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Abstract: This report deals with sufficient conditions for absolute stability of multivariable con-
trol systems. The proposed conditions extend in a simple way the classical Popov criterion to
time-varying memoryless nonlinearities. They are expressed in terms of some Linear Matrix In-
equalities (LMIs). A weaker frequency domain criterion is deduced, leading to a simple graphical
interpretation. The results ensure in general local stability, however, the stability is global for
example for linear time-varying systems. As an application, a Popov-like criterion for existence of
stable periodic solutions for periodic systems is proposed, using previous results by the authors.
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Une extension du critere de Popov aux systemes multivariables
non-linéaires instationnaires. Application a un critere d’existence
de cycles-limites stables

Résumé : Ce rapport est consacré & I’étude de conditions suffisantes de stabilité absolue pour des
systemes multivariables. Les conditions proposées étendent de maniére simple le critere de Popov a
des non-linéarités instationnaires sans mémoire. Elles s’expriment sous forme d’inégalités linéaires
matricielles (Linear Matriz Inequalities (LMIs) en anglais). Un critére fréquentiel plus faible en
est déduit, qui mene a un critere graphique généralisant simplement celui de Popov. Les résultats
assurent la stabilité locale, néanmoins, la stabilité est globale par exemple dans le cas de systémes
linéaires instationnaires. Un critére d’existence de solutions périodiques stables pour des systémes
périodiques est présenté comme application, utilisant des résultats antérieurs des auteurs.

Mots-clé : Stabilité absolue, critére de Popov, systémes non-linéaires, systemes multivariables,
systemes instationnaires, inégalités linéaires matricielles, domaine fréquentiel, marge de robustesse,
oscillations forcées, stabilité des cycles-limites.



1 Introduction

_w(ta ) -

Figure 1: The system under study

Consider the multivariable control system given in Figure 1, where H is a strictly proper rational
transfer matrix and ¢ a time-dependent nonlinearity. This system verifies the following ordinary

differential equation:
d d
L(—-)y=—-M|{— t 1
(5)v=-(5) wen | (1)

where L, M are two coprime real polynomial matrices such that H(s) = L~ (s)M(s). Choosing a
minimal representation (A, B,C) of the transfer matrix H, one writes [8]:

T = Az + Bu; U = _¢(tay)7 y= Cz ) (2)

where n,p e N\ {0}, z e R*, y e R, A € R**", B € R**P, C € R*"™.
In the case where 9 is decentralized (that is [9]: Vi, € {1,...p}, i #4 = % = 0) and
time-invariant, and verifies

$(0) = 0 and Vy,4(y)" (¢¥(y) — Ky) <0,

for a certain nonnegative diagonal matrix K, the Popov criterion (see e.g. [15, 9, 10]) ensures that
the system (1) is asymptotically stable in the large if the roots of L have negative real part and if
there exists a constant 7 € R such that

I+ (I+ns)KH(s) is strictly positive real (SPR) . (3)

This result has been extended by Yakubovich to some hysteresis nonlinearities 1 [16]. This re-
quires a condition on the sign of 7, and the integrals [(y(¢))y(¢)d¢t to be bounded from below
independently of the trajectory.

Some attempts have been made to generalize the Popov criterion to time-varying systems.
Anderson et al. [2] provide a criterion for systems with nonstationnary linear part and time-
independent nonlinearities (the results proposed in the case of time-varying nonlinearities indeed
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reduce to circle criterion). Narendra et al. [11, especially Chapter VI] have obtained conditions for
global stability. They involve two parts: the Popov condition plus a differential (in the case of a
separate nonlinearity 9 (¢,y) = k(¢)f(y)) or integrodifferential inequality linking %—’f and .

In the present paper, one gives an extension of the Popov criterion to nonautonomous systems.
More precisely, one provides conditions ensuring local stability of the origin. These conditions are
expressed in terms of Linear Matrix Inequalities (LMIs) in Theorem 1, as a frequency condition
in Corollary 3, as a graphical condition in the Popov plane in Corollary 5. A computational
advantage of the LMIs is the fact that they now constitute a standard class of problems, for which
sound numerical methods have been developed [5]. Both three results ensure local exponential
stability (contrary to the Popov criterion in the autonomous case, where the stability is global).
However, in some cases — in particular in the case of a linear time-varying operator 1 —, the
stability is global. Compared with Popov criterion, the proposed criteria use essentially the second
derivatives g;;g"t (t,0) as a supplementary ingredient.

The criteria are given in Section 2, their proofs in Section 4. The method of demonstration and
the results presented herein are closely related to Narendra et al.’s work [11, Chapter VI].

As an application, we consider in Section 3 systems with periodic nonlinearities (0 is not any-
more an equilibrium). In [3, 4], one was able to give a criterion for existence of at least one periodic
solution, under conditions similar to the Popov criterion. Studying the behavior of the solutions in
the vicinity of this limit cycle, one applies the previous results, and states a criterion for existence
of stable periodic solutions. Proof is given in Section 4.

In all the paper, ||.| denotes the euclidian norm or the induced matrix norm, I, denotes the
r X r identity matrix.

Acknowledgment. The authors wish to thank their colleagues S. Gaubert, R. Nikoukhah and M.
Sorine for valuable remarks.

2 An extension of Popov stability criterion to time-varying sys-
tems
In all the sequel, we assume that there exist global solutions of (1), that is, by definition: for all

zo € R, there exists an absolutely continuous function z defined on [0, +00) s.t. z(0) = z¢ and (2)
is fulfilled almost everywhere on [0, +00).

Theorem 1. Assume that there exists a neighborhood O of 0 in R such that

(H1) the nonlinearity v is decentralized and that there exists a diagonal nonnegative matriz K def
diag{K;} € R*P such that
V(t,y) €RY x O, 9(t,y)" (h(t,y) — Ky) <0, (4)

(H2) 4(t,y) is differentiable wrt t for any (t,y) € Rt x O, that %—f(t,y) is differentiable wrt y in
0 for any t € R", and that there exists v : Rt — R with liII(l) v(z) = 0, such that
VAd

0 0
Vi) € R %0, |0 - v, 5000 -] < Il 2l
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If the following LMI is feasible:

P> 07 n d:ef dlag{??z} > 0 )

2,/
ATP + PA+CTK> diag {sup ess maa qut (t, 0)} K2C —PB+CTK + ATCTKny
t>0 Yi

—-BTP+KC +7KCA —2I —nKCB — BTCTKy

<0,

(5)

where the symmetric matriz P € R**™ and the numbers n;, i = 1,...,p, are the variables, then,
the origin of system (1) is locally exponentially stable. Moreover, if %—f is linear wrt y and O = RP,
then the origin is globally exponentially stable.

Remark 2. o Remark that 1 does not have to be continuous® wrt y. However, when 1 is C?,
2,/ 2,0 . . . . .

gy%’t = gt(;g’i: what has been done is equivalent to a linearization of the system around z = 0. In

this case, there exist functions k;(t,y;) such that v;(¢,v;) = ki(t,vi)yi, i = 1,...,p, and it may be

fruitful to express the results in terms of the k;. Indeed, (H1) requires that 0 < k;(t,y;) < Kj,
and (H2) expresses the continuity of %(t,yi) in y; = 0, as g;;g"t(t, 0) = %’jj (t,0). o If (5) is

feasible, then the derivative %(t,ﬂ) is (essentially) bounded from above (resp. from below) if
7; > 0 (resp. 7; < 0); this derivative may be replaced in (5) by an upper bound (resp. lower bound).

e Equation (5) is fulfilled with 7 = 0 if and only if the following LMI is feasible:

ATP+PA -PB+CTK
P >0, (—BTP+ ko -2 )<

When the zeros of L have negative real part, this condition may be interpreted, by application of
Kalman-Yakubovich-Popov (KYP) Lemma [9], as a frequency condition, yielding circle criterion:

I+ KH(s) is SPR.

Recall that this result ensures (global) stability, even in the case of time-varying nonlinearities
2

[6, 9, 10, 15]. e In the case where %(t, 0) < 0 t-a.e., condition (5) is fulfilled if and only if the

following LMI is feasible:

L ATP + PA —~PB+CTK + ATCT Ky
P >0, n= diag{n} 20, (—BTP +KC+nKCA —2I—nKCB— BTCTKy) <0

When the zeros of L have negative real part, the frequency interpretation of this condition yields
the Popov criterion. « When the solutions of (2) are continuous wrt the initial conditions, one may
consider in (5) the essential supremum [14] on [ty, +00), for any t; > 0. Indeed, due to the strict
inequality involved, one may even use the upper limit [14] of this expression when ¢y — +o00. ©Q

When (5) fails, one may apply to system (2) the transformation proposed by Rekasius and
Gibson [12]. It consists in applying the following change of variable, which provides another repre-
sentation of (1) (compare with (2)):

©=(A—-BKC)xr— Bu, u=—p(ty) dzefw(t,y)—Ky, y=Crz. (6)

!Extension to multivalued operators could be done as well.
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Moreover, if 9 verifies Hypotheses (H1), (H2), then the same holds for ¢, as (4) implies:
V(t,y) € RY x O, o(t,9)" (p(t,y) — Ky) <0,

More generally, one may choose instead of ¢ (up to a reordering of the components) the input
(i) l<icr» (Pi)ii1<icp)” for a certain 7 € {1,...,p}. One may hence replace condition (5) in
Theorem 1 by any of a total of 22 LMI problems of the type:

ATP + PA+CTK:DK:C —PB+CTK + .ATCTKn) <0

P = di 2 > ’
>0, = diag{n} >0 ( ~BTP+KC +nKCA  —2I —nKCB - BTCTKny

(7)

%p; 9%1p;

where (using the identity z-5; = —7-5,),
- _ I’I‘ 0 _ _Ifr O
A=A B<O O)KO,B-B(O IpT)’ (8a)

D = diag< diag {—m inf ess 04 (¢, 0)} , diag {m sup ess O (¢, O)} . (8b)
t>0 8yi8t 1<i<r t>0 ayiat rH1<i<p

In the case of autonomous systems, g;%t (t,0) = 0, and the previous transformation leads to

the statement of Popov criterion with negative values of the Popov slope 7, see [1] for details?.
We did not manage to express the LMIs (7) in such a unified way; in Corollary 3 however, this
unification is done. Remark that in the autonomous case, the assumptions made in Theorem 1 are
not stronger than those made in Popov criterion.

For z € R let us denote

|z|+ def max{z,0}, |z|- def max{—z,0} .

Corollary 3 (A frequential criterion). Assume that Hypotheses (H1), (H2) hold, together with
(H3) the roots of L have negative real part.

If there exists 1 € RP s.t. the transfer matriz

0’
Byié)t

T+ (I+ns)KH(s)— H*(s)K? diag {sup ess |1; (t,0)

>0

}K%H(s) is SPR,  (9)
N

then the conclusions of Theorem 1 hold.

Remark 4. e The additional term in (9) (compare with Popov criterion (3)) is nonnegative.  Ex-
pression (9) is piecewise linear wrt the 7;, as

2

0“;

D%
Oy; 0t

0%1h;
Oy; 0t

(z,0)

sup ess
>0

= |ni|+ sup ess + |n;|— inf ess (t,O)‘
t>0 120 _

+ +

Q

Strangely enough, some western classical references on nonlinear systems provide only the result for nonnegative
n, see [6, 9].
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Denoting the Hoo-norm of H by ||H(s)l/co def sup{||H(s)| : Res > 0} (which is equal to

sup{||H (jw)|| : w € R} when H is stable and proper), one deduces easily the following

Corollary 5 (A graphical criterion in the SISO case). Assume that system (2) is SISO (p =
1), and that Hypotheses (H1), (H2), (H3) hold. If there exists n € R s.t. the transfer matriz

2

L (L4 ) KH(s) = KI[H ()| sup ess ng gbt(t, 0| s sPR, (10)
_|_
then the conclusions of Theorem 1 hold.
When K > 0, formula (10) is equivalent to (11a) OrR (11b), where
1 , , 2 9%
>0, Vwe R — +ReH(jw) — n | wIm H(jw) + ||H(s)||5, sup ess (t,0) >0,
K t>0 8y6t +
(11a)
1 . . 2 0%
<0, VweR —+ReH(jw) — 7 | wIm H(jw) — ||H(s)||5, sup ess (¢,0) >0,
K t>0 |Oyot _
(11b)

and this has a clear interpretation:

If, apart from the sector, reqularity and stability conditions (H1), (H2), (H3), a Popov
line lies above (resp. below) the Popov locus and may be translated vertically towards
the locus by a distance

0%

901 (t,0) (resp. ||H(s)||% sup ess

1H (s)[|5, sup ess
>0

i)
(t,0)
n 6 6t
without intersecting it, then the local stability property holds. If % 1s linear wrt y, then
the stability is global.

This is illustrated in Figure 2: in the left (resp. right) diagram, (11a) (resp. (11b)) holds if

2 2
oY (¢,0) < d (resp. sup ess oY d

sup ess — t,0) > ———~75—) -
p HGE pess 50> TTEGL

t>0 Oyot

In the configurations shown in Figure 2, the quantity d involved is indeed the least z > 0 s.t.
one of the point (—1/K,+z) belongs to the convezx hull of the Popov locus P. To show this, remark
that e.g. for the right diagram,

1
d = — inf su Re H(jw +—>—wImH 'w) .
Inf sup (n( (jw) + % (jw)

Now, sup,cr 7(Re H(jw) +1/K) —wIm H(jw) may be seen as the value of the support function of
the set P+1/K applied to the vector (,—1) [13]. One may hence replace the set P by its convex
hull conv P, and then reverse the order of inf and sup. One gets:

dz—sup{igﬂf{n(zl+1/K)—z2 : (21,22) € conv fP} =inf{z : (-1/K,z) € conv P} .
1
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wIm H(jw)

wIm H(jw)

Re H(jw)

Figure 2: Graphical stability criterion

Remark 6. e From the three preceding results, one may propose measures of the stability ro-
bustness for nominal stationnary systems subject to time-varying perturbations: the problem of

estimating (from below) the maximal value of sup ess |%(t, 0)| preserving stability may be solved
>0

as a generalized eigenvalue problem [5, p. 10] (Theorem 1, Corollary 3), or graphically (Corol-
lary 5). e Apart from the regularity conditions, only one condition has to be checked. In [11],
two conditions must be verified: the Popov condition plus a differential (in the case of a separate
nonlinearity 9(¢,y) = k(t)f(y)) or integrodifferential inequality linking %—Tf and 1. Q@

3 Application: criterion for existence of stable forced periodic
solutions

Theorem 7. Let T >0, K >0, let § : Rt — R be s.t.

lim 6(z) =0 .

Z2—+00

Let 9 be a scalar nonlinearity s.t.

(h0) V(t,y) e Rt xR, (¢t +T,y) = ¥(t,y) ,

(hl) V(t,y) € [0,T] x R there exist %—qf(t, Y), Z—Z(t, y) and both are continuous,

(1) V) € 0,71 xR\ {0}, 0 < X0 < i
(h3) condition (3) holds,

(h4) V(t,y) € [0,T] x R ‘/Oy %—Qtp(t,z) dz| < y%6(ly)) .

Then, there exist at least one T-periodic solution of (1), and two numbers a,o’ > 0 such that
ICz*|lc < a, ||Cz*|lc < for any T-periodic solution =* of (1).
Suppose moreover that

INRIA



(h1%) V(t,y) € [0,7) x R, there esist §2§t(t,y) ;f(
2
tin 526~ 5 (69)— 5L (6 0) =l

and, uniformly in (t,y) € [0,T] x R

2
ZZ (t, y)—a—(t y)-(y' —y) =0,

Y),
a—w(ty)

(h2,) V(t,y,y') € [O,T] x R x R,y 7é yI; 0 < ’lp(t’y;:j(tayl) < K 7

(h3’) LMI (5) is feasible, with

0%
ol

Leo([0,T]x[~ase])

0%y 0%y
t,0 laced b —
su%gss 7]8 py (t,0) replaced by || (H@y@t

L“([O,T]X[—a,a])) '

Then, any T-periodic solution of (1) is locally exponentially stable. Moreover, if ¥ is affine wrt
y, there exists exactly one T-periodic solution, and it is globally exponentially stable.

The existence part of the statement is taken from [3, 4], see those papers for computation of
a,a’. The proof of this part uses topological methods. See also some related results for delay
systems in [7].

4 Proofs

4.1 Proof of Theorem 1
e One shall prove that V : Rt x R* — R defined below is a Lyapunov function®:

d_ef T (Cz)z
V(it,z) = z Px+QZmK i(t,04)do; .
=1

One has V(t,z) > 0 for z € R* \ {0}, and V(¢,0) = 0. Moreover, for any solution z of (1),

d yi(t) 0
—V(t,z(t)) = i" Pz + 2" Pi + 2 Z n: Ksi (t, i (£)) 53 (t) + 2 Z nK; / % — (boidoi t-ae.
dt =1 =1

Now, at Y being differentiable wrt y in 0,

2
O%i
8t (tayl) - a

0y;0t

(t 0) + (t,0)y; + o(ys) »

where by definition, for any t > 0, 0:(y;)/y; goes to 0 with y; (in the case where %—f is linear wrt

y, one has os(y;) = 0*). Hence, using Hypothesis (H2) and the fact that (¢,0) = 0, one deduces
that, Vi € {1,...,p},V(t,y) € Rt x O,

oY; 0*1h;
Wi,y 20 5 Vit 00| < il () -

3Compare with [9] in the autonomous case. See also [11] for global stability results.
*To eliminate the rest here, it is indeed sufficient to have: V¢ > 0,Vy € O, Vi, yi # 0 = Z2i(t,y:)/yi < ay Yi(t,0).
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Therefore, if Cz(t) € O, this yields t-almost everywhere

iV(ta z(t)) < (a"AT —4(t,y)" B")Pz + 2" P(Az — BY(t,y)) + 2> miKithi(t, yi(t))di(t)

dt £
i (t) (9 i
+2EmK [ (2l w0+ ) s
= (-TTAT —(t,y)T BT) Pz + 2T P(Ax — By(t,y))

+2 Z niKii(t, yi(t))C(Az — By(t,y))

i=1

2
+Zm 1¢~ CORRIOI P
(:cTAT —4(t,y)" BT)Pz + 2" P(Az — By(t,y))

IA

+2 3" i Kii(t, i (£)) C(Az — Bip(t,y)) + &7 CTK3(Q +~(|ly(t)|)m)K *Cx

=1

where the fact that K > 0 has been used, and the symmetric diagonal matrix @) is defined by
def .. %
= d t,0
Q lag{sup eS8 i ot (%( )}
Using Hypothesis (H1), one deduces that, if Cz(t) € O, for almost any ¢ > 0,

SVt 2(0)
< 2T(ATP + PA+CTK2QK:C)z — 25T PBy(t,y)
+2¢(t,y) nK C(Az — By(t,y)) — 2¢(t,y)" (4(t,y) — KCx) + o (|y(2)[|*)

_ z \' (ATP+PA+CTKiQK:C —PB+CTK +ATCTKy z
P(t,y) -BTP4+ KC+nKCA -2 —9nKCB — BTCTKpn) (t,y)

+o (Ily®I?)

where the last term, of higher order, may be omitted when 2 a is linear wrt y and O = RP.
e Now, due to the feasibility of (5), there exists ¢ > 0 such that the matrix involved in (5) is
smaller than —2¢I,,1,. Due to Hypothesis (H2), there exists an open neighborhood V of 0 in R*

such that CV C O and
T
Y(t, Cx)

and one may choose V = R in the case where 1 is linear wrt y. Also, due to (4),
p (Cz); 1& ) )
ZmKi/ Yi(t,0i)do; < 5 ZmKi (Cx); .
i=1 0 23

Therefore, the symmetric positive definite matrix P; def P+ %CTK nKC is such that

2

Ve eV, dV(t z) < —¢

P t-a.e. ,

V(t,z) e R" xR, V(t,z) <zTPz.
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On the other hand, V being open and P positive, there exists €1 > 0 for which

Wdzef{zUER” s 2TPr<e}CV.

Choose now z(0) in {z € R* : zTPiz <1} C W. As long as z(t) € V, one has Cz(t) € O and

TPz < ——5 V(t,z(t) tae.,

SVt a(0) < —elell? < - <

dt

13
p(P1)
where p denotes the spectral radius, so

&7 () Px(t) < V(¢ z(t)) < V(0,2(0))e” 70" < V(0,2(0)) < 2(0)" Prz(0) < €1 .
This implies that V¢ > 0, z(¢) € W, and finally:
2(0)€{zeR : d"Pz<ea}=Vt>0, 2" (t)Pz(t) < V(tat) < V(0,z(0)e w0’

which proves the local exponential stability of the equilibrium and achieves the proof of Theorem 1.

4.2 Proof of Corollary 3

The hypotheses imply the existence of a certain open set &€ C R s.t. (9) is fulfilled for any 7 € €.
The proof consists in showing that in this case, there exists a certain 7 € £ for which (5) holds.
Theorem 1 is then applied with n = 7.
o Let us first suppose that the roots of L are simple, and that £ N (R* \ {0})? # 0.

For n € €N (R" \ {0})?, the matrix A being Hurwitz, there exists a symmetric nonpositive
matrix W satisfying the Lyapunov equation

0%1h;
Oy; 0t

ATW + WA= CTK? diag {sup ess 1; (¢,0)

>0

}Kéc.
+

Due to the use of the positive part |- |+ and the fact that n > 0, (5) is feasible if the following LMI
is feasible:

: AT(P+ W)+ (P+W)A —PB+CTK + ATCTKy
= 1>
P >0, n= diag{n} >0, ( _BTP+KC+qKCA —2I—nKCB—BTCTKn) <"

which is itself equivalent to:

P>W, n= dlag{,’h} >0,
ATP+ PA —(P-W)B+CTK + ATCTKq <0
-BT(P-W)+ KC+nKCA —2I —nKCB — BTCT Ky '

As W is nonpositive, the latter condition is in turn feasible if the following LMI is feasible:

P >0, n= diag{n}>0,

ATP + PA ~(P-W)B+C"K + A"C"Kn\ _ (12)
-BT(P-W)+ KC+nKCA —2I —nKCB - BTCTK7p '

Now, in order to apply KYP Lemma, one must check some controllability and observability
conditions. The pair {A, B} is controllable, due to the minimality of the representation (A4, B, C).
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Let us show that there exists a value §j € £ N (Rt \ {0})? of  for which the pair {BTW + KC +
nKCA, A} is observable. Otherwise, due to the Popov-Belevitch-Hautus (PBH) eigenvector test

(8],
V€ EN(RT\ {0}, 3(v,\) e B*\ {0} x R Av = \v,(BTW + KC + nKC Ay =

Now, as the roots of L are simple, the eigenvalues of A are also simple, and one may deduce that

(v, \) e R*\ {0} xR vm e N 3T, € En R\ {0})?
s.t. Av = v, (BTW,, + KC + 1, KCAw =0,

where the symmetric nonpositive matrix W, verifies

0%

ATW,, + WA = CTK3 diag {sup €58 i | 55y ~—-(t,0)

>0

}K%C.
_|_

The set £ N (R* \ {0})? being open, one may even suppose that Vm # m' € N, Vi € {1,...,p},
Nmyi 7 Tm' ;- One may hence “differentiate” wrt 7y, the (locally) affine equality (BTW,, + KC +
NmK CA)v = 0, which yields KCv = 0. From the fact that the eigenvalue A is nonzero, due to (H3),
one then deduces that KCv = KCAv = --- = KCA™ 'v = 0. Now, one may suppose that K is
invertible, as a zero term does not intervene in the criteria. Hence, Cv = CAv = -+. = CA" v =0,
which contradicts the observability of the pair {C, A}.

One may now apply KYP Lemma with 7 = 7. One gets that (12) is equivalent to the frequency
condition

def
(

G(s) = (BTW + KC +7#KCA)(sI, — A) 1B+ 1, — %(ﬁKCB +BTCTK#) is SPR,

where the nonpositive symmetric matrix W verifies

0*1hi

ATW + WA= CTK? diag < sup ess 7j;
Oy; 0t

>0

= —(%,0)

}K%C.
+

Now, putting in display the fragment G(s) def (KC + #KCA)(sl, — A) 'B + I, — $(iKCB +
BTCTKn) appearing in the usual form of Popov criterion, one gets

GT(3)+G(s) = GT( )+ G(s) + BT (51 — ATY"'WB + BTW (sI — A)~!
= GT(5)+ G(s)+ BT (51 — AT YT — ATYW + W (sI — A))(sI — A)~'B

)+
= GT()+G(s)+ (s+35)BT(sI — ATy 'W(sI — A)~'B
2
(5

—BT(51 — AT)~ LOTKs diag < sup ess1j; v ——(¢,0)
>0 Oy;0t

} K3C(sI — A)™
_|_
where the definition of W has been used. On the other hand, G” (3)+G(s) = 21+ H" (5)K (I+57)+
(I+s7)K H(s). We hence proved that, if EN(RT\{0})? # 0 and (9) holds for any n € EN(RT\{0})?,
then (5) holds for a certain 7 € £.
e We now remove the assumption that £ N (R")? #£ 0.

Due to the fact that &£ is open, its intersection with at least one open quadrant of the space IRP

is nonvoid. Let us hence suppose, without loss of generality, that € {1,...,p} verifies E N (R \
{0})" x (R* \ {0})?~" # 0. By assumption, for any n € EN (R~ \ {0})" x (RT \ {0})*~", one has:

I+(I+ns)KH(s)— H*(s)K*DK?H(s) is SPR, (13)
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where D is defined in (8b).

One now applies Rekasius and Gibson’s transformation, as exposed after Theorem 1. The
transformed system has transfer matrix C(sI —.A)~'B and input ((9i){c;jc,> (¥i)}11<i<p)” > Where
A, B are defined in (8a), and ¢ by (6).

Lemma 8. Let us denote

def (I, 0 def I =T, (I, 0
I’“_(o Ip_r)’ Jr="5"=0 o)

H(s) ¥ o(s1— A)'B=C(s1— A+ BJ,KC)™ BT, .
Then,
H(s)=(I+ H(s)J,K) 'H(s)I, = H(s)(I + J,KH(s))"'Z, .

Proof. Lemma 8 is a consequence of the feedback structure involved when changing the input of
the linear plant. Indeed, denoting 1/3 def Jrp + (I — Jr)y the new input, one has:

y= = —H (T + (1= Z)) =~ (7(Ky — o)+ (1~ 7))
=-H (JTKy - T+ (I - m)zﬁ) =-H (Lzﬁ + me) :
as J2 = J, and I, — 27, = Z,. Finally:
(I+HTK)y=—-HLy ,

which gives the 1st equality. Deduction of the 2nd equality is straightforward. [

One now shows that the modified system verifies a condition analog to (9), with the nonnegative
coefficients |7;|, that is

I+ (I +nTs)KH(s)— H*(s)K*DK2H(s) is SPR, (14)

where D is defined in (8b) and the notations of Lemma 8 are used: the first part of the proof
may then be applied to the transformed system, as (|n;]) € Z,[E N (R \ {0})" x (RT \ {0})P "] =
Z.E N (R" \ {0})? # 0. Indeed, applying Lemma 8 one gets

oI + (I +nZ,s) KH(s) + KHT(3) (I + nI,5) — 2H*(s)K 2 DK 2 H(s)
= 2T+ (T +0Zs) KH(s)(I + J,KH(s)) ' T, + T,(I + H' (5)K J,) *HT (3)K (I + 0Z,5)
9T, (I + HT(5)KJ,) *HT (5)K: DK H(s)(I + J,KH(s)) T,

= LU+ HEKT) [20 4 ORI + K ()
+(I+HT5)KT)T, (I +1Ts) KH(s) + H' (5)K (I +1Z.5) T,(I + J, K H(s))
- 2HT(§)K%DK%H(3)] I+ J,KH(s)) "',

= IL,U+H"5)KJ,)™" [21 + (I +ns)KH(s) +H"(5)K(I + n3)

—2HT(5)K:DK3H(s) + (s + 5)HT ) KnJ, KH(s)| (I + J.KH(s)) T, ,
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using the fact that the (diagonal) matrices K,7,Z,, J, commute, and that (J, + Z,)J, =0, 27, +
I, = I,, I? = I,. We then get that (13) and (14) are equivalent, which achieves the proof of
Corollary 3 in the case where the roots of L are simple.
e Let us now face the case where the roots of L are not simple. We shall reduce this case to the
previous one by adequate pole-shifting.

Let J be a p X n nonzero matrix. Write the differential equation in system (2) as £ = (A +
BJ)z — B(¢(t,y) + Jz). Using the Kronecker symbol, define J;, i = 1,...,n, by(J;)jx = 6FJ;, in
such a way that J = J; + -+ + J,, (“column decomposition”), and

C

1
——J
5 def , def 171
B= (B JJIB ... |J1B), C = : ,

_1

11

/Iﬁ(t,?) dgf (w(ta (Ip Opxpn)AyA)) fOI' g c N)(’n-l—l) .

Opnxp Ipn Yy

n

Then
Y(t,y)

1
——=Jiz
~ VI ~
P(t,9) = vl for j = Cz ,

1

J
N

and one may rewrite system (2) under the form
i=(A+BJ)z — Bi(t,9), §=Cz.
Remark that the nonlinearity 1& is decentralized and verifies:
V(L) €RY x O xR, (t,y)T($(t,5) — K§) < 0 with K %' diag(K, I} ,
and that the transfer matrix H (s) def C(sI — A — BJ)™'B writes

H(s) VIIIH(s) VITIH(s)

mjl(sf —A-BJ)'B Ji(sI-A-BJ)"'B ... Ji(sI-A-BJ)"'B
H(s) = ) . : ’
—_ﬁJ“ Jo(sI —A—BJ)'B J,(sI—-A—BJ)'B ... J,(sI-A—-BJ)"'B

(15)

in such a way that

lim A (s) = (H(S) Opon) .

J—0 Opnxp Opnxpn

Now, one wants to exhibit a matrix J for which 1. A+ BJ is stable with simple eigenvalues and
2. there exists 7 € R+ gt
} K
_|_

24

-~ ’lpl (
T 550

A~

3(s) 4 H(s) is SPR.

G(s) = T+ I +17s)KH(s) — ]f.f*(s)f(% diag {sup ess
>0

(NI

£,0)

INRIA



This being done, it will then suffice to apply the results previously demonstrated to get the stability
property and to achieve the proof of Corollary 5. Indeed, let £ € (0, ) such that &, # (, where

g, 4t {n €& : (1—e)+ (I +ys)KH(s)

82¢

—H*(s)K* diag {sup ess }Kéﬂ(s) is SPR} .

>0

+

The pair (A, B) being controllable, one may choose the eigenvalues of A+ BJ by adequate choice
of J. These eigenvalues depend continuously upon J. It is hence possible to choose J (“small”)
such that 1. the eigenvalues of A+ BJ are simple with negative real part, 2. the lower right square
block of size pn of matrix ((1 — 2¢)I + KH) is SPR, and 3. the following inequality holds:

VI max {||H(s)lloc, diam(Ep) [lsH(s)lloo, (I = A= BJ) ™' Bllo} < % -

Define &y, as the open ball around 0 in RP" of radius ¢/ max{||K|| ISH(3)||oo, 24/ ||(sI — A —
BJ)7!'Bl|}. Then, for §j € &, X Epp, for any z = (21 21 ) € R+ \ {0}, one has, using (15)

: “p “pn
and the fact that g;’g@ =0fori=p+1,...,p(n+1):

57 (G(s) + GT(3)z > ellzp]l* + llzpn]* = 2l12p]l l1zpnl) > 0 -

This achieves the Proof of Corollary 5.

4.3 Proof of Theorem 7

One first shows the existence of a T-periodic solution z*. This is done applying Theorem 1 from
[3, 4], whose application is allowed by Hypotheses (h0) to (h4). One additionnally obtains a priori
upper bounds on ||z*||¢ and ||Z*||c, depending upon H,T, K, 7 and the function 4.

Let z be a solution of (1), and define X def o o, Then,
X=AX +BU, U=-9(Y), Y=0CX,

where ¥ (¢,Y) def P(t,Y + Cz*(t)) — ¢ (t,Cz*(t)). Now, one wishes to apply Theorem 1 to this

system. Hypotheses (h1’) to (h3’) permit to do this ((H2) is implied by (h1’)), as

62\1’ 62¢ » 2,1/)
o 60) = 20 (1,0 () + Ci (0 5 (O (1)

Suppose 2 6t and 6’/’ are affine wrt y (and indeed constant, due to (h2) and (h4), so 1) is affine

wrt y), then 2 S 18 hnear wrt Y, and the asymptotic stability is global, so the T-periodic solution
is unique.
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