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Routage tout-optique pour I’échange complet
dans des réseaux WDM

Résumé : Ce rapport étudie le probléme réaliser simultanément toutes les communica-
tions possibles dans certaines classes de réseaux optiques. Dans ces réseaux, la forte bande
passante disponible est utilisée par la technique du multiplezage en longueur d’onde (en
anglais, Wavelength Division Multiplexing : WDM) : un seul lien physique en fibre optique
peut transporter plusieurs signaux logiques, du moment qu’ils sont transmis a des longueurs
d’onde différentes. Sont considérés ici des réseaux tout-optiques, ou I'information, une fois
convertie en lumiére, atteint sa destination sans reconversion électronique intermédiaire.
Cela permet des taux de transmission de données plus élevés. Pour ce modéle de réseaux
optiques, nous donnons des protocoles de communication pour réaliser toutes les connexions
possibles en méme temps. Les topologies étudiées sont celles des tores et des grilles multi-
dimensionnelles carrées, et des produits cartésiens de graphes complets. La plupart des
résultats fournis sont optimaux quant au nombre de longueurs d’onde utilisées.

Mots-clés : Réseaux optiques, multiplexage en longueur d’onde, WDM, routage.
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1 Introduction

Motivation. Optics is emerging as a key technology in communication networks, promising
very high speed local or wide area networks in the future. A single optical wavelength
supports rates of gigabits-per-second (which in turn support multiple channels of voice, data
and video [11, 14]). Multiple laser beams that are propagated over the same fiber on distinct
optical wavelengths can increase this capacity much further. This is achieved through WDM
(Wavelength Division Multiplexing) [6], by partitioning the optical bandwidth into a large
numbers of channels whose rates match those of the electronic transmission. This allows
multiple data streams to be transferred concurrently along the same optical fiber.

All-optical (or single-hop [15]) communication networks provide all source-destination
pairs with end-to-end transparent channels that are identified through a wavelength and a
physical path. Maintaining the signal in optical form allows the elimination of the “electronic
bottleneck” of networks with electronic switching.

It is worth pointing out the severe limitations that current optical technologies impose
on the amount of available wavelengths per fiber. Therefore, solutions to the problem of
efficient routing and wavelengths allocation have importance for the future development of
the optical technology.

The Optical Model. In general, a WDM optical network consists of routing nodes in-
terconnected by point—to—point fiber-optic links, which can support a certain number of
wavelengths. Two optical signals on the same wavelength incoming on two input ports must
be routed to different output ports, otherwise it is not possible to distinguish them later.
In this paper we consider switched networks with reconfigurable wavelength selective optical
switches, without wavelength converters, which can be based on acousto—optic filters, as
done in [1, 2, 18]. In this kind of networks, signals for different requests may travel on the
same communication link into a node (on different wavelengths) and then exit along different
links, keeping their original wavelength. The only constraint on the solution is that no two
paths in the network sharing the same optical link have the same wavelength assignment.
See the recent survey [3] for an account of the theoretical results obtained for this all-optical
model.

Some authors considered topologies with single undirected fiber links carrying undirected
paths [1, 2, 16, 18]. However, it has since become apparent that optical amplifiers placed
on the fiber will be directed devices. In this paper, each link is bidirectional and actually
consists of a pair of unidirectional links. Hence we model the underlying fiber network as
a symmetric directed graph G = (V(G), A(G)), where each arc represents a point—to—point
unidirectional fiber-optic link.

A solution consists of settings for the switches in the network, and an assignment of
wavelengths to the requests, so that there is a directed path (dipath) between the nodes of
each request, and that no arc will carry two different signals on the same wavelength. If it
is not possible to establish all requested connections at the same time because of resource
limitations, some connections are to be deferred and established later. It is thus important
to minimize the number of wavelengths used to service a requested communication pattern.
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4 Bruno Beauquier

Contributions of this work. In this paper we study the problem of designing efficient
routing and wavelength allocation for all-to—all communication in some all-optical networks.
In particular we consider the multi-dimensional square tori and meshes, and the Cartesian
sums of complete graphs. This work has to be considered as a step in understanding the
complexity of the all-to—all problem in optical topologies relevant to local, metropolitan and
wide area networks.

We consider the design of efficient algorithms for two widely used global (or structured)
communication operations : the total exchange (also called all-to—all or gossiping) and the
complete exchange (also called personalized all-to—all or multi-scattering). Formally these
processes can be described as follows :
® Total exchange : Each node in the network has a message and every node has to get all
the messages.
® Complete exchange : Each node u in the network has some messages B(u,v), to be sent
respectively to all the other nodes v.

In fact, these two communication schemes are equivalent in the all-optical model, if every
node is able to send simultaneously different messages on different links and wavelengths.
We briefly call All-to—All protocol any solution suitable to both problems.

In this paper, we obtain optimal All-to—All protocols for the d—dimensional hyper-square
tori with even side, for the corresponding meshes, and for the Cartesian sums of complete
graphs. Note that the same problem was solved for the binary hypercubes in [5, 16]. We
refer to the recent survey [3] for other topologies and other communication patterns.

2 Preliminaries

We model an all-optical network by a symmetric digraph, that is a directed graph, with
vertex set V(G) and arc set A(G), such that if @ = (u,v) € A(G) then o' = (v,u) € A(G).
The number of vertices in G is always denoted by N = |V(G)|. The following notation is
also used (for more details, see [7] or any textbook in graph theory like [4]) :

e P(z,y) denotes a dipath in G from node z to node y, that is, a directed path which
consists of a sequence of consecutive arcs beginning in 2 and ending in y.

e §(x,y) denotes the distance from x to y in G, that is, the minimum length of a dipath
P(z,y).

e The Cartesian sum (also called Cartesian product) of two digraphs G and G’ is the
digraph whose vertices are the ordered pairs (x,2') where z is a vertex of G and z’ is
a vertex of G'. Thus its vertex set is the usual Cartesian sum of the vertex sets V(G)
and V(G"). Furthermore there is an arc from (z,z’) to (y,y’) if and only if + = y and
(z',y") is an arc of G’, or ' =’ and (z,y) is an arc of G.

e Z,={0,1,...,n — 1} denotes the set of integers modulo n.

e 72 denotes the Cartesian sum of d copies of Z,,.

INRIA
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e Cy and My denote respectively the cycle and the chain with N vertices.

e G denotes the Cartesian sum of d copies of a digraph G. Hence C¢ is the d-dimen-
sional hyper-square torus with side n, and M¢ is the d-dimensional hyper-square mesh
with side n.

o K denotes the complete graph with N vertices.

Wavelength-routing problem

e A request is an ordered pair of nodes (z,y) in G (corresponding to a message to be
sent by node z to node y).

e An instance I is a collection of requests.

e A routing R for an instance I in G is a set of dipaths R = {P(z,y) | (z,y) € I},
realizing the requests of 1.

e The conflict graph associated to a routing R is the undirected graph (R, E) with vertex
set R and such that two dipaths of R are adjacent if and only if they share an arc of
G.

e Let G be a digraph and I an instance. The problem (G, I') consists of finding a routing
R for the instance I and assigning each request (z,y) € I a wavelength, so that no
two dipaths of R sharing an arc have the same wavelength. If we think of wavelengths
as colours, the problem (G, I) seeks a routing R and a vertex colouring of the conflict
graph (R, E), such that two adjacent vertices are coloured differently. We denote by
W(G, I, R) the chromatic number of (R, E), and by @(G, I) the smallest #(G, I, R) over
all routings R. Thus #(G, I, R) is the minimum number of wavelengths for a routing
R and W(G, I) the minimum number of wavelengths over all routings for (G, I).

For a general network G and an arbitrary instance I, the problem of determining #(G, I)
has been proved to be NP-hard in [8]. In particular, it has been proved that determining
Ww(G,I) is NP-hard for trees and cycles. In [9] these results have been extended to binary
trees and meshes.

A related parameter

e Given a digraph G and a routing R for an instance I, the load of an arc a € A(G) for
the routing R, denoted by (G, I, R, a), is the number of dipaths of R containing a.
The load of G for the routing R (also called congestion), denoted by @(G, I, R), is the
maximum load of an arc of G for the routing R, that is,

#(G, I, R) = max,eca(q) 7(G, I, R, ).

e The load of G for an instance I, denoted by #(G, I), is the minimum load of G for a
routing R for I, that is, #(G,I) = ming (G, I, R).
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6 Bruno Beauquier

The relevance of this parameter to our problem is shown by the following lemma :
Lemma 1 W(G,I) > #(G,I) for any instance I in any digraph G.

Proof. To solve the problem (G, I), first a routing R for the instance I is needed. Then
the number #(G, I, R) of wavelengths necessary to be properly assigned to the dipaths of
R is at least the maximum number of dipaths sharing an arc of G, that is #(G,I, R). As
W(G, 1) is some W(G, I, R) for some routing R and by definition of 7#(G, I), the lemma holds.
O

The inequality in Lemma 1 can be strict, as shown by Figure 1.

0 3
0.2)
©5) )
1 2
ﬂ @s) @3
5

4

Figure 1: A routing for five requests in a tree G and its associated conflict graph.

Indeed, for this instance I in this tree G, the load is 7(G,I) = 2 but W(G,I) = 3, since
the conflict graph is a cycle of length 5 which has chromatic number 3.

In general, minimizing the number of wavelengths is not the same problem as that
of realizing a routing that minimizes the number of dipaths sharing an arc. Indeed, our
problem is made much harder due to the further requirement of wavelengths assignment on
the dipaths. This is the case for trees. In order to get equality in Lemma 1, a routing R
such that #(G,I,R) = @(G, I) should be found, for which the associated conflict graph is
7(G, I)—vertex colourable.

In this paper, we consider a specific instance I in G, called the All-to—All instance,
which consists of all the different ordered pairs of vertices in V(G). Hence I, = {(z,y) |z €
V(G),y € V(G),z # y}. In this case, (G, 1)) is called the arc—forwarding indez [13] of G.
The same parameter defined similarly for undirected graphs is called the edge—forwarding
indezx and has been studied in [12, 20].

INRIA
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3 Hypersquare torus C?

In this section we consider the problem (C¢, 1) for the All-to-All instance I, in the
d—dimensional hypersquare torus with side n. We first solve optimally the case where
n is even. Then we will give a nearly optimal solution for the case where n is odd. Note
that for n odd and d = 2 the problem has been optimally solved in [19].

Theorem 2 In the d—dimensional hypersquare torus C2, if n is even then we have :

#(C4 1)) = #(CE, Iy) = nitY/8, and if n is odd then :

#(CL, Iy) =it [n?/4] /2 = (n? — 1)n®"1 /8 <W(CL, L) < (n+ 1)1 /8 =W(CL, |, In).
Before presenting the proof, we introduce two more lemmas. The first one is adapted

from an analogous property given in [12] in the undirected case.

Lemma 3 Let G be a digraph and R a routing in G for the All-to—All instance I. Then
(G, I, R) = (32,2, 6(%,9))/|A(G)| if and only if R is a routing of shortest dipaths loading
equally each arc of G.

Proof. The sum of the loads of all the arcs for R = {P(z,y) |z # y} is equal to the sum
of the lengths of all the dipaths in R. If R is a routing of shortest dipaths loading equally
each arc, then the load is 7(G, R) = (3_, ., 6(z, y))/|A(G))|.

Conversely, if the maximum load of an arc for Ris #(G, R) = (32, ,, 6(2,9))/|A(G)| then
by summing the loads over all the arcs we get -, |[P(2,y)| < >_,,, 6(z,y). Therefore the
equality holds and each arc is maximally loaded. Thus R is a routing of shortest dipaths
loading equally each arc. m|

A set S of dipaths in a digraph G is said to be covering if each arc in A(G) is contained
in a dipath of S.

Lemma 4 Let G be a digraph such that #(G, 1) = (32, 6(,9))/|A(G)].
We have W(G, 1)) = ®(G, L) if and only if there exist a routing R of shortest dipaths for I,
and a partition of R in some covering sets of arc-disjoint dipaths.

Proof. A partition of a routing of shortest dipaths R = {P(x,y) |z # y} in some
covering sets of arc-disjoint dipaths provides a solution to the problem (G, I,) by assigning
a different colour to each set of the partition. Thereby the number of colours used is the
load of any arc for R, equal to #(G,I,) according to Lemma 3. From Lemma 1 it follows
that #(G, I)) = 7(G, I)).

Conversely if W(G, 1) = 7(G, 1)), then there exist a routing R for I, and a colouring
of its dipaths with 7#(G, I)) colours, so that no two dipaths with the same colour share an
arc. This colouring gives a partition of R in 7(G,Iy) sets of arc-disjoint dipaths. Each
of them is a covering set because the sum of the lengths of the coloured dipaths is at least
Doazy 0(2,y) = W(G, Lh).|A(G)|. As theload of G for Ris 7(G, 1), R is a routing of shortest
dipaths, according to Lemma, 3. O
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8 Bruno Beauquier

A straight way to prove the first part of Theorem 2 would be to assign properly a coloured
dipath to each request in the instance I, using a total number of colours (or wavelengths)
equal to 7(C%,1,). In view of Lemma 4, we have found more convenient to provide an
optimal solution by assigning to each colour a covering set of arc-disjoint shortest dipaths,
so that each request in I, gets exactly one coloured dipath. Thereby the condition on a
suitable partition stated in Lemma 4 is satisfied and we ensure optimality without counting
the total number of colours used. Before going further, some more definitions and notation
are necessary.

Definitions 5 The vertex set V(C%) is represented by Z¢. The elements in Z¢ may be
expressed in the canonical base {e;}1<i<a, that is, we may denote x = (z1,22,...,24) € Z2
by (Ele x5.€;). Let J = Zle ei. Given two subsets X and Y of Z¢, we define X +Y as
the subset {z+y|z € X,y e Y}.

Remark 6 C? can be defined as a Cayley digraph on the Abelian group ZZ. It is an arc-
transitive digraph where each vertex z = (z1,...,24) is joined by 2d arcs to the vertices
xte=(x1,...,x;,£1,---,24) for 1 <i<d.

We distinguish two kinds of dipaths to be assigned to the requests in the instance I :

Definitions 7 Given an arc a from z to y, we say that « is in the dimension ¢ and in the
progressive (regressive) direction if y = x +e; (if y = x —e;). These definitions are extended
to the dipaths containing only arcs of the same kind.

Given a request (z,y) such that y = x + ijl a;.e;, we define the ascending dipath P,(x,y)
as the concatenation (PP, - - P;) of d dipaths, such that :

- P is the shortest dipath from x to ( + a;.e1), in the progressive direction if a;y = n/2.

- P, (2 < i < d) is the shortest dipath from (z + 23;11 aj.e;) to (z + 35 ; aj.e;), in the
progressive direction if a; = n/2.

Given a request (x,y), we define the descending dipath Py(x,y) as the reverse dipath of the
ascending dipath P,(y,z), that is the dipath made of all the symmetric arcs of those of

P,(y,x).

For example in C}, the ascending dipath from node (0,0) to (2,1) goes through nodes
(1,0) and (2, 0), while the descending dipath connecting the same nodes goes through (0,1)
and (3,1).

In order to define the different subsets of requests to be assigned covering sets of arc-
disjoint dipaths, we need the following definitions, when n is even :

Definitions 8 Let n = 2k. For every node © = (z1,%2,...,74) € Z2, the level of x is
defined as L(z) = Zle x; € Zy,. For every request (x,y), the move of (x,y) is defined as
m(z,y) =y —x € Z%. Given m € Z2, let m = (k,...,k) — m. An equivalence relation E is

defined in Z¢ as follows :
m ~m' if and only if (m' =morm' = —m or m' =m or m' = —m)

Let us denote by E(m) the E—class of m. In each E—class a special move mg is chosen.

INRIA
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Now we distinguish three different kinds of moves. TFirst let M = {m € Z¢ |

m # —mand m # m}. If m € M then E(m) has 4 elements all in M. For exam-
ple in Z2, m = (2,1) € M and E(m) = {(2,1),(-2,-1),(2,3),(—2,—-3)}. Now let
K={me€ Z¥|m = -m}. If m € K then E(m) has 2 elements all in K. For exam-
ple in Z2, m = (4,0) € K and E(m) = {(4,0),(0,4)}. At last let H = {m € Z¢|m = m}
(H is empty if k is odd). If m € H then E(m) has 2 elements all in H. For example in ZZ,
m = (2,-2) € H and E(m) = {(2,-2),(—2,2)}. Note that every move belongs to exactly
one of these sets M, K or H.

Requests with move in M

For I € Z,,, HP; denotes the hyperplane orthogonal to J containing all the nodes of level [,
that is HP, = {z € Z2 | L(z) = 1}.

A node vy is said to be translated from a node x by a vector v if y = 2 + v. In what
follows, we use a generalization of this definition for dipaths : the dipath translated by a
vector v from a dipath P is induced by all the nodes translated from those of P.

Given a node zy and a special move mg € M, we first consider the two symmetric
dipaths P; = P,(zg,zo + mg) and P{ = Py(zq + mg, o) and the two symmetric dipaths
Py, = Py(zo+mg,zo+k.J) and Py = P,(xo+k.J, 29 +mp). In what follows we show that all
the dipaths translated from Py, P, Py, Pj by all the vectors in (HPoUHP}) form a covering
set of arc-disjoint dipaths. We give an example by drawing, as shown in Figure 2-b, for d = 2,
n =8 and mg = (2,1). So —mg = (—2,—1), My = (2,3) and —my = (-2, —3). Figure 2-a
shows only the dipaths translated by the vectors in HPy. Wrap-around connections of the
torus are omitted for clarity and the dipaths P;, P/, P> and Py are drawn in bold.

I e {1 [ . G
INEERERENE REERREEEDR
NEEEREREN REERREEN
DL REEERER
| L IRERR EERREERERRE
L ER NEREREEER
L - o B U R .
KRR RN NP I REAEERREE
(a) (b)

Figure 2: Construction of a covering set of arc-disjoints dipaths in C3.
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10 Bruno Beauquier

Such a set of dipaths is assigned the same colour and contains one dipath for each request
(z,v) such that :

- L(z) = L(x¢) mod k and m(z,y) = mo, or

- L(x) = L(xo + mo) mod k and m(z,y) = —my, or
- L(z) = L(zo + mo) mod k and m(z,y) = Mo, or

- L(x) = L(zo) mod k and m(z,y) = —myp.

Such a set depends thus only on the value of (L(xz¢) mod k) and on mg. The corresponding
colour is represented by an element of Cyy = (Z x E(M)), where E(M) is the set of the
classes of M. Notice that in this way every request with move in M is assigned exactly one
coloured dipath. Given a colour ¢ € C)y, every dipath coloured by c is called a c-dipath.

Claim 9 For every colour ¢ in Cys, the set of c-dipaths is a covering set of arc-disjoint
dipaths.

Proof. For1 <i <d, A;" denotes the set of the arcs in the dimension ¢ and in the
progressive direction. Let us show that each arc in A} is contained in exactly one c-dipath.
As the c-dipaths are defined as symmetric pairs, the property will also hold for the arcs in
the opposite direction.

There are as many arcs in A} as nodes in C¢, that is, n? = N. On one hand, we show
that the sum over all the c-dipaths of the number of arcs in A] is equal to N. On the other
hand, we show that each arc in A} is contained in a c-dipath.

Let ¢ = (A, E(m)) € Cp, with A € Zy, and mg = ijl aj.e; € E(m) the special move
chosen in E(m). We assume that a; € {0,1,...,k}, otherwise the proof is similar. Then the
only c-dipaths using arcs in Af have their move equal to mg or myg.

There are exactly (2n?~!) c-dipaths having move mg, since there are 2n vectors
in (HPy U HP})). As many c-dipaths have move my. Each of those having move mg
(respectively 7o) uses @; (resp. k — d;) arcs in A}, where @, is the integer representative of
a; in {0,...,k} C Z. Therefore the c-dipaths use 2kn?~! = N times an arc in A}.

As .+ (HPo UHPL) = HP(2) UHPL(2)4k, if X is a set of k& nodes whose levels form
the entire set Z, then X + (HPo U HP) = l”:_ol HP, = Z%. Thus, if there exist k arcs
in A} contained in c-dipaths and whose origins have all the different levels modulo &, then
each arc in A} is contained in a c-dipath.

Let x € Z2 such that L(z) = Amod k, y = z+mg and z = y+7p. Let mq = 22;11 a;.e;

(my =0if7=1) and mz = E?:i+1 a;.ej (mg =0if i = d), so that mo = my + a;.e; + ma.

d—1

First, P, = P,(v,y) is an ascending c-dipath containing the @; consecutive arcs in A;
between x + m; and = + my + a;.e;. Secondly, Po» = Py(y, z) is a descending c-dipath
containing the (k — @;) consecutive arcs in A;" between y + Mo and y + M2 + (k — a;)-€;.
On the whole, these k arcs have origins with all the different levels modulo k, because
L(z +my + a;.e;) = Ly — m2) = L(y + M) mod k. O

INRIA
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P2 l* A A A A
A A \ A
ey A | | A
|| - =‘,' = Ji =“' Lt e =‘,' | | - = Y = y Y e y e
| | | | J\ \ J\ J\
c=(0,E((01))) c=(1,E((01))) c=(0,E((10))) c=(1,E((10)))

Figure 3: Sets of c-dipaths in C% for requests with move in M.

Requests with move in K

Let us now consider the case of requests with move m = Z;l:l aj.e; € Z% such that
2m = 0. In this case we have a; € {0,k} for each j € {1,...,d} and the cardinality of
K ={me Z¢|2m = 0} is 2¢. As noticed before E(m) has 2 elements for every m € K and
the set of classes E(K) has 2¢~! elements. The construction of sets of arc-disjoint dipaths
covering all the arcs is similar to the previous one, except that requests with moves in two
E—classes are involved in the same set.

Given A € Zp, m and m' two moves taken in two different E—classes, we consider
all the dipaths P,(x,y) for L(z) = A mod k and m(z,y) € E(m), and all the dipaths
Py(z,z) for L(xz) = XA mod k and m(z, z) € E(m'). Recall that these ascending (descending)
dipaths contain only arcs in the progressive (regressive) direction, in accordance with the
definitions 7. Obviously, in any dimension and in any direction there exist k consecutive
arcs used by one of these dipaths. From the same arguments as in the previous proof, it
follows that these dipaths form a covering set of arc-disjoint dipaths.

Note that this dipaths assignment does not lead to a symmetric routing (where the
dipaths for any two requests (z,y) and (y,x) are symmetric).

Requests with move in H

At last we consider the case of requests with move m = E?:l aj.e; € Z¢ such that
m =m = k.J —m. As noticed before, such requests exist only if & is even, say k = 2h, and
we have a; € {h,—h} for 1 <j <d.

Given pu € Zj and a special move my € H, we define the set of all the symmetric dipaths
P,(z,z +mg) and Py(x + mg,z) such that L(z) = p mod h. By the same arguments again,
it can be shown that these dipaths form a covering set of arc-disjoint dipaths.
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Figure 4: Sets of c-dipaths in C} for requests with move in K (a)(b) and in H (c)(d).

Proof of Theorem 2. Following a result given in [12] for the undirected torus, we have
7(Cn, In) = n*Hn?/4]/2 = (X,., 6(x,9))/|A(G)|. The assumption of Lemma 4 is thus
satisfied. In the case where n is even, we have shown how to obtain some sets of arc-disjoint
shortest dipaths, each set covering all the arcs of the torus C%, so that every request in the
All-to—All instance I, is assigned exactly one dipath. As a consequence of Lemma 4, we
have #(C2, I) = 7#(C<, I). ]

Now we consider the case where n is odd and prove the second part of Theorem 2.

Proposition 10 In the d—dimensional hypersquare torus C2, if n is odd we have :
#(CL, Iy) = nd=tn?/4] /2 = (n? — 1)n®"1 /8 <W(CL, 1) < (n+ 1) /8 =W(CL, |, In).
Proof. From Lemma 1, we have 7#(C%, I;) < @(C%,1,). To prove the upper bound we
make use of the routing and the colouring given by the solution for n 4+ 1. We consider C'¢
as obtained from Cff 41 by removing a symmetric cycle in each dimension and joining up
each pair of disconnected links. Formally, we remove from V(C;‘f +1) all the nodes having a
component equal to 0, which form the set denoted by V5(CZ, ;). In the induced subgraph
we connect together with two symmetric new arcs all the pairs of remaining nodes of type
{32 i wj-€5)—e€i, (3,4, 7j.€;)+ei}. Note that if a dipath in C?, | uses two consecutive arcs
in different dimensions around a node in V;(C¢ +1), then either its source or its destination is
in Vo (C¢, ), according to the definitions 7. Thus, all the dipaths with source and destination
out of V5(C¢, ) can be modified from CZ,, to C¢ by following the arc transformation.
Therefore there is for every odd value of n a solution in CZ using #(CZ, ;, 1) colours.
O
4 Hypersquare mesh M?
In this section we consider the problem (Mg, 1) for the All-to-All instance I in the
d—dimensional hypersquare mesh with side n. The construction of coloured dipaths is

based on the solution for the torus given in the previous section. Note that the proof given
in [19] for the mesh is not sound.
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Theorem 11 In the d—dimensional hypersquare mesh M2, if n is even then we have :
#(M2 1) = 7(M2, 1) = n?t1/4, and if n is odd then :
F(MZL 1) = n' T [n2/4] = (n? — Dn®~1 /4 < (ML, L) < (n+ 1)1 /4 = §(ML,,, 1,).

Proof. Consider the mesh M¢ as obtained from the torus C¢ by removing all the pairs
of wrap-around symmetric arcs. For every wrap-around arc contained in a dipath P in C¢,
let p be the longest sub-dipath of P using this arc and using arcs in the same dimension only.
Let p’ be the dipath connecting the same nodes as p but using arcs in the other direction.
By replacing p by p’ for every wrap-around arc contained in P, we obtain a new dipath P’
not using any wrap-around arc. Any such dipath in the torus C¢ induces a dipath in the
mesh M¢2. This gives a routing R’ for the instance I in M2 from the routing R in CZ given
in the previous section.

Let us now define the new colour assignment. The following property holds in the
solution given previously to the problem (C%,1,) : every set of c-dipaths can be partitioned
into two subsets, so that no two arcs with opposite directions in the same dimension are
used respectively by two c-dipaths in the same subset. Thus, by construction the dipaths
in each of the two corresponding subsets obtained in the mesh M? are pairwise arc-disjoint
and can be assigned two new colours ¢; and ca, respectively. So twice as many colours as in
the torus C¢ are used in the mesh M¢. As from [12] #(MZ, I,) = 27(CZ,1,), the theorem
holds, according to Theorem 2. m|

5 Cartesian sum of complete graphs
The following theorem generalizes the result obtained in [16, 5] for hypercubes.

Theorem 12 Let ni,ns,...,ng be integers such that 2 < n; < ng < --- < ng. Let us
denote by K(ni,n2,...,nq) the Cartesian sum of the d complete graphs K,, (1 < i < d).
We have : #(K(ni,n2,...,n4),1) = 7(K(n1,ns,...,nq),Iy) = H?:z n;.

Proof. In the sequel K(ni,ns,...,nq) is denoted simply by G. The vertex set is
represented by (Z,, X Zn, X -+ X Z,,). There is a pair of symmetric arcs between two
nodes if they differ in exactly one component. The elements in V(G) may be expressed in
the canonical base {e;}1<i<d-

The graph G can be seen as n; copies of K(na,ns,...,ny) connected together with
ny(ny — 1) H?:z n; arcs. Because there are nj(n; — 1)(]_[?:2 n;)? requests between the pair-
wise distinct copies, it follows that one of these arcs must be contained in at least (Hfl:2 n;)
dipaths. Therefore we have 7(G) > Hf:2 n;. According to Lemma 1, it remains to show
that #(G, I) < [1%, n:.

A dipath (ug,u1,...,ur) from ug to uy is called ascending if for 1 < ¢ < k the node u; is
obtained from u;_; by changing the component in position p;, so that p; < ps < ... < pg.
We assign to each request (z,y) the ascending dipath P(z,y).
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Given a; in Z,,, let a; be the integer representative of a; in {0,1,...,ny —1} C Z. For
2 <1 <d, (a1)n, denotes the element of Z,,, having «; as integer representative.

The set of colours is represented by (Z,, X Zn, X -+ X Z,,). To each dipath P(z,y),
with = (z1,22,...,24) and y = (y1, Y2, - - -, ya), We assign the colour ¢(z,y) = ((y; —z;) +
(xl)nj)QSjgd-

We prove now that each arc o = (2,2 + \;.e;), with \; € Z,,, is not contained in
two dipaths with the same colour. As ascending dipaths are considered, the arc « is con-
tained only in dipaths P(z,y) with = (z1,...,%i-1,24,...,24) and y = (21,...,2i—1,
(ZZ' + )\,‘),yi+1, .. ,yd). So we have :

C(.%, y) = ((Z2 - .%'2) + (‘Tl)nzv ) (Zi—l - '/Ei—l) + (xl)m‘—u

i + (@1)ns (Yir1 — Zit1) + (T1)nigrs -+ > (Ya — 2d) + (1)ny)-

Consider now any other dipath P(z',y’) containing the arc a. Again, we have :
(@’ y') = (22 = @) + (@)nas - (i1 = 24_1) + (&))nis

Ai + (mll)nza (y£+1 - Zi+1) + (xll)ﬂi+17 sy (yzli - Zd) + (xll>nd)

Assume that c(z,y) = c(z',y’). Thus, A\ + (1)n, = X + (21)n, mod n; and so
x1 = 2} mod n; because n; < n,;. From the identities of the other components, it follows
that x = 2’ and y = 9'. O

6 Final remarks

In this paper we have obtained optimal and nearly optimal All-to-All protocols in some
switched all-optical networks. It remains to prove that the equality ¥ = 7 also holds for
square tori and meshes with odd side (some bidimensional cases of tori have been solved
in [19]), and more generally for any torus and any mesh.

We considered topologies that are all Cartesian sums of simple graphs, namely cycles,
chains and complete graphs. An interesting issue deserves to be inveswould be interestingti-
gated : to obtain results for general Cartesian sums and to find a way to design an efficient
solution for the Cartesian sum of two graphs, for which efficient solutions are known.

A recent work is worth to be pointed out. In [10] it is proved that the equality
W(T,I,) = 7(T, I;) holds for any tree T. In view of all the results obtained by now, it is
likely that the equality can be achieved for any symmetric digraph, indeed for any digraph.

Finally we give two other future lines of research. The computation complexity of the
quantity #(G,I,) remains to be determined. It is likely that this problem is NP-hard.
Therefore, it will be of interest to design approximation algorithms. Fault tolerant issues
have to be considered too. See the survey [17] for an account of the vast literature on
fault—tolerance in traditional networks.
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