero.
Therefore, since N© is clearly adapted to the last filtration, it is also adapted
to the filtration generated by N*. Consequently, since from Remark 1(c) the
pair (N, N*) is a Gaussian martingale, we may apply the generalized Kalman
filter derived in Liptser and Shiryaev [18| (see Problem 2, p. 320) and hence
get that the representations (11) hold with

d < N¢ N* >,
12 ¢ — ’
(12) a4 d< N* >,

where < N¢ N* > is the covariance function of (N¢, N*) given by (10). ®

, t€[0,T],

Remark 2 (a) Let us observe that, taking into account (9), an immediate
consequence of equation (12) is that the function < N¢ N* > given by (10) is
absolutely continuous with respect to the Lebesgue measure with the derivative
t — Ay (2—2H)t1=2H¢¢. Moreover, due to the expression (7) of the funlction

k!, this derivative can be seen also as the right fractional derivative Dgf:g (see
[27]) of the function t — [2HT'(H + %)]_lt%_HC(t). Finally we can write

t t
(13) /0 kE(s)CO(s)ds = /0 ¢Cd < N* >,, t € [0,T],
where I 2H)
c — oH - 1yH-3,1 |
= —-t D, 2%t Cc(t), te|0,T].
ay P(% —H) o+ U2 ()a [ ) ]
(b) More generally, for any fixed u € (0,7), we can write
t t
(14) / kL (s)C(s)ds =/ q“(s,u)d < N* >,, t € [u,T],
where (9 — 9
— _1
q®(t,u) = ( )tQH*Djﬂ 25 HO(t), t € [u,T).

TE-m

2
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12 M.L. Kleptsyna, A. Le Breton and M. C. Roubaud

Hence in the sequel we shall use the notation ¢(¢,0) for ¢F.

(c) Let us also mention that when H = 3, i.e. W is a standard Brownian

motion, then of course the assertion in Lemma 2 reduces to a triviality with
q® = C. Actually in this case, with the notation of Remark (b) just above, we

have more generally ¢“(.,u) = C.

Now we turn to some complementary preparation for studying the filtering
problem.

3 A Girsanov type formula

There is now a quite usual strategy to deal with the filtering problem, exten-
sively developed for X and Y semimartingales, i.e. when in particular the
1

observation noise W in (1) is a Brownian motion which means H = 5. The

first step consists in constructing a new probability measure ]l~3, called the re-
ference probability, a P Brownian motion carrying the same filtration as the
observation process and such that under P, it is independent of the signal
process. The second step is to show that the optional projection under IP can
be transformed to a P conditional expectation to obtain an equation for

>

m(¢) = E(d(Xy) | V),

for sufficiently regular function ¢ from R to R. We shall show that in the
situation which we are dealing with here a similar approach can be led. A key
point is the construction of the appropriate reference probability which relies
on a Girsanov type result. In [7], Girsanov’s formula was derived in a very
general framework for changes of measure in a stochastic basis with fBm by
making use of rather sophisticated tools. Here, due to our simple setting, we
may develop an elementary approach which leads to quite explicit results (see
[26] and [15, 16] for more specific cases).

Actually in the sequel it is convenient to work on the canonical space of
the process (X,Y). Let Q = C([0,7]; R?) be the space of continuous func-
tions from [0, 7] into R?. Consider also the canonical process (X,W*) =
(X, W), t € [0,T]) on Q where (Xy, W) (z,y) = (z4,y;) for any (z,y) € Q.

INRIA



Filtering in systems with fractional Brownian observation noise 13

Hereafter P denotes the unique probability measure on €2 such that defining
the variable £ by
£=Wy,

and the process W = (W,), t € [0,T]) by
W, =W; —Wg, t €0,T],
the following properties hold :

e the pair (X, &) is independent of W and has the distribution (X,8)5

e the process W is a fBm with Hurst parameter H.

The canonical filtration on Q is (F,t € [0,T]) where F; = o({(X;, Wy), 0 <
s <t}) VN, N denoting the set of null sets of (Q,P).
Let us define for all continuous function x = (z,¢ € [0,7T]) the function C(x)

on [0,7] by
(15) O(a)(1) 2 Agggﬂ

Consider, for any ¢ € [0, 77, the function k¢ ,y = (kg (s),0 < s < t) defined

from equation (4) with C(z) in place of C. Define also the process N(z) =
(Ni(), t € [0,T]) by

, t€10,T).

(16) Ny(z) £ /Ot kb (s)dWs, t €[0,T],
and the function < N > (z) = (< N >; (z), t € [0,T]) by
(17) <N K (5)C(@)(s)ds, t € [0,T),

which actually is nothing but < NY®) > defined from the second part of (6)
with C'(z) in place of C. N

Observe that from Lemma 1, under ]E the process N(z) is a Gaussian mar-
tingale with the variance function < N > (z). Then of course defining for all
te0,T]

(18) M) 2 exp{Ny(z) — % < N>, (@),

RR n " 3439



14 M.L. Kleptsyna, A. Le Breton and M. C. Roubaud

the following equality holds :

(19) BE(A(2)) = 1.

Finally, for any ¢ € [0,T], we introduce the random variables

(20) N, 2 N(X); <N >2< N> (X)
and )
(21) At £ A(X) = exp{N, — 5 <N >

Let us emphasize that actually for each ¢ the variables V;, < N >; and A;
depend only on values of X in the past of time ¢ i.e. for instance N; = Ny(X (D
where X® = (X,, 0 < s < t). Now, since under IP the processes X and W
are independent, making use of identity (19), it is readily seen that E(A;) = 1
and E(Ay | F,) = A, for all t € [0,T]. Hence we may define the probability
IP which is absolutely continuous with respect to P with the Radon-Nikodym
derivative Az, so that for any ¢ € [0, 7] the local density process on the family

{F;, t € [0, T]} is nothing but (A, ¢ € [0,T]).

Now, defining on (€, (F;), P) the process W = (W,, t € [0,T]) by
(22) WL w - " O(X)(s)ds, t € [0, T,
and considering the continuous adapted process Y = (Y3, ¢ € [0,T]) given by :
(23) Yi=6+ /OtB(s)dWS, tel0,T)
we may state the following Girsanov type result :

Proposition 1 Let IP be the probability measure P = Ar.IP where At is given
by (21). Then, under IP, the distribution of the system (X,&, W), where W is
defined by (22), is the same as that of the system (X,&, W) under P. Moreover
under IP the process Y defined by (23) satisfies the equation (1).

INRIA



Filtering in systems with fractional Brownian observation noise 15

Proof To prove the first assertion it is sufficient to show that for any fixed
0<t <ty...<t, <T, the distribution of (X,&,W;,,...,W; ) with respect
to IP is that of (X, &, W,,,...,W,,) with respect to IP. So we fix Borel sets T’
and A in C([0,7];R) and R respectively and a vector = (fy,...,0,) in R".
We have to check that

01 B(Ina(X, 8 en (3 41) = nxo (T x A) e G,

where ESII) stands for the covariance matrix of (W;,,...,W,,)') with respect
to P. By definitions (22) and (21) of W and Ap respectlvely, from P = Ay P
we compute the left hand side of (24) (lhs(24) for short) as

]E(HFXA(X, 5) exp{iﬁthl Zﬁz/ )du+ NT — % < N > })
1

Then, taking into account the independence of (X, &) and W with respect to
IP, it comes that

(25) hs(24) = B(Trxa (X, &) [E(exp(U(2)))]e=x),

where, for a continuous function z of [0, 7] into R, U(z) is the random variable

=3 G, - z@/ (wdu+ Ne(z) — 5 < N > (a),

with Ny(z) and < N > (z) given by (16) and (17) respectively. With respect
to IP the random variable U(z) is Gaussian with mean

(26) E(U(z) = - Zj: 5 /0 " Oa) (u)du — % <N >r(2),
and variance
G (U (z)) = B[(Nr(2))?] + ﬁ[(i W) + 2iﬁﬂﬁ<m<x>w,

or

var(U(z)) =< N >7 (z) + g5\ 6+2Zﬂz (z)W,,)-

RR n " 3439



16 M.L. Kleptsyna, A. Le Breton and M. C. Roubaud

But, from identity (3), definition (16) of Ny(z) and equation (5), it is easy to
check that

(N (0)T:,) = [ " O (w)du.

Finally we get
— n t;
@) war(U()) =< N >p (z) + S +23 6 / O(x)(u)du.
T 0
But, since under P the variable U(z) is Gaussian, we have

Elexp(U(z))] = exp[E(U () + %W(U(x))]-

Hence, from equations (26) and (27), it is readily seen that

- 1

Blexp(U(2)] = exp (5 55575),

and inserting this in (25) we obtain that

hs(24) = [B(Irea (X, €))] exp (%B’E%’?)ﬂ),

which means that the equality (24) holds.
Finally the second assertion in the statement is a straightforward consequence
of the first one and of definition (22) of the process W. |

We remind now the usual notations which we use hereafter :
e Vi=0({Y;,0<s<t}), tel0,T],
L4 7Tt(¢) = ]E[¢(Xt) | yt]§ 0t(¢) = ]E[¢(Xt)/\t | yt], te [07T]'

The distribution m; is the optimal filter (when observation is made on [0,1])
whereas the measure oy is the so-called unnormalized filter. They both operate
on bounded continuous real-valued functions and the well-known Bayes type
formula, called the Kallianpur-Striebel formula, holds : for all ¢ € [0,7], P
and IP almost everywhere,

(28) m(¢) =

INRIA



Filtering in systems with fractional Brownian observation noise 17

Actually, more generally, for a sufficiently regular function 4, on the set C([0, ¢]; R)
of continuous functions on [0, t], we shall also be concerned with similar quanti-
ties with the variable 1;(X®), written simply ¢;(X), in place of ¢(X;), where
X® stands for the process X® = (X5, 0 < s <t). So for instance the notation

m (1)) will also be used for the conditional expectation E[,(X) | V.

4 The innovation type process

Here we deal with integral representations of various processes involved in
the filtering problem. We start with the processes N = (N, t € [0,7]) and
< N >= (< N >t € [0,T]) defined from (6) by plugging in the process C(X)
in place of C i.e.

(29) N, 2NED), < N >E2< N°X) >, telo,T)

Notice that here again actually NV; and < N >; depend only on values of
X® = (X,,0<s<t).

Recall the martingale N* and the function < N* > defined in Remark 1(b) by
(8) and (9) respectively i.e.

t t
(30) Ny A / KL (s)dW,; < N* >4 / ki (s)ds, t € [0,T),
0 0

where the function k! is given by (7).
Now let us define the (F;)-adapted processes < N, N* >= (< N,N* >, t €
[0,7]) and ¢(X) = (q:(X),t € [0,T]) from (10) and (12) respectively by

t
(31) < N,N* >2< NOX) N* > = / Kt (s)C(X)(s)ds, t € [0,T],
0

and d<N,N* >
A C(X) ) t
32 X) = =—-1t€|[0,T]
(32) @(X) = ¢ d < N* >, [ ]
Applying Lemma 2, substituting C(X) to C, it is readily seen that IP almost
surely

T
/ (X)d < N* >, < +oo,
0
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18 M.L. Kleptsyna, A. Le Breton and M. C. Roubaud

and the representations
t t
(33 N, :/ ¢(X)AN*; < N >t=/ P(X)d < N* >, t € [0,T),
0 0
hold.
Now we introduce the process Z defined by

t
(34) 7,4 / ko) (8)B™(5)dYs, ¢ € [0, T,
0

where Y is the observation process.
Finally we define the process Z* by

(35) zZr & /Ot kL(s)B™'(s)dY;, t €[0,T],

where the function k! is given by (7).
Under P, since from (1) dY; = A(t, X;)dt + B(t)dW,, the process Z* appears
as a semimartingale with the following decomposition :

(36) Zf =< N,N* >, +N;, t € [0,T],

where N* is given by (30) and < N, N* > is defined from (31).
Similarly the process Z appears as a semimartingale with the decomposition :

(37) Zt =< N > +Nt, t e [O,T],

where N and < N > are given by (29). Now from (33), (32) and (36)-(37) we
can write

t
(38) ZF = /0 g(X)d < N* >, +N;, t € [0,T],

and
t t
Z, =/ 2(X)d < N* >, +/ 45(X)dN?, t € [0, T).
0 0

Hence finally we get the following integral representation of Z in terms of Z* :

(39) Z, = /ths(X)dZ;“, t € [0, 7).
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Filtering in systems with fractional Brownian observation noise 19

Now let us introduce the process v = (14, t € [0,T]) defined by
¢
(40) v =7 —/ my(q)d < N* >y, t € [0, T],
0

as a candidate to play the role which plays the innovation process in the usual

situation where the noises are Brownian motions. Recall the notation 7,(q) =
E(g5(X)|Ys). We prove the following

Lemma 3 Let processes Z* and v be defined by (35) and (40) respectively. Let
the function < N* > be given by (30) or (9). Fort € [0,T], let FE7 denote
the o-field F&7" = o({&; 2,0 < s < t}). Then the following assertions hold :

(i) for all t € [0,T), the o-fields F&Z" and Y, coincide up to sets of IP
probability zero,

(i) under IP, the process v is a continuous Gaussian (V;)-martingale with
the variance function < N* >,

(iii) if M = (M, t € [0,T)]) is a square integrable (Y;)-martingale with
respect to IP, My = 0, then there exists a (V;)-adapted process I' = (I'y,t €
[0,T]) such that

T
]E[/ %4 < N* >,] < +00,
0
and P almost surely

t
Mt:/ Tydvs, t € [0,T].
0

Proof At first let us prove assertion (i). Observe that under P, since dY, =
B(s)dWs and B is nonvanishing, we have ); = o({§;W;,0 < s < t}) up to
sets of IP probability zero. But, under IP, we have also almost surely

t —
z :/ kt(s)dW,, t € [0,T].
0

Then, from Remark 1(b), Z* generates the same filtration as W up to sets
of IP probability zero. Hence ), = ]-"f’z up to sets of IP probability zero.

RR n " 3439



20 M.L. Kleptsyna, A. Le Breton and M. C. Roubaud

Consequently, since P is equivalent to P, assertion (1) holds.
Now we turn to assertion (ii). From (40) and (38) we can write

t
Ve = /0 [4s(X) — my(q)]ld < N* >, +N7, t € [0, T1.
Therefore, for 0 < s <t < T we have
t
vy — vy = / [gu(X) = Tu(@)]d < N* >, +[N} — N?].

Then, exploiting the fact that < N* > is deterministic, the conditional expec-
tation IE[v; — vs | Vs] can be computed as

¢
El( [ Blg(X) = m() | Yuld < N* >, ) | Y] + BB = N; | ) | .
Now using the ((F;),P)-martingale property of N* we get that
E[v; —vs | V5] =0, P almost surely,

which gives that under P, the process v is a ();)-martingale. Moreover, with
respect to the filtration (F3), v is a continuous semimartingale. Hence, by the
differentiation rule, we have the decomposition

t
vl = 2/ vsdvs+ < N* >, t € [0,T).
0

This shows that, with respect to the filtration (F;), the predictable quadratic
variation of v is nothing but the continuous deterministic function < N* >.
Consequently, with respect to the filtration ()%), the predictable quadratic
variation of v is also < N* > and thus the continuous (();), IP)-martingale v
is necessarily Gaussian with the variance function < N* >.

Finally let us prove assertion (iii) in the lemma. From (40) we have

t
Z; :/ ms(q)d < N* >4 41, t € [0,T],
0

where 7(q) is ()})-adapted and, from (ii), v is a continuous Gaussian (()%), IP)-
martingale such that < v >=< N* >. Now let us define the (();), P)-martin-
gale A* = (A}, t € [0,T]) by

t 1 st
1) A :exp{—/ 7y(q)dvs — 5/ 72(q)d < N* >}, t € [0,T],
0 0
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and the probability measure P* on €2 as P* = A%..IP. Then, from the standard
Girsanov theorem, the process Z* is a continuous Gaussian (();), P*)-martin-
gale such that < Z* >=< N* >.

Hence if M* = (M},t € [0,7T]) is a (()), P*)-martingale, M = 0, there exists
a (V)-adapted process g = (g¢,t € [0,7]) such that IP* almost surely

(42) / g9,dZ*, t € [0,T].
Now if M is a (();), IP)-martingale, My = 0, the process M* defined by
M; =AM, t €0,T],

is a (()),P*)-martingale, M7 = 0. Hence it admits a representation of type
(42), so that P almost surely

M; = /Otgsﬂs(q)d < N* >, +/Otgsdys, te[0,T].
Since from (41) we have
Ar=1- /Ot Army(q)ds, t € [0,T],
applying the It6 formula, for ¢ € [0,7], we compute M; as My = AT M :
M, = /Ot M:dA? +/Ot AfAMP+ < A*, M* >,
_ —/tM*A*wS( dus+/tA:gs7rs( Jd< N* >,
+/ Agydv, — / Atgomy(q)d < N* >,

t
= [ ilg — My (@)ldvs.

This means that assertion (iii) holds. [

We end the present section by providing a representation of the conditional
expectation (; = E[¢ | V4] for a ((F;), IP)-semimartingale ¢ = (¢, t € [0,7T])
as the solution of some stochastic differential equation.
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Proposition 2 Let ( = (,t € [0,T]) be a ((F), P)-semimartingale of the
form

t
Ct:<0+/0 65d8+mta te [OaT]a

where F[(3] < 400, E[fy f2dt] < +0o and m = (my,t € [0,T)) is a square
integrable ((F;), P)-martingale such that < m, N* >,= [J A\, d < N* >, t €
[0,T). Then the process (= (é},t € [0,T]) satisfies the stochastic differential
equation

~ ~ t . t . — N
(43) Ct = CO +/O ﬁsds + /0 [)\s + quS(X) - Csﬂ-s(q)]dysa le [OaT]

where q(X) is the process defined by (32), Bs = E[By | Vi), As = FE[X, | Vi,

—

(sqs(X) = E[Csqs(X) | V| and v is given by (40).

Proof The proof parallels that of Theorem 18.11 in [8]. Define the process
M = (Mtat € [OaT]) by

~ ~ t .
Mt:Q—CO—/O Bods, t € [0,T).
Then for 0 < s <t < T we have
~ ~ t .
]E[Mt_Ms | ys] :]E[Ct_Cs_/ ﬂudu | ys]

However we have

E[G G [ V] = ElG—¢ | V]
= B[ [ Budu| Y] + Blm, —my | )
= B[ [ B3 | Yuldu| 3] + BE[m, —m, | 7| )
= E[ [ fudu| %),

because m is a ((F;), P)-martingale. Therefore, M is a locally square integrable
(()%), P)-martingale. So, by Lemma 3, there is a ();)-adapted process I" such
that IP almost surely

t
M, :/ T,dv,, t € [0,T],
0
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and we can write
N ~ t . t
(44) & =G+ / Bids + / Tydv,, ¢ € [0, 7).
0 0

Now we wish to identify the process I'. As in the proof of Theorem 8.11 in [§]
we shall do it by using the unique decomposition of special semimartingales.
From the representation (38) of the process Z* defined by (35), applying the
differentiation rule we get

t t
GZ; = /0 Gslgs(X)d < N* > +dN;‘]+/O 7% Bsds + dmy)
t
+/ Asd < N* >, t€[0,T].
0

Proceeding as in [8], one can then derive a decomposition of f Z* as a special
semimartingale with respect to ();) where the bounded variation term is

t — “ t ~
(45) / G0 (X) + AJd < N* >, + / Z*Bods, t € [0,T].
0 0

However, using (40) and (44), applying the differentiation rule we obtain ano-
ther decomposition of (Z* as a special semimartingale with respect to ()
where the bounded variation term is

t . . t .5
(46) /0 Cmy(q) + TyJd < N* >, + /0 7 Byds, t € [0,T].

Since the canonical decomposition of the special semimartingale 5 Z* is unique,
in particular the integrals in (45) and (46) must be almost surely equal. This
gives that < N* > ®IP almost everywhere in [0, 7] x Q the following holds :

Iy = ;\s + quS(X) - CASWS(Q)'
Hence, inserting into (44), the representation (43) follows. [ |

Now we may extend partly Zakai’s approach (see e.g. [29, 8|) to derive
equations for the optimal filter when the signal X is a diffusion process.
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5 Optimal filtering of a diffusion process in frac-
tional Brownian observation noise

Here we assume that the signal process X satisfies the stochastic differential
equation

t i
(47) X, =n+ / als, X,)ds + / b(s, X, )V, ¢ € [0, T,
0 0

where with respect to P (or IP) the process V/2 = (V% ¢t € [0,T)) is a
standard Brownian motion independent of W such that the pair (n,£) is in-
dependent of (V/2,W). Of course we suppose that the distribution Hx,¢) 18
uniquely well-defined. Moreover we assume that the conditional distribution
of n given £ is some fixed .

Let ¢ be any smooth function with regular first and second order derivatives
¢’ and ¢" respectively. Then, according to It6’s formula, the process (¢(X;),t €
[0,7T]) is a semimartingale with the following decomposition :

t t
BX) = 9(n) + [ Loo(X)ds + [ ¢(X)bls, XV, ¢ € 0,71,
where, for s € [0,T], L; is the second order differential operator defined by
1
L.6(x) = als, 2)6/(x) + 58 (5,2)0"(z), 7 € R.

Hence a straightforward application of Proposition 2 gives an equation for the
optimal filter 7, : for all ¢ € [0, 7],

t t
(48)  m(6) =mo(¢)+ [ m(Ld)ds+ [ [m(60) — m(@)m(@)ldvi,

where 7,(¢q) = E[¢(X,)q,(X) [ Vi].

In order to be able to derive an analogue of Zakai’s formula for the unnorma-

lized filter o;, now we deal with the local density process A in the Girsanov
type formula of Proposition 1. Recall that

—~ 1 —~
At = eXp(Nt — 5 < N >t)-
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Taking into account equation (22), this definition can be rewritten in terms of
the processes Z and < N >, defined by (34) and (29) respectively, as

1
Ay = exp(Z; — 5 < N >y).

But from the representations (33) and (39) of < N > and Z this can also be
written as

t 1 st
Ay = exp (/ qs(X)dZ; - —/ Z(X)d < N*>,).
0 2Jo
Hence A appears as the solution of the stochastic differential equation
t
(49) Av=1+ / ¢o(X)\,dZ", ¢ € [0,T].
0

Recall that by definition of the unnormalized filter o,

0t(¢) = ]E[¢(Xt)At | yt],

and in particular
~ A ~
(50) At = O't(l) = ]E[At | yt]
Now we obtain a formula for the process A = (A,,t € [0,T]) :

Proposition 3 The process A defined by (50) is given IP almost surely by

~ t 1 st
51) A, = exp{/ m(@)dZ; =5 [ w@)d < N* >}, te 0,7),
0 0

where Z* is defined by (35) and ws(q) is the conditional expectation ws(q) =
Elqs(X) | Vs] with respect to IP.

Proof The proof parallels that of Theorem 18.21 in [8]. Recall that A is a
((F),P)-martingale. Of course, consequently A is a ((J}),IP)-martingale.
Under P, the process Z* which can be written as

t —
Z :/ Kt (s)dW,, t € [0,T],
0
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is a continuous Gaussian ();)-martingale such that < Z* >=< N* >. Hence
there exists a ();)-adapted process g such that P almost surely

~ t
(52) Ae=1+ [ gdz;, teo,T)
0

We shall identify g by using the unique decomposition of special semimartin-
gales. Using the differentiation rule to compute AZ*, from (49) and (38) we
get

t t
N7 = [ AAZ+ [ ZidA+ <A 27>
0 0

t t t
- / AydZ: + / Z245(X)AydZ" + / 0s(X)Asd < N* >,
0 0 0

Proceeding as in the proof of Theorem 18.21 in [8] one can derive a decomposi-
tion of AZ* as a special (();), P)-semimartingale where the bounded variation
term is

t —
/ Aygs(X)d < N* >, t € [0,T],
0

where A,q,(X) = B[A,q,(X) | V).
However, using (52) and (40), again applying the differentiation rule we can

obtain another decomposition of AZ* as a special (()%),P)-semimartingale
where the bounded variation term is

t
/ gsd < N* >, t€[0,T).
0

By the uniqueness of the decomposition of a special semimartingale we obtain
that < N* > QP almost everywhere in [0, 7] x

gs = As (X)
= E[Aq.(X) | Vi].

However, from (28) and (50), this means that < N* > ®IP almost everywhere
in [0,7] x Q

gs = A57T5 (Q) .
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Substituting in (52), we obtain the equation
N t
(53) zg=1+/ﬂgm@mz;temjm
0
which has, with respect to IP the unique solution
- t 1 rt
qumﬂ/}qmﬂﬁ—ﬁ/ﬂﬂ@d<Nh%LtemTy
0 0

Hence, since P is equivalent to ]l~3, the proposition is proved. [ |

Now we obtain an analogue of classical Zakai’s equation (see e.g. [29, 8|)
for the unnormalized filter oy :

Proposition 4 Let o; be the unnormalized filter in the signal-observation mo-

del defined by equations (47) and (1). Then for any smooth function ¢ the
following equation holds :

t ¢
(4 ald)=a(6)+ | ou(L)ds+ [ o6a)dz;, teo,T)
where the process Z* is given by (35) and o¢(p) = mo(¢).

Proof We observe that from its definition we have
(55) Ut(¢) = /~\t7Tt(¢)-
But, from equations (48), (53) and (40) we have
t t
m(@) = (@) + [ m(Lad)ds + [ [ru(60) = mu(@)mu(@ldvs, 1 € 0,71,

and
- t t
A=1 +/ A,2(q)d < N* >, +/ Ags(q)dvg, t € [0,T].
0 0

Then, applying 1t6’s formula, we get

doy(¢) = Adm(d) +m(d)dA, 4+ d < A, () >
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Lip)dt + A[mi(dq) — me(d)me(q)]dv,
Aemy(q)dvy + 7y (9) Ay (q)d < N* >,
@)[m(¢q) — m(d)m(g)ld < N* >,

Lip)dt + Ny (6q)[dvy + m(q)d < N* >].

+ Atﬂ't
= /N\t7T t
Again, using (55) and (40), the equation can be rewritten as

dO’t((ZS) = Ut(£t¢)dt + Ot((bq)dZ:,

which gives nothing but (54). [

Actually, from Propositions 3 and 4, it appears that to give a complete
solution to the filtering problem we need also an equation for the conditional
expectation (1) of a functional (X ®) of the state process, if only for m;(q).
In the next section we investigate this question in the case of linear systems
for which we show that closed form equations can be derived for the optimal
filter.

6 Optimal filtering in conditionally Gaussian li-
near systems with fractional Brownian obser-
vation noise

Let us deal here with the particular situation where the dynamics of the process
(X,Y) is linear. Precisely we suppose that, written in differential notation,
under IP it is given by

(56) { dX, = a(t)Xudt+b(t)dV;”?, t €0, T], Xo=n,

dY, = A()X,dt+ Bt)dW,, te[0,T], Y, =¢.
We assume that the random initial conditions 7 and £ in (1) are such that
the pair (7, ) is independent of (V/2, W) where V/2 and W are independent

Brownian motion and fBm with Hurst parameter H respectively. The condi-
tional distribution 7y is assumed to be Gaussian with mean 7y = 7o(£) and
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variance 9 = 7o(§) which is supposed almost surely positive. Clearly, under
these assumptions, the distribution of process (X,Y’) is uniquely well-defined
and enters into the general framework described above. Moreover it is obvious
that the pair (X,Y") is conditionally Gaussian i.e. forallt € [0,T7],n =1,2,...
and ty,1ts,...,t, € [0,1] the joint conditional distribution of (Xy,, X,,..., X3,)
given ), is Gaussian.

Notice that here, for a continuous function z = (z;,t € [0,7T]), according to
definition (15), we have C(z)(t) = C(t)z(t) where C(t) = B™'(¢ ( ) for all
¢t € [0, T). Hence, since moreover the functional C' — (g5, qf,, - .., qC ) defined
from (12) and (10) is linear, the system ((X,¢(X)),Y) is also conditionally
Gaussian.

Then in particular for any ¢ € [0, 7] the optimal filter 7, is a Gaussian distri-
bution and the filtering equations can be reduced to equations for its mean X,
and for the conditional variance y(t) of the filtering error i.e.

(57) ]E[Xt | Vil; (1) = ]E[(Xt X% | Vi), te[0,T).

We shall show that here a closed form system of equations for X, and ¢ can
be determined. We introduce the process v, , defined as

(1>

(58) Vo (8) = E[(X; = X0)(@(X) = m(q)) | V1], t € 10,7,

Now we start with the following :

Lemma 4 For allt € [0,T), the mean X, and the variance y(t) of the optimal
filter m; in model (56) satisfy the equations

(59) Xt—n0+/ de+/’yx s)dvs,
and
t t
(60)  ~(t) = 7o+ /0 2a(s)y(s)ds + /0 b (s)d / 12 (s)d< N* >,,

where 7, , s the process given by (58).
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Proof Applying Proposition 2 to the semimartingale X we obtain
Xt_n0+/ de+/ X,05(X) = Xomy(q))]dvs, t € [0,T].
Therefore equation (59) holds since the process appearing in the martingale
part of the right hand side of this representation is noting but v, , given by

(58). Now applying It6’s formula, we get the following representation of the
semimartingale X? :

P = [77]2+/2a ds+/7 s)d < N* >,

(61)

+/ 27 4 (s)X,dvs, t €0,T).
o 20x,

On the other hand, applying It6’s formula to the semimartingale X? we get
¢ ¢ t
X2 =P+ [ 2a(s)X2ds+ [ B(s)ds + [ 2b(s)X,dV}2, € [0,7)
0 0 0
Hence, again applying Proposition 2, we obtain
A — t _ t
X2 o= 24 / 2a(s)X2ds + / b (s)ds
(62) o 20
+ [ [X20,(X) = X2my(a)ldvs, € [0,7].
0
Subtracting equation (61) from equation (62) leads to
t
y(t) = ’yo+/2a( ds+/b2 ds—/7 s)d < N* >
0
b — .
+ [ [X20(X) - X2m(a) — 270, (5)RiJdvy, ¢ € [0,T].
o ,
But, using the conditionally Gaussian property, it is readily seen that the
process appearing as the integrand in the martingale part of the right hand

side above is almost surely zero. Consequently the last equation is nothing but
(60). [
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Remark 3 Let us emphasize that in the case when the observation noise is
also a standard Brownian motion, i.e. H = %, then the previous optimal
filtering equations reduce to the usual Kalman equations. Actually, taking
into account Remarks 1(d) and 2(c), in this case we have

(X)) = C(t)Xy; mlq) = C(HXs; 7y, (1) = COY(D), t € [0, T).
Hence from (40) we have also
dv; = B7H()dY; — C(t) Xydt = B~ (t)[dY; — A(t) X, dt].

Then equations (59)-(60) in Lemma 4 become

X, = n0+/ de+/ 32 (s)[dYS—A(s)Xsds], te 0,7,

_ ¢ Lo LA%(s) ,
_70+/0 2a(s)’y(s)ds+/0 b*(s)ds — ; BQ(s)fy (s)ds, t € [0,T7,

which are nothing but the classical Kalman filter equations for a linear system
driven by Brownian noises (see e.g. [17]).

Actually Lemma 4 permits to give an explicit solution of the filtering pro-
blem in the specific case of a noise free state equation when actually the signal
is a fived random variable i.e. in (56) the functions a and b are identically zero
and hence X; = 7. This means that the observation process is Y where

Y, = S—i—/ nds—i—/ s)dWs, te€l0,T].
We shall use the notation 7, = IE[n | V4] and then v(t) = E[(n—7;)? | Ji]. Here

of course the process ¢(X) defined by (32) and the corresponding conditional
expectation m;(¢q) reduce to

@(X) = q¢n; m(q) = ¢y, t €10,T],

where ¢ is given by (12). Hence also

Vx.,q (t) = Qthy(t)’ le [O’T]a
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and equation (60) becomes
¢
W)= = [ PA(5)laPd < N* >, t € [0,T]
0
This equation has an explicit solution
-1
(o' + [P < N° >,) 7, 1efo,7)
Observe that from (6) and (11) it can be rewritten as
1 t -1
10 = (35" + [ Ko(s)C()ds) ", te [0,T]
Moreover equation (59) reduces to
nt—n0+/qs s)dvs, t € 10,T],
i.e., taking into account the representation (40) of the innovation process v,
e = 770+/ g, v(s)ldZ; — ¢ hsd < N* >, , t € [0, T].

Then the conditional mean 7); can be obtained computing
diy; '] = fdyTHE) + ()
= dela PPd < N* > +y7 () (t)ar [dZ; — gf nd < N* >¢]
= qFdZz;.
This gives
¢
Wi = w0+ [ dfdz;
t
= 35+ [ Ko(s)B(5)dYs, ¢ino, T,
where the last equality can be easily checked from (38) and dY; = A(s)nds +

B(s)dW;.
Finally, this leads to

e = (1) (761770 + /Ot ké(S)B*I(s)dYs).
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Of course it appears that (7, y(t)) is nothing but the solution of the filtering
problem which was directly derived for this simple model in [16] (see also [15]).
Observe also that this is an analogue for fBm observation noise of Theorem
12.2 in [17] for Brownian motion noise.

Example Let us consider the particular case where A = B =1 (and then also
C =1) i.e. we deal with the model Y; =& +nt+W;, € [0,T]. Here we get

¢ 1l g 1 g
My = ’Vt{% 770"'/‘61{/052 (t—s)2 dYs},

and
-1

() = {75! + A5}

Now let us come back to the more general case of this section. We look for
equations for the processes 7(g) and 7, . We begin by establishing a repre-
sentation of the process ¢(X) as the solution of an It6-Volterra type equation
with deterministic coefficients.

(q(X),t € [0,T]) be defined by (31)-(32)

Lemma 5 Let the process q(X) =
= B Y(t)A(t),t € [0,T]. Then q(X) satisfies

with C(z)(t) = C()z(t), C(t)

the following equation

a(X) = a0+ /0 a()g® t,u) Yo
(63) + / Ct,u)dV M2, t € [0, T,
where ¢°(.,.) permits the representation (14).

Proof Starting from (13) and the first equation in (56), for all ¢ € [0,T] we
can write

K%am<M>S:/%umuX@
_ / Cls){n+ [ a(w)x du-l—/ (u)dV}/?}ds
- [/ k(s dsn+/ {/ Kt (5)C(s)ds} Xudu
/0 u){ / k(s ds}dvl/2
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Hence, taking into account representation (14), this can be rewritten as
t
/ g5(X)d < N* >, [/ (5,0)d < N* >,]n
0

/au/ (s,u)d < N* >} X, du
0
o

t
b(u) / (5,u)d < N* >, }dVV2.
Finally we get

t t
/ gs(X)d < N* >, = / q%(s,0)nd < N* >,
0 0
t s
+ {/] a(u)g®(s,u)X,du}d < N* >,
o Jo
t

+ [ b (s, wav,yd < N >,
0 0

which means nothing but that representation (63) holds. |

Of course ¢(X) is not a semimartingale and we can not directly apply
Proposition 2 to obtain an equation for the process 7(g). To overcome this
difficulty we shall use the technique which was proposed in [12, 13, 14] to
transform the problem into a filtering problem concerning a semimartingale.
Let us fix some ¢ € [0, 7] and define the process ¢'(X) = (¢! (X), s € [0,¢]) by

(X)) = t()n—i—/ “(t,u) X, du
(64) + / YAVM2, s e0,4].
Observe that it is a semimartingale and moreover, taking s = ¢ in (64), from
(63) we get

(65) g, (X) = q(X).
We introduce the processes v, (t,.) and v, (t,.) by

(66) 7y, (t5) 2 E[(X, — X,)(¢(X) —mo(g) [ V], 0< s <,

(67) v, (t5) 2 E[(¢H(X) = my(g")(g5(X) = m4(@)) | Vs), 0< s <.

INRIA



Filtering in systems with fractional Brownian observation noise 35

Of course, taking s = t in these definitions, it appears that v, (t,t) is nothing
but v, (t) defined by (58) and v, (¢, %) is the conditional variance IE[(g;(X) —

m(q))* | V-

Then we can state

Lemma 6 Let the process q'(X) be defined by (64). Then the following re-
presentations of the conditional expectation w5(q") = E[gL(X) | Vs] and of
the conditional covariances v, (t,s) and v, (t,s), defined by (66) and (67)
respectively, hold for 0 < s <'t:

68)  m(q") = t0n0+/ tuXdu—i—/fy (t, u)dve,
Teati) = q°(t000+ [ alw)g®(t wy(w) + 7y, (1 w)ldu
(69) +/ b (u tudu—/ Vg (W)Y, (G u)d < N* >y,

Yoa65) = q°(t,0)¢%(s,0)70

+/ “t,u )Vxq(85,u) + g (s,u)vx,q(t, u)]du

(70) +/0 b2 (u)q® (t,u)qC (s, u)du — /OS Yoot )y, . (s,u)d < N* >, .

Proof Equation (68) is an immediate consequence of Proposition 2 applied
to the semimartingale ¢'(X).

To get (69) we start from the first equation in (56) and equation (64) to write
the semimartingale representation of X¢*(X) by using the differentiation rule:

X,¢'(X) = ¢°(t,0)n +/ “(t,u) X2+Xuqu( )]du
+/ b2 (u)qC (t, u du+/ g (t, u) Xy + gL (X)]dV,>.

Hence, again applying Proposition 2, we get

S

sqs<X> 0“0 + [ awlg®(t, u)XZ + X, (X0)ldu
+ / b2 (u)qC (¢, w)du + / (Xt (X)gu(X) — Xogh (X)ma(q)]dve.
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Now, from (59) and (68), we get a representation of the semimartingale X (g") :

—

Xm(d) = €0 no] + [ @t WX + Xumala!)ldu
(72) + / ¥, (u)y,, u)d < N* >,
+ [T wq,qo:,u)+vx,q<t,um<qt>1duu.

Subtracting (72) from equation (71) leads immediately to (69) since, from the
conditionally Gaussian property, it appears that the martingale part of the
obtained semimartingale is zero.

Equation (70) can be obtained, through developments quite parallel to those
in the previous proofs, by computing 7(q'q") — 7s(q")7s(¢") for r,t > s and
observing that, due to (65), v,, (%, s) is nothing but the value of this quantity
for r = s. [ |

Now, as an immediate consequence of Lemmas 4, 5 and 6, we may give the
solution of the filtering problem in the linear system (56) :

Proposition 5 Let (X,Y) the solution process of the linear system (56). Let
q(X) = (@(X),t € [0,T]) be the auziliary process defined by (31)-(82) with
C(x)(t) = C(t)z(t), C(t) = B7YH(t)A(t),t € [0,T]. Let also q°(.,.) be the
function permitting the representation (14). Then the mean X, and the va-
riance (t) of the optimal filter m, of X satisfy the equations (59) and (60)
where .

ut_/ ki (s)B Y(s)dY, — /0 m5(q)d < N* >,, t € [0, T],

m(q) = t0770+/ tuXdu+/’y (t, u)dva,

and processes vy (-,-) and v, (.,-.) satisfy (69) and (70) respectively.

Remark 4 Let us mention that in the case when the noise in the state equa-
tion is also a fBm, developments similar to those above are still possible. In
that case one may follow for the signal X the technique, which has been used
above for ¢(X), to transform the original problem into a filtering problem
concerning a semimartingale. This will be reported in a forthcoming paper as
well as extensions to nonlinear systems.
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