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Abstract: In this paper, we link together and extend some results that have previously been
given about positive schemes in the approximation of compressible flows. We mainly turn here
to bidimensional problems and spatially high-order schemes ( at least second-order ) of MUSCL
type, defined on unstructured triangulations, for an explcit time discretization. In the case of the
scalar advection equation, we derive a scheme preserving the positivity of the advected quantity.
Moreover, if the advection velocity is divergence free, our scheme is LED. Then, we manage to
preserve the positivity of density when solving the Euler equations and, in the multi-component
case, we also preserve the maximum principle for mass fractions.

Key-words: finite-volume methods, triangulation, MUSCL, positive and LED schemes, maximum
principle
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Un Schéma MUSCL positif pour les maillages triangulaires

Résumé : Dans ce rapport, nous nous intéressons & la construction de schémas positifs pour la
résolution numérique des équations d’Euler, plus particuliérement pour des problémes bidimension-
nels sur maillages triangulaires. Nous proposons ainsi un schéma de type MUSCL du troisiéme
ordre (quasiment) qui préserve la positivité de la masse volumique et qui préserve le principe du
maximum pour les fractions massiques lors d’écoulements multi-espéces.

Mots-clés : Méthode volumes finis, maillage triangulaire, MUSCL, schémas positifs et LED,
principe du maximum



1 Introduction

Unstructured-mesh numerical methods are easily and quickly applied to various types of problem,
which makes them highly interesting for CFD engineers. A crucial point in the development of
these methods is robustness, which is mainly related to their abilities to provide solutions that keep
positive several physical quantities: pressure, density, temperature, mass fractions, turbulent kinetic
energy and dissipation rate, etc.

For the 1D scalar advection equation, a positive first-order accurate approximation can be built by
applying some upwinding principles such as the Godunov method, but it is usually not accurate
enough. This first-order scheme can be extended to high-order ones by introducing limiters which
can be chosen to preserve positivity or TVD properties.

Among the different ways to introduce limiters, the MUSCL method (Monotonic Upwind scheme
for Conservation Laws) introduced by Van Leer in [17] is particularly attractive. It is based on the
application of the Godunov method to flow values that result of cell-wise higher-order interpolation.
The advantage of MUSCL is its modularity, and e.g. the possibility of improving the accuracy of
the scheme by improving the cell reconstruction.

In the case of 2D (or 3D) schemes, TVD-like properties do not readily generalize, especially for
unstructured meshes, but some positivity results were obtained by Barth in [2] by using multidi-
mensional reconstruction and limitation. A different strategy is the element-wise limitation intro-
duced in MDHR (Multi-Dimensional High Resolution) approximation, cf. Sidilkover in [16] and
Deconinck et al. in [6], it also leads to positivity results. Concerning methods involving edgewise
interpolation and limitation, a notable contribution was brought by Jameson in [11]. He proposed
a LED (Local Extremum Diminishing) scheme based on a special molecule often referred to as the
“upwind-triangle edge fluxes” [SFPD|.

The Jameson scheme is of symmetric-TVD type, which means that for each flux, a unique limiter
decides of the convenient combination of two (symmetric) schemes.

In this paper, we restrict ourselves to an explicit time discretization and we study a genuinely
MUSCL version of the Jameson scheme: the interpolation limitation is realized thanks to the so-
called upwind triangle, and an extra interpolation may give the high-order asymptotic accuracy (i.e.
far from extrema). For the scalar advection equation, this scheme is positive.

An important application of limiters is the Euler equations, for which neither TVD nor LED
statements hold. However, there exist several schemes that are known to preserve the positivity of
density and temperature in 1D for an explicit discretization, under an appropriate CFL condition.
The first one is the Godunov scheme, based on the exact solution of the Riemann Problem. The
HLLE scheme was then derived, as a positive correction of the Roe’s scheme, cf. [7]. The last one
that we shall present is a flux-splitting scheme developed by Perthame in [14].

An important issue is to examine whether these schemes can be adapted to bidimensional problems
and to a higher-order of accuracy with our limiters, whilst still preserving the positivity of density.

Another issue concerns the behavior of passive species for example in multi-component flows or

turbulence models. In both cases, positivity and even preservation of the maximum principle for
the mass fractions or k£ and € are crucial for robustness.
In the case of multi-component flows, Larrouturou derived in [13] a second-order 1D scheme and
a first-order 2D (and 3D) scheme that preserve the maximum principle. Concerning the closure
variables k£ and e of the well-known turbulence model, Jongen et al. discussed the design of 1D and
2D positive schemes on structured meshes, cf. [12].
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The third focus of this paper is to use our limiters to derive a high-order bidimensional scheme on
unstructured meshes that still preserves the maximum principle for the passive variables, starting
from Larrouturou’s approach.

The report is consequently organized as follows: firstly in Section 2, the scalar advection equation
is considered and allows us to introduce the main features of the scheme. In Section 3, we apply
the introduced methodology to the 2D Euler equations, and finally, Section 4 is devoted to the
maximum principle for passive species.

2 Positive Schemes - LED Schemes for the Scalar Advection Equa-
tion

2.1 Positive Schemes - LED Schemes

In this section we consider a scalar time dependent conservation equation on an arbitrary (possibly
unstructured) grid:
Us + Fo(U) + Gy(U) = 0 (1)

Assuming that the mesh points are numbered, we call U; the value at mesh point 3.

Lemma 1 : A positivity criterion
Suppose that the semi-discrete approximation of equation (1) can be expressed in the form:
du;
dt

L(U) =bU; + Z bjUj , (2)
J#i

where all the bj, j # i, are non-negative and b; € R. Then the corresponding explicit first-order

scheme preserves positivity under an appropriate CFL-like condition.

The proof is straightforward. The complete explicit first-order discretization can be written as:

Ut v _

~ U™ = U + > b;U7

j#i
that is to say:
UM = (1+ Ath)U + > (At b))UT

j#i
Therefore, if b; > ﬁ (the CFL-like condition), all the coefficients are non-negative and the scheme
preserves positivity: if at time n all the U; are positive, so will be UZ-”H. O

Remark 1 Under a perhaps different restriction on At, a high-order explicit time discretization
can still preserve positivity.

The idea dates back to the works of Shu, cf. [15]. A general high-order explicit time discretization
can be written in the form:

g© _ pn
U(m) = pynrntl

with Z a; = 1 for consistency.
k
If all the coefficients o and (j; are non-negative, UU) is a convex combination of terms in the
form:
Bj
s

U 4 At ZE L)
jk
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They correspond to first-order time discretizations with time steps equal to (At %> and thus are
ijk
positive provided that:

b; At >1forall j and k .

Bin

ajk

In particular, we recall here the third-order time discretization given in [15]:

vl = U+ ALL(UM)
@ sur + tul + LAt L)

urtt = lur 42U 4 2t L(U®)

We have min; % =1 and the CFL condition to preserve positivity for this third-order time dis-
J

cretization is the same as for the first-order one. O

We recall now the theory introduced by Jameson in [11] on Local Extremum Diminishing (LED)
schemes.

Lemma 2 : A LED criterion
If the semi-discretization of Equation (1) can be written in the form:

T Y )W - U, 6
keV (i)

with all the c;(U) > 0, then a local mazimum can not increase, and a local minimum can not
decrease.

Proof: If U; is a local maximum, then for all k¥ € V (i), (V (i) contains the neighbours of node 1),
(U — U;) <0, and thus % < 0, the local maximum will not increase, nor a local minimum
decrease. O
Such a scheme will be called a Local Extremum Diminishing (LED) scheme. It preserves posi-
tivity.

In the sequel, we will consider the following scalar conservative equation for a bidimensional
problem:
Ui+ div(VU)=0, (4)

where V is a given advection velocity in IR2.

2.2 First-Order Positive Scheme

We use a vertex-centred finite-volume approximation. The cells are delimited by the triangle me-
dians, cf. Figure 1.

General semi-discretizations of Equation (4) are those of Baba-Tabata, cf. [1], which can be
written as:
- a centred scheme:

U, + Uj

dU; 7 5
az%‘i‘ Z ‘/;]'771]( 2

JEV(i)

) =0

where a; is the area of cell C;, V(i) contains the neighbours of node 1, VZ- is the approximated value
of the advection velocity at the interface between cells ¢ and j, and 7;; = i do.
ac; N 3Cj
- an upwind scheme:
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Figure 1: The control volume C;

dU; - s Vi >
w2 Vn{U ] 9
t jEV(i) Uj S1 V;j-nij S 0
If we use the well-known notations:
a"':%w and a_:a_Tm' a €N,

Equation (5) can also be written:

d = - Z zg 771] 1' - Z (V_;’Jﬁw )_ Uj (6)

JeV(2) JEV(3)
or:
au; - o U +
G—r+ D Vil (FR)+ X g Vit | (U = Uy) = (7)
JEV() eV )
centred upwind

Considering the semi-discretization (6), we have:

dU; 1 _

dt :<__, Z(Vwm] >U+ Z ( Z ) )Uj
] ) JEV (i) -

0

|V<

It is exactly the required form to preserve positivity, using Lemma 1 in Section 2.1, and we have
shown the following lemma:

Lemma 3 The upwind scheme (6) is positive under the CFL condition:
Z zg 771] <1
b jevi)

Remark 2 If the advection velocity is divergence free, in particular uniform, this upwind scheme
is LED.

As a matter of fact we can write:

Z (anw)U =0 (8)

JEV(i)

It is straightforward if V is uniform, because Yjev() iy = 0, and if dz’v(V) = 0, integrating over
cell 7 and using the Stokes formula, we get:

7{ V.=
6C;

INRIA



which gives after discretization:

> (Vi) =0 (9)

JeV (@)
and it leads to (8) again.
It allows us to rewrite (6) as follows:
daUu; 1 - ,
= 2 (—;(V%j-mj) )(Uj - Ui) (10)
FEV (i) .

>0

Using the Jameson lemma of Section 1, the scheme is LED.

2.3 Limited High-Order Schemes

Higher-order schemes are obtained by a better interpolation in the cells. The flux function ¢;; at
the interface between cells ¢ and j was ¢;; = ¢(U;, U;) for the first order, it is now evaluated using
better left and right values at the interface, ¢;; = ¢(U;j,Uj;), where U;; and Uj; are interpolation
results:

U Ui \Ui U,

Figure 2: Interface values

But, to keep the scheme non oscillatory and positive, we introduce flux limiters. The idea
dates back to the works of Boris and Book in [3].
In the case of unstructured meshes, second-order positive schemes were derived using two-entry
symmetric limiters by Jameson in [11] and MUSCL formulations were introduced by Debiez et al.
in [4] and [5].
We examine here the upwind schemes proposed by Debiez et al. in [5] using three-entry limiters,
which allows us to design a positive scheme, of third or fifth order far from extrema, when U is
smoothly varying.

The semi-discretization of:

U+ div(V U) =0, (11)
is now written:
> L 1
E == > (Vi) " (Ui + Lm(U)) = 2 (Vly)™ (U + 5Lu(0) . (12)
JEV(3) JEV (i)

To define L;;(U) and Lj;(U) we use the downstream and upstream triangles T;; and Tj;, cf.
Figure 3, as introduced by Dervieux and Fezoui in [9], and we define:

A_Uij =

AUy =U; - U; AUji = VU |z, -] ,

where the gradients are those of the discretized function U.

Jameson has given the following interesting property in [11]:
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Figure 3: Downstream and Upstream Triangles

Lemma 4 We can write:
AU = €5 (Ui = Us) + € (Uy = Uy),

and
A7 Uji = €jp(Up — Uj) + €g(Ug — Uj),

where the coefficients €, €4, €jp and €;4 are all positive (possibly zero).

Proof: A short calculation gives:
ji = €g; 15 + €rg i

with: ] 10
o 7] sin v,
Csi ls <sin9)
lj Sines
i = E(sine)
with 1; = [|ij||, I, = ||i|| and I, = ||is||.

€-; and €z are both positive.
VU |73, z_j =VU |7, - (€si Si 4 € 7"_%)
As the discretized function U is linear in every triangle, we get:
VU|r,.si = Ui—Us

VU|p, .70 = U;—U,

Thus:
AUij = ei (Ui — Us) + €4 (U; — U,)

with €z and €,; positive.

Now, we introduce a family of limiters with three entries, satisfying:
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and we are going to use the following one:

L(u,v,w) = 0 si uv <0
(13)
= Sign(u) min(2|u|, 2|v|, |w|) otherwise

We take L;;(U) = L(A~U;;, AU;;, ATOU;) and Lj;(U) = L(A~ Ui, AUy, AHOU).
When L;;(U) = 0, we switch to the first-order scheme of Baba-Tabata and when the limitation is

not active, L;;(U) = AHOU;,;, the scheme is of high order.
We take for example:

1 _ 2
AHOUU = 3 A Uij + 3 AOUU, (14)

which gives us a third-order scheme.

Lemma 5 This scheme is positive under an appropriate CFL condition.
Proof: First, we can note that:

Lij(U)= K~AUy = K{ AU
where K~ and K are positive. Likewise, we get that:

L;ji(U) = KIAU;; = ~KYA U5

where Kg is positive. We can thus rewrite the semi-discretized Equation (12) in the following form:

o > Lo 1
=— > (Vi) K ATUG) = Y (Vigig) ™ (Us — K3 Ay)
JEV(7) JEV (i)
that is to say:
dU; S 1 .
UG = = > (Vigifig)t (Ui t 5K <€si(Ui —Us) +€i(Ui — Ur))>
JEV ()

— > (Viiiy)” (Uj - %KQ(UJ' - Ui))

JEV(4)
which can thus be written:
dU; K Y
Q;—— T = o;U; + Z apU + Z ﬂ] 22 )Uj (15)

keV(3) JEV()

where all the a; and f; are positive, and «; is positive or negative. According to Lemma 1, this
form corresponds to a positive scheme, provided that K9 < 2. This condition is satisfied for the
proposed scheme, which ends the proof. O

Remark 3
Let us examine a bit further the CFL condition needed to ensure positivity. In Equation (15),
_(€esi + €ri) - L \KY
== > (Vi) (1 + K u) + Y (-(V%j-mj) )—2
2 [~ 2
JEV (i) JEV (i)
The explicit discretization gives the following condition for positivity:
- (€si 4 €ri)
AT S i)t (14 K ) <

Y jevii
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A mesh-depending quantity is involved here:

M;j = (esi + &) =

12 (lr sinf, + I, sin (95>
Sl'l’ ’

l;sin

For cartesian orthogonal meshes, M;; is uniformly equal to 1, but it can be very big, and thus very
penalizing, for very irregular meshes. Let us denote M = max; ; M;;, let us introduce |Vi,qz|, the
maximum value of the advection velocity.

As K9 < 2, the CFL condition to ensure positivity can be written:

|Vinaz| At

where lij = ||7ij]| = | Jo;ne, 7 ds |-
Let us introduce L; = Zjev(i) l;5, which plays the role of a cell-boundary measure and we finally

get:
Vinas| At _ 1

() ~1+M°
For this CFL condition to be acceptable, we need to have a control on the regularity of the mesh.
In particular, M has to be bounded for the mesh family considered for the asymptotic convergence.

(16)

Remark 4 If the advection velocity is divergence free (in particular uniform), the scheme is LED.
We are just going to give a sketch of the proof, which is close to the one given for the first-

order scheme. We add in the right hand side of the semi-discretized Equation (12) the nil term
Z]EV(Z)( 5+ 771]) U;, which gives:

== > (Vij i) ; L;(U)- > (@.ﬁij)*((Uj—Ui)+%Lﬁ(U))

dt JEV () JEV(2)

And replacing the limited corrections by their expressions in terms of differences (U — U;) as we
did before, we get:

d Z’YkUk_ 25 )(U; = U;)

keV(i) JEV()
where all the v, and 0; are positive, and as K9 < 2, the scheme is LED by Jameson’s lemma. O
Remark 5

For U smooth enough, assuming that the mesh size is smaller than « (small), there exist e(«) such

that;
|VU 2]|

il
Some examples of higher-order schemes are given by Debiez et al. in [4].

> e(a) on a segment ij, then the limiter L;; is not active, L;;(U) = AHOU,;.

3 Positive Schemes for the Euler Equations

In the second part of this paper, we turn to the Euler equations, the robustness of a numerical
scheme will highly depend on its capacity to preserve positive density and temperature. We shall
give results for the density.

After a short recall of some classical 1D positive schemes, we will derive a 2D-CFL condition ensuring
that the 2D schemes corresponding to these 1D positive schemes still preserve the positivity of p.

INRIA



3.1 The Euler Equations

We first recall the conservative form of the Euler Equations in one dimension:

U OF(U)
il - 1
ot 0 (a7)
p pu
U=| pu FU)=| pu*+P (18)
e (e+ P)u

Here u is the velocity and e the total energy per unit area, e = pe + %p(u2 + v?), where € is the
internal energy per unit mass. For an ideal gas, the pressure P is defined through an equation of
state of the form:

P=(y—1)ep.
The general form of an explicit conservative scheme for the Euler Equations is:

Uptt =up - Ay Five = Filip) (19)

where U;" is the average on the mesh (z;_1/5 , Ti}1/2)-

. _ At
We will denote o = Az

3.2 Godunov’s Method

We solve two independent Riemann problem at each cell interfaces, that do not interact in the cell,

provided that:
[Amaz| At 1

< —
Az 2’
where | A4 denotes the maximum absolute value of the Riemann Problem wave speeds. We obtain
UM by averaging:

gt _ 1 %W T 10 Lo
T2

where Wgp is the exact solution of the Riemann Problem.
We define the set of admissible states E, it contains all the states with a positive density and a
positive internal energy. We can write:

1
E:{U such that p>0 and pe:e—ipu2>0}

F is a convex set, and the Godunov method evaluates UZ-"J“:L as a convex averaging of the Riemann
Problem solutions, which is a convex function of the states U} (as long as no vacuum appears).

Therefore, if the UT* are in E, so is Urtt,

Lemma 6 Under the CFL condition:
[Amaz| At < 1
Az 2’

the Godunov scheme preserves the positivity of density and temperature.
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3.3 The HLLE Scheme

Since solving the Riemann Problem is expensive, many schemes use an approximate solution to the
Riemann Problem, based on the resolution of the linearized Euler equations. But these methods
can yield negative density or energy in some cases, cf. Einfeldt in [8].

Using an idea introduced by Harten, Lax and Van-Leer in [10], Einfeldt developed an approximate
Riemann Solver that leads to a conservative positive scheme, cf. [8]. It consists of three constant

states: ]
U’ for < b2+1/2

X . '3 xT
Warre(3,i+1/2) = U TR for by < <

Ui+1 for bizi/s <

|8

where the average state Ut'/2 is such that the Riemann Solver is consistant with the integral form
of the conservation law, and where b7, | /2 and bJ +1/2 are numerical approximation for the largest
and smallest physical signal-velocities of the exact solution to the Riemann Problem:

1 _ . 1 o
bi+1/2 = min {a’i+1/27 Ui — G}

r _ 3 X .
bitqy = max {ai+1/2v Uit + Cit1}

where afﬂ /20 k =1, 2, 3 are the eigenvalues of the Roe linearization of the Euler equations and

1/2
c= (ﬂ) / is the sound speed.
If: ’
max(|b§+1/2\,|b;."fl/2|) At < 1

Az 27
the problems at interfaces ¢ — 1/2 et ¢ + 1/2 do not interact, and we also get that:

1 /z+1/2

Y le = W ( yi+1/2) dx

i+1/2 - RP
/ ( i+1/2 bé+1/2 At i+1/2 At

that is to say a convex function of the states Uj". Therefore, we can comclude that if the U} are in

E, the set of admissible states, so is UZ-”H.

Lemma 7 Under the CFL condition

max(| ¢+1/2| |b 1/2|) At < 1

Az 27
the HLLE scheme preserves the positivity of density and temperature.

3.4 A Kinetic Scheme

Perthame introduced a kinetic scheme preserving the positivity of p and T.
First, we semi-discretize the scalar transport equations:

9  O(ve)
ot + or 0
o oY)
ot + or 0

We obtain:

¢t (v) = o (v) + ol(vT P (v) + v P) — (VTP () +v TR =0
Vit (v) = () + o[t YR (v) + 0T PR) — (VTR (0) HuTYl)] =0

INRIA



Perthame gives us two even non-negative functions x and ¢ such that:

1
(v=1)"

with a positive constant 3 such that x(w) and ((w) are non zero only for |w| < /3.
These consistency relations combined with the following formulations for the transport functions:

o1 = e (L)

Ee Ee

(2 (2

/(1,w2)x(w) dw = (1,1) and / C(w) dw =
R R

Ui (v) = g\ TP g(w)

17’1:71
give us:
02
UP = [ (g7, 06, g0+ up) dv
R 2
and At
n+1 {0 n n
Ut =07 - A—x( ivi2 — Fit1p) s
where FJ\; ) = FHUP) 4+ F~ (UM (fux splitting), with:

2
FHO?) = [ oo osn, 56 +ur) do

v
v>0

2
— n n nv n n
F (Uz’):/<0v( iU z'a?(bi + i) dv

It can be verified that F(U) = F*(U) + F~ (U), which ensures the consistency.

If we consider the transport equations, we obtain that qb?“ and 1/1?“ are positive under the con-
dition o|v| <1 for all v such that ¢}*(v) > 0 and ¥} (v) > 0.

As ¢?(v) and ¥ (v) can be non zero only for |v| < |ul'| + /BT, we finally get:

Lemma 8 Under the CFL condition (|u}'|+/BT]")o < 1, the kinetic scheme preserves the positivity
of p and T.

Having this wide variety of 1D positive schemes, we now wish to obtain positivity results for
bidimensional problems. We derive in the following section a CFL condition ensuring that the 2D
schemes based on the 1D positive schemes still preserve the positivity of p.

3.5 A CFL Condition to Preserve Positivity in 2D

We consider in this section a 1D positive scheme for the FEuler equations, valid under the CFL
condition: ALV
max

— <«

Az —F

and we derive a condition on the flux at interface i + 1/2 for the positivity.

We consider a situation where the left border condition is a mirror state, that is to say that p}' ; = p,
up | = —u; and e | =€l

The first component of the flux function Fil_1 /2 should thus be zero. It is verified by the three
positive schemes that we described in the previous sections.

For the Godunov scheme, we have F," | /2= W2p(0,Ur,,Um) = 0, for symmetry reasons. Likewise,
for the HLLE scheme, cf. [§]

(20)

Fl . b;'ll/QFl(Ui) - béfl/zFl(Uifl) b;—1/2 bé—1/2 U n
i-1/2 = TR Ty (U = Ui*y) -
i—1/2 ~ Yi—1/2 i—1/2 ~ Yi-1/2
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(2

And Ul = U, = p?, FY(U;) = ul = —FY(U;_1), b1y = —65_1/2 for symmetry reasons. There-
fore, we get that Fil_l/2 =0.
Finally, for the kinetic scheme, we get that F~(U*) = —F (U ,) and once again F} | ;2 =0.

The discretized Equation (19) for the density can thus be written:

At
n+1 n 1
Pi+ =P — A—sz’—e—l/Q .
We denote F}, /o = iy1/2 and the positivity condition is now:
+
At ¢4 <1
priaz T

We finally get:

Lemma 9 A 1D scheme that can be written in the form (19) and that is positive under the CFL
condition: ALV
max
—<
Az~ au
satisfies the following property:
+
a1 ¢z'+1/2

<1. 21
|Vmax|/’zn N (2

Definition 1 : p-positive flux decomposition
More generally, considering a Riemann problem between two states Ur and Ur, |Vinaz| being the
mazimum wave speed between these two states, we will say that a flux decomposition ¢ is p-positive if:

|Vinaz | At . AtgH (UL, Up)
. —_— 1.
Ay < a implies P <
We will then get:
+
aq ¢ (ULaUR) S 1. (22)

| Vmam |pL

For bidimensional problems, a finite-volume discretization of the mass conservation gives:

aipi ™ = aip! — At D ¢l (23)
JEV (i)
where Iy = [l = || [ i dsll
C,;ﬂCj

¢ij corresponds to a 1D flux between the states U;* and U;'". Therefore, using (22) we successively
get:

Vma:c :L
#ij < Vinas o’
a1
At Y gl < S (X 4

JeV(7)

As in Section 2.3, we use the boundary measure L; = (Zjev(i) lij), and with (23), we finally get

that p?“ is positive provided that:

|Vinaa | At

a;

Oél(Li)

<1.
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Lemma 10 The 2D scheme built from a p-positive decomposition is p-positive under the CFL con-
dition: Ve IAg
Wonael&F o, (24
()

We now wish to derive high-order positive schemes in 2D.
We suppose that all the p} are positive. The general form of the discrete equation giving p;H'l that
we consider is now written:

aipptt = aipl — At Y %

JEV(4)
H0+l (z)HO l
= aip; — At Z ( ) z‘j-l-(%);%'i, (25)
jeviy s P bii

where ¢ a p-positive flux decomposition and gbg- 0 — &(Uij,Uj;). If pij and pj; are positive, we can
identify: o o
(Vi) F = M and (Vij.i;)~ = M ;
Pij Pji
and Equation (25) is exactly under the form of Equation (12) in Section 2.3. The same argument
will apply if we use the same reconstruction:

KO
pij = pi+E- <€m(pz pr) + €si(pi — ps)) = pi+<5(pj — pi)
KO
pji = pj— = (pj—pi),
with K—, KV, K9, ¢,; and e,; all positive.
First, as KY < 2 and K < 2 we get from these equations that:
min(pi, p;) < pij, pji < max(pi, pj) ,
pi; and pj; are actually positive.
We can rewrite the discrete Equation (25) as follows:
H0+l HO—l

?+1—P?<1_§ Z (L>( K_EM;EM)‘FH ( M) )"‘ Z O‘JPJ

i sevay s P i sevi Pji JEV()
and, as in Section 2.3, the positivity of p is preserved provided that:

wz(®

HO+Z ) 1 (26)
pij ) T 1+ M’

with M a mesh charactersitic.

g 0_ = ¢(U;5,Uj;) with ¢ a p-positive flux decomposition, and we get as in Lemma 10:

oy ¢HO+

<1 27
Voalps 2

Li =3 jcv(lij and with (26) and (27) we finally get the following lemma:

Lemma 11 The quasi third-order scheme introduced in Section 2.3, cf. Equations (13) and (14),
based on a p-positive flux decomposition is p-positive under the CFL condition:

At |Vma:1:| < (651}

(£) ~1+M°

(28)

Remark 6

The same argument applies for higher-order scheme involving the same type of limiters, cf. [4].
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4 Maximum Principle for the Mass Fractions in Multi-component
Flows

We consider now a compressible multi-component flow. Larrouturou in [13] derived a scheme that

preserves the maximum principle for the mass fractions for 1D first-order and second-order schemes

and for 2D first-order schemes. Our purpose is to extend Larrouturou’s result to 2D second-order
schemes.

4.1 First-Order Scheme in 2D

First, we recall the two-component Euler equations in one dimension:

oU | 9F(U) , 9G(U)

5t 5, =" (29)
p pu pv
pu pu® + P puv
U= | pv F(U) = PUY GU)=| p?+P (30)
e (e+ P)u (e +P)v
pY puY pvY

where we use the notations given in Section 3, and where Y is the mass fraction of the first species.
The presuure is given by:

P=(y-1) (e— %(u2+v2))

The first four equations are the classical Euler equations for the mixture, and the last one is a
"species" equation. More generally, a convected variable is involved in this last equation, here the
mass fraction, but it could be k or € for a turbulent problem.

The explicit conservative discretization of the problem is given by:

urtt —yr
a; Zth = — Z (Ul, U],etalj Z q)z]lz]- (31)
JEV (i) JEV(i)

Larrouturou’s idea is to evaluate the first four components of the numerical flux with a classical
Godunov-type scheme and the last component of the flux is defined as follows:

5 _ s&l+vyn 1—-vn
;) =2,y "+ @,Y] (32)

With this construction and under a CFL-like condition, the scheme preserves the maximum principle
for the mass fraction Y, cf. [13].

In his argument, Larrouturou needs to assume that the positivity of p is preserved. Here, we show
the following lemma:

Lemma 12 if we use a p-positive scheme to evaluate the first four components of the flur corre-
sponding to the mizture flow, no extra CFL condition (than the one for the p-positivity) is actually
needed to ensure the preservation of the mazimum principle for the mass fraction.

Proof: We note:
bij = @

150

and we get the discretized equations for p and pY under the following form:

p;rl-l = pir = At EjEV(i) Pij (%)
n nyn :
PPV = RV = At Y iev(i) (67 Vi + 65 ])(_)
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We know that ,0:”'1 is positive. Therefore we can rewrite the last equation under the form:

ALY o (b — o)Akl
Y = (”’ Zievo 5ls) )Y{‘+ > ( M) )Y (33)
v = At ey 9ii(ar) jeviy \Py = At Yievy dii(3r)

i\
pr— At Y ¢ij(a—7) =ptt >0,

JEV (i) !

and as ¢ is a p-positive decomposition, with the positivity condition (22) and the CFL condition

(24), we get:
BTN

JEV(2)

we can rewrite (33) in the form:

Y=Y+ Y oY)

jev(i)
where all the ay are in [0;1] and Yo =1
Y;"’Ll is a convex combination of the Y, therefore:
min Y;n < Yi""'l < max Y,
jEV(i), Jj=t jEV(i), Jj=i

and the maximum principle is thus preserved. We can note that only the CFL condition used for
the p-positivity is needed. O

4.2 A High-Order Scheme in 2D

We now wish to obtain the maximum principle for higher-order schemes. For this purpose, we use
a high-order solver for the Euler equations that still preserves the positivity of p, cf. Section 3.5,
and the discretized equation for p and pY are now written:

n " ks
Pt = ot = A Tieva 6ii(E)
. lij
P —|—1Y'z +1 — At Z]EV(’L (¢2]Y;J + ¢l] -72)< )

We use here the quasi third-order reconstruction introduced in Section 2.3:

Vi = Yit+ 5 (ealVi - V) + Vi - V5))

0
Vi = Y= 5% -Y)

And we get:
n n li; KDY ;s
prtlyntl = ( — At Z ¢+(1+—(es+er)) (G—Z) + At Z (_¢ij)72(a_z)>
aeV(z ~ JEV (D)

+ At Z ¢ ( )(I(2€3z Y'sn + K2€m' Yan)
JEV(3) . ,

Y (o (E)y;
JEV(i) !

Here, vertices s and 7 depend on vertex j, but we have chosen not to complicate the notations.
Under the CFL condition ensuring the positivity of p, cf. Equation (28), all the coefficients of
this Y-decomposition are non-negative and their sum is equal to p”“. Therefore, Y;""'l can be
written as a convex linear combination of Y, j € V(i) or j = i, and the maximum principle is thus
preserved with no extra CFL condition.
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5 Conclusion

This paper proposes a synthesis of many contributions to Godunov-type finite-volume methods. We
have examined the question of positivity for the scalar advection equation and the Euler equations,
particularly for 2D triangulations and explicit time discretization. The proposed limited interpola-
tion gives us a quasi third-order, positive scheme for the scalar advection equation. Combined with
a p-positive flux decomposition (for example the HLLE or Perthame ones), it also gives a quasi
third-order explicit scheme that preserves the positivity of density for the Euler equations.

We have also discussed the importance of the CFL condition for the positivity and the danger of
an irregular mesh when the interpolation is made with the upstream and downstream triangles.
Finally, for bidimensional multi-component flows, we have extended Larrouturou’s result by obtain-
ing thanks to our limiter a quasi third-order scheme that preserves the maximum principle for mass
fractions.

As a result, the p-positivity of practical (second-order accurate) software for compressible Euler flow
simulation on unstructured mesh is now well established and robustness of k — € or multi-component
flow calculations is also improved although not completely solved. Moreover, the 3D extension fol-
lows without conceptual difficulty.

Nevertheless, some issues remain unsolved. Firstly, the positivity of temperature for high-order
schemes does not come easily yet, but the solution might result from Perthame’s works, cf. [14].
Another concern is the implicit time discretization, we are preparing a second paper analysing the
case of implicit positive schemes.

Finally, besides our edge-wise finite-volume scheme, some other multidimensional methods could be
examined for the p-positivity issue. Barth proposed in [2] bidimensional reconstruction and limita-
tion that could allow us to enforce positivity. Moreover, the MDHR method developed by Sidilkover
in [16] and Deconinck et al. in [6] are genuinely bidimensional extensions of the Roe scheme and
thus offer a lot of new possibilities for investigation.
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