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Méthode de décomposition de domaine pour la
propagation des ondes harmoniques : une
présentation générale

Résumé : Nous décrivons une présentation générale des méthodes de décomposition
de domaines pour des modeles de propagation d’ondes harmoniques. Notre cadre abstrait
conduit a des démonstrations de convergences concises et contient des développements
récents sur l'utilisation de conditions de transmission non locales aux interfaces. Il peut
s’appliquer aux équations des ondes acoustiques, élastiques ou électromagnétiques aussi
bien dans leur version continue que discrétisée.

Mots-clé : Décomposition de domaines, équation d’Helmoltz, équations de Maxwell,
opérateurs non locaux
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1 Introduction. Presentation of the paper

Time harmonic wave propagation phenomena appear to be a privileged field of application
of domain decomposition methods (DDM): indeed, the solution is in general highly oscilla-
tory (except may be for very low frequency computations) and its approximation requires
generally a very thin space discretization, leading to large size linear system which can
not reasonably be solved using direct factorization methods. Moreover, these systems are
complex and non hermitian (even if they are symmetric in general), so that usual iterative
methods either do not converge or converge only slowly, without any theoretical guarantees
of convergence, [8]. In this context, it is natural to try to reduce the solution of the full
problem to a succession of smaller local problems that could be handled for instance by
direct methods. This is precisely the purpose of the domain decomposition techniques.
However, the solution of the Helmholtz type equations which describe wave propagation in
the frequency domain has not the same nice properties than the solutions of more standard
elliptic equations such as Laplace equation: it does not naturally correspond to the mini-
mum of a quadratic functional, the maximum principle does not hold, ... That is why the
ideas of the famous overlapping Schwartz algorithm ([25], [26], [27]) can not be applied to
harmonic wave propagation models. This probably explains why the research on DDM for
such models started only recently. The objective of the present paper is to give a survey of
some works in this field made by the authors and some of their colleagues and to present
some more recent developments.

The methods we are going to speak about are always non overlapping iterative methods :
the domains only communicate by their interfaces. As usual all the difficulty lies in the way
one makes the different sub-domains communicate between each others : the key point are
thus the choice of good transmission conditions and the choice of a clever iterative scheme.
The starting point of the methods is the choice of suitable transmission conditions which
involve an appropriate linear combination of Neumann and Dirichlet data with imaginary
coefficients. To indicate the basic ideas, let us consider the very simple example of the 1D
Helmholtz equation.

(1) ~u—wu=f x€ —a,ad,

with transparent boundary conditions at = = +a,

(2) (Ozu £ iwu) (£a) = 0.

Let us consider a partition of the interval | — a, a| into sub-intervals |z, zx11[, o = —a <
71 < ...< rg = +a. Denoting by Upy the restriction of u to |z, Zxy1], we have

with the transmission conditions
uk+%(ack) = uk_%(xk), 0<k<K-1

(4)

amuk+;($k) = (%uk_%(xk), 0<k< K-1,

INRIA



Domain Decomposition Method for Harmonic... )

and the boundary conditions

awu%(xo) - iwu%(xo) =0
() .
aqu_%(xK) + Zqu_%(.%‘K) = 0.

The idea of the basic method, due to Despres [14], [13], [15], [17] and independently to [30]
consists in rewriting (5) in the following form : for k =1,... K — 1

a:ﬂuk+% (zx) + iwuk—l—% (zx) = 835“19—% (zx) + iwuk_% (w)

(6)

—Optp 1 (x) + iwup 1 (ze) = —Opuy_1(wp) + iwuy_1 (k).

Therefore, looking at a single domain |z, 25, 1[, we have in particular, by picking one of
the two equations 6 at x = x; and © = xx 1

_agzuk—l—% - w2uk+§ = f’ €z E]xk’ xk-H[a
(7) —Optp 1 (z) +iwup () = —Oouy_1(zk) + iwuy_1 (i)
Optpy 1 (Tha1) + w1 (Th41) = Opupys(Thir) + w3 (Thi)-

This system also holds for £ = 0 and &£ = K — 1 if we use the convention u_1
It can be seen as a problem which defines u, 1, with both u, 1 and u;, s considered to
be known.

We then propose the following iterative procedure

® {upy) —  {un}
2/ k=1,K 2 ) k=1,K

where we have set

- SCSCuZi% - w2u7]:i% = f’ x E]mkaxk—kl[a
(9) —&CUZI% (zx) + zwuZIé (@e) = —Opup_y(xp) + iwuy_y(zk)
aqui% (Tpy1) + zwuﬁ% (Tpe1) = —Oaty, (Tpi1) + Wi, s (Tpa1)-

It appears that this method is optimal in the sense that it converges exactly in a finite
number of iterations. Indeed, introducing the error defined in each sub-domain by

(10) ez+§ = Upy1 —u2+%.
We know that the e} ; satisfy (9) with f = 0. Therefore we can write
2

(11) ez+% = az+% exp(iwz) +bz+% exp(—iwz).

RR n~°3473



6 Francis Collino, Souad Ghanemi, Patrick Joly

Observing that

(12)

o€, . 1 +iwe} 1 = 2iwa; 1 exp(iwx
ol k+1 k+3 p(iwz)

n S T R X 1) s
6$ek+% —iweg 1 = 22wbk+% exp(—iwz)

the transmission conditions lead to

n+1 n
= a4, 1
k—1 k+3°

a k=1,2,... K—1

(13)
n+1 n
b=t k=12 K1,

while the boundary conditions express that

(14) ar_1=0, b1 =0, Vn

2

From (13) and (14), one easily deduces that, after K iterations
K _ 3K _ —
(15) o =b =0, k=1,..,K

which means that the process converges in K iterations, where K is the number of sub-
domains. In this sense, the iterative procedure we proposed based on the use of the mixed
quantities quantities ig—g + twu is optimal.

The methods we are going to treat in the paper are essentially extensions and variants
of this basic algorithm. The extensions mainly concern higher space dimensions and other
type of equations. The variants concern the interface conditions and the iteration proce-
dure. In this paper, we make a particular effort of formalisation and abstraction in order
to give a unified presentation of all the extensions and variants. The outline is as follows.

In section 2, we present the model problem (the Helmholtz equation) that we consider in
the major part of this article. The main objective of this section is to write an equivalent
transmission problem on a partition of {2 using, as in 1D, local transmission operators.
We reformulate this transmission problem in terms of a new problem whose unknowns
are quantities defined at the interfaces between the different sub-domains. We identify
an abstract general form of this problem modulo the introduction of appropriate linear
operators. In section 3, we describe the various iterative domain decomposition algorithms
we have chosen to discuss. In particular, we introduce the notion of Jacobi and Gauss-Seidel
algorithms as well as their relaxed version. In section 3.3, we introduce a more general
class of algorithms based on the use of a more general class of transmission operators.
We show they fit the general framework we have constructed in the previous section.
Section 4 is devoted to the convergence analysis. Our proof is only based on a priori
estimates. We emphasize a particular choice of partition of {2 and of transmission operators
which guarantees an exponential rate of convergence. In section 5, we analyze in a more
quantitative way the speed of convergence of our algorithms in a very particular case of two
domains. This permits us to discuss the choice of some of the parameters of the method.
In section 6, we present various extensions within the abstract formalism They concern
first the space discretization of the model problem then the application of our methods to
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Domain Decomposition Method for Harmonic... 7

other physically relevant problems. Finally, we illustrate some aspects of our theoretical
analysis by some numerical results.

We cannot treat in a few pages all the aspects of DDM for harmonic wave propagation.
Let us conclude this introduction by a rapid review of the literature (a useful complement
to the present paper). Historically, we must refer to the pioneering works of B. Despres
about the Helmholtz equation with purely local transmission conditions [13],[14], for the
theoretical aspects, [16], [17] for computational issues, treated also in [31]) and Shaidurov
[30] (see also [18] for an extension to absorbing media and [19] for a more algebraic point
of view). Benamou extended the ideas therein to treat optimal control problems related
to harmonic wave propagation (see [2], [1] and [3] for a review). The case of non local
transmission conditions is treated in [21] and [20], while in [6], [7], the use of second order
tangential differential operators (an intermediate situation) is considered. Overlapping
methods are introduced in [5]. For the case of 3D Mawxell’s equations, we refer to [17] and
[9].

2 A model problem - Reformulation at interfaces

2.1 Description of the model problem

Here, Q) denotes a bounded domain of R" with boundary I" we assume to be sufficiently
smooth (at least Lipschitz continuous). We consider the problem with complex valued

unknown function u
Find v € H'(2), such that

(16) (Pé) ~Au—wlu=f nQ
o,u+iwu=0, onl,

(v denotes the unit outgoing normal vector to I'). For instance, the boundary condition
can be seen as an approximate radiation condition at finite distance (as an approximation
of the propagation of a wave in R"). The right hand side is the source term and w > 0
designates the frequency.

Problem (PS{) enters in a more general class of problems (O referring to a bounded

domain of R™ )
Find u € H'(O), such that

(17) (P(J;’g) —Au—w*u=f in0O
0,u + iwu = g, on 00.

Let us recall the following classical result (for a proof, see [10] or [14] for instance).

Theorem 1 If(f,g) belongs to L*(O)x L*(00), (P(’;’g) admits a unique solution in H'(O)
which satisfies Au € L*(O), and d,u € L*(00). Moreover there erists a constant

RR n~°3473



8 Francis Collino, Souad Ghanemi, Patrick Joly

C = C(0) > 0 such that

(18) ]| 710y + 10vull 220y < CIf 220y + 9l 2(50))-

Let us simply recall that the proof uses Fredholm’s alternative which reduces the existence
proof to a uniqueness result. For such a result, one first prove that if f = ¢ = 0, then
u = d,u = 0 on 0O which implies by the unique continuation principle , [11], that u is
zero in 0. This first step deeply uses the absorption term iww in the boundary condition.

Remark 1 The choice of the model problem (P(’;) s related to the sake of simplicity of
the exposition. However, the reader will easily convince himself that all what we are going
to say can be extended without any difficulty to the problem (more realistic from the point
of view of the applications)

Findu € HY (), such that
(19) (1s s :
—diw| —Vu| —ew’u=f, n
I
ou+iwsZu =g, ondS,

where €(x), u(x) are bounded with bounded inverse positive functions defined in Q and
Z(z): T — T satisfies R(Z) > 0 and R(Z) > 6 > 0 for x € Ty where Ty is a subset of T
with non zero measure.

2.2 An equivalent transmission problem

Let us consider a partition of 2 into K sub-domains €2

K
a=U %
k=1
(20) N =0, forj#k

Q) is Lipschitz continuous.

In what follows, we shall distinguish two notations for 0€ N 0S2; (interface between €2
and Qj.

(21)

Y =00, N 0N, as a part of O

Y =00 N0Q,; asa part of ;.

This is useful for distinguishing the two traces on 9€); N 9€); for a function which can be
discontinuous across an interface.

Remark 2 Nevertheless, when the distinction will not be important, we shall use indiffe-
rently the notation Yy;, X, or 0Q N 0K, without mentionning it explicitely.

INRIA



Domain Decomposition Method for Harmonic... 9

— I's

54 = 245

Figure 1: The domain 2 and its decomposition

Finally, we shall set

(22) Ekk =00 N 6Qk

On 09, we shall denote by 14, the unit normal vector which is outgoing with respect to 2.
Obviously, v 4+ v; = 0 on Xy; = X;;. Finally, if u is a function of L?(€)), its restriction to
Q. will be denoted by wug. With this notation, it is clear that « is solution of (PS];) if and
only if {uy, k =1, K} is a solution of the transmission problem

'—Auk—w2uk:fk iIle, kzl,,K
Oy Uk + iwu =0 on Xk
23)  (P) §
L akak = —6,,juj on an N GQJ’, k 7é ]

The two transmission conditions can be rewritten in an equivalent way as (k # j)

Oy up, + 1w = —0,,uj + iwu; on Yg;
(24)

Oy uj + iwu; = —0y, up, + twug  on L.

Therefore, (P); can be seen as a collection of local problems of the form (P(’;’g)

—Auk - wzuk = fk in Qk
(25) 8,,kuk + iwuk = —6,,ju_7' + 7;(4)’11,_7' on Ekj; k 75]
6kak + 7;(4)’11,]6 =0 on Ekk:-

RR n~°3473



10 Francis Collino, Souad Ghanemi, Patrick Joly

2.3 Some operators

Our goal in this section will be to reformulate the transmission problems as a problem
whose unknown will be functions defined at the boundaries 0€2;, namely the traces

(26) T = (—akak -+ iwuk)/mk .

For the validity of what follows, we shall be led to make the following regularity assumptions
K

(27) H): z=(zx) € [[ Ve Vi=L(0%),
k=1

which is not very restrictive in practice (Note that it is true if € is smooth enough).
Note that the space V can also be decomposed according to the splitting of the interfaces
0y,

K

(28) V=1[ Vij Vig=L*(Zk),
Jk=1

so that any element y of V' can be written as

(29) Y= (Yr)k=1,xk = (ykj) kj=1,K-
In order to characterize x as a solution of a linear equation in V', we are led to introduce
some operators.
Operators F and S
We first introduce:

(30) FecL (V; ﬁ Hl(Qk)> ,

k=1
defined by

—Aek — Aek = 0, in Qk
(31) e=(ex) =E(y) <« .

Oy, er + tweg, = Yy, on 08

The fact that E is well defined, linear and continuous is a direct consequence of Theorem
1. Note in particular that the boundary condition implies

(32) Oyer € L*(0%), k=1,...K

This permits us to define an other operator

(33) S e L(V;V),
by
(34) z=25(y) & x=—0,¢€+iwe;, wheree= E(z)

A fundamental property of operator S is the following one

INRIA
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Lemma 1 The operator S is unitary in V'

Proof : The proof is classical. Let (z,y) in V xV, u = E(z) and v = E(y). By definition

(,0) = X [ O+ i) B+ 7o) dor
& &

(35)
(Sz, Sy) = Z/an (= 0y, ug + 1wug) (=0, v + iwvy) do,
k k
so that
(36) (Sz, Sy) — (z,y) = —2iw Z/an (0, Tk ux, — Oy, ug, Uy,) do.
k k

On the other hand by definition of £

Aup +w?up =0 (4)
(37)
—A@k — wzﬁk =0 (ZZ)

We multiply (37)-(i) by @k, (37)-(i7) by ug, add the two equations and integrate over (),
we get

(38) Ak (Aukm - ukAﬁk) dr = 0.

Using Green’s theorem, we obtain
(39) /6 (BT~ Oy ) do = 0,
k

which proves, using (36), that
(40) V(z,y) €V xV, (Sz,8y)=(z,y).
and S is unitary. [ ]

Remark 3 We have use the notation S in relationship with the notations in Scattering
theory, [23], [32] (tome 2, chapter 9 pages 145 to 240). In some sense, S can be seen as a
local scattering operator.

The exchange operator Il and its decomposition
We introduce
(41) ITeL(V;V),

defined by

Zkj = Zkysy; = Yigw, =Yk kK FJ
(42) =1y & N /P

Zkk = 2Kz, = 0.

The main properties of the operator Il are summarized in the following obvious lemma

RR n~°3473



12 Francis Collino, Souad Ghanemi, Patrick Joly

Lemma 2 The operator 11 is a symmetric contraction in V and 11> = II*II = Ps, where
Ps, is the orthogonal projector onto the subspace Vs = {x €V, x)r = 0}.

In the following, we will use the following decomposition of IT (which depends of the
numerotation of the subdomains)

(43) =1 +11,

where . .
Zhj = 2k = Yipsy, = Yie VR 5 E <]

(44) z = H+y =2 Zgj = Zk/zkj =0 Vk,j, k> ]
Zr = Zk/zkk =0.
The following properties of II* are straightforward

Lemma 3 The operators II* are mutually adjoint and Py+ = IITII~ (resp. Py- = II7111)

is the orthogonal projector onto the subspace Vi = {x € V sy = 0, VE > g} (resp.
Ve ={z €V, zyz,, =0, Vb < j}).

Operator A We introduce
(45) A=SII € L(V,V),

and we claim
Lemma 4 Operator A is contractant in 'V and I — A is injective

Proof : Only the injectivity of I — A needs to be clarified. It is in fact a consequence of
the uniqueness result for (Pg;’g). Indeed, setting z = (I — A)z and u = E(Ilz), one easily
computes that

(46) oy = (Ouur + Oy 17) + iw(ug, — ug).

If z = 0, writing that 2;; = 2;;, = 0, we easily get that

Oy U + a,,juj =0 on 09 N 0L
(47)

up — u; =0 on 0§ N 08,

which means that u is solution of Au + w?u = 0 in Q. Writing that 2z, =0, we get
0,u + 1wu = 0 on each ¥;;. Therefore u = 0 and z = 0. [ |

2.4 Reformulation of the transmission problem at interfaces

Let us introduce v, € H*(4) as the solution of the local problem

{ —Avk - w%k = fk

Oy, v + wvy, = 0 on 082,

(48)

INRIA
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and let us set

(49) gr = =0, v + WUk /a0y, »
so that

(50) 9="(g) €V.

We have the

Theorem 2
(1) If w = (uy) is solution of Py, then x € V defined by (26) is solution of

(51) (Py) (I -—Azx=g.
(1) Reciprocally, if x is solution of (P,), then uw = v + E(Ilx) is solution of P,

Proof : Let us set
(52) Uy, = Vg + Wg-

As 0,, v + twvg = 0, we have

' ' —ayjuj +iwu; on Mgk #J
(53) O, Wi, + twwy, = Oy, Ug, + WU =

0 on Zkk
Finally, wy satisfies to

—Awy, — wrwp =0
(54)

Oy, wi, + twwy, = (Ilz), on 08
by definition of F, this implies w = F(Ilz) and

(55) -0y, Wi + twwy, = Sz = Ax

that is to say, using (26) and (49),

(56) r—g=Ax

This proves (7). The proof of (i) is quite similar and will be omitted there. |

3 The iterative domain decomposition algorithms

3.1 The basic iterative algorithms and its interpretations

We introduce in this section the algorithm initially proposed by Despres in [14], [12]. It
consists in constructing a sequence

(1) w = () € T] #'(0),

RR n~° 3473



14 Francis Collino, Souad Ghanemi, Patrick Joly

by the following process :

Assuming that «” is known and satisfies

(58) 0, uf +iwuy € L*(0), k=1,...,K,

n+1

?*1)) where u}™! is the solution of the non homogeneous boundary

we define "' = (uj
value problem

_Auz—i—l 2 n+1 f, in Qk
(59) Aup ! +iwuptt = =0, uf +iwul  on Sy, k#j
8,,ku"+1 +iwuy =0 on Xik.

If the initial value of u) is chosen such that —d,, u} + iwu) € L?(0%) (for instance if
ud = 0, Vk), it is clear via theorem 1 that this process is well posed in [, H'(Qx). Note
also that at each step n, u™ will be generally discontinuous across the various interfaces.
However if 4™ converges in some sense to u € H'({), then taking formally the limit in
(59), we see that the function u will satisfy to problem (P,) equivalent to problem (PZ).

It is now interesting to reinterpret algorithm (59) in terms of the formalism at interfaces
introduced in the previous section. Let us set

(60) up = vy + wy,
we see that
—Awptt — WPuwptt = 0, in
(61) Opwp ™ +iwwpt! = =0, ul +iwu)  on X, k #j
O, Wi +iwwit =0 on Y.
If we set
(62) zp = (=0yug + Zwu@/ank = (=0, wi + iww,’j)/mk + Gk

System (61) is equivalent to wp™ = E(TIz"), hence, by definition of S

(63) Pt = (—6,,,011;”+1 + zww"“) + gr = (ST2"™ + ¢),
or equivalently

(64) 2"t = Az" +g.

One easily checks that, if 2° = 0 for instance,

(65) "= (I+A+A*+.. ... + A" g,

so that the convergence of the process is formally linked to the convergence of the Neumann
series

(66) (I-A)'=T+A+A+.. . + A"+

INRIA
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Remark 4 The convergence proof shows that the convergence of the series (66) only holds
in a weak sense as we will see later.

It is also instructive to reinterpret the algorithm in a matrix form in order to establish an
analogy with usual iterative methods in linear algebra. In what follows we shall represent
x € V as a column vector whose k' component is z;, € L?(0€);,). With this representation,
it is clear that the operators S and II have the following block structure.(IL; is simply the
multiplications by the characteristic function of ¥j;)

O H12 H13 HIK
Hgl 0 Hgg H2K
(67) I = I3 I3 - I3k
- . HKflK
| Ogr ooo .. Hxgq 0O
(68) My € £ (L*(0%), L*(09)), Ty, = I
S 0 0 0
0 S ... 0
(69) S = : 02 ) . Ske L (L(0%)),
0 0 Sk

which illustrates that S is purely local while II is an exchange operator. Performing the
product STI, we see that we can write (with A;; = S;I1;;)

I 0 A12 A13 e AIK i
Ao 0 Ay Ask
(70) A = Ag1 Az . Ask
L AKl AKK—l 0

Thus, the operator to invert, I — A is written

I —App —Ags —Aik
—A21 I —A23 _AZK
(71) I-A = —Az —As —Ask |,
L _AKl _AKK—l I ]

and can be splitted as the sum of its diagonal part, in fact the identity operator and its
anti-diagonal part namely —A. In that sense, algorithm z"*! = Az™ + ¢ is a Jacobi’s
algorithm.

RR n~° 3473



16 Francis Collino, Souad Ghanemi, Patrick Joly

3.2 Two variants of the basic algorithm using local transmission
problems

3.2.1 The relaxed Jacobi’s algorithm

The idea is to modify the transmission condition (59) by replacing the in-going quantity
O, upt! + iwul™ by a linear combination of the same quantity at steps n and n + 1. In
other words, the local problem to be solved in €2 writes

4 —AUZ_H 2 n—|—1 f, in Qk
(0, uft +iwut) + (1 — a) (9, up + iwud) =

=0y, uj + wuy on Xy, k#j

vi™j

L Oy upt! +dwuptt =0 on Yik,

where o denotes some positive parameter. Note that one comes back to the original Jacobi’s
algorithm by taking a = 1. Note also that the local problem to be solved in each €2 is
of type (P5?), which ensures that the sequence u™ = (ul) is well defined in H(£2;). To
reinterpret this new algorithm in terms of the formulation at interfaces, we introduce, as
in section 3.2, wy = u} — vy and

73) T = (=0puf +iwug) o, = (O wy +iwwy) o, + 9k
yp = (O uy + iwuﬁ)/agk = (0, wy + iww,?)/ank .
As w? satisfies w?w} + Aw} = 0, by definition of S, we get
(74) z" —g=Sy", for each n.
In addition, the boundary condition relating the 2™ and y™’s reads
(75) ay" ™ + (1 — a)y" = Iz".

1

After multiplication by S, we eliminate ™! and ™. Setting r = — , we obtain

(76) " = (1 —r)z" + r(Az"™ + g),

which is our relaxed Jacobi’s algorithm. We shall see that for ensuring convergence we shall
need to impose r €]0, 1]. It corresponds to apply a fixed point method to the equation P,

rewritten in the form
(77) z=x—r({I—-A)zx—yg).

A simple calculation, that we do not detail here, shows that 4™ can be reconstructed from
z™ by the formula

(78) u"t = (1 —r)E(S*(z" — g)) + rE(Iz") + v,
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or equivalently (S*g = S*z — Ilx)

(79) u'=(1—-r)E(S*(z" — 1))+ (1 —r)E(llz) + rE(z"™) + v
identity which is clearly consistent with the limit equation

(80) u= E(llz) +v

Equation (80) suggests us another candidate as an approximation of u
(81) " = E(IIz") + v.

One easily shows that «™ and 4™ are related by

(82) "t = (1 —r)u™ + ri".

which shows that @™ converges if and only if u" converges. It is thus useful to indicate how
the sequence #" can be computed directly. In a first step, one solves

_A,&'I]:+1 2 n+1 f, in Qk
(83) O gt +iwip ™ = 2 on Sy, k # j
Oy, Ayt +dwapt = 0 on Sy,

and, in a second step, the zj; are refreshed according to
(84) apft = (1 —r)ag+r ( 0, iyt + zuf"“) :

3.2.2 The Gauss Seidel Algorithm

This variant exploits the ordering of the domains and consists in taking profit of the sub-
domains €2; in which the solution at step n + 1 has already been calculated. The relaxed
version of this algorithm of this algorithm writes

( _Au';cz—f—l 2 n+1 f; in Qk
« (6,,kun+1 + zwu"“) + (1 — @) (O, up + iwuy) =

—8,,]u?+1 + iwu "lon Yy, j<k

(85) <
(6,,ku"+1 + iwu};“) + (1 — @) (9, uf + iwup) =

—0y,uj +iwuj on Ygj,  j >k

L ayku"H + ’quz+1 =0on Ekk-
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Once again each local problem to be solved is of type (P(’;’g ) so that the sequence u™ = (uf})

is well defined in I], H*(€), provided that (27) holds and —8,, ul + iwu) € L*(9€) for
each k.

In order to reinterpret this algorithm at interfaces, we use the decomposition Il =
[I* +II~ and simply remark that the transmission conditions on the ¥j;’s are equivalent
to
(86) ay"tt + (1 —a)y" =2 + 12" + g.

Setting once again r = é and after elimination of the y™’s, we obtain

(87) 2"t = (1 —7r)z" + r(SI 2" + STITa™ — g),

which corresponds to a fixed point algorithm applied to the equation P,, rewritten as
(88) r—rSOz=z—r(x— Stz —g).

In the case r = 1, we recover the non relaxed version Gauss-Seidel algorithm

(89) (I —A")z"" =ATa" + g,

where A~ = ST, At = SII" and A = A" + A~. Remark that, going back to the matrix
interpretation of section 3.1, the structure of the matrices A*, A~ are of the form

[0 Ap Az ... Aig ] [ 0 0 O 07
0 0 A23 AQK A21 0 0 0
(90) A+ == O 0 . e A3K ; A_ - A31 A32 - - O
_O 0 0 1 _AKl AKK—I O_

Matrix A* is upper triangular while matrix A~ is lower triangular. This establishes a clear
analogy between the usual Gauss-Seidel method in linear algebra.

In the same way of what has been done for the Jacobi’s algorithm we can substitute
to u™ another relevement of 2™, let 4", defined formally by (81). The explicit computation
of the z7, and iy, is given by (83) and (84) with z7, replaced by «7, in the second line of
(83), where 27, = 27, when j > k and 27" when j < i.

Remark 5 As usual, the main drawback of the Gauss-Seidel algorithm is to be not paral-
lelisable, contrary to the Jacobi’s algorithm: the computation of the solution of each local
subproblem must be solved accordingly to the ordering of the sub-domains. On the other
hand, one may expect a better convergence. We shall come back on this point at section 5.

INRIA



Domain Decomposition Method for Harmonic... 19

3.3 General transmission operators
3.3.1 Introduction

As we shall see later, the convergence of the previous algorithms is not exponential. This
is due to the fact that operator A admits a sequence of eigenvalues which converges to 1 in
modulus (see section 5). The purpose of this section is to generalize the iterative algorithm
in the hope to get an exponential rate of convergence. The basic idea is to replace the
quantities 0,, uy /2y T Wwug)s,, by quantities

(91) 5,,kuk/gkj + injk (uk/gkj),

where T}; = T}, are operators acting on functions defined on 0 N0S2;, having appropriate
properties that will be specified later. The more interesting case will be the one where
Tj, is some L?- symmetric pseudo-differential operator of order 1. In that case both
quantities d,, uy and T)j,uy belong to the same Sobolev space on 9€2;,NOS2; so that the linear
combinations (91) are “in some functional sense” more equilibrated than the quantities
Oy, ur £ twuy. We shall see in section 4 why such a property may lead to an exponential
rate of convergence. Let us nevertheless remark that in practice this property will impose
that the operators T}, will be non local. We shall come back to this point at the end of
section 4.

In what follows, if I denotes a Lipschitz-continuous manifold of dimension n—1, we shall
adopt the notation (-, )2y for the scalar product in L*(T") and < -,- >r for the duality
product between H*(I') and H~*(T") for |s| < 1/2. For each {j, k} such that 0 N 0€; is
not empty, we introduce an operator Tj; satisfying

) Ty =Ty € L (H2(0 N0Qy), H 2 (09 N 09;))
92
Ty, 1s injective.

The identity operator is an example of such an operator. Moreover, the injectivity of
the operators T}, implies that our original problems (PK{) are equivalent to the following
collection of local problems posed in €2, that we write formally

—Auk — w2uk = f, in Qk
(93) aykuk + wTjk(uk/ng) = —ayjﬂ,j + iWTjk(uj/Ejk) on Ekj; k 7éj
ayk'U,k + iwuk =0 on Ekk-

In order to ensure the well-posedness of each local problem (93), we shall be led to make
the following assumption on 7}y, (which more or less expresses the fact that it is symmetric
and positive)

There ezxists s € |0, %] and Aj, an isomorphism from

(94) H5(08, N 0%Yy;) into L*(0Q N 0;) such that :
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In (94), s may depend on the operator T}, even it is not mentionned explicitly. The

operator A}, adjoint of Aj, is an isomorphism from L*(0Q% N 0Q;) onto H ™% (9, N 08Y;).

One deduces that T} is a symmetric positive one to one operator from H?®(0€ N 0S2;)
onto H~*(0, N 0%;). We have

1
(95) Ve H(S), <Tipp,¢ >s,= [1Amelliam,):

One can notice that the case of the identity operator corresponds to s = 0 and Aj; = A}, =

1. However, the interesting case, as said previously, will correspond to s = %

Remark 6 In the sequel, it will be useful to set Ty, = I. We thus have s = 0 for Tiy.

3.3.2 Well-posedness of local problems

We can now consider the model problems
{ —Auk - wzuk = fk, in Qk

8kak + injk(uk/ij) = Gkj, on Ekj-

(96)

Here we must be precise on the meaning of a solution of (96) which implies to raise some
subtle difficulties in the sense one gives to the boundary condition. If we look for a u in
H'(Qy), then for f € L*(), we shall also have Auy € L*(€) so that d,, ux/sq, belongs

to H ’%(GQ;C). It is known that the restriction of 0,,ux/sq, to Yi;, namely 0, ux/s,, can
only be defined as an element of a space which strictly contains H -3 (0€2), namely

1 1
H$ (Xk;) = the dual space of Hg(Xg;),

where we remind that Hg(XZy;) can be defined as the subspace of functions of H %(Ekj)

whose extension by 0 belongs to Hz(85Y) (see [24] or [22] for equivalent definitions and
various properties of these spaces). Therefore, the equality

(97) O n sy, + Wk (ks ) = Grjs

1
a priori holds in Hgy(X;). However, if gx; belongs to H’%(Ekj), we have, since T}, €
C(H*(Sy), H™(Sy)) with s € [0, 1

(98) Ou ks, € H77(Siy).
In such a case, one has the following property

(99) VQO € H%(an) < aukuk, ) >agk= Z < &,kuk/zkj, (,O/Ekj >§)kj,
J
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due to the density in Hz () of the space of functions in Hz (9,) whose restriction to
1

each Yy, belongs to Hgy(Xk;) ([24],[22]). Therefore (54) is equivalent to the variational

problem
Find u; € H*(Q4) such that, Vv, € H' ()

(100) /Q (Vug Vo, — wzukvk)da: + 1w z < Tjk(uk/Ekj)aW/Ekj >3,
i j

= /Q fordz +1w " < Grj, Tz >xy -
. :
J

Theorem 3
(i) Assume that f € L*(Q%) and gij € H_%(ij) for any j, then (96) admits a unique
solution u, € H' ().
(i1) If gx; € H™*(Xy ), for each j than the quantities
-1 )
(A;;g) (aykuk/zkj) * lw‘/\kj (uk/zkj)’

belong to L*(Xy;) and one has the identity

—1 .
Z || (AZJJ) (6Vkuk/2kj) + ZwAkj(uk/ij)”%%Ekj)
J

(101) -1 _ )
= Z I (Akj) (6Vkuk/zkj) - ZwAkj(uk/zkj)||L2(Ekj)'
J

Proof : (i) It is easy to see that Fredholm’s alternative applies to (100). We thus only
have to check the uniqueness of the solution. We then consider f = 0 and gx; = 0. Let us
take vy = Uy, in (100). Taking the imaginary part of the resulting equality leads to

(102) w 3 1Ak (/) T2(my) = 0

J

Therefore Ag;(ug)s,,) = 0 and by injectivity, uy /s; = 0. This is true for all j, therefore
g /90, = 0. Going back to (100) with f = gx; = 0, we get

(103) / (Vup Vo, — wupvg)dz =0, Vo, € HY(Qp),
Q
which means that Auy + w?u; = 0 and 9, ux = 0 on Q. As we also have Uk /a0, = 0 we

conclude that u; = 0 by classical arguments ([11], page 211).
(ii) Note that

1 , L)L )
(104) <Altj) (6Vkuk/2kj) + ZwAkj(uk/Ekj) = (Akj) (6Vkuk/zkj + ZWTkj(uk/Ekj)) .

As aykuk/z)kj + inkj(uk/Ekj) = Okj is H_S(Ekj) SO is (9,,kuk/gkj — inkj(uk/gkj) = Okj —
-1
2iwTj(up /s, ). Furthermore, (Af;) € L (H *(Sk;), L*(Sky)), this implies that the left
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hand side of (104) is in L*(3;). Moreover, we have
-1 ) L\ -1
(M%) @uny,,) £ iy (s lzogsyy = 1 (M) @uetiymey)acs,,)

(105) -1
0 e 0, sy 2 208 (M%) @t ), A, )

L)

To conclude, it suffices to prove that Zj((A}’;j)_l (O ub/sy, ), Mkj(Ur /sy, ) 2(sy,) 18 Teal. At
first, we remark that

(106) ((AZ]) Oy, (uk/zkj);Akj(uk/zkj))m(zkj) =< 0y, Uk, Up, > -

Thanks to (99) and Green’s formula, we get

-1
Z((Akj) (Ou b s2;)s Mg (Un s )) 22 (325) =< Oy ks Ur, > 00,
(107) J
= / (|Vuk\2 - w2|uk|2) dx = some real quantity,
Qi

which concludes the proof. |

3.3.3 Reformulation at interfaces

We generalize in this section the content of section 2.2. The new unknown at interfaces
will be

« )L .
(108) T = (mk)’ Tk/sp; = — (Akj) (aVkuk/Ekj) + ?/wAkj(uk/Ekj)’

where we have assumed that

(109) aykuk/gkj - H_S(Ekj), Y k‘, j,
so that
(110) rzeV.

We shall now give a new formulation at interfaces of the transmission problem (93). It
will fit the same abstract framework than the one of section 2 modulo a new definition of
operators E/, S and A.

Definition of £, S and A We define

(111) Ee L(V, ﬁ HY (%)),

k=1

e=(e) € kl:[lHl(Qk) =FE(ly) <&
(112) —Aek - (;2€k =0

* -1 .
(Akj) (Ouper/sy;) +iwhgj(er/s,;) = Yk on g
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The fact that the operator E is well defined is a direct consequence of theorem 3. By
compactness of the embedding H'(Q;) — H*(%), v < 1, E is compact from V into
1, H” (). We have a more general result

Theorem 4 F is a compact operator from V into [[, H” () with v < 1 in (94) if s < %,
and v =1 if not.

Proof : We only need to look at the case s < % Let 4™ a bounded sequence of V' and
e” = E(y"). Up to the extraction of a subsequence, there exits some e such that

n

e’ —e in JT, L?(Q%), strongly
(113)
Ve" — Ve in II, L*(€%), weakly.

By trace theorem, €5k is bounded in H %(8216]-). As s < %, we may assume
(114) €y, — €/%y i H*(%;) strongly.

By Green’s theorem, one has in each Q, (df = eg —e, di; = di. /s,.)

(115) /Q Vd|2de = w? /Q 22z + < Oy dl, (7 ) >on, -
But we have

-1
<Oy, dijon, >on, = Y < Ondiyydiy >sy = S(Ah) iy Awgdiy) 2y
(116) d ; i
= Tw Z ||Akjdkj||2L2(Ekj) + Z(Akjdkja ykj)p(zkj)-
J J

Property (114) implies Ag;d} — 0 in L*(3;) and therefore

(117) (Akjd?ka yl::L)Lz(Ekj) — 0,
we conclude
(118) / V(e — ex)|?dz = / Vdi2de  — 0,
Qp Qp
which achieves the proof. [ |

With the help of operator E we can define S € L(V,V) by

(119) z =Sy & s, = 215 = — (A,‘;j) (Ovperysy;) +iwhj(en/s,,), €= E(y).
By theorem 3 -(ii), we know that S is a unitary operator S*S = SS* = I. Next, we define

AeL(V,V)
(120) A= SIL
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Operator A is clearly contractant and, following the proof of section 2, one proves that
I — A is injective, thanks to the injectivity of Ay;.

In order to formulate the problem satisfied by 3, we introduce v = (vi) € [1, H' (%)
where vy, is solution of the local problem

_A’Uk — U)Z/Uk = fk)
(121) y
(Aza') (O Uk y5y,;) + 1wWAEj (Vg /5,,;) = 0 on Xy,

and let us set .
(122) ki = — (M%;) " (Buvkym,,) + i (vrs,)-

Following the proof of theorem 2, it is straightforward to establish the following result.

Theorem 5
(1) If w = (uyg) is solution of (93), then x € V defined by (108) is solution of

(123) P, : (I—-Azx=yg.

(77) Reciprocally, if x is solution of (Py), then v = v + E(Ilz) is solution of (93).

3.3.4 The Domain Decomposition algorithms

Once one has identified the spaces V and the operators F, S and A, it is easy to generalize
what has been done in section 3.2.1. We define the relaxed Jacobi and Gauss Seidel Algo-
rithms by replacing all the quantities iwuy by iwT;xus in (72) and (85). These algorithms
corresponds to the iterative processes (76) and (87).

Finally and if we choose 4" as the approximate value of the sought solution u, all our
algorithms can be described in the general form

50 — Ax .0 3 3 —s
Ty = Aj,zy;, given in H™%(X;)
forn=1,...

fork=1,...,K

(120) P AT = £, i 0
solve Oy, At + injk(ﬂZH/zkj) = f?,: on Xy, j £k

Oy At +iwip™ =0 on T

update  Zp = (1—r)ip; +r (—6,,,9712“ + z'wTjk(ﬂZ*l/gkj)) :

with i?,: = 1}, except for the Gauss Seidel algorithm for which 55?,: = I ! when j is less

than k. This shows that it is not necessary to use the operator A; but only T}y.
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4 Convergence analysis

The aim of what follows is to establish some results of convergence of the two relaxed
algorithms (Jacobi and Gauss Seidel) introduced in section 3. For the non-relaxed case,
which is technically more complicated, we refer to [14]. We will work only with the abstract
form of these algorithms, so that our proof is valid for both the first versions proposed in
section 3.2 and the second one with the general interface operators considered in section
3.3.

We begin with introducing some notations. We first define the error at the interface as
the quantities
(125) e"=a2" -z €V,

and the two errors committed on the unknown wu itself, depending whether one considers
u™ (formula (78)) or 4" (formula (81)) for the approximation of u

K
e"=u"—u €[] H(%)
(126) et
=" —u €[] H'(Q).

k=1

The sequence x™ satisfies the iterative process

(127) e = (1 —r)e" + rAe,

in the case of the Jacobi’s algorithm and

(128) e = (1 —7r)e" + r(SIITe™ 4 STI—e™),

in the case of the Gauss-Seidel’s algorithm. The two sequences e™ and é" are then deduced
from €™ by

n+l __ _ * N n
(129) "t = (1 —r)E(S*e") + rE(Ile™)

e" = E(Ile™).
In the sequel, we are going to obtain two types of results :

e A convergence result for the general situation : we only obtain the convergence of "
to 0 in the weak topology of V. However, thanks to the compactness properties of £
(cf Theorem 4) we shall obtain what we really want, namely the strong convergence
of u™ (or @") to u at least in L2. (We shall get even better - see section 4.2)

e A convergence result in a particular case for which we shall have strong convergence
to 0 for ™. Moreover, this convergence will be exponentially fast and will imply the
exponential decay of the errors e” (or ") in the H' topology of each sub-domain. We
shall see in section 4.2 that our proof will require a particular geometrical property
of the partition of {2 as well as an adequate choice for the operators Tj;.
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4.1 A first general result

The main tool of the analysis consists in a priori energy estimates that we deduce of
two identities which are the object of the next lemma. It will be useful to introduce the
following norm in V' (r €]0, 1])

(130) 2]l = (1 = n)|IPsall® + || Pre||* + | PL x|
Note that this norm is equivalent to the usual norm
1
(131) (1 =r)2|Jz]] < [Jzflr < l=]].
We also define the operator
(132) Jy=I—rSO)t eL(V).

(Note that (I — rSTI7) is an isomorphism in V' : indeed, in the matrix representation of
section 3, it is block lower triangular, the triangular blocks being identity operators)

Lemma 5
(i) (Jacobi’s algorithm) The sequence " satisfying (127) satisfies the identity

(133) le™ 17 = [le™[I* = r(L = )L — A)e™||* — 7|l Pre"||*.

(ii) (Gauss-Seidel’s algorithm) The sequence €™ satisfying (128) satisfies the identity
(134) le" Iz = lle™l17 = (@ = )T (I = A)e™||* = 7| Pre™|”.
Proof : (i) We consider the sequence " satisfying (127). We have, using A = STI
(135) le™ ™1 = (1 = 7)?||e™||* + »?||STIe™||* + 27 (1 — r)R(SHe™, ™).
On the other hand, we use the identity
I(Z = SIe™[|* = ||e™||* + [|STIe"||* — 2R(STe™, ™),
to eliminate R(STle™, &™) in (135). This leads to
(136) le" 1P = (1 = r)lle”||® + rl[STe™||* = 2r(1 — 7)[I(1 — A)e"||*.
Using lemma 2 and the fact that S is an isometry, we get
(137) |STIe™||* = [|TLe™||* = [le"||* — || Pre™||.

Plugging (137) in (135) then leads to (133).
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(i) Let us now consider a sequence ™ satisfying (127). We have
(138) [P = (L= r)?[len | + IS (™ + T )
138
+2r(1 — r)R(", S(MTe™ + T e™)).

Applying the identity 2R(z, Sy) = ||z||> + ||y]|*> — ||z — Sy, to x = ™ and y = ITTe™ +
[I-e™*! we get, using also the fact that S is an isometry

e 2 = (1 —r)?[|e"||? + r2||TT+e™ + e+ 2
(139) +r(1—7) ([l + |TTte™ + TTem+||2)
—r(1—7)|le™ — S(ITte™ + IT~e™*1)|?,

or, equivalently

le™ = (L =7)lle”|* + rfITTe™ + 1™
(140)

—r(1 —7r)||e” = S(IITe™ + ™t 1)||2.

Since, by lemma 3,
(141) ¥z + I y||* = )" + | y))* = |12 2" + |1 Pg gl
we obtain, introducing 2" = g™ — S(IT*e™ + II-¢" 1)
(142) le™ 1 = (1= )lle™ |1 + rl| PLem]* + vl Pge™ 1" = r (1 = n)lI2" 1%
We then notice that, by definition of the norm ||.||,

le™H* = rllPge™* = [le™ Iy
(143) ) , )
= r)lle* + rll PEe™(* = lle™ I — rll Prem||?,

so that (142) can be rewritten

(144) le™ M7 = lle™lI7 = r(1 = n)llz"[I* = 7l Pre™|?,

which is nothing but (134) if we show that 2" = J,.(I — A)e". But from (128) we deduce
(145) gl = g™ — 2"

Equation (128) also shows that "' is related to " by

(146) (I — 7SI )e™! = (1 —r)2"™ + rSHUTe",

Therefore, multiplying (145) by (I — rSTI™) we get

(147) (1—r)z™ +rSTte” =" — ST ™ — r(I — rSI)2",

from which

(148) (I —rSI7)2" = (I — A)e",

what we wanted to show. |

A direct consequence of this lemma is
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Theorem 6 Assume that 0 < r < 1, the sequence "™ given by (127) (or (128)) converges
weakly to 0 in the space V and we have

K
u" — u  strongly in [ H” (%)
(149) et
" — u strongly in [ H (),
k=1
wherev =1 if s < % in (94) for all Tj, and v < 1 if not.

Proof : We only give the proof for the Jacobi’s algorithm using (133). The proof for the
Gauss-Seidel’s algorithm via (134) is almost identical thanks to the facts that |||, is a
norm on V equivalent to ||.||. Identity (133) implies in particular that

e™ is bounded in V' (||e"|| decreases)

(150) +oo
ST — A)e™||* < 4oo0.

n=0

Therefore, up to the extraction of a subsequence still denoted by ", we know that there
exists ¢ € V such that
(151) e" — ¢ weakly in .V

Moreover, from (150) we also now that

(152) (I —A)e™ — 0 strongly in V.
Therefore, by linearity of A, we get

(153) (I — A)e =0,

which yields € = 0 since I — A is injective. Note also that, as 0 is the only possible limit,
the whole sequence converges.

The end of the proof is nothing but a straightforward consequence of the compactness
properties of the operator E (given in theorem 4) and of the two equalities (129). [ |

Remark 7 A careful examination of our derivation of the a priori energy estimates shows
that the equalities (133) and (184) becomes inequalities if we replace the hypothesis | Sz|| =
||| by [|Sz|| < ||z|| (S contractant instead of isometric). We could use this remark to
extend our result to damped Helmholtz equations as considered in [18] for example.

4.2 A case of exponential convergence

In this section, we shall assume that the partition (), of Q has the following geometrical
property.

(154) For each (j, k), 00 N OSY; is either empty either

a closed manifold of dimension N — 1.
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The second hypothesis turns on the value of s for the operators Tjz, j # k (s = 3)

T, = N \jx, with Ajy isomorphism from

(155) Hz (8% N 0Q) into L*(8 N AY).

In such a situation, we have the following fundamental result

Lemma 6 Under both assumptions (154) and (155) I — A is one to one in V.

Proof : As I — A is always injective, we only have to prove that it is onto. Let g be given
in V', we look for an x such that
(156) (I—-Azx=yg.

If such an z exists, then u = (uy) = E(z) satisfies in each

((up € H' (%), —Aup —w’up =0, in

-1 ]
(A}Zj) (aVlcuk/Ekj) + WAkj(Uk/zkj)
(157)

71 . .
== (AL)  @Ouugmy) +iwhs(uyrs,) + e on Sy, kb #

| Ou Uk + iWwuy, = gr,  ON L,
which is equivalent to
((u, € H' (), —Aup —w?up =0, in

+g .
Oy, up, + Oy, uj = AZjM, on Xy, k<j

(158) {

(uk—uj) = (Akj) 1%, on Ekj; k <7

L a,kuk + iwuk = (grr On Ekk-

Reciprocally, if there exists an u € H'(£;) solution of (158), one constructs a solution of
(I — A)x = g via

« V7L .
(159) x = (xp), Tk sy, = — (Akj) (aykuk/gkj) + zwAkj(uk/Ekj).
Let us define g g
10k — G 1
(160) ok = =k = (Agy) ™" % € H2(Xy;),

and let us assume for a while that one can find a u* € [[, H' () with Au} € L*(Q),
3

(161) ult/zkj - u;'/gjk = Pkj, 6l/kuz/2kj + 6uju;/2jk € H™ (Ekj)a k # 7,

then, setting
(162) u=u"+w,
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function w must satisfy

we H'(Q), —Aw, —w’wy = Auj +w’uf, inQy
(163) Op W + 0wy = Gy on Xy, k#j

Oy Wy + twwy = Jgr 0N gy,
with

~ _ " o
9kk = Gkk aukuk/Ekk Wl /5,

(164) G A 9kj T ik
ki = T

The variational formulation of this problem is

* *
= Oy Uy — 6Vjuj/2jk’

Find w € H'(Q) such that, Vv € H*(Q)

VuVo - wuv)dz +iw [ wed
(165) /Q( wVv — wwv)dr + iw | wudo
— Z/Q (Au}‘; + (AJQU,Z)’de.Z' + ZZ < gkj,ﬁ/gkj >Ekj .

Problem (165) is a nice variational problem in H*(Q) since the gy; € H ’%(ij). The
existence of w is easily obtained by Fredholm’s alternative. The problem is thus reduced
to the construction of u*. For k < j, we define ug; as the solutions in H'(€) of the
following elliptic problem

—Aukj + ugj = 0, in

(166) _
Ukj ys,; = Pris - on Oy,
with
(167) Prj = $rj on Ygj,  @r; =0 on Xy, LF J.

As all the manifolds ¥;; are assumed to be closed, all the ¢, are functions of H 2(Q) and
the existence of uy; is simply obtained using Lax-Milgram theory and the trace theorem.
Moreover, as Yj; is closed

(168) 8,,kukj/2kj € H_%(Ekj), aykukj/gkk € H_% (Ekk)-
Then it is not difficult to check that a good candidate for u* is

(169) ur =Y Uy,

k<j

and the proof of lemma 6 is complete. [ |
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Remark 8 The theory of potential, [10], gives us a more explicit formulae for (I — A)™lg
(however restricted to the case of constant coefficients). Indeed, one can verify that

(170) Tkj = _(AZj)_l(aVk (ek + 60) /Ekj) + iw‘/\kj(ek + 60)/ij)’

where

e(z) = > [/z ®(z,y) %A;k<gk]’ + g;1)(y)do(y)
(171) SR

L
= [, B 9) g AT 08 — 9 W)do )
where ®(x,y) is a Green’s function for the Helmholtz equation and ey is the solution of
—w?eg— Neg =0, inQ
(172)
0,ey + tweg = grr, — O, —iwe, onl.

As consequence of lemma 6

Theorem 7 (Ezponential convergence) Under both assumptions (154) and (155), for each
value r €]0,1| , there exists a real number T €]0, 1 such that

(173) lle™|lvy < C 1"
Consequently, we also have
(174) lu — @y < C7" flu— @l < CT"

Proof : We only give the proof in the case of Jacobi’s algorithm. The proof for Gauss-
Seidel is almost the same. Since (I — A) is an isomorphism in V, there exists a 6 > 0 such
that

(175) (I = A)|| = 6[|=],

(note that 6 <1, since I — A is contractant). Therefore from identity (133), we get

(176) le™1” < (1 —r(L =),

which gives (173) with C' = ||go|| and 7 = \/1 — (1 —r)6%. The rest of the proof is a
consequence of the continuity of E. [ |

Remark 9 In our proof, the best (i.e. the smallest) value of T is given by r = % which
mazimizes r(1 —r). We shall come back on this point in section 5.

In order to be complete, it remains to give examples of operators T}, satisfying (155).
The most natural one consists in considering fractional powers of the Laplace-Beltrami
operator. More precisely, assuming that ¥j; is a sufficiently regular manifold, we denote
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by A, the Laplace-Beltrami operator on Xj; ([32], tome 1, page 137-139), i.e. the self-
adjoint operator in L?(Xy;) associated to the bilinear form with domain H*(3;) :

(177) anlp¥) = [ Veg: Vit do.

where Vr denotes the usual tangential gradient operator on Xj;. It is then well known that
if & and [ are two positive real numbers, one can define the positive selfadjoint operator
in L*(X;) with domain H'(Xy;)

B 1
(178) T'jk = (Oz[ — EAjk)z.
It is well known that 7 can be extended in a unique way as an isomorphism from H 3 (L)

onto H_%(Ekj) as soon as a and [ are strictly positive. One then satisfies (155) with

B 1
(179) A]k = (Oé] - EA]']C)‘R

As an example, let us consider the 2D case where X, is the circle of radius a, that we
can parametrize by the polar angle 6. In such a case the operator T}, given by (178) is

diagonalized in the orthonormal basis of L?(Xy;) defined by

(180) en(0) = (21a)? €™ n € Z,
and we have

n2
(181) Ty e, = (o + ﬂwzaz) €n-

One can note that the operator defined by (178) is non local (it is a convolution-type
operator) and will produce full matrices after space discretization (cf section 6). A possible
compromise with purely local would consist in considering an integral operator of the form
(6 denoting some strictly positive parameter)

<Tp, o >=a [ p(a)p(e)do(z)

k

(182) : )
+6 /Ek /Ek G(z —y) xs(|z — y|) (curlp A v)(y)(curly A v)(z)do(x)do(y)

where G is for instance the fundamental solution of the Laplace operator in RV

1
47|z

(183) m@=%mqu=2 G(x) N=3

and ys(7), > 0 a smooth positive cut-off function satisfying :
xs(r)=1 ifr<é

(184)
Xxs(r) =0 if r > 26,
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whose role is to “localize” the operator Tj; (the “local”character of T} then depending on
the value of §) Such a choice has not yet be tested up to our knowledge. Our conjecture
is that such an operator possesses the good properties ensuring exponential convergence :
the important fact is that the kernel G' has the correct singularity for z = 0.

Remark 10 The choice of the operator Ty, defined by (178) (Aj being associated to (177)
in H'(3y;)) can also be made even in the case where Yy, is not a closed manifold (the
Laplace-Beltrami operator then corresponds to a “Neumann condition” on 0Xy;). Although
our proof of exponential convergence is no longer valid, numerical experiments ([20]) show
that this improves the convergence by comparison with the case Tj, = 1.

5 Determination of the rate of convergence in a simple
case

5.1 Presentation of the example, notations.

To get more insight in the rates of convergence of the method, we propose to analyze a
very simple 2D example. We consider the square {2 =] — g, %[X]O, L[ decomposed into two
rectangles similar in size Q; and €y, with only one interface (cf figure 2). The DDM is
applied to the solution of the Helmholtz equation in €2 with our usual conditions 9, +iwu =

0 at left and right sides and a Neumann condition at top and bottom sides.

Neumann Cond}tion
y=1L

A.B.C~ O s ~-A.B.C

yl

i

T T )
Neumann Condition

N B
Do |

Figure 2: Geometry of the simple model

RR n~°3473



34 Francis Collino, Souad Ghanemi, Patrick Joly

We shall used in this section the presentation of the algorithm we gave in subsection
3.3.4. Hence, we construct two sequences 4} and %% which approximate (u1, u), restrictions
to ; and €2y of u. The equations for u} and uj are

(185) { —Wiy — AU} = fr, k=1,2
Oyty(x,0) = Oy (xz,L) =0, k=1,2
N
. (~04i} + iwil?)(~ 5, u) = 0
186

L
(0o + iwiy) (+5, y) = 0.

The coupling between two successive iterations n and n + 1 is made at the level of the
interface z =0

(A 710, a7 oo + iwATTT peg = 28,
(187)

_(A*) 6 ~n+1/x:0 + 2."‘)A'Ilg—i—l/alczo = xrlz;,
where n* = n (Jacobi) or n* = n + 1 (Gauss Seidel). The operator A is chosen among a
two positive parameters family (A is a bijection from Hz(0,L) onto L2(0, L) as soon as

8 >0.) 1
(188) A=Ayp= (ald _ By )4

w? vy

For a given relaxation parameter r, the z7, and z%; are updated by the formula

( ) .’13?2-1'1 (1 — r)x12 +7 ( (A*) 1 “"“/z o+ zwAul /;c:O)
189
ot = (1 —mr)zf + 7 (( )T 10, ~"H/w:o + iwAﬂZH/x:o) )

From the general theory, we already know that the error €; = 47 —uy, k = 1, 2 converges
to zero with the index of iteration n. The aim of what follows is to determine the rate
of this convergence. At first, the errors satisfy to both the Helmholtz equation with zero
second term and the absorbing boundary condition at = = +% (k=2) and z = —% (k=1).
Using Theorem 3, we deduce the estimates

||~n+ ”Hl(Ql) < Col|(A")” ‘9 ethl/w=0 +iWAé71l+1/$=0”%2(O,L)
< CO||531||%2(0 L)
(190) ~n+1|(2 19 sn+l ; sn+1 2
[z ||H1(92) < Col[(—(A") 7 02857 jz=o + iwAe; )/5C=0||L2(0,L)
<

Colletz 1220,z

where €7, and €%, are the errors at interfaces. They satisfy to
et = (1 —r)el +r(—(A*) 10,87 jumo + iwAET™ 10)

(191)
ey = (1= 1)ely — r((A*) 10,85 om0 + iwAELT™ /500).
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In the next subsection, we derive explicit expressions for the errors 7, and €7, which lead
us to sharp error estimates.

5.2 A general error estimate

The solution of this sequence of problems can be explicitely derived with the help of a
technique of separation of variables. We introduce,

z,y) = Zéz,p(:c) wy(y), k=1,2

Enj = Zs,m, wy(y), kj =12 or 21,

(192)

where functions w,(y) are the eigenvectors of d,, with Neumann boundary conditions and
are also eigenfunctions of A,

| wp(y) = \/% cos (%(y - g)) :

1
. a. BT ,\*?
(193) Y Mg w, = V5P w,, 127 = (a + b
7T2p2
k (W? + A) wy = K2wp + 2wy, Ky = {[w? — 3

(the precise choice of the sign for the complex square root defining k, does not really
matter).

The quantities €3 (r) are Fourier coefficients of the error. We shall say that €} (z) is
the mode of order p of the error term €. Each of them satisfies a reduced homogeneous
Helmholtz equation
(194) kleptt 4+ 0nei0t =0,
in their respective domains. These equations are solved according to

(195) ettt = atht exp(ikyx) + 07" exp(—ik,a)
ég;l = a’;;jl exp(—ikyz) + bg;l exp(ik,).

Boundary conditions at z = 0 and z = % allows us to determine a;}' and bp}' a
function of the €7, , and &3, .

(ln+1 . a,8 an—l—l o a,f
(196) A, [ }Lﬁl] = 5214’[ VA7 ], A, l 2| = €lap Vip )

bl,p 0 b2,p 0
with 5 5
iky + it L ik + it
(197) 4, = " e
(—ik, + iw)e~*oL/2 1 (ik, + iw)etikol/2
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Our goal is to obtain a recursive relation for (€7, ,,€% ,). Equation (191) implies the

following equality for the Fourier components of the error at interface

~ ~ _1 ~ . 1,
Elry = (L =m)eh, 41 (—(t7) 20,818 jao + iw (%) 215 10

P

(198) ) 1
el =(1—r)és, +r ((tgﬁ)*aamég;l Ja—o + iw(tPP)2ep ! /zzo) .

or, using (195)

é\?;’—; = (]. - T)é?%p +

(199) Vi

r
égi—; == (]. - T)égl,p +

V1B

( (ikp + iwtS®)al bt + (—iky + iwtP)prt )

((kp + wt&P)as st + (—ky + wt@P)by i ).

Via (196), we can eliminate the at! and b7'! and obtain a relationship between two

k.p k,p

successive iterates. We obtain

~n+1 __ N N
€12p = (1- 7")512,;9 + T)‘PgZI,p

(200) 1 *
é‘gftp =(1- T)ggl,p + T ApéTap
with - y
ooy a= el e T 2 U Rl )
(ky + 15 by + ) F — (—hy + )~y + )%

Equation (200) can be written in the matrix form

(202) ru’p ] = M,(r) l%’p]

Ngi’; é\gl,p
with
(203) Jacobi:  My(r) = L—r X
. P T)\p ’ (1 _ 'f') ’
(204) Gauss Seidel: My(r)=| =" Ap
: p ?“(1 _ T))\p (1 _ ,],,) + 7"2)\12) .

From (202), we deduce the sharp estimate (with Jacobi at least, the equality can occur)

(205) By

2 (e < M) (180,12 + 1655,17)

where ||[M||, denotes the maximum of the square root of the eigenvalues of the matrix

M*M. Of course, the general theory of convergence indicates us that :

(206) Vp, [[Mp(r)ll, <1
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This can also be checked by a direct computation for the Jacobi’s algorithm using |A,| < 1
(see the forthcoming section 5.3) but is less obvious for the Gauss-Seidel algorithm. Now,

we define
(207) Ty = sup ([ Mp (7)1,

and using Plancherel-Parceval’s theorem

(208) ||5gk||L2(0 L) = Z |5Jk,p

inequality (205) leads to the estimate give us immediatly

(209) et @y <C 718 ey <C 7
with
(210) C* = Cg ”5(1)2”%2(0,L) + Cg ”6(2)1”%2(0,@'

As a consequence, a geometrical convergence occurs when 7, is strictly less than 1. Mo-
reover, 7, governs the rate of convergence : it is thus the right quantity to analyse.

5.3 Analysis of the non zero eigenvalues of A

It is not difficult to realize that the \,’s are nothing else than the non zero eigenvalues of
operator A (Ax = 0, if x is localized on the boundaries ¥;;). As A is a contraction, all
the |A\,| must be less than 1. We distinguish different cases according to k, is real, purely
imaginary or zero

o If 27 < 1: The mode is propagative, k, is real, equal to wy/1 — % and

cos(R28) kpw(t2# — 1) + isin(
cos(”—)k w(ty® +1) +isin(

( Zta,ﬁ k?)

(211) Ap = )
(W2tp™” + k2)

k2)
)

e If 22 > 1: The mode is evanescent, k, is imaginary, equal to i§, = 74/ —1 and

(212) \ = zcosh(%)ﬁpw(tgvﬂ —1) — Siﬂh(%)(w%g,ﬁ + )
p = L : p '
TL)fpw(tp’ﬂ +1) - smh(%)(w2tpﬁ _ 512))

oIfﬁ—Ezl: k, =0 and

Va+B8-1+i%a+p
Va+B+1+i4k/a+p

In each case, it is not difficult to check that the modulus of )\, is always strictly less than
1 as we might expect. Analyzing what happens respectively for small and large values of
p permits us to distinguish the role of the parameters o and 3 in the convergence process.
Indeed :

(213) Ay = N =
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e When p is 0, we get
-1
(214) Ao = va-l
Va+1

which shows that a will govern essentially the convergence of the low frequencies.

e When p grows to infinity, we get

. iv/B—1
215 lim A\, = Ay = Y2

which shows that  will govern essentially the convergence of the high frequencies.

In particular (215) shows that
(216) lim [\, =1,

p—o

what implies that ||A|| is equal to 1 : this demonstrates, in this particular case, that the
formal series >~ A™ does not converge absolutely.

5.4 The convergence rate for the Jacobi’s algorithm

Let us first check that for the Jacobi’s algorithm, one gets exponential convergence as soon
as 3 # 0 and r €0, 1[. One computes easily that

(217) | M,(7)]], :miax|1—7“i7"/\p| < 1.

The only delicate point is to ensure that the A, do not accumulate near £1 in which case
|| M, (7)||, would tend to 1 for all values of r and 7, would be 1. According to (215), we
have

(218) T30 = pli)gloo | Mp(7)]|, = max 1 —7r+risl

T

which is strictly smaller than 1 for 3 # 0 and r €]0, 1] (see figure).

Remark 11 Here is the point where we can recover the precise role played by operator
T = A*A. The fact that T is a pseudo-differential operator of first order reads in the
behavior of its symbol tg’ﬁ when p becomes large: tg’ﬂ ~ Cp. Note that this behavior is the
only possibility to get the limit in (215) not equal to £1.

Remark 12 When 3 = 0 (local operator), it is easy to see that 7°° = 1 which implies
7, = 1. In this case, the convergence is not exponential and the estimate (210) is not
sufficient to prove the convergence. One then has to take into account how the quantity
(169,17 + 1691 ,1*) occuring in (205) goes to zero when p goes to infinity, which involves the
reqularity on the interface of the exact solution. In [14], it is shown that, if the solution is
smooth one gets, for any e >0

Ce

nl—s

€T || 21y + €3 | a1 (aq) <

INRIA



Domain Decomposition Method for Harmonic... 39

forr#1/2 and
~n ~n, CE
€3]m0 + €3[| mr(as) < n3/2—

forr=1/2.

Of course the next step of the analysis consist is answering the question : what is the
choice for the parameters 7, and § which will minimize |7,.|?7 As we are going to see, a
first naive analysis based on the examination of low and high frequencies would lead to

choose « =1, f =1 and r = 1/2. However, if one looks at a typical curve p — || M,(7)]|,
one sees that one has to distinguish three regions for p.

e High frequencies : 27 >> 1

For these values, the convergence is essentially governed by

70 =miax|1 —r 7l

It is then straigthforward to realize that the best way to damp these evanescent

modes is to pick 3 =1 and r = 1: the A,’s accumulates near i and | M,(r = 3)||,

2
1
tends to 7

e Low frequencies : 22 << 1
wL

For these values, the convergence is essentially governed by
70 = miax|1 —r 7|

Using (214), one sees that the best value for a is 1.

Note that if one stops the discussion here, the size L of the subdomains has no influence
on our choice.

e Resonant frequencies : 2% ~ 1

These values of p correspond to a local maximum of the curve p — ||A,(r)||,, which
is also the global maximum in a lot of cases. The convergence of the related modes
is now governed by

T = max 1—r£rXY,

where A\* is given by (213), which shows that trying to minimize 7, involves the value
of wL. In particular, \* tends to 1 when wL tends to +00, whatever the value of
(v, B) or 7 is.
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Figure 3: Domain of two wavelenghts: 7, in function of p for r = %, a=p0=1

It appears then that a good strategy for choosing «, # and r consists in minimizing, wL
being given, the quantity

(219) max{7°, 7*, 7°°}

which can easily be done, at least numerically. We present the results of this optimization
procedure in Figure 4 where, for different values of the frequency (from wL = 7 which cor-
responds to L = 0.5 wavelengthes to wL = 107 which corresponds to L = 5 wavelengthes),
we plot the curves p — || M,(r)||, for the optimal values of (e, 3,7) which are given in
Table 1, as well as the optimal value of the convergence rate. We observe experimentally
that the optimal value of (o, 8,7) is the one which ensures the equality

(220) =1 =71%°

T T T

Also, we notice that the optimal rate decreases when the frequency increases which is not
surprising and at least coherent with the fact 7* tends to 1 when wL tends to +00. Note
also that for large frequencies oy, and B,y are really different from 1 while 7, remains
closed to %

wlh=mn |wL =27 | wL =47 | wL = 107
o | 0.11982 0.0269 | 0.007435 | 0.000384
G | 0.85500 0.55 0.23076 0.0032
r | 0.5160 0.645 0.5160 0.54126
T | 0.734588 0.821 0.903 0.9792

Table 1: Optimal parameters for 4 differents lenght of domain (Jacobi)

5.5 The convergence rate for the Gauss Seidel’s algorithm

We do not reproduce the discussion which is essentially the same than for the Jacobi’s
algorithm except the fact that the computations are heavier. We only present in Figure 5
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L L L L L L L L L L
0 5 10 15 20 0 5 10 15 20 25 30 35 40

Figure 4: Optimal curves p — ||M,(r)||* for the Jacobi’s algorithm (wL = 7 :top left,
wL = 27 :top right, wL = 47 :bottom left, wL = 107: bottom right.)

wLh=mwm|wL=2n | wL =47 | wL =107
a | 0.1538 0.0512 0.00641 | 0.001948
G 1 0.87179 | 0.43589 0.0871 0.0317
r 0.5 0.55128 0.4151 0.3235
T | 0.5029 0.604 0.8921 0.9654

Table 2: Optimal parameters for 4 differents lengthes of domain(Gauss Seidel)

and in Table 2 the results of the research optimal parameters. Let us emphasize the fact
that, for a given value of wL, we get a better convergence with the Gauss-Seidel algorithm
than with the Jacobi’s algorithm.

6 Other applications

One of the interests of having identified a general framework for our domain decomposition
method is to simplify the presentation of the extension of this type of method to other
physical model with a complete guaranty of convergence : the abstract convergence proof
remains true once one has verified that the operators £,S and A have the good proper-
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Figure 5: Optimal curves p — ||M,(r)|* for the Gauss Seidel’s algorithm (wL = = :top
left, wL = 27 :top right, wL = 47 :bottom left, wL = 107: bottom right.)

ties. In section 6.2, we shall consider the two important examples of the elastodynamics
equations and of the 3D Maxwell’s system.

Another advantage of our abstract framework is to include the discrete problems ob-
tained after approximation in space, provided a good choice of the approximation process.
We are going to show this in section 6.1.

6.1 Space discretization and domain decomposition

In this section, we go back to our model problem (PJ) in dimension N = 2 or 3, and
consider the case where the operator A is defined by (cf section 4)

B

w?

ISt

Aji = (0l = —5Aj)
and assume for simplicity that the €2;’s are polyhedral domains. The importance of this
section lies in the fact the convergence of the algorithm for the continuous problem does
not imply the convergence for any discrete approximation. Initial numerical experiments
performed by B. Despres (personal communication) show that a naive finite-difference
approximation of the interface conditions might lead to unstable iterative algorithms.

In order to avoid this kind of accident, the first major idea is that the discretization
should have the same variational structure than the continuous. This leads naturally to
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consider finite element methods. In this class of methods, the choice of mixed-hybrid finite
element methods was guided by the fact that the quantities that one wants to transmit at
interfaces, namely the trace of the solution and of its normal derivative, were easily and
consistently computable from the degrees of freedom, which is not the case for instance
with Lagrange elements. Finally, we realized that this choice permitted to put the resulting
discrete problem within our general framework of sections 2 and 3, ensuring the convergence
of the iterative method. This is of course the point of view we are going to adopt in
our presentation. In the rest of this section, we assume for simplicity that the €2;’s are
polyhedral domains. We restrict ourselves to the lower order element for simplicity.

The meshes For each sub-domain €, we introduce a finite element triangulation 7 ()
(of triangles in 2D, tetrahedra in 3D) of step-size A > 0. We shall denote by K the current
element of 7,(€2). Moreover, for each interface X5, we shall assume that the traces of
the two triangulations 7}, (€2;) and 7,(€2;) coincide with one single surface triangulation of
Yk, denoted. 7,(3,x) : in other words, we work with matching grids. We shall denote
by T the current element of such a discretization. We also denote by 7, (Xx) the trace of
%(Qk) on Ekk

The space V" and the unknown z" Here, we identify the space V" which will play

the role of the space V of section 2. We have

K
(221) vh= 11 V& <V,
G.k=1
where
(222) Vil = {agy € L(Z8) / VT € Ta(E5), 2 7 € Do(1)}-

Of course we shall look for z” € V" as an approximation of z € V. Let us notice that
(223) v c vt
defined by (26).

The operators E", S* and A" Let us admit for a while the existence of selfadjoint
operators

(224) Ay € LV,

which is supposed to be an approximation of Ay;. In order to define E", we first introduce
a space M" for the approximation of [[i, L?(£)

K
(225) M" = T[ M,
k=1
where
(226) My = {uy € L*() / VK € Tp(%), uf ) € Po(K)},
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and a space X" for the approximation of [[_, H(div; )

K
(227) X" =T[ xp,
k=1
where
(228) X = {ph € H(div; %) / VK € To(), v/ € RTH(K)},

where RT(K) denotes the usual Raviart-Thomas-Nedelec space of lowest order, [29]. Then,
we can define

(229) E" e L(V", M"),
such that
(230) " = (ep) = E"(y"),

if and only if (e?, p",t") € M"™ x X" x V" is the solution of the following collection of local
variational problems

/pz-q,’;d:v—k/ eZdivq,’cldx:Z/ tgjq,’;-l/kda ‘v’q,’jEX,’;
Qp Qp PR

(231) — [ divpl -} do — w2/ el vt dr = / fords Vol € M}
o o o

(Aﬁj)‘l(pﬁ : Vk/zkj) + iw Aﬁj(eﬁ/zkj) = yliclj in Vi,

which is nothing but a standard mixed-hybrid approximation of the local problem defining
ex in (31). We then define

(232) She L(vh),
by expressing that
(233) gt = Sty

if and only if

V(k,J), l“Zj = _(AZj)_l(pZ ) Vk/zkj) + w AZjeZ/Ekja

(234)
with (e, p ") solution of (231).

The reader will easily check that S” is an isometry, that A" is a contraction and that I — A"
is invertible. For completeness we need to explain how one can construct A%. The idea is
to define

5

1
(235) A;%k = (al — EA;W,

where A" e L(V}) is an approximation of the Laplace-Beltrami operator Ajy, that one
can construct using mixed finite elements as follows. We first define the space

(236) = {¢) € H(dive; Xji) / VT € T"(Sje), @l € RTo(T)},
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and we define
(237) y?k = —A;?kx;-‘k,
if and only if

(238)

Note that in practice, one has to construct the matrix representing —A?k and to diagonalize
this matrix in order to compute A”,.

6.2 Other physical models

We present here how to adapt our domain decomposition method to problems whose unk-
nown are vector fields. We try essentially to keep the notation of the previous section and
only mention the new ones when we feel this is useful. For simplicity, we only present the
case where the operators Aj; are identity operators. For brevity, we simply make precise
what is the interface unknown z, the space V and the operators E,S and A which permits
us to apply our abstract iterative methods. We let the reader check that the required
properties are satisfied. This is straightforward in the case of elastodynamics equations,
but less obvious for Maxwell’s equations (we give some indications in this case).

We do not speak at all here of the discretization of these problems. The extension
of the content of section 6.1 is easy provided that one uses appropriate mixed elements
for elasticity ([29],[4]). The case of Maxwell’s equations is less standard and requires the
hybridization of the mixed elements of Nedelec [28]. We refer the reader to [17] or [9].

6.2.1 Elastodynamics equations

Notation In what follows

e O C R" is the (bounded) propagation medium
e pis the density of this medium

e u = (u;) denotes the displacement field

o c(u) = ((g45(u))) is the strain tensor

e o) = ((035(u))) is the stress tensor

Let us recall that, for small deformations

1 Ou; Ou;
2 | i ? J
(239) 5(0) = 3G+ o)

and that in a linear medium, o(u) and e(u) are related by the Hooke’s law
(240) o(u) =C -e(u),

where C' is a fourth-order tensor characteristic of the medium.
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The model problem For a given source term f € L%(Q2)", we consider the problem
Find v € H'(Q)" such that

(241) —divo(u) — pw’u = f in Q2

o(u) v+iwpu=0 on Of).
The space V and the unknown z In this case we have

K
V=11Ves Vi=L*02%)"

k=1
z=(zx), xx=—0(ug) Vg + iwpug.

(242)

The operators £, S and A We define

(243) E e L(V, ﬁ H(0,)™M),
such that )
(244) e = (ex) = E(y),

if and only if e is the solution of

—divo(ey) — pwler =0  in
(245)

o(er) v+ iwper = yg on 00,
then
(246) SeL(V),
by
(247) z =Sy,
if and only if
(248) Vk < K, x=—0(ex)v+iwper, (ex)solution of (245),
and finally
(249) A=STTe L(V),

where II is defined as in section 2, except the fact it is now applied to vector fields.

6.2.2 3D Maxwell’s system

Notation In what follows

e () C R?is the (bounded) propagation medium
e ¢ is the electric permittivity of this medium
e 4 is its magnetic permeability

e E = (E;) denotes the electric field (the unknown)
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The model problem For a given current density j € L?(Q2)3, we consider the problem

Find E € H(curl; ) such that
(250) curl(p'curlE) — £ W’E = iw j in Q
curlE x v+ iwv x (Exv)=0 on 0.

Remark 13 The variational problem equivalent to (250) is not so standard. It must be
set in the space

V(Q)={E € H(curl; Q) / v x (E x v) € L}(09Q)},
where L2(0N2) is the space of tangential square integrable vector fields on 09
L;(09) = {p € L*(0)* / ¢ -v = 0}.
As a consequence, the solution E of (250) satisfies

(curlE x v,v x (E x v) € L}(09Q)°.

The space V and the unknown z In this case we have

K
— _ 72 N
(251) V= kl;[lV}c Vi = L?(09,)
x=(xx) 1 =—curlEx X v+iwrv x (Eg xv).

The operators £, S and A We define

(252) E e L(V, ﬁ H(curl; Qy)),
such that
(253) F = (Fx) = E(y),

if and only if Fy, is the solution of
curl(p'curlFy) — € W'Fy, = iw j in Q

(254)
curlFy x v +iw v X (Fy xv) =0 on 5.

The remark we made for problem (250) also applies here. In fact

Ee LV, ﬁ V),

k=1
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and each F} satisfies
curlFy, x v € L2(09).

This permits us to define

(255) S e L(V),
by
(256) x =Sy,

if and only if
(257) Vk < K, zp=—curlFy xv+iwvx (Fyxv) Fysolution of (254),

and finally
(258) A=SII e L(V).

7 Numerical results

In this section, we present the results of 2D numerical simulations on simple test cases. The
corresponding results aim at illustrating our theoretical results. In all cases, the domain
() is a rectangle, as well as the subdomains €2;. The space discretisation is obtained by
the mixed finite element method described in section 6.1, except the fact we work with a
uniform mesh made of small squares (cf [21] for a precise description of the corresponding
discrete system).

7.1 An illustration of the interest of non local operators

In this section, 2 is the square | — L/2, L/2[x]0, L] and we consider here the two domains
decomposition described in section 5. We choose the frequency such that wL = 67 ,i.e. the
total size of the domain is 3 wavelenghts times 3 wavelenghts. The boundary conditions
are the same as in section 5. Our experiment corresponds to a point source located at the
center of the left subdomain.

In a first simulation, we fix the stepsize h = 0.1 (corresponding to 10 points per wave-
length), and we use the operator 7,43 as transmission operator. We compare the conver-
gence of the iterative algorithm when we take successively:

e =1, (=0 (identity operator)
e a=1, =05 (non local operator)

In figure 6, we plot on the same picture the variations of the normalized numerical residue as
a function of the number of iterations for the two simulations. The result illustrates clearly
the interest of the non local operator. One observes that the convergence is approximately
the same with the two methods during the first iterations. This is due to the fact that we
see essentially at the beginning the decay of the low frequency content of the error, which
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-2F identite

Erreur relative
1
o

2‘0 4‘0 Gb 86 160 1‘20 1“10 160
Nombre d iteration

Figure 6: Logarithm of the relative error versus the number of iterations. Comparison

between operator T, g and Identity operator (2 domains, wL = 67 and h = 0.1 )

is here dominant because the point source is located sufficiently far from the interface (It
would not be the case if we had put it closer, in which case the interest of the non local
operator would appear even more clearly). After a while, identity operator has difficulties
with the high frequencies, which is not the case with the non local operator.

idt, 2dom, |_d/lambda=1
T T

2P lambda\h=5 7
————— lambda\h=10 b
_____lambda\h=16 b

oooooolambda\h=20

_10 Il Il Il Il Il Il

0 100 200 300 400 500 600 700
Figure 7: Logarithm of the relative error versus the number of iterations. Case of the
identity Operator, The different curves correspond to different discretization step

In our second experiment, we would like to illustrate the influence of the space discreti-
sation on the convergence of the method. Let us first remark that after discretization the
problem is finite dimensional and the convergence of the method is always exponential :
in other words, the operator A" of section 5.1 is strictly contractant. However, taking into
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T, 2dom, |_d/lambda=1
T

————— lambda\h=5 R

————— lambda\h=10 B

lambda\h=16 b

oooooolambda\h=20

_10 Il Il Il Il Il
0 10 20 30 40 50 60

Figure 8: Logarithm of the relative error versus the number of iterations.The different
curves correspond to different discretization step. Case of operator T, 3, variation of the
discretization step

account the theoretical results relative to the continuous problem, one may expect that
the rate of convergence will depend on A with the identity operator but not with the non
local operator.

This is confirmed by the numerical simulations. In figures 7 and 8, we represent the
variations of the normalized numerical residue as a function of the number of iterations for
h =0.2, 0.1, 0.0625, 0.05 respectively for the identity operator (Fig. 7) and the non local
operator (Fig.8). We observe that contrary to the case of the non local operator, with the
identity, diminishing h deteriorates the convergence.

7.2 A new choice : transparent like operators

In [20], we introduced the notion of tranparent transmission operator which corresponds
to define Tj; by (178) using
(259) a=1 [g=-1.

In this case, as the operator I + ﬁAjk is no longer symmetric positive definite, the square
root appearing in (178) has to be carefully defined. It appears, see [20], that the good
choice is the one which is consistent (think to the diagonalisation of A ;) with the complex
square root with positive imaginary part. Of course, the operator T}, is no longer symmetric
positive definite, and our theory can not be applied any longer: we have no guaranty of
convergence for the corresponding iterative algorithms.

However, such a choice appears naturally inf one looks at a “1D like” problem : consider
a domain ) C R? as the strip | — a, a[x]0, L[ and let us take the same boundary conditions
as in section 5. We want to decompose in vertical strips with interfaces £ = x; as in our

INRIA



Domain Decomposition Method for Harmonic... o1

1D model problem (cf introduction). Introducing, with the appropriate definition of the

square root, the operator

2\ ?
_ vy
(260) T = (I + F)
The Helmholtz equation writes at least formally
(261)

O u+ (WT)*u = f,

which as the same form as the 1D Helmholtz equation of section 1, except that w is replaced
by wT'. This justifies to write transmission in the form
[ Opu + iwTu ] =0,

and thus to use the transmission operators 7} introduced above.

In spite of the absence of theory in this case, we have chosen to implement these
“transparent” transmission operators and to compare them with the other non local ones.

***** idt

————— T(1,0.0225)
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Figure 9: Logarithm of the relative error versus the number of iterations. Comparison
between the transparent operator, T, g and Identity

Figure 9 demonstrates clearly the improvement provided by the transparent operator.

7.3 On the influence of the geometry of the partition of (2

When using the domain decomposition method, one may wonder what is the best way to

build the partitionning of the domain. As a matter of fact, it is a delicate question at its
answer will necessarily depend on the used computer.

We have chosen to compare a splitting in vertical layers and a second one in small
squares of equal surface. We make the numerical experiments for two sizes of domains
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wL = 87 and wL = 127 (i.e. the initial large domain is a square of respectively 4 then
6 wavelengths). For the two splittings, we have experimented the Jacobi algorithm for
different size of sub-domains (cutting in Nd=2, 4,.., 20 sub-layers or in Nd=4, 16,..,36
squares) and compared the computation time required for achieving a given accuracy of

1073

or 107%. As a result, the best splitting appears to be a layer of one half wavelenght or

a square of approximatively 1 wavelenght. Furthermore, the partitioning in square gives
better performance than the partitioning in layers.

| erreur || wL =8, layers | wL = 8, squares || wL = 127, layers || wL = 12, squares |

e=10"° | T=bds, Nd=8 || T=20s, Nd=25 | T=106s, Nd=12 | T=32s, Nd=36

e=10"° | T=96s, Nd=8 || T=34s, Nd=25 | T=220s, Nd=12 | T=70s, Nd=30

Table 3: Computational time and optimal number of sub-domains for two different sizes
of problem and two different strategy of splitting
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