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Abstract:  In this presentation, we describe the basic components of a surgery simula-
tor prototype developed at INRIA. After a short presentation of the geometric modeling of
anatomical structures from medical images, we insist on the physical modeling components
which must allow realistic interaction with surgical instruments. We present three physical
models which are well suited for surgery simulation. Those models are based on linear elas-
ticity theory and finite elements modeling. The first model pre-computes the deformations
and forces applied on a finite element model, therefore allowing the deformation of large
structures in real-time. Unfortunately, it does not allow any topology change of the mesh
therefore forbids the simulation of cutting during surgery. The second physical model is based
on a dynamic law of motion and allows to simulate cutting and tearing. We called this model
“tensor-mass” since it is analogous to spring-mass models for linear elasticity. This model
allows volumetric deformations and cuttings, but has to be applied to a limited number of
nodes to run in real-time. Finally, we propose a method for combining those two approaches
into a hybrid model which may allow real time deformations and cuttings of large enough
anatomical structures. We present preliminary results and conclude with perspectives.
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Modgéles élastiques linéaires de tissus mous pour la
simulation de chirurgie

Résumé : Nous décrivons dans cet article, les composantes fondamentales d’un
prototype de simulateur chirurgical développé a 'INRIA. Outre les méthodes per-
mettant de reconstruire des modéles géométriques a partir d’images médicales, il est
nécessaire de mettre au point des modéles physiques de tissus mous autorisant une
interaction réaliste avec les instruments chirurgicaux. Nous présentons donc trois
modeéles de tissus mous adaptés & la simulation de chirurgie et fondés sur la théo-
rie de I'élasticité linéaire et des éléments finis. Le premier modéle pré-calcule les
déformations et les forces appliquées sur un modéle d’éléments finis et par consé-
quent autorise le calcul en temps-réel de la déformation de maillages ayant beaucoup
de sommets. Malheureusement, ce modéle ne permet pas le changement de topo-
logie du maillage et par conséquent ne permet pas la simulation de découpes lors
de la chirurgie. Le second modéle est fondé sur une loi d’évolution dynamique et
autorise la simulation de découpes et de déchirements. Nous appelons ce modéle
“masses-tenseurs” puisque c’est ’analogue des systémes masses-ressorts pour une loi
de comportement élastique linéaire. Avec ce second modeéle, il est possible de simuler
les déformations et les découpes de structures anatomiques mais uniquement pour
des maillages ayant un nombre limité de sommets. Enfin, nous proposons une mé-
thode pour combiner ces deux approches dans un modéle “hybride” ce qui permet
de déformer et de découper des maillages de taille suffisante pour la simulation de
chirurgie. Nous présentons des résultats préliminaires ainsi que des perspectives de
recherche.

Mots-clés :  Simulation de chirurgie, modéles déformables, simulation temps-réel,
retour d’effort, élasticité linéaire



Deformable Models for Real-time Surgery Simulation 3

1 Introduction

The most recent major advance in the craft of surgery was the development of la-
paroscopic surgery. In this type of surgery, abdominal operations such as hepatic
surgery are accomplished through small incisions rather than a large one that might
be a foot long. The abdomen is blown up with gas so that there is open space inside.
A video camera is introduced into the abdomen through one of the small incisions.
The video image is magnified and transmitted to a high resolution monitor, allowing
the surgeon to see the abdominal anatomy with great clarity. The surgical operation
is then performed inside the abdomen using long and narrow scissors and clamps
that are introduced through the other incisions. Thus, laparoscopic surgery allows
surgeons to perform less traumatizing operations, the drawback of this technique
being essentially for the surgeon who needs to learn and adapt himself to this new
type of surgery. In this context, surgical simulation systems could be a great help in
the training process.

There are several key problems in the development of a surgical simulator [ACDC98].
First of all, a model of the target organ(s) is required. This model should define both
geometrical and physical characteristics of the organ(s). The geometry is usually ob-
tained from various medical images modalities, while the deformable nature of the
soft tissues are determined — when it is possible — through biomechanical studies.
However, the computation of the shape and deformable behavior of an organ is not
sufficient. Another very important requirement in surgery simulation concerns real-
time interaction. Real-time interaction requires that any action from the operator
generates an instantaneous response from the stimulated organ, whatever the com-
plexity of its geometry. It means that we must be able to interactively deform or
cut a virtual organ and eventually feel its reaction in real-time by the introduction
of force feedback devices. A good balance between surgical realism and interactive
rates of simulation is one of the most challenging problems in surgical simulation.

After a presentation of different techniques used to represent deformable objects,
we will focus on the following problems: real-time computation methods and topology
change. Both problems will be discussed in the framework of linear elasticity theory.
After a short recall of a previously published [CDA98] pre-computed real-time linear
elastic model, we introduce a formulation of an elastic model allowing topology
changes. Finally, we present a hybrid model combining both approaches and we
conclude with an application on hepatic surgery.

RR n° 3510



4 S. Cotin, H. Delingette, N. Ayache

2 Deformable models

Terzopoulos [TPBF87], Waters [Wat92] and Platt [PB88] showed the advantages
of the physically-based models on previous computer animation techniques. In
surgery simulation, a great interest has been given to mass-spring models due to
their simplicity of implementation and their relatively low computational complex-
ity [BG96, MC97, KN93|. For instance, Kuehnapfel and Neisius [KN93| present a
simulation of endoscopic surgery based on a surface mass-spring model. Although
in this case the interactions are driven by instruments with motion sensors, no force
feedback is used. The simulation system developed by Gibson et al. [GSMF97] takes
into account the volumetric nature of the organs with a deformation law derived from
a mass-spring model. While these approaches allow interactive rates, they exhibit a
lack of realism since they represent a solid as a discrete set of masses.

On the other hand, the continuum mechanics theory establishes a set of relation-
ships between the shape of a body, constraints and internal deformations within this
solid and the external forces applied to it. In particular, the use of elastic solids
is widely described in the literature [BCC95, SR95, CZ92, Spe92|. Generally, vari-
ous modifications and simplifications — e.g. linearisation — are introduced to reduce
computation time or to induce a particular behavior, as it is usually the case in
surgical simulation. In order to maintain real-time rates of deformation, the authors
had sometimes recourse to formulations of the deformation law that are far away
from the exact one. Actually, whatever the approach taken, it usually reflects a need
for defining compromises between medical realism and real-time constraints. For in-
stance, Bainville [BCC95] defines the evolution of a set of rigid and deformable solids
under the influence of various forces. In this case, the deformation law is represented
by a hyper-elastic quasi-static model, associated to a finite element method for the
numerical resolution. Unfortunately, the calculating times — several minutes — make
this approach useless for surgical simulation.

Our method is, to some extent, based on the opposite reasoning. We will start
with a simple model - in order to obtain optimal computation times - and then we will
propose some improvement in order to take into account additional characteristics
and medical aspects. Since we don’t know the exact nature of the deformation law of
most soft tissues, we have based our method on a linear elastic modeling of the soft
tissues. Such a model is indeed a good approximation of a large number of materials
when the range of displacements remains small.

The problem of computing time reduction has been studied by Bro-Nielsen and
Cotin [BNC96| using a condensation technique [Zie77| applied to a finite element
method. With such an approach, the computation time required for the deformation

INRIA



Deformable Models for Real-time Surgery Simulation 5

of a volumetric model can be reduced to the computation time of a model only
involving the surface nodes of the mesh. In [CDA98| we have also proposed a method
for real-time interaction with a volumetric deformable model of an organ. This
method, based on a set of pre-computed equilibrium solutions is very efficient while
no topology changes are performed.

But topology changes usually occur when the tissue model is submitted to cutting
or tearing operations. These changes make useless the methods based on any kind
of pre-computing of the inverse of the stiffness matrix since the mesh modification
induces a modification of this matrix [Cot97]. The challenge is then to be able to pro-
pose a formulation of a deformable elastic model allowing real-time deformations and
cutting. A few number of researchers have focused on tissue cutting in the framework
of surgery simulation. Song and Reddy [SR95] have described a technique for cutting
linear elastic objects defined as finite element models. However, this technique was
only applied to very simple two dimensional objects. Another approach, well suited
to this kind of problem, consists in using mass-spring models. By construction, these
models can be easily modified to allow topology changes. However, they exhibit non
realistic behavior during deformation or cutting operation.

3 Linear elasticity

A key issue that a surgical simulator must address is to realistically model the be-
haviour of soft tissues in real-time. A survey of soft tissue modeling can be found in
[Del98]. However, we briefly describe the simplest biomechanical model: the linear
elastic model.

The physical behavior of a soft tissue model may be considered as linear elastic if
the displacements applied to it remain small [Fun93] (less than 10% of the mesh size);
as the displacements increase, the linear elastic approximation becomes less and less
valid. Although it is a major disadvantage of linear elasticity, the integration of force
feedback in the simulation limits the range of deformations to small deformations.
This is because the force in the surgeon’s hand will increase as he increases the
deformation, thus preventing large deformations. Consequently, the deformation
remains reasonably small. Another interest of linear elasticity is the possibility to
compute any mesh deformation from the knowledge of a finite set of elementary
deformations, as we will see in the next section.

First, we define a reference volumetric anatomical model Mjpjtial corresponding to
its rest position. Under external constraints, for instance a surgical instrument, the
anatomical model Mpitia1 is deformed. We represent the deformation of a volumetric
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6 S. Cotin, H. Delingette, N. Ayache

model from its rest shape with a displacement vector U(z,y, z) for (x,y, 2) € Minitial
and we write Meformed = Minitial + U(z,y, 2). The displacement vector U(z,y, 2)
has three components:

u(z,y, 2)
U(J"7 y7 Z) = /U('/L‘7y’ Z)
w(z,y,2)

The displacement vector U(x,y, z) does not characterize the deformation of the
anatomical model. For instance, under a translation T of the model M, the dis-
placement vector is U(z,y,2) = T, but the model does not yield any deformation.
For a linear elastic material, the elastic energy Wgjqstic measuring the amount of
deformation of Mgeformed, 1S defined as [Cia87]:

A
Whlastic = §(trE)2 + ptrE? (1)

where

e the 3 x 3 symmetric matrix E (known as the Green-St Venant strain tensor)
is defined as :

E = %(VU +vuTh) (2)

e ) and u are the Lamé coefficients characterizing the stiffness of a material.

Equation 1, known as Hooke’s law, shows that the elastic energy of a deformable
object is a quadratic function of the displacement vector.

In the following sections, we will consider the framework of finite elements and
assume that the object is represented by a conformal tetrahedral mesh. It is then
possible to compute at each node ¢ a force F; corresponding to the derivation of the
elastic energy with respect to the node position P; :

_ 8WE1astic
F;, = 78& (3)

Because the elastic energy is quadratic with respect to the displacement vector,
the forces F; are linear functions of the displacement vectors of each node P;. There-
fore, it can be shown that minimizing the elastic energy of a three-dimensional object
requires the solution of a linear system of the form :

Klu=f

where :

INRIA
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e [K] is the rigidity matrix representing the topology and stiffness of the dis-
cretized object

e u represents the displacement of all nodes
e f combines all external forces and boundary conditions.

In sections 4 and 5, we study successively a quasi-static and a dynamic model to
compute the deformation of an elastic object and the resulting forces. Finally, we
show in section 6 an hybrid approach which combines the advantages of each model
for surgery simulation.

4 Quasi-Static pre-computed Linear Elastic Model

As stated in the introduction, surgical simulation requires visual feedback and, even-
tually, force feedback, i.e. an update frequency of about 60Hz for the display and
300Hz for the forces. When solving a problem of linear elasticity with a finite ele-
ment method, the number of mesh vertices has a direct impact on the size of the
matrices involved in the linear system [K]u = f. This implies that even using more
powerful computers, only deformable models with a small number of vertices could
be simulated. However, most anatomical structures have a rather complex geometry
and cannot be realistically described with such a limited number of vertices.

In order to speed up the interaction rate, we take advantage of the following
properties: the linearity and the superposition principle. We give here a very general
description of the method, an extensive description can be found in [CDA98]. We
first introduce a volumetric deformable model with the following properties:

1. The model follows the linear elastic biomechanical model.

2. This model deforms under some boundary conditions expressed in terms of
imposed displacements and forces.

3. The model evolves in a quasi-static state: the position of the model at time ¢+1
is the solution of the static problem with boundary conditions given at time
t. This assumption of quasi static evolution, made in many situations [Bai96,
Kai96, BN96, GMTT89], considers as negligeable the effect of the acceleration
and speed in the computation of the deformation. This assumption has several
advantages, in particular a simplification of the problem to be solved but also
a suppression of the oscillations in the vicinity of the equilibrium as well as a
reduction of the complexity of the processing of the contacts between objects.

RR n° 3510



8 S. Cotin, H. Delingette, N. Ayache

Figure 1: Deformation of plate represented as a pre-computed linear elastic model : (left)
initial position (right) deformed position

Then, interactive rates of deformation can be obtained in a two-step method:

1. A pre-processing stage is required in order to to compute a set of elementary
deformations of the model.

2. The deformation can be computed in real-time as a linear combination of ele-
mentary deformations. The computation time is a linear function of the number
of surface nodes.

We use an iterative method (conjugate gradient) to solve each linear system.
During the simulation, very limited computations are performed to get the exact
deformation of the anatomical object. An update rate of 500Hz has been reached
with a mesh having nearly 8000 tetrahedra. We have developed an hepatic surgery
simulator [CDCT96, ACD97] including a force feedback device, based on this linear
elastic soft tissue model.

The pre-processing stage can take between a few minutes and several hours de-
pending on the size of the model and on the desired precision. This is not a problem
since this preprocessing is done once for all.

INRIA
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5 Dynamic linear elastic model or Tensor-mass system

5.1 Motivations

The main drawback of the previous approach is the impossibility to change the
topology of the mesh in real-time since it induces a modification of the stiffness
matrix and by the way requires a new pre-processing stage. Moreover, without pre-
processing, it is no longer possible to solve exactly and in real-time the equation
[K]u = f with a time-varying matrix [K], even with meshes of a few hundred nodes.
An alternative we propose in this section is to consider the evolution of a physical
dynamic model which can be approximately solved by an efficient real-time iterative
approach. This approach allows to deal with meshes of reasonable size (more than
1000 nodes for a frame-rate simulation), and provides a good approximation to the
exact static equation.
The physical model is based on the Newtonian law of motion of each mesh point
P;:
2
LELPPLLES @
where F; is obtained from the derivation of the elastic energy given by equation 3.
In the sequel of this section, we present the computation of F; within the frame-
work of finite element modeling and the numerical integration scheme. We then

my;

compare our approach with the spring-mass formulation, and present simulation re-
sults.

5.2 Definition of a dynamic linear elastic finite element model

We assume that we have a conformal tetrahedral mesh ( as defined in finite element
theory) describing the geometry of the considered anatomical structure. We denote
Minitia1 the mesh at its rest position and P? the initial position of each vertex. We
then proceed in 3 steps :

1. We first define the interpolation equations giving the displacement vector at
a point (z,y, z) inside a tetrahedron 7T; as a function of the 4 displacement
vectors of the 4 vertices of T;.

2. We write the elastic energy of a tetrahedron as a function of the 4 displacement
vectors of the 4 vertices of T;.

3. We compute the elastic force F; acting on a vertex P;

RR n° 3510



10 S. Cotin, H. Delingette, N. Ayache

5.2.1 Displacement Vector equation

Given a deformed model M geformed, We define the displacement vector for each point
of the mesh by linearly interpolating the displacement PYP; of the vertices inside
each tetrahedron.

More precisely, if we write 7; the tetrahedron defined by the four vertices T;(j) ,
7 =0,...,3, in their rest position, then the vector displacement is defined as :

3
UTi (:Uv Y, Z) = Z b] (I’ Ys z)P%(J)PTZ(])
7=0

where bj(x,y, z) are the barycentric coordinates of the point (z,y, z) inside the tetra-
hedron T;. Since the barycentric coordinates b;(x,y, z) are linear with respect to the
coordinates (z,y, z), the matrix E(x,y, z), defined in equation 2, is constant for each
point of the tetrahedron T since it is related to the derivatives of the displacement
vector. Appendix A provides more details on the formulation of the shape functions

bj(x,y,z).

5.2.2 Elastic energy

If we associate with each tetrahedron T its linear elastic properties, i.e. the two
Lamé coefficients \; and p;, then using equation (1), we can express the elas-
tic energy Weiastic(T;) of the tetrahedron 7; as a quadratic function of the co-
ordinates of {Pr,;)} (see appendix B for more details). The total elastic energy
Whiastic(Madeformed) required to deform Mipitial into t0 Mgeformea 1S the sum of the
elastic energy of each tetrahedron.

5.2.3 Linear Elastic Force

Given the expression of the elastic energy, we derive the force F; applied on a vertex
P, with the relation:

o 8VVEch.stic(-/\/ldeformed) o 8WElastic(T|j)
Fi= -0, =2 p

T;€L(i)

where L(i) is the set of tetrahedra adjacent to vertex P;.
Within the tetrahedron T;, the force Fr,(;) applied on vertex Pr,(;) takes the
following form:

3
Fr,g) = Z [K_’jrki]P’(I]’i(k)PT-;(lc)
k=0

INRIA
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where [KJTk‘] are 3 x 3 stiffness matrices that can be computed as follow:

Given a tetrahedron T; and its four vertices POT-(o)v P%_(l), POT,(Q)7 P%,(3), we com-

pute the six tensors [K;rk’] as follows:

Tip _ 1 T T
K] = 367 (MMM + MM+ p5(M; M) [Td3c3]) (5)
with
1 00
[Tdsxs]=| 0 1 0
0 01
Moreover, equation (5) induces the following relationship: [KEJ‘] = [K‘;IIL‘]T

It is important to notice that these stiffness matrices only depend on the material
characteristics within a tetrahedron — through the Lamé coefficients ); and p; — and
the geometry of the tetrahedron 7; at its rest shape.

For a given vertex P;, the elastic force F; is therefore the sum of all contributions
Fr1,(;) from all adjacent tetrahedron T;. We can therefore express the elastic force
F; as:

F; = [KgP{P;+ > [Ky|PIP, (6)
]'EN(P.;)

where [Kj;] is the sum of tensors [K;Il"] associated to the tetrahedra adjacent to P;,

[Kj;] is the sum of tensors [K;f’] associated to the tetrahedra adjacent to edge (i, 7)
and N(P;) is the list of P; neighbors.

5.3 Data Structure

Given a tetrahedral mesh of a solid — in our case an anatomical structure — we build
a data structure incorporating the notion of vertices, edges and tetrahedra. For
each vertex, we store the adjacency with tetrahedra, the current position P;, the rest
position P? and the tensor [Kj]. For each edge, we store the two adjacent vertices
as well as the tensor [Kj;]. Finally for each tetrahedron, we store a reference to its
four vertices and its six edges as well as the Lamé coefficients A;, u; and the four
vectors M; defined in equation 8 (see appendix A).

RR n° 3510



12 S. Cotin, H. Delingette, N. Ayache

5.4 Numerical Integration

We use the Newtonian differential equation (4) as the equation governing the motion
of the linear elastic model. To discretize the differential equation in the time domain,
we use a fourth order Runge-Kutta method [PFTV91]. This method requires to
evaluate four times the forces applied to P; in order to compute the next position
P;(t +1). However, we have compared this approach with the more classical Euler
method which only requires one evaluation of forces. Our conclusion is that the
Runge-Kutta method allows the use larger time steps — about ten times larger —
than the Euler method. Consequently, the fourth order Runge-Kutta method leads
to a speed-up factor of about two, associated with a less risks of diverge. This is
particularly interesting when deforming stiff material requiring small time steps.

5.5 Simulation of Cutting and Tearing

One of the basic task in surgery simulation consists in cutting and tearing soft tissue.
With the dynamic linear elastic model, those task can be achieved in real-time.

We simulate the action of an electric scalpel — a bipolar cauttery instrument —
on soft tissue by successively removing tetrahedra at places where the instrument
is in contact with the anatomical model. This approach implies that for realistic
simulation, the tetrahedra must be relatively small at the regions where the cutting
may occur. Furthermore, in order to keep the mesh conformal, additional tetrahedra
may be automatically removed after checking the local vertex and edge adjacency.

When a collision between the instrument and a tetrahedron is detected, the local
deformation tensors associated with the tetrahedron are computed and then sub-
tracted to the current deformation tensors at the edges and vertices of the tetrahe-
dron. Since the update of the tensors is only local, this is performed in a very efficient
manner. For instance, when removing the tetrahedron 7;, ten update operations are
performed :

555 = (Kj) = K7} 1Kl = (Kl — [5Gy

Finally, we update the list of displayed triangles if the tetrahedron is located at
the border of the volumetric model. By locally updating the tensors, the tissue has
exactly the same behavior as if we had removed the corresponding tetrahedron at its
rest position. Because of the volumetric continuity of finite element modeling, the
deformation of the tissue remains very natural during the cutting.

In addition to cutting, we can simulate the tearing of soft tissue. The tearing
occurs at places where normal stress and shearing are too high. The basic algorithm

INRIA



Deformable Models for Real-time Surgery Simulation 13

is to compute a local deformation criterion measure for each tetrahedron. If this
criterion is greater than a threshold, then the tetrahedron is automatically removed
and the tensors are locally updated. We have implemented three geometric criteria
for detecting highly deformed tetrahedra. Those criteria are the relative variation
of volume, the mean relative elongation of the six edges and the maximum relative
elongation of the edges.

5.6 Spring-Mass Model versus Tensor-Mass Model

In a classical approach, a vertex P; in a spring-mass system, is submitted to an
elastic force:

kl PP, — %)L 7

where N(P;) is the set of vertices P; adjacent to P;, k;; is the stiffness coefficient
between vertices P; and P;, l” is the rest length between P; and P;.

We have shown that a vertex in our dynamic linear elastic model is submitted
to the force of equation 6. Because of the similarity of the two approaches, we have
coined the word Tensor-mass in order to describe this dynamic linear elastic model.

By comparing equations 6 and 7, it is clear that both dynamic models have the
same computational complexity which is linear in the number of edges. In practice,
we were able to reach an update frequency of 40 Hz with a tetrahedral mesh having
760 vertices and about 4000 edges® and similar results were obtained for a spring-
mass system. The linear elastic model does not require any square root evaluation,
but slightly more information must be pre-computed than for spring-mass systems.

However, both approaches substantially differ in terms of biomechanical model-
ing. Spring-mass systems constitute a discrete representation of an object and their
behavior strongly depend on the topology of the spring network. When a spring is
removed or added it may change drastically the elastic behavior of the whole system.

Conversely, our finite elastic model is a continuous representation of the object
and its behavior is independent of the mesh topology (it mostly depends on the mesh
resolution). This implies that when the mesh is cut, continuous and natural behavior
of the tissue is simulated.

Because all biomechanical data related to biological soft tissue are formulated as
parameters of the continuum mechanics (such as Young modulus or Poisson coeffi-
cients), it is a priori very difficult to model realistic soft tissue deformations with

!These computing times where obtained on a 233 Mhz DEC Alphastation.
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14 S. Cotin, H. Delingette, N. Ayache

a spring-mass system. However, several authors [JL95, DKT95] have developed ge-
netic or simulated annealing algorithms to identify springs parameters (stiffness and
damping) given the deformation of an object.

Finally as previously mentioned, the linear elastic model is only valid for small
displacements. For instance, if a rigid transformation is applied to the rest shape
Minitial, then the forces applied to all vertices will not be null. On the contrary, a
spring model under the same displacement would not deform, since the length of the
springs are preserved under a rigid transformation.

We summarize the comparison between those three soft tissue models in table 1.

Pre-computed

Tensor-Mass

Spring-Mass

Computational efficiency +—++ + +
Biomechanical Realism + + -
Cutting simulation - ++ +
Large displacements - - i

Table 1: Comparison between the three soft tissue models :

pre-computed quasi-

static, tensor-mass and spring-mass models

5.7 Examples

We present two examples of tensor-mass deformation. In figure 2 we show a volu-
metric plate being cut and fixed at its four corners. The cutting consists in removing
interactively tetrahedra. As more and more tetrahedra are removed, one can see
that the deformation of the overall plate is modified. The plate model consists of
759 vertices and 2212 tetrahedra.

In figure 3, we show a cylinder that is deformed under the action of gravity.
Based on the relative change of volume, the tearing algorithm removes automatically
the tetrahedra where the relative change of volume becomes greater than a given
threshold. The cylinder consists of 248 vertices and 889 tetrahedra.

6 Hybrid elastic model for surgery simulation

6.1 Motivations

We have previously described two linear elastic models that have the following prop-
erties :

INRIA



Deformable Models for Real-time Surgery Simulation 15

Figure 2: Cutting of a plate by removing tetrahedra. The plate deforms itself during the
cutting operations.

Figure 3: Fracture of a cylinder under the action of gravity
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16 S. Cotin, H. Delingette, N. Ayache

1. The quasi-static pre-computed elastic model is extremely efficient but does not
allow topology change (cutting, tearing) (see section 4).

2. The dynamic elastic model (or tensor-mass model) requires more computation
but authorizes topology change (see section 5).

In this section, we propose to combine those two approaches in order to optimize
the trade-off between computation time and visual realism of the simulation.

The key idea consists in considering two different types of anatomical models
inside a surgical simulator :

e The anatomical structures where the surgery occurs. On those structures,
tearing and cutting need to be simulated. In many cases, they correspond to
pathological structures and only represent a small subset of the structures that
need to be visualized inside a simulator.

e The anatomical structures that only needs to be visualized or deformed that
greatly contribute to the realism of the simulation but where surgery does not
occur.

The former type of anatomical structures are good candidates for being modeled
as tensor-mass models whereas the latter should be modeled with a pre-computed
linear model.

However, this approach is really optimal when different parts of the same anatom-
ical structure can be modeled either as a pre-computed elastic model or a tensor-mass
model. This allows to decrease the number of tensor-mass elements to its minimum
and therefore to increase the interactivity of the overall simulation.

In the next sections, we describe how to connect those two linear elastic models
in order to represent a global deformable object. We have called hybrid elastic model
the combined model.

6.2 Hybrid elastic model

We consider a hybrid elastic model Myypriq whose elements are of two different
types. We denote as Mgynamic the set of tensor-mass elements and we denote as
M quasi—static the set of pre-computed linear elastic elements. Therefore a hybrid
elastic model may be composed of several pieces of tensor-mass models each corre-
sponding to a structure directly involved in surgery. Since Maynamic is connected
to Mquasi—static they share common vertices or connection nodes. Those connection
nodes constitute additional boundary conditions for both elastic models. As seen
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Connection Node

Pre-computed
Linear Elastic
f | & ° | # Model
=
Tensor-Mass T #
Model ¥ 4

(a) (b)

Figure 4: (a) The definition of the connection nodes in a hybrid elastic model; (b)
A hybrid elastic model with only 4 connection nodes.

in figure 6.2, the two models may not be completely connected along their common
boundaries. In fact, in order to reduce the number of tensor-mass elements, it is pos-
sible to associate a fine pre-computed elastic model with a coarse tensor-mass model.
As shown in figure 6.2 (b), this incomplete connection entails some visual artifacts
due to the non-continuity between the two parts. However, if the connection part
between the two elastic models is never seen by the user, a different mesh resolution
may be used.

Since both linear elastic models follow the same physical law, the combination
of those 2 models should behave exactly as a global linear elastic model. To achieve
this goal, the additional boundary conditions imposed at the connection nodes must
be consistent in terms of forces and displacements for both elastic models.

Boundary Conditions Quasi-static Pre-computed model | Tensor-Mass Model
Applied Forces No Yes
Constrained displacement Yes Yes

Table 2: Natural boundary conditions for the quasi-static and dynamic linear elastic
models

We have shortly summarized the “natural” boundary conditions for both elas-
tic models in table 2. Since the pre-computed model only supports displacement
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User Interaction

‘ Forces ‘ ‘Displacements‘

N .

Precomputed Linear Elastic Model ‘

Forces
At Connection Nodes

Displacements

At Connection Nodes

Tensor-Mass Model

Orplcanens

User Interaction

Figure 5: The interaction loop for a hybrid elastic model.

boundary conditions, Mgynamic must impose the displacements of the connection
nodes whereas Muasi—static imposes the force acting on the connection nodes.

Figure 5 summarizes the computation loop of a hybrid model. The pre-computed
elastic model Myyasi—static is updated based on the imposed displacements on its
boundary. The imposed displacement may come from the user interaction (action of
a surgical tool for instance) and from the connection nodes with a tensor-mass model.
At this stage, the displacement of all surface nodes and the force applied on nodes
where a displacement has been imposed are quickly computed on Mquasi—static- In
particular, the forces applied to each connection node are computed.

After updating Mguasi—static, we update Maynamic based on the forces imposed
on the connection nodes and the displacements imposed by the user interaction. The
position and forces are computed for all nodes including the connection nodes. Again,
the new positions of the connection nodes constitute new displacement constraints
for Mquasifstatic-

In figure 6, we show an example of a hybrid cylinder model deforming under the
action of gravity forces. The figure shows the different steps of deformation and,
on the right, the steady state reached by the model. At the equilibrium the forces
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the upper

cylinder consists of a pre-computed linear elastic model whereas the lower part con-

Figure 6: Deformation of a hybrid elastic model under gravity forces :

sists of a tensor-mass model. The leftmost figure corresponds to the initial position

of the mesh and the rightmost figure to the steady state.
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applied to all connection nodes are zero and the displacement vector stabilizes to a
constant value.

In this example, both quasi-static and dynamic models have exactly the same
Lamé coefficients. We have verified that the steady state reached by the hybrid
model is the same as the steady state that would have reached a single quasi-static
or dynamic elastic model.

6.3 Surgery simulation on hybrid elastic models

We now demonstrate the efficiency of our approach for performing surgery sim-
ulation. We have chosen to simulate an hepatectomy consisting in removing an
anatomical segment of a liver ( in this case the segment number 6 as defined by
Couinaud[Coub7]) . The complete mesh of the liver contains 1537 vertices and 7039
tetrahedra (see figure 7 right). About 18% ( 280 vertices and 1260 tetrahedra) of
the liver hybrid mesh is modeled as tensor-mass system (see figure 7 left) and the
remaining as pre-computed linear elastic model.

The surgery simulator consists of two force-feedback systems simulating the elon-
gated surgical instruments used in laparoscopy. Those force-feedback devices are
driven by a PC computer that is linked to a powerful computer (SGI Onyx2 Infinite
Reality with 2 processors). On that computer, the collision detection is performed
as well as the animation of the hybrid elastic model.

In figure 8, we show different stages of the hepatectomy simulation. With those
two virtual instruments, it is possible to push any part of the liver (either represented
with a quasi-static or dynamic model) and to cut any elements of the dynamic model
located in the bottom part of the screen. The first six pictures show the deformation
of the model when the tool collides with the dynamic model. Since both models have
the same elastic characteristics, it is not possible to visually distinguish the interface
between the two different elastic models. The last six pictures show the cutting of
the liver segment by removing additional tetrahedra. One can notice that each part
of the hybrid model naturally deforms itself during the resection simulation.

7 Conclusion

We have presented three different soft tissue models based on linear elasticity. The
first model, introduced in [CDA98|, is extremely efficient but do not allow the sim-
ulation of cutting. The second model called “tensor-mass model” allows to simulate
the dynamics of soft tissue, similarly to spring-mass models. Tensor-mass models
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Figure 7: Top : the hybrid liver model seen in wireframe. The upper mesh cor-
responds to the pre-computed quasi-static elastic model whereas the bottom mesh
corresponds to the tensor-mass model. Bottom : the hybrid liver model seen in flat
shading. The connection nodes ensure the visual continuity between the two elastic
models.
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Figure 8: Deformation and cutting of a hybrid elastic model of a liver. The forceps pinches
the liver segment which is being cut interactively.
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are well suited for the simulation of tearing and cutting, but a limited number of
elements (around one thousand) is allowed for real-time simulation. Finally, we
have proposed hybrid elastic models that combine both previously described elastic
models therefore enabling to cut and deform large anatomical structures.

We are currently improving the biomechanical model by modeling anisotropic
and non-linear elastic behavior under large displacements. We are also investigating
several speed-ud algorithms based on parallel-computation and mesh adaptation. To
enhance visual and haptic realism, it will also be necessary to take into account the
contact with neighboring organs and to obtain precise biomechanical characteristics
of the liver.
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A Displacement in a tetrahedron

Given a tetrahedron T; and its four vertices P%-(o)v P%—@)v POTi(Q), P%-(s)’ one computes
the displacement inside T; through a linear interpolation of the four displacement
Ur)-

Given a point x inside 7}, its barycentric coordinates a; of Ug;(;) can be written

as :
o _Mj.(x - P(:)Fi(j+1))
=TT v

where V(T;) is the volume of tetrahedron T; and M; is the vector:

x Y z T
M, = [M7 MY ] (8)
Prin) AP Ga2) T Py APT s + )
0 0
Pr.G+3) N Pri4) (10)

M; has a simple geometrical interpretation : M, is directed along the outer
normal vector of triangle opposite to P%(].) and ||M,|| represents twice the area of

the triangle opposite to POTi G)*
The displacement U(x) is then written as:

3
Ux) =) ;U (11)
7=0

B Elastic energy of a tetrahedron
The elastic energy of equation 1 can also be written as:
A 2 T
WEiastic = —(div U)* 4 p tr (VU* VU)
Minitial 2
—%chrl U||2) dx dy dz
Given the expression of the displacement vector U(x) inside a tetrahedron T;,

the spatial derivatives of U(x) are constant through the tetrahedron. In particular,
we have:
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=~ —M,; Uz -M; /\UT(J)

6V(T) curl U = Z

2

3
roy) - 5~ M2V
tr (VUTVU) = ]2:% T

2
3
(M;.y)Ur,j)
12 6V (T3)
7=0
3 2
(Mj-Z)UTi(j)
+12 6V (T

=0
The elastic energy of tetrahedron 7; then simply writes as :
WElastic(T') =

A i
V(T}) <§(dw U)? + pitr (VUTVU) — %chrl U||2)
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