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Abstract: We re-investigate the well known classes of Toeplitz, Hankel, Vandermonde,
and other related structured matrices, by re-examining their correlations to operations with
univariate polynomials. Then we show some natural extensions of such classes of matrices
based on the correlations to multivariate polynomials. We describe these correlations in
terms of the associated operators of multiplication in the polynomial ring and its dual,
which allows us to generalize these structures to the multivariate case. Multivariate Toeplitz,
Hankel, and Vandermonde matrices, Bezoutians, algebraic residues and relations between
them are studied. Finally, we show some applications of structured matrices to root finding
problems for a system of multivariate polynomial equations, where these matrices play an
important role. The developed techniques enable us to obtain a better insight into the major
problems of multivariate polynomial computations and to improve substantially the known
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Key-words: Structured matrices, polynomial equations, ideals, roots, quotient algebra,
dual algebra, residues, Jacobian, basis of idempotents, eigenvector, iterative method.

* INRIA, SAGA, 2004 route des Lucioles, B.P. 93, 06902 Sophia Antipolis, mourrain@sophia.inria.fr,
(partially supported by European ESPRIT project FRISCO, LTR 21.024)

T Department of Mathematics and Computer Science Lehman College, City University of New York,
Bronx, NY 10468, USA, VPAN@LCVAX .LEHMAN.CUNY.EDU (Supported by NSF Grant CCR 9625344 and PSC
CUNY Awards 667340 and 668365.)

Unité de recherche INRIA Sophia Antipolis

2004, route des Lucioles, B.P. 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : 04 92 38 77 77 - International : +33 4 92 38 77 77 — Fax : 04 92 38 77 65 - International : +33 4 92 38 77 65



Polynémes, dualité et matrices structurées

Résumé : Dans ce rapport nous réexaminons les classes de matrices structurées classiques
(Toeplitz, Hankel, Vandermonde, . ..) d’un point de vue algébrique et montrons leurs corré-
lations avec les polynémes en une variable. Nous nous intéressons ensuite & la généralisation
de ces structures au cas multivariable, en analysant leurs relations avec des opérateurs de
multiplication dans ’anneau des polyndmes et son dual. Les relations entre les structures
« multivariables » de Toeplitz, Hankel, Vandermonde, les Bézoutiens et les résidus algeé-
briques sont étudiées. Finalement, nous présentons quelques applications au calcul des
solutions d’équations polynomiales. Nous montrons comment cette approche permet une
meilleure analyse des problémes et fournit des améliorations substantielles aux algorithmes
connus jusqu’d présent,.

Mots-clés : matrice structurée, équation polynomiale, idéal, algébre quotient, dualité,
résidu, Jacobien, idempotents, vecteur propre, méthode itérative.
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1 Introduction

It is well known by now that the important classes of Toeplitz, Hankel, Vandermonde, and
some other structured matrices have a natural characterization in terms of the associate
linear operators of scaling and displacements. We will investigate the extension of the
classes of such matrices, based on their correlations to some fundamental operations with
polynomials, such as polynomial multiplication, multipoint evaluation, interpolation, and
rootfinding. We will start with the simpler and better known correlations to operations with
univariate polynomials and then will extend our study to the more recent subject, where we
involve multivariate polynomials. This will enable us to give a natural introduction to some
other large topics, intensively studied and having important applications, such as duality,
algebraic residues, and Bezoutians.

The correlations between structured matrices and univariate polynomials have been ef-
fectively used for the acceleration of structured matrix computation. We will extend these
results to the structured matrices associated with multivariate polynomials. On the other
hand, conversely, using matrix structure will enable us to improve substantially the known
algorithms for some fundamental computations with multivariate polynomials, in particular,
for solving systems of polynomial equations.

For instance, in section 3.2.3, using these tools enables us to simplify substantially the
known derivations of the fundamental upper bounds by Bezout and Bernstein on the number
D of the roots of a given polynomial system. In section 3.3, we specify our iterative algorithm
outlined in the conference paper [20]. The algorithm quadratically converges right from the
start to a selected root of a polynomial system of equations that has D distinct and simple
roots, and we approximate such a root by using order of D? arithmetic operations (up to a
polylogarithmic factor in D). (Hereafter, we will use the abbreviation “ops” for “arithmetic
operations”. We say "ops" rather than "flops" to cover also rational computations with finite
precision.) The algorithm can be applied recursively to compute several roots. In section
3.4, we devise algorithms, also running in D? time (up to a polylog factor), that compute the
numbers of distinct roots and distinct real roots of a given polynomial system of equations
with real input coefficients. Other known algorithms (not involving structured matrices and
algebraic residues) require at least order of D?® time to solve any of the cited computational
problems.

Our main goal, in this paper was to develop the basic novel techniques for improving
the computations with multivariate polynomials by using the associated structured matri-
ces, dual spaces and algebraic residues. We were able to demonstrate the power of these
techniques already, and we expect to accentuate this power substantially in our future study
(in particular, by removing the assumption that the residue associated with a given poly-
nomial system is known or readily available) and to elaborate and ameliorate the resulting
algorithms from numerical and algebraic points of view. At the present stage we have not
touched these aspects yet and only provided an illustrative example for our approach.

We will use the following order of presentation. Section 1 deals with structured matrices
associated with univariate polynomials. In section 2, we present a natural generalization
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4 B. Mourrain & V.Y. Pan

to the multivariate case, and in section 3, we show some applications to the polynomial
root-finding problem in the multivariate case.

projection on the

In this section, we will reinvestigate the classical matrix structure, from a polynomial
point of view. The reader is referred to appendix A, for the summary of the basic definitions.

1.1 Toeplitz operators and matrices

Consider a polynomial ¢t = tqg +t1 2 + -+ + tog 22¢ and the map of multiplication by this
polynomial ¢ in R = C[z] of polynomials in z with coefficients from the complex field C:

Mi;: R — R
p — tp.

The matrix M of this map in the monomial basis (obtained by computing the polynomials
My (1), My(x), My(2?),...) has the form

1 [ to 07
z¢ tq to
: T (1)
x2e tod tq
L 0 t2q i

The matrix M infinitely continues rightward and downward. Its rows and columns are
indexed by the monomials (z*), and its (i, j)-th entry is the coefficient of z* in the polynomial
27 t(x). The entries of M are invariant in their shift along the diagonal direction. This
property characterizes the class of Toeplitz matrices:

Definition 1.1.1 A matriz T = (t; ;) is o Toeplitz matriz if for all i,j, the entry t; ;
depends only on i — j, that is, if t;; = tiy1,j41 for all pairs of (i,7) and (i + 1,5 + 1) for
which the entries t; ; and tit1 ;41 are defined.

It is immediately observed that any h x k Toeplitz matrix T where max{h,k} < d+1
can be obtained as a submatrix of the matrix M defined in (1). Let E = {1,...,2%} and
F = {z?, ...,2%} be two linear subspaces of R and let 75 (resp. 7r) be the projection of
R on the vector space generated by E (resp. F'). Then the matrix T is just the matrix of
the map

T, =npoM;oTEg.

The projections mg and 7p select the first columns and the middle rows of M, respectively.

INRIA



Multivariate polynomials, duality and structured matrices 5

Proposition 1.1.2 A Toeplitz operator (associated with a Toeplitz matriz) is the projection
of the multiplication of a fized polynomial by a polynomial. This is a map from R to R.

Problem 1.1.1 Compute the product of a n X n Toeplitz matriz by a vector as a subvector
of the coefficient vector of the product of two polynomials of R.

Hereafter we use the abbreviation f.p.s. for formal power series.
By theorem B.1.1 of appendix B, we may solve problem 1.1.1 in O(nlog(n)) ops.
Similarly, we define the map

M;: S — S
9(9) = t(x)xq(9) = w4 (t(07)q(9)),

where S is the ring of f.p.s. in the variable 9, 9° is the differential form: p %!pi(O), and
74 is the projection of an f.p.s. in @ and 8! into an f.p.s. in S obtained by deleting all
the monomials in 1, that is, 7, is the projection on the monomials of positive degree in
0. The matrix of this map is the transpose of the matrix of M;, where we can extract the
transpose of the matrix T':

to - tg o+ tog O
to tq
0 to

1.2 Hankel operators and matrices

Hereafter, C[z,y] denotes the vector space of space of polynomials in z,y, with coeflicients
in C. Next, consider the multiplication map defined by h(9) = hg + h10 + - - - + hoq9*¢ as
follows: for any polynomial p € Clz] we compute the product, p(0—1)h(8) € C[o~1, 9], of
bivariate polynomial in d and 8~!. (Then again, the reader may think of & as a variable
and of 97! as its reciprocal, and we interpret " as the linear map p — 4p*(0).) Here is the
matrix M representing such maps " for all i in the monomial basis:

a—n+1 0 hO ]
1 ho hq
: oo H (2)
¢ hq haaq
9% | hag 0 |
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6 B. Mourrain & V.Y. Pan

The matrix M infinitely continues rightward and upward in this case. Its columns are
indexed by monomials in z and its rows by monomials in 8. The (i,7)-th entry of this
matrix is the coefficient of 8" in 977h(d), which explains why its entries are invariant in
their shifts into the antidiagonal direction. This property characterizes the class of Hankel
matrices.

Definition 1.2.1 A matriz H = (h,,;) is o Hankel matriz if its entry h, ; depends only on
i+ g, that is, if hiy1,,—1 = h,; for all pairs (i,7) for which the entries are defined.

Definition 1.2.2 The space of linear forms from R to C, that is, the dual space of the ring
of polynomials R, is denoted by R. According to appendiz A, we identity R with S = ).

The above map from C[z] to C[0] can be generalized to a map from C[z] to the ring
of f.p.s. in 9, which we denote C[[0]]. We arrive at the desired map from Clz] to C[d], by
allowing h(9) to be af.p.s. h(9) =ho+h19++-++h, 9" +--- € C[[J]]. Then we construct
the map

xn:Cle] — C[4]] 3)
p(@) = p(@)*xh(d) = 1y (p(0~1)1(D)).
where 7 is the projection on the monomials of positive degree in
0. We immediately observe that any general h x k Hankel matrix H where max{h k} <

n + 1 is a submatrix of the above matrix M, defined in (2). Let E = {1,x,...,2%}, F =
{1,9,...,0%} be the two monomial sets in = and 9, respectively, and let g and mr be the
corresponding projections on the vector spaces generated by these sets. Then the matrix H
is the matrix of the following map:

Hp =7poX,omE.

The projections 7 and 7 select the first columns and the middle rows of the matrix M,
respectively.

Proposition 1.2.3 A Hankel operator (associated with o Hankel matriz) can be defined as
the projection of the multiplication of a (projected) polynomial by a fized Laurent polynomial.

Problem 1.2.1 Compute the product of a (d + 1) x (d + 1) Hankel matriz by a vector as a
subvector of the coefficient vector of the product of a fized polynomial h(d) by a polynomial

in 971,
Theorem B.1.1 of appendix B enables us to solve problem 1.2.1 in O(d log(d)) ops.

1.3 Bezoutians

Next, let us study linear maps from C[[d]] to Clz]. First, consider a polynomial in two
variables x and y:

d—1

Z 0,-,]- Tt y] -

1=0,7=0

INRIA



Multivariate polynomials, duality and structured matrices 7

To any element A(9) € C[[0]], we associate the constant coefficient in 9 (that is, the J-free

term) of the product
O(z,07 1) A(9).

This defines a map ® from C[[9]] to C[z]. We immediately verify that the matrix of this map
(which can be obtained by computing the constant coefficients in 8 of ©(z,071) 9% : ®(1) =
S bioxt, ®(0) = Y0} 6iaat,...) is precisely the coefficient matrix [0 ;]o<i j<a—1 Of
O(z,y).

A fundamental example of such a polynomial is the Bezoutian defined as follows:

Definition 1.3.1 Let p and ¢ be two polynomials of Clz]. The term Bezoutian of p and q
is used for both the bivariate polynomial

p(z) q(y) — p(y) g(z) P,
O¢p(z,y) = T — = Z 9;1711.”;51@;1
y 0<i,j<d—1
and the matrizc o o
6o - 05a
Byp = ’
93’1)1,0 e egfl,d—l

and ®,, : C[[0]] — C[z] denotes the associated map, ®, ,(A) — O-free term of O, ,(z,0 " )A(9).
The image image of this map can be expressed as the product [1,x, ...,z%1] By, [Ao, -y Aa_1]%,
where A(0) = Y2 (A0

In particular, if p = po + p1 & + - - + pa %, then the polynomial ©1 ,, is of the form
d-1
O1,p(z,y) = > _ 7' OF(y),
i=0

where OF(y) = piy1 +pit2y+---+pay?~'~L. This polynomial is also called the i-th Horner
polynomial, for it corresponds to the ¢-th polynomial, appearing in the so-called Horner rule
for polynomial evaluation. It can be also written as

O (y) = my (¥~ p(y)), (4)

where 74 is the projection on the set of polynomials in y. We immediately observe that the
matrix By, associated with ©1 , is a triangular Hankel matrix of the form

pr - Pd

Pd 0

RR n° 3513



8 B. Mourrain & V.Y. Pan

More generally, we have the decomposition

_ (=) q(y) — p(y) g(=)
O p(w,y) = o
UDZL0) o)~ LD 20 ) — 01, 0,1) ) — O, 1) 00
This implies
g p(A) = Q1p(gxA) — D1 4(pxA)

for any A(9) € C[[9]] or, in terms of operators,

Qgp=P1p0 M; —®140 M;- (6)
In term of matrices, this yields the Barnett formula,
pl DY pd qo e qd—l ql “ e qd po .. pd—l
Byp = - ’
Pd 0 0 do qd 0 0 Po

which extends the Gohberg-Semencul formula to the inverses of Hankel matrices (see corollary
1.5.4).

1.4 Vandermonde operators and matrices

Consider the linear space R of polynomials of degree at most d and d + 1 distinct points in
C: E={y,-..-,&} Also consider the next two bases of Ry:

e the basis of monomials (1,z,...,2%),

o and the basis of Lagrange interpolation polynomials

g:Zsz“w@

(L; = Li(x) = H
i

Any polynomial p € R, can be decomposed in the latter basis as follows:

d
p(x) = p(&) Li(). (7)

1=0

We deduce from this decomposition that the (d+1)x (d+1) matriz of the basis transformation

from (2")i=o,...,a to (Li(x))i=o0,1,...,a is the Vandermonde matrix,

1 & - (i

1
V(E) = | & 5.

1 & - &

INRIA



Multivariate polynomials, duality and structured matrices 9

Remark 1 Many authors use the name “Vandermonde matriz” for V*(Z), the transpose of

V(3).

By definition, the multiplication of the row vector (1,&;,...,£2)" by the vector p =
(po, - - -, pa) amounts to evaluating the polynomial p(z) = po + - - - + pa 2% at the point &;.

Problem 1.4.1 Multiply the matriz V(Z) by a vector p = (po,--., pa)t or, equivalently,
evaluate a polynomial p(z) = E?:o pix® on the set of points = = {&y,...,&q}.

Equivalently, the coefficients p(&;) of p = p(z) in the Lagrange basis can be obtained by
means of the evaluation of p = p(z) at the points &;.

Problem 1.4.2 Solve the linear system V (Z)v = w by interpolation to the polynomial p(x)
from its values wy, . .., wq on the set £ = {&o,...,&a}-

The known algorithms solve problems 1.4.1 and 1.4.2 in O(d log®d) ops (see [3], pp.
25-26).

Evaluation at a point is an example of a linear form (map), and equation (7) shows that
the dual basis of (L;)i=o,...,q (that is, the linear forms (maps) that compute the coefficients
of a polynomial p in this basis) is the set of linear forms (1¢, )i=o,...,q of the evaluation at &;:
1¢;(p) = p(&). Such an evaluation will play important role in the following, so that we will
next define it formally:

Definition 1.4.1 For any point £ € C, let 1¢ € R cC ]%d,l denote the linear form that
corresponds to the evaluation at &:

1§:R b (C
p = p&).

Note that R is subset of the dual space ﬁd made by the linear forms on the vector space
of polynomials of degree at most d and that the coordinates of the evaluation 1; € Ry in

the dual basis (1,9, ..., 9¢) of Ry are obtained by computing 1¢(2%)i=o,...,¢- This yields the
following vector: (1,&,£2,...,£%). In terms of polynomials in 9, we have in R, that

¢ 1—(£9)H!
o 1-¢y

Thus, the matrix of the basis transformation from the basis (1¢,)i=o,...a to the dual basis
(1,8,...,0% of (1,x,...,2%) is given by

1le=14+80+---+(£9)

1T 1 - 1
vHE) = 5‘0 Lo ﬁ‘d
& & - &

RR n° 3513



10 B. Mourrain & V.Y. Pan

The multiplication of the latter matrix by a vector A = [Ag,..., Aq] amounts to the compu-
tation, in the monomial basis, of the polynomial
d
1—(&9)*!
)\17. 8
EEL ®

1=

The next algorithms perform two basic operations for V*() (see theorem B.2.1 of appendix
B.1, and [25] for reduction to a dual problem).

Algorithm 1.4.1 Multiply V*(Z) by a vector by means of
e cither interpolation-like process of the reconstruction of the polynomial (8),
e or multiplication of a Hankel matriz by a vector and polynomial interpolation,

e or reduction by Tellegen’s theorem to the dual problem of multiplication of V(E) by a
vector.

Algorithm 1.4.2 Solve the linear system V*(Z2)v = w by means of first solving a Toeplitz
triangular system, then solving a Hankel linear system, and finally performing multipoint
polynomial evaluation.

If the interpolation points are the d-th roots of unity, we arrive at a special Vandermonde
matrix, sometimes called the Fourier matrix representing discrete Fourier transform (DFT).
Its inverse is the transpose of its conjugate (up to the factor d).

1.5 Relations between Bezoutians and Hankel matrices

As we have seen, the Hankel operators correspond to some maps from C[z] to C[[d]], whereas
the Bezoutians define some maps from C[[d]] to C[z]. It is natural to ask if there is a
relationship between the maps of these two classes. This is what we are going to examine
next. We will use the basic concept of the ideal I = (p), generated by p € R, that is, the
set of polynomials {pg, ¢ € R}.

In order to relate these two classes of operators to each other, we will next describe the
elements h(9) € C[[0]] such that x, of (3) vanishes on all multiples of a fixed polynomial
p(x) = po +pr1x + -+ + pax? of degree exactly d (that is, on the ideal generated by p):
Xn(pv) =0 for all elements v € R.

Proposition 1.5.1 The class of f.p.s. h € C[[0]] such that x» vanishes on the ideal (p)
generated by a polynomial p = po +p1 x + -+ -+ pax? of degree d (pa # 0) coincides with the
class of rational functions

a~1r(9)
p(071)

-1 i o
where v(x) = ;" rix’ is a polynomial in Rq_;.

h(d) = =ho+hi 0+ +he10" "+, 9)

INRIA



Multivariate polynomials, duality and structured matrices 11

A T A R I

Proof. First, note that the rational fraction h(9) = TR -

having no terms 9~ for i > 0, since pg # 0.
To show that x; vanishes on the ideal (p) for h(9) of (9), observe that

R(@)p(d (@ ) =a tr(d @ t,

is an f.p.s. in 9,

for v € R, has only terms with negative powers of 9 since r(z) and v(x) are polynomials.
Therefore, p(z)v(z) * h(d) = 0 for any polynomial v(z) € R.
Finally, let x5, vanish on (p), for an f.p.s. h = h(9). This means that

w4+ (p(07 ") M(O™1)) =0,
that is, p(0~1)h(9) is a f.p.s. in 7!, with no constant term: p(@~1)h(d) = 0~ 1r(871),

where 1"( ) is an f.p.s. € ([[d]]. Furthermore, by replacing ! by x, we obtain that
r(z) = 2 tp(z)h ( Y =7 (z 7 p(z)h(x~1)), so that r is clearly a polynomial of degree less
than deg( (z)) = d, which proves the proposition. O

The proposition implies that the class of the f.p.s. h € C[[0]] such that x; vanishes on

-1 -1
(p) is the class of all multiples of the f.p.s. 7 =7(9) = oT) PP a+ —5. 57> called the
(algebraic) residue of p. (This concept extends the concept of the residue of an analytic
function.) We will next give a characterization of this residue that can be easily generalized

to the multivariate case.

Proposition 1.5.2 Let p = pg + p12 + - - - + pax? be a fived polynomial of degree exactly d.
Then the residue T = 1,(9) is the unique element of C[[0]] that satisfies:

1. 7 vanishes on the multiples of p,
2. <I>1,p(7') = 1,
where @1, is the map defined in definition 1.5.1.

Proof. Property 1. of 7 follows from the definition of 7 and proposition 1.5.1. Now, by
the definition of 7 = 7,(9), the element 7,(9) = Y o0, 70" = > .2, 7(2*)d" of C[[I]] has the
form 1

— T 4 0% +

Pd
thatis, 7o =+ =742 =0, 71 = pld, which means that the linear form (map) associated
with 7 vanishes on 1,2, ...,2%" 2 and equals ld on z¢-1,

Now we obtain from definition 1.3.1 that
@ ,(7) = [1,2, ..., 2471 B1,[0, ...0, 1 /pa]*.

As By, is of the form (5), we immediately check that

1
Bl,p [07---707_]t = [1707-~-70]t7
ba

RR n° 3513



12 B. Mourrain & V.Y. Pan

which implies property 2. of 7, that is ®; ,(7) = 1. On the other hand, since B, is
nonsingular, the latter vector equation implies that 7o = --- = 742 = 0, Tg—1 = p%' Fur-
thermore, as any polynomial ¢ can be decomposed uniquely as ¢ = pu+r, wherer € Ry_1 =
(1,,...,2%71), the linear form 7 is entirely determined by the values 7y, ..., 741 and the
fact that it vanishes on the multiples of p. This proves the uniqueness of the element of

Cl[[9]] satisfying properties 1. and 2. and thus completes the proof of the proposition. O

Proposition 1.5.3 The set (©7),—o,... 41 is the dual basis of the monomial basis (*);=o,... 4—1
for the innerproduct associated to T:

(2! ©%(2)) = {
Proof. For 0 <i,j <d— 1, we have (see (4))

7(2'0%(2)) = T(a' 7y (277 p(2))) = (2" p(2).

The last equation holds because z* (z7/~'p(z) — 74 (z77~'p(x))) is in the vector space
R_4,4—2 and 7 vanishes on this vector space. If i > j, then 2'~7~!p(z) is in the ideal
(p) generated by p in R, and 7 vanishes on this ideal. On the other hand, if i < j, then
77 1p(z) is in the vector space R_4 42, and 7 vanishes on this vector space too. For
i = 4, we obtain 7(z 'p(z)) = 7(pg x? ') = 1, which proves the relations (10). ]

1if i =j

0 otherwise. (10)

We immediately deduce from this result the following corollary.

Corollary 1.5.4 Let By = By, and let Hi = H, be the Hankel matriz of the map x- of
(8) for h=7. Then
B, H, = H| B; =14,

where 14 is the d X d identity matriz.

Proof. From (10), we deduce that
d

ij (" 0%(z)) = zt.

=0

On the other hand, the left-hand side of this equation equals ®; ,(2* x 7). Thus, if we
compose the two maps x. : Rq—1 — C[[9]] and @1, : C[[]] — R4—1, we obtain that

By ,0x,(2") = By (2" x7) = 27,
fori=0,...,d—1. In other words,
q)l,P o Xr = HRd—l

or, equivalently, By H; = 4, which shows that the inverse of the Bezoutian B; is the Hankel
matrix H; and vice versa. O

INRIA
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2 Generalization to the multivariate case

Our next goal is the extension of the approach and the results of the previous section to the
multivariate case. We will start with recalling some definitions and techniques used in [1],
[7], [10], [18]-[21], [28]. Then, in sections 2.8, 2.10-2.12, we will develop some new techniques
to be used in section 3.

2.1 Polynomial ring

The definitions of the previous section and appendix A can be immediately extended to the
n-variate case, for any natural n. In this case, R = C[z] is replaced by the ring Clz1, ..., 2,)
of multivariate polynomials in x1,...,2,; £ and O are assumed to be vectors, rather than
scalars, x = (#1,...,%,) and 0 = (01,...,0,). We keep denoting R, the subspace of all
polynomials of degree at most d. Instead of working in the complex space C, we could have
allowed the vector spaces over any algebraically closed field K, and then R would denote the
space of multivariate polynomials in x, with coefficients from K. Our results of this section
would be easily extended, but, to simplify our presentation, we will state them for K = C.

We will let L = Clz',...,2F!] denote the ring of Laurent’s polynomials in the variables
Z1,...,Tn. For any element p of R, let
M,:R — R (11)
r o= pr

denote the operator of multiplication by p in R.

Hereafter, I = (p1,...,pn) denotes the ideal of R = C[x] generated by the elements
P1,---,Pn, that is, the set of polynomial combinations )", p;g; of these elements. A = R/I
denotes the quotient ring defined in R by I, and = denotes the equality in 4. We assume
that the set of the common zeros of the n polynomials p1, .. .,pn (that is, the set of the roots
of the polynomial system py = --- = p, = 0) is finite and denote it Z = Z(I) = {¢1,...,l4}-
This implies that the vector space A has a finite dimension D, D > d. (D is the number of
roots counted with their multiplicities.)

2.2 The quotient algebra

Our main objective is the analysis of the structure of A, in particular in order to devise
efficient algorithms for computing the zeros in Z(I).

The first operator that comes naturally in this study is the operator of multiplication by
an element of A, deduced from (11). For any element a € A, we define the map

An important property of this operator is given in the next theorem (see [1], [28], [19]):
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14 B. Mourrain & V.Y. Pan

Theorem 2.2.1 The set of the eigenvalues of the linear operator M, is ezactly {a((y), - - ., a(Cq)}-

Proof. Let p(x) = []ccz(p)(a(x) — a(¢)). This polynomial vanishes on Z(I), so that
(according to the Nullstellensatz, see [8]) there exists d = d, € N such that p(x)¢ € I.
Consequently, we have
II M. —-a@D)?=0,
¢eZ2(I)
where I is the identity map and the minimal polynomial of M, divides [].c z (T —a(¢))?,

for indeterminate 7. This implies that an eigenvalue of M, is necessarily in the set
{a(¢1),---,a(Ca)}. On the other hand, we will show in theorem 2.4.1, by using duality,
that for any ¢ € Z(I), a({) is an eigenvalue of the transpose of M,. m|

The theorem reduces the nonlinear problem of solving a polynomial system of equations
to a well known problem of linear algebra. The reduction, however, involves the analysis of
the structure of A and the properties of the operators of multiplication, and this leads to
the study of the dual space, the multivariate Bezoutians, and structured matrices associated
with multivariate polynomials. This is needed, in particular, in order to express explicitly
the matrices of multiplication associated with the operator M,. (Such matrices are called
multiplication tables.) The main difficulties stem from the requirement to work modulo
the ideal I, and the dual space, Bezoutians, and structured matrices are effective tools for
handling this nontrivial problem.

Definition 2.2.2 Hereafter, N denotes the set of nonnegative integers, and we fix a subset
E C N*, such that (x*)acg 45 a basis of A.

2.3 Dual space
Let R denote the dual of the C-vector space R, that is, the space of linear forms
A:R — C
p = Al

(R will be the primal space for }/i) The evaluation at a fized point ( is a well-known example
of such a linear form:

1<:R g (C
p = pQ)

Another class of linear forms is obtained by using differential operators. Namely, for any
a= (a1,...,a,) € N*, consider the map

0:R — C
P @) () ()0, (12

i=1 Qi+
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Multivariate polynomials, duality and structured matrices 15

where d,, is the derivative with respect to the variable z;. We denote this linear form
0* = (01)* ---(0,)* and for any (a1,...,a,) € N* (b,...,b,) € N* observe that

1if W,a,' = bi,
| I, a! (Hx ) { 0 otherwise.

It immediately follows that (02)aen» is the dual basis of the primal monomial basis. By
applying Taylor’s expansion formula at 0, we decompose any linear form A € R as

A=) Akx

acN™

Themap A — ), -yn A(x*) 0 defines a one-to-one correspondence between the set of linear
forms A and the set C[[01,...0,]] = C[[0]] = {D_.cnn 2a0r" ---0an } of formal power series
(f.p-s.) in the variables 01, ..., 0.

Hereafter, we will identify R with C[[01,---,04]]- The evaluation at 0 corresponds to
the constant 1, under this definition. It will also be denoted 15 = 8°.

Example
(14020)(1 + 221 x5 + 1023 25) = 11.

Let us next examine the structure of the dual space. We can multiply a linear form by a
polynomial (we say that Risan R- module) as follows. For any p € R and \ € R, we define
p*A as

pxA:R — C
qg — Alpg).

What kind of operation does this multiplication induces on the formal power series represen-
tation? For any pair of elements p € R and d € N, d > 1, we have

(de)" (@:p)(0) = (de)*™ (p+ 2: de.p) (0)
= (@) (2dei(0) + 21 () () (0)

= d(de)" (0)(0) + z: (da)? (p)(0)
= d(ds,)" " p(0).

Also we surely have d, (z; p)(0) = d p(0). Consequently, for any pair of elements p € R,d =
(dy,...,dn) € N*, where d; # 0 for a fixed i, we obtain that

wix'(p) = 8(ip)
o -0y P TN - 0 (),
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16 B. Mourrain & V.Y. Pan

that is, z; acts as the inverse of 9; in C[[0]]. This is the reason why in the literature such a
representation is referred to as the inverse systems (see, for instance, [18]). If d; = 0, then
x; x 3%(p) = 0, which allows us to redefine the product p x A as follows:

Proposition 2.3.1 For any p,q € R and any A(9) € C[[9]], we have
p*Ag) = Apg) = w1 (p(07) A(D))(9)-
Example

(1402 3y)(z1 + 2232 + 1023 15)
o1 82(]. + 22122 + 10.’1)? l‘z) =2.

(21 % (L4 0] 3)) (1 + 221 22 + 1027 22)

For any linear form A € ]/%, hereafter, let

~

xa:R — R
r = rxA

denote the operator of multiplication by A, from R to R.

2.4 The dual of the quotient algebra

Now, let A be the dual space of A. It is possible to identify the set A with the elements of
R that vanish on I. Thus, the set A will be also denoted A = I*. Now, for any element

a € A, we can describe the transposed operator ./\/la.

M A

A -
A = axA=AoM,.

The matrix associated to this operator is the transpose of the matrix associated to the
matrix M,.

We have already described the eigenvalues of this operator in theorem 2.2.1 and will give
now a description of its eigenvectors (see [19], [28]):

Theorem 2.4.1 The common eigenvectors of the operators MZ, fora € A, are (up to a
scalar factor) the evaluations 1¢,,...,1¢,, where 1. : p — p(().

Proof. For any pair of polynomials a,b € R and any (; € Z(I), we have
—t
Ma(lCi)(b) = 1Ci (a b) = a(Ci) ]'Ci(b)v

that is, mZ(lg) = a((;) 1¢;. Moreover, 1, is in A, because (; is a common root of the

polynomials in I. Then, for any a € R, 1¢, is an eigenvector of MZ associated with the
eigenvalue a((;).
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Multivariate polynomials, duality and structured matrices 17

Conversely, let us prove that the common eigenvectors of (M$, )i=1,...,n are (up to a scalar
factor) exactly 1¢,,...,1¢,. Let A € A be a non-zero common eigenvector of (ﬂ;i)izl,,,,,n

for the eigenvalues (;)i=1,....n: s * A —~; A = 0. Then, for any monomial x* of R, we have
@ % A(x¥) = Az, x¥) = 1 A(X).

By induction, this implies that A(x*) = v* A(1). In other words, A = A(1)1,, where
¥ = (71,---,7n) € C* and 1, € R is the evaluation at 7. As A € A = I, we have
A(p) = A1)1,(p) = A1) p(y) = 0, for any p € I, which implies that v € Z(I). m|

Both theorems 2.2.1 and 2.4.1 reduce the solution of a polynomial system to matrix
eigenproblem, but theorem 2.4.1 has an advantage compared to theorem 2.2.1: Fach eigen-
vector of an operator ﬂz defines all the coordinates of a root (whereas each eigenvalue of
M, defines only one coordinate or the inner product of the vector of a root by a fixed vector
defined by a € A). Indeed, the evaluations 1., at the roots (; € Z(I) are eigenvectors of

WZ From these evaluations 1¢;, we can recover the coordinates (; ; = 1¢,(z;) of the root
1;,. We will make this remark more precise in section 3.1.

2.5 Quasi-Toeplitz and quasi-Hankel matrices

Definition 2.5.1 Let E and F be two finite subsets of N* and let M = (Ma,8)acE ger be
a matriz whose rows are indexed by the elements of E and columns by the elements of F'.
Let e; be the i-th canonical vector of N*.

e M is an (E, F) quasi-Toeplitz matriz iff, for alla € E, 3 € F, the entries mqg = to_p
depend only on o — 3, that is, if for every i = 1,...,n, we have Maye, re, = Ma,g,
provided that a,a +e; € E; 3,8+ ¢, € F; such a matriz M is associated with the
polynomial Ty (X) = 3 ycppp tu X"

e M is an (E, F) quasi-Hankel matriz iff, for all o € E, 3 € F, the entries ma,g = hayg
depend only on o + 3, that is, if for every i = 1,...,n, we have Ma—, gte, = Ma,p
provided that a,a —e; € E; 3,8 +¢e; € F; such a matriz M is associated with the
Laurent polynomial Hy(0) = ) cp g hu0".

Such matrices have also been studied under the name of Multileveled Toeplitz matrices when
the sets E and F are rectangular (see e.g. [29]).

If we work with the Laurent polynomials, these definitions can be immediately extended
to subsets E, F' of Z™, 7Z denoting the set of all integers.

For E=[0,...,h—1]and F = [0,..., k—1], definition 2.5.1 turns into the usual definition
of h x k Hankel (resp. Toeplitz) matrices (see sections 1.1 and 1.2).
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18 B. Mourrain & V.Y. Pan

Definition 2.5.2 Let g : L — L be the projection map such that
Te(x%) =x

if o € E and mg(x*) = 0 otherwise. We also let g : C[[0]] — C[[9]] denote the projection
map such that Tg(0%) = 0% is a € E and mg(0%) = 0 otherwise.

We can describe the quasi-Toeplitz and quasi-Hankel operators in terms of polynomial
multiplication (see [21], [20]).

Proposition 2.5.3 The matrix M is an (E,F) quasi-Toeplitz (resp. an (E,F) quasi-
Hankel) matriz, if and only if it is the matriz of the operator g o Mr,, o g (Tesp.
TE O XHuy ©OTF)-

Proof. We will give a proof only for an (E, F') quasi-Toeplitz matrix M = (Ma g)acE peF-
(The proof is similar for a quasi-Hankel matrix.) The associated polynomial is T (x) =
Y ucpyp tux®. For any vector v = [v3] € CF, let v(x) denote the polynomial v(x) =
Y ser vsx”. Then

Tu(x)v(x) = Z x"P t, v
ueE+F,BeF
= X x| D tapus)
a=u+pBEE+2F BEF

where we assume that vg =0if ug E+ F, t, =0if u ¢ E 4+ F. Therefore, for a € E, the

coefficient of x equals
D tapva =Y Magus,
BEF BEF

which is precisely the coefficient o of Mv. m|

Due to proposition 2.5.3, multiplication of an (E, F') quasi-Toeplitz (resp. quasi-Hankel)
matrix by a vector v = [vg] € CI' reduces to (Laurent’s) polynomial multiplication.

Algorithm 2.5.1 To multiply the (E, F) quasi-Toeplitz (resp. quasi-Hankel) matriz M =
(Ma,g)ace,ser by a vector v = [vg] € CF, multiply the polynomial Tay = Y cpyp tu X"
(resp. Hu(0) = Yuep_phud®) by v(x) = Y 5cp vax? (resp. v(07') = Ygep v3077)
and project the product on x* (resp. 9% ).

Hereafter, Cpojaru:(E, F) denotes the number of arithmetic operations required to mul-
tiply a polynomial with a support in E by a polynomial with a support in F. (We will
estimate Cpoinuit(E,F) in appendix B.) Algorithm 2.5.1 can be performed by using
Cpoimut(E + F, F), resp. Cpoinut(E — F,—F), ops. According to the estimates of the
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Multivariate polynomials, duality and structured matrices 19

appendix B, this means O(N log” N 4 Cys,n) ops, where N = |E — 2 F] (resp. | E + 2F])
and where Cy,y bounds the cost of evaluating the polynomial Hys (resp. Ths) on a fixed
set of N points.

The displacement rank analysis can also be generalized to the multivariate case. Instead
of the well-known displacement matrices

[ T 0
1

Z=1| o
0-cvv-- 0 1 0

and Z*, we use the following operators (one per variable):
2P =y Mo, (13)

and
Zf‘i =TE ./\/lz_—17rE, (14)

respectively. The displacement rank (that is, the rank of the matrix obtained by applying
the displacement operator of the matrix) is bounded by the sum of the sizes of the boundary
of E and F in the direction i (see [21], [20]).

Example Let the sets E and F' correspond to the set of the monomials in z;, x5 graphically
represented as follows:

o O o

Then the displacement rank is less than 2 x 2 = 4, in the direction x; and is less than
2 x 5 =10 in the direction z».

In other words, the flatter the sets E' and F' in a fixed direction, the smaller the displace-
ment rank in this direction.

IftE=F={(o,...,0n) € N* ; 0 < a; <d; —1}, the displacement rank for the
operator associated to Z; is 2 [];; d;.

2.6 Multivariate Bezoutians

In this section and in the next one, we will recall some basic definitions from the theories of
Bezoutians and algebraic residues (compare the special univariate cases of sections 1.3 and
1.5), referring the reader to [7], [10] for further details and to section 3 for some applications.

In addition to the vector of variables x, consider the vector y = (y1,...,%,) and
write x(© = x, x(V) = (y1,22,...,2,), ..., x(® = y. For a polynomial ¢ € R, define
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20 B. Mourrain & V.Y. Pan

<)o (xi=D) . . .. .
0:(q) = w, the discrete differentiation of q. For a sequence of n + 1 polynomials

Yi—Ti

q,p1,---,Pn € R, construct the following polynomial in x and y:
q(x)  6i(g) -+ 6n(e)
0,(q) = 0, p = det : : : = Z 0% x*y”, (15)
pn(x) 01 (pn) T an(pn) @p

where det(A) denotes the determinant of a matrix A, p = (p1,-..,pn), and « and 3 vary in
fixed ranges. This polynomial of C[x,y] is called the Bezoutian of g, p1,...,pn. It defines a
map @,

~

¢ p:R —- R
A = ) 0EE X AYP).
a’ﬂ
Using the representation of A as a formal power series in 04, ..., 0,, we obtain the value of

®,.-(A(9)) by computing the term free of 91, ...,9, in the product
0,.p(x,07HA(D).

This construction extends the construction of section 1.3 to the multivariate case. The
matrix of the map @, in the monomial basis is the matrix of the coefficients [07 ,].
If (x*)ack is a basis of A, then for any ¢ in R, the polynomial ©4(g) can be rewritten

Op(q) = Z B x%yP. (16)
a,BEE

as

This polynomial is obtained from (15) by reducing ©,,, modulo I.
To simplify the notation, we will write BZ’ 8 dropping the superscript p for a fixed ideal

(p)-

Example Let n =2,
— 2 2 2
P =21 +2xam1 — 21 — 1,p2 =217 + 22" — 871,

Then we have

Op(1) = T1m9 + 2227 + (=21 +y2) T1 + (1 + 292 — 1) 72
2912 + 1y + 1691 —uo
= 5w1:c2+(y2—2y1+14)x1+(2y2+y1—1)x2 (17)

+5y1y2 —yo + 14y, — 4.
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Definition 2.6.1 The matriz

By,p = [B}lasek, (18)
associated to the polynomial ©p(q) of (16), is called the Bezoutian matrix or the Bezoutian
of ¢,p. This is the matriz of the map

[ A - A
A — Z B! 5 x*A(y?)
a,fEE

in the monomial basis (X%)acr and its dual. When p is fived, we will write B, and 9,
instead of By p and @4 .

Example (continued) The matrix of B; in the basis (1,1, 22,21 22) of A = Clz1,22]/(p1,D2)
is

—4 14 -1 5
4 -2 1 0
By =
-1 1 2 0
5 0 0 0

The rows of this matrix are filled with the coefficients of the monomials in z1,z, in (18). It
is a symmetric matrix, which is a property of the Bezoutians.

2.7 Bezoutians and algebraic residues

We will next define the residue and recall some fundamental properties of the multivariate
Bezoutians and residues, to end with some correlations between primal and dual multipli-
cation tables in the next section.

Definition 2.7.1 The residue of p = (p1,...,Pn) s the unique linear form 7 in the set of
linear forms on R such that

1. 7 vanishes on (p),

2. &, (1) — 1€ (p).

This definition extends the characterization of the residue of proposition 1.5.2, we gave
in the univariate case, except that we now consider all polynomials modulo the ideal (p), in
particular, ®,(g) is modulo (p). This is not a constructive definition; we prove the existence
of 7 but give no general recipe for computing 7 yet.

Consider the decomposition ©1p, = -, 3¢5 Bl 5x*y? and let us write wo(y) =

Y seE B}xﬂyﬂ, so that

O1p= Z x* wy(y).

acE
Then we have the following property:
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Proposition 2.7.2 The set (Wo)ack s the dual basis of (x) for 7:

o [ lifa=p
T(x% wp) = { 0 otherwise.
Example (continued) The residue is defined on (1, z1, 22,1 22) by
1
(1) =7(21) = 7(x2) =0, 7(z122) = 3

and vanishes on all multiples of p;, p2. According to (18), the dual basis of (1, z1, z2, 1 Z2)
is

Wi =5y1y2_y2+14y1 _47 Wz, = Y2 _2y1+147 Wi, =2y2+y1 _17 Wzizo =5.

Again, we are going to study the properties of the dual basis but do not give yet any
algorithm for actually computing this basis. According to proposition 2.7.2, for any a € A,

we have the relations
a= ZT(axo‘)waE ZT(GWQ)XQ‘ (19)
a€E a€E
We also have the following simple but fundamental property ([7], [10]):
O1p =D X Wa(y) = ) Wa(x)y* mod (p(x),p(y)), (20)
aclE aclE

which shows that B; is a symmetric matrix.
Moreover, we recall from [7], [10] that for any polynomial ¢ € R we have

G')q,p = el,p(x7Y) Q(X) = ®1,p(X7Y) Q(Y) mod (p(x)vp(Y)) (21)

In particular, we set ¢(x) = z; for ¢ = 1,...,n, and for any pair, ¢ and 5, of distinct roots
of the polynomial system p =0, we set x =, y = n € Z(I) and deduce that

O1,p(¢,n) = 0. (22)

If { =, then O1,5(¢,n) = Jp({), where J, = (Op;/0z;) is the Jacobian of p.

2.8 Bezoutians and multiplication tables in primal and dual bases

The notion of dual basis (for 7), defined in the previous section, should not be confused with
the following notion of dual basis in the dual space A:

Definition 2.8.1 Given a basis (b;)i=1,...p of A, let (l;;)l':l’___’D denote the dual basis of
(b:), that is, the basis set of linear forms in R that compute the coefficients of any a € A in
the primal basis.
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The next proposition relates the map @, of definition 2.6.1 with ¢ = a, to the trans-
formations between the primal bases (x*) and (w,) and their dual bases (x®) and (W),
respectively.

Proposition 2.8.2 The matriz of the map ®, of definition 2.6.1,
1. from the basis (X%) of A to the basis (x*) of A is B, = (T(a W4 wg)),

2. from the basis (Wy) to the basis (wo) is H, = (T(ax* xP)).

Proof. According to proposition 2.7.2, the coordinates of 5(1(;(5 ) in the basis (x*),cr are
given by
(04 (xP) wy).

The identities (21) and (20) imply that O (a) = a(x)Op(1), and &,(xP) = a Ty (xP) = a wp.
Therefore, . .
T(®e (%P ) wyo) = 7(a B (xP) wy) = T(aw, wg3).

In other words, we have Bj ; = 7(®4(xP) W4). This proves the first part of the proposition.
The coordinates of $Q(V/V\g> in the basis (W )acr are given by

(8o (Wp)x7).
According to the identities (21) and (20), we also have
7(Ba(Wp) x*) = 7(a 81(W5) x%) = 7(ax*x7),
which proves the second part of the proposition. O

Now, we deduce some simple correlations between multiplication tables in the bases (x*)
and (wy).

Definition 2.8.3 For any a in A, let M, = (Mgﬂ) denote the matriz of the map M, in

the basis (x*) and let No = (N§ 5)a,peE denote its matriz in the basis (W ).

Example (continued) The matrix of multiplication by z; in the basis (1,21, 22, 1 22)
of A= Clzy,x2]/(p1,p2) is

0 1 0 -
Mo |1 10 -2
Tl — 1
! 0 0 0 1%
0 21 %

Proposition 2.8.4 The matrix N, of multiplication by a in A, in the basis (W), is the
transpose MY of the matriz M, of multiplication by a in A, in the basis (x*).
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Proof. For any a € E, we have

bx? =) Mysx7, bwg =) Ny pw,,

yeEE YEE
and
Mg 5= T(bxP w,),
Ng 5 =T1(ax®wg).
Therefore, N, = M;. m|

The proposition also implies that the matrix of the transposed map MZ in the dual basis
(x%) of (W) is M,.
2.9 Multivariate Vandermonde matrices

Vandermonde matrices can also be generalized to the multivariate case, in the following way.

Definition 2.9.1 For a set (x*)oce of D monomials and a set £ = (&1,...,€p) of D points
of C*, define the Vandermonde matriz of £ on E by

Ve(§) = [&']i=1,...,D,acE-

The rows of this matriz are the vectors [X*|aecp of monomials evaluated at points & (for
i=1,...,D).

VEe(€) is the matrix of the coefficients (of (0%)ack) in the f.p.s. representing the evalua-
tions 1¢; at the points &;.

Algorithm 2.9.1 Multiply the Vandermonde matriz Ve (§) by a vector (resp. solve a linear
system Vg (§)v = w) by means of multipoint evaluation of a multivariate polynomial (resp.
multivariate polynomial interpolation).

See [5], for a record (asymptotic) bound on the number of arithmetic operations. Certain
simplification of the algorithm of [5] can be obtained by using Tellegen’s theorem B.2.1 of
appendix B.

2.10 Relations between Hankel and Bezoutian matrices

Motivated by applications of matrix computations to the solution of polynomial systems,
we are particularly interested in studying multiplication tables (see theorems 2.2.1, 2.4.1).

Definition 2.10.1 For any A in X, let Hy denote the quasi-Hankel matrix of residues,
Hi = (AG*))a per.

For any element a in A, we will also write H, = Hyy,, where T is the residue of p.
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Let us extend corollary 1.5.4, by relating the Bezoutian B; with the quasi-Hankel matrix
of residues H;.

Theorem 2.10.2 The inverse of Hy is B;.
Proof. By definition, w,(x) = EﬁeE B;ﬁ x?. Therefore, by using proposition 2.7.2, we

obtain that
T(Wa x7) = Z Biw T(x7+P)
YEE

equals 1 if @ = 3 and is 0 otherwise. This is precisely the coefficient (a,3) of the matrix
By H;. Thus, we have

B, H, =1p,
where I p is the D x D identity matrix. O
Example (continued). We have
(1) =7(z1) = 7(22) =0,
1 2 2 12 398
T(z122) = 377(559 = —377(55%) = 577(37%552) = 2—577(95%553) 2577(37%953) 195’
and )
0 o 1
0o -t b g
m=1 1 2 _bn
5 5 25
1 29 _12 _ 398
5 25 25 125

The polynomial associated to this quasi-Hankel matrix is

1 2 2 29 12 . 398
P=—-010y— 0%+ 202 + =020, — — 8,02 — ——9292.
52T 5T 5T 55010 — 550 T 1551
The coordinates of the vector [1,0,—1,0]7H; are the coefficients of 1,0;,02,0:102 in the
product:

1-ohP=

1 . 543
20,20, — 8, — 20, — ?aﬁ’ + ?73281 +28,% +

25

5 12 398 _ .
850,% — 5 8501 — 25 850,

which yields the vector [0, —1, —2, %] We may verify that H; is the inverse of the Bezoutian
B; of the example of section 2.6.
The matrices By and H; express the transformation from the basis (x*) to the dual basis

(Wa)aeEi
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Proposition 2.10.3 For any a € A, if v is the coordinate vector of a in the monomial
basis (x*)acr and w is the coordinate vector of a in the dual basis (Wa)ack, then we have

v=Biw, w=H;v.
Let us relate the matrices above to multiplication tables (see section 2.8).
Proposition 2.10.4 For any linear form A € A and any a € A, we have
Hyn = MjHy = HyM,, (23)
where M, is the matriz of definition 2.8.8. In particular, we have
H, = H M,=M;H. (24)
Proof. For any pair a,p € R, we define the operator

Xaxa(p) = px(axA)=apxA=xa(ap)
*x(p*xA) = axxa(p)-

Therefore, the operator Yqxa can be decomposed as
XaxA = XA oM, = MZ O XA-
In terms of matrices, this yields the following relation

Hoypn = MIH) = Hy M,.

O
A similar relation is also valid for the Bezoutian matrices (see definition 2.6.1):
Theorem 2.10.5 For any a € A, we have
B, = By M = M, B,. (25)

Proof. According to (21), in terms of operators (see definition 2.6.1 with ¢ = ¢) we have
that VA € A,

Bu(A) = D Bisx ALY
a,feE
= a(x) Y B sx"AY?) =a(x) 81 (A)
a,fEE
= 3 BLyx"Ala(y)y®) = Bi(axA).
a,feE
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Thus, we can decompose the map ®, as

——t

P, =M,0% =B 0 M

a*

In terms of matrices, this implies (25). m|

According to proposition 2.10.3, the theorem can be also reformulated as follows: For
any a and b € A, let v be the coordinate vector of b in (Wo)acr. Then the coordinate vector
of ab in the monomial basis (X*)acE 15 BaV.

We will use the relations (25) and (24) in section 3, in order to transform the eigenproblem
of sections 2.2 and 2.3 into a generalized structured eigenproblem (see in particular our
demonstration in section 3.1.2).

Proposition 2.10.6 Ifab=1 in A, then
B, H,=ByH, =1p.
Proof. According to (25), we have
B.H, = By M M} Hi B, H, = Ip,

for M, My = M, = I p. Similarly, we deduce that By H, = Ip. O

Proposition 2.10.7 For any a € A, we have the relations
e B, =By H, By,
e H,=H, B, H;.
Proof. According to (25) and (24) and proposition 2.10.2, we have
B, =B M* and M!=H,H;'=H,B;,

which implies the first relation of this proposition. The other relation is obtained by invert-
ing the first one and applying proposition 2.10.6. O

2.11 Relations with Vandermonde matrices, in the case of simple
roots

Let us assume that the roots ¢ € Z are simple. Then J,((;) # 0, where J, = (g;’j) is the

Jacobian of p = (p1,...,Pn)-

Let Vg(Z) be the Vandermonde matrix, defined in section 2.9. We recall that for any
vector v = [vg]ack, the product Vg(Z)v is the vector [v((1),-..,v({p)] of evaluations of
the polynomial v(x) = >~ va x* at the roots {; € Z(I).
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Proposition 2.11.1 For any polynomial a € R, we have

B, = Vg(2)" diag(a(G1) Jp(Cr), .- -, a(Cp) Jp(Cn)) VE(2) ",

where diag(l1,...,lp) represents the D x D diagonal matriz, with the diagonal entries
ll, ey lD.

Proof. As the rows of Vg(Z) are given by the values of the monomial vector [x*] at the
roots ¢; € Z(I), the matrix Vg(Z2) B, VE(Z) is the matrix

[©a,p(Gi, G)lirj=1,....D-

According to equation (22), we have 0, 5(¢,n) = O4p({,n) =0if { # 7.
If n = ¢, then, by construction, O, p(a)(¢, () = a(¢) Jp(¢). Consequently,
(01,p(¢i, ¢5)) is the diagonal matrix

diag (a(C1) Jp(C1),---,a(Cp) Jp(CD)) -

Corollary 2.11.2 If the roots of the system p = 0 are simple, then

1 1
(€)" Jp(¢p)

Proof. We have B; = Vg(2)~! diag (Jp(¢1),---, Jp(Cp)) VE(Z) ™, according to proposition
2.11.1, and we deduce from theorem 2.10.2 that

Hy = Vg(2)! diag < 7 ) Ve (Z2).

1 1
(@) Tp(lp)

H, = B]' = Vp(2)'diag (J ) VE(Z).
P

If we substitute these relations into (25), we obtain the following property:
Corollary 2.11.3 If the roots of the system p = 0 are simple, then
M, = V' (Z)diag (a(¢), - -, a(Ca)) Ve (2)- (26)
According to theorem 2.10.5, we have H, = Hy; M,, which yields:

Corollary 2.11.4 If the roots of the system p = 0 are simple, then

H, = Vg(Z)'diag (f,,((%)) e ;,,((%D))

) Ve(Z). (27)
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2.12 Relations between Bezoutians and idempotents

As in section 2.11, we still assume that the roots ( € Z are simple and denote by J be the
Jacobian of p. For any ¢ € Z, J(¢) # 0.

Proposition 2.12.1 If the roots of the system p = 0 are simple, then the vectors

ec = O1,p(x,¢), € Z,

1
70
form a basis, consisting of orthogonal idempotents of A, whose sum equals 1, that is, eg = e,
ece, =0 if (#m, and Yo czyec = 1.

Proof. According to the equation (21), for any ¢ € R and for any ¢ € Z(I), we have

O1,p(x, () 4(x) = O1,p(x, () 4(¢)

in the quotient ring B. Therefore,

91,P(X7 C) ®l,p(xv C) = J(C)@l,p(xv C)v

and e; = ﬁ ©1,p(x,¢) = € is an idempotent (J(¢) # 0, assuming all roots of the system
p = 0 are simple). Moreover, according to (22), we have

91,p(xa C) @LP(X, 77) = el,p(X7 C)el,P(Cv 77) = 07

for any pair of distinct roots {,n € Z(I), which shows that e; e, = 0 unless { = 7. We
recall from the definition of the residue 7 and from the Euler-Jacobi identity (cf. [10]) that

O1p(r) = 1 (by definition 2.7.1)
1
= Z 5] 01,p(x,() = Z e¢ (by the Euler—Jacobi identity).
ez 10 (e

This shows that the sum of the idempotents equals 1 in .4, and thus they form a basis of A
(which is of dimension D). O

Now let us recover the root ¢ from the idempotent e;. By definition, we have

1 1 .
€= m@)l,p(x,o = 700 Z x Z B}x,g ¢,

a€FE B

so that the coordinate vector [e¢] of e, in the basis (x*)ack is

1 o
lec] = mBl [€*]acE-

Equivalently, we have
[(“Jace = J(C) Hi [ec]. (28)
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Corollary 2.12.2 The coordinates of e; in the dual basis (Wo) are ﬁ[(a]

Algorithm 2.12.1 Recover the root { from the idempotent vector e¢, by means of its mul-
tiplication by the quasi-Hankel matriz Hy and computing the ratios of the coordinates of the
resulting vector.

Let us estimate the cost of performing the algorithm. If v = Hile;] = ﬁ[@a]ae B

= [v1, Vgyy--- 3 V> Vg2 - .], then the i-th coordinate of ( is
_ Vg
G=—.
%1

Thus, the roots can be computed from the idempotent e; in at most Cpoiaruit(E, 2E) ops,
by using algorithm 2.5.1 applied for F' = 2F.

3 Applications

In this section, we exploit the properties of and the relations between structured matrices
in order to devise algorithms for solving polynomial systems of equations. First we focus on
structured generalized eigenproblem, involving quasi-Hankel and Bezoutian matrices. Then
we consider quasi-Toeplitz matrices that generalize the Sylvester matrices. They are used
for computing a basis (x*).cr of A, the multiplication tables, and the first coefficients of
the dual basis of (x*),ck, for generic input. Using the machinery of the previous section
enables us to yield better insight into the subject and simplify substantially the proofs of
some known fundamental results. Finally, we focus on iterative methods converging to
idempotents and based on using quasi-Hankel matrices and on application of structured
matrices to counting distinct roots and real roots of a polynomial system. In this part, we
improve dramatically the known computational complexity estimates, though the algorithms
are proposed in preliminary form and require further elaboration for their implementation.

3.1 Reduction of solving a polynomial system to matrix eigenprob-
lems

Let us restate theorem 2.2.1 and 2.4.1 in terms of matrices rather than their associated
operators. For a fixed element a € A, we consider the operator of multiplication by a :

M, A — A

b — ab,

whose matrix in the monomial basis (X*)nc g is denoted M,. The transposed operator from
A to A is defined by the map:
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and its matrix in the dual basis is M. We have the following theorem, whose first two parts
restate theorems 2.2.1 and 2.4.1 in terms of matrices (see [1], [19]):

Theorem 3.1.1

1. The eigenvalues of the matrices of the linear operators M, and M} are {a((y), ---,

a(Ca)}-

2. The common eigenvectors of the matrices (M} )i=1,....n are (up to a scalar) [(¥]acE.

i

3. If n = m, then the common eigenvectors of the matrices (My,)i=1,...n are (up to a
scalar factor) J(x)ei, ..., J(x)eq, where J(x) is the Jacobian of p1,...,pn, and €;
are the idempotents associated with the roots.

Part 1 amounts to theorem 2.2.1. Part 2 is deduced from theorem 2.4.1: the coordinates
of the evaluation 1, at the root ¢; in the dual basis of (x*)ock are precisely [({]acr. The
third part is proved in [10].

As a consequence of theorem 3.1.1, we may compute easily the roots ; from the eigen-
vectors of M7, as in algorithm 2.12.1:

Proposition 3.1.2 If (x*)ace = (1,21,...,%n,...) contains the monomials 1,21,...,2,
and if V= [Va]acE = V1,V -, V2, ,--.,) 15 a common vector of (My,)i=1,....n, then
= (%m on
(U1 o )

is a root of p = 0.

Algorithm 3.1.1 Compute the roots of the polynomial system p = 0 as the scaled common
eigenvectors of the matrices MY for a € R.

The structure of these multiplication matrices is not easy to analyze directly, however.
Thus, we will multiply the matrices M} by two fixed invertible matrices A and B in order to
transform the problem into an equivalent generalized eigenproblem, (AM!B—AAB)v =0,
where the structure can be explicitly exploited. We will give some examples of such a
reduction involving structured matrices.

3.1.1 Reduction by using Hankel matrices
According to (23), for any A € A and any a € R, we have

Huupn = MEH,y,

so that solving the eigenproblem (H,n — AHA)v = 0 yields the eigenvector Hp v of MFE.
Let us next exploit this matrix equation:
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Algorithm 3.1.2 Assume that we have a normal form algorithm Nf that projects R onto

(x*Yack along I, that is, computes the unique element of (x*}ocr in the same class modulo
I.

Fiz two exponents o,y € E. Then proceed as follows:

1. For all monomials x**P with o, € E, compute in the normal form Nf(x**F) of
x*th:
e the coefficient of x*°, which we denote ao(x*+7),

e the coefficient of x®1, which we denote o (x*1P).
2. Construct the two quasi-Hankel matrices:

o Hyy = (00(x**#))a,peE,
4 PIL,1 = (0’1(Xa+’6))a’ﬁeE.

3. Solve the generalized eigenvector problem:

(Hy, — AH,,)v = 0. (29)

The linear form that computes the coefficient of x* in A (for any o € E) isp — 7(wy p) =
Wq * 7(p). Thus, we have
H,, = M:va Hy,

for 1 = 0,1. Therefore, if v is a generalized eigenvector of (29), then ¥ = H;v is a general-
ized eigenvector of (M",i,m1 - )\M‘f“o )v = 0, and the corresponding eigenvalue is X:;Eg (if
Wa, (€) # 0) for one of the roots ¢ € Z(I).

According to theorem 3.1.1, the common eigenvectors of M:fval - )\M"jvao for all pairs

ag,01 € E are the multiples of the vectors [(*|ocr for ( € Z(I). The roots ( are easily
computed from these vectors, by using algorithm 3.1.1.

Example (continued) Suppose that we have computed the following normal forms in
the basis (1,21, %2, 21 x2) of A = Clz1,x2]/(p1,p2):

Nf(l) = ].,Nf(.’l)'l) = $17Nf($2> = Z'Q,Nf(l'll'g) =19,
Nf(x12) =142 — 2x1m2,Nf(x22) =—-14+721 + 22122,

14 12:[:1 D) 291’1.’1}2 2 7 6£L’1 2.(82 121’11’2
Nf N=— >2 NE . _ ’
(2221%) 5 5ty Ty Mmm) =g+t 5
198 209z, 1225 398z.»
2 2\ _ _
NE(z"02") = o + 55 25 25
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We choose the monomial x*° = z; x2 and x*' = x5, which yields the following matrices:

0 0 0 1 0 0 1 0
0o -2 1 2 000 1
Ho, = 12 » Hoy = 2 ’
o1 2 - 100 2
29 12 398 1 2 12
15 -5 —% 0 5 5 —2
and we obtain
-1 1 2
5 5 5
% 0O 0 O
H, H,'=
-2 14 _1 7
5 5 5
o 0o L o

We have 09 = Wo, *7 = (222 + 21 — 1) %7 and 0, = Wq, *7 = 57. Therefore, H,, = 5 Hy,
and H,, = Hyzy44, -1, SO that

H, H}'= M}

o %(2Z2+Z1—1)'
The first row of the latter matrix represents the polynomial %(2 x2 +x1 — 1), the second row

isxy X %(2 22+ 1 — 1), which is reduced to % in A. This implies that a:l_l =(2x2+x1—1).

3.1.2 Reduction by using Bezoutian matrices
The relations (24) on Bezoutians imply that
B, = By M}.

Algorithm 3.1.3 As in algorithm 3.1.2, assume that we have a normal form algorithm that
computes an element in A reduced modulo I.

1. Compute the polynomials O1,p and Oy, , and their normal forms in x and y.
2. Compute the matrices By and B, associated with these normal forms.

3. Solve the generalized eigenvector problem

(Ba, — ABy)v = 0.

The generalized eigenvector of the pencil (B,,, B1) yields immediately the eigenvectors
[(*]acE, and then we compute the coordinates of the roots (;, by using algorithm 3.1.1.
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Example (continued) The Bezoutian of z; is

0 -2 1 0 0 1 0 0
-2 12 0 5 1 1 0 -2
Bacl = and Bl_l le = M;’l =
1 0 00 0 0 0
4 12 1 29
0 5 00 -5 % 5 7

The first row of this matrix represents multiplication by z; in A, the second by #2, and so
on. The normalized matrix V of generalized eigenvectors is (with eight digit accuracy):

1.0 1.0 1.0 1.0
6.8200982  —0.19395427 4 0.205206881 —0.19395427 — 0.20520688i 0.36781361
—2.8367388 —0.61937124 — 1.38951991  —0.61937124 + 1.38951991  1.6754769
—19.346814  0.40526841 + 0.14240419 i 0.40526841 — 0.14240419i  0.61626304

The columns of this matrix are the vectors [(¢]ack for ¢; € Z(I). Thus, we immediately
deduce that the roots of p;(z1,z2) = pa(x1,22) = 0 are given by

G (2 3 Ca
6.8200982 | —0.19395427 + 0.205206881i | —0.19395427 — 0.205206881 | 0.36781361 |
—2.8367388 | —0.61937124 — 1.3895199i | —0.61937124 + 1.38951991 | 1.6754769

Then we check that V5 ;V3,; =V, fori=1,2,3,4.

3.2 Computing multiplication matrices and the dual space
3.2.1 Sylvester’s matrices

To understand multivariate case better, we will first revisit the construction of the well-
known Sylvester matrix in the univariate case.

Given two univariate polynomials, po = po,o + - + Do,de x% of degree dop and p; =
P10 + ..+ p1a, x4 of degree di, we will define the multiplication by py modulo p; by the
matrix of the map:

Mp, A — A
a = apo,
in the basis (1,...,2% 1) of A = Clz]/(p1)-
For this purpose, we introduce the Sylvester matrix S of py and p;, that is, the matrix

of the coefficients of the polynomials

di1—1 do—1
pg,xpo,...,xl p07p17$p17~~~7x0 yai
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in the monomial basis. The matrix S takes the following form:

do+d1
- di—1 do—1.
po - - Tl pro- - Ty
B T 3\
Do,0 0 D1,0 P1,1—do 1
(30)
0,d1—1 0,0 | P1,di—1  ~°* 1,d1—d di—1
D 1 D 1% 1 b 1 0 ™ >d0 +d1
Po,d, e Po,1 P1,dy crr DPldi—do+1
| Do,do+di—1 - Po,do 0 PLa plotdi—1

with the convention that pg; = 0if ¢ > dp, p1,; = 0if 7 < 0. Let Vy, V1, and V denote the vec-
tor spaces generated by the monomials {1,...,z471} {1,... 2% "1} and {1,... glotd1—1}
respectively. Then the Sylvester matrix is the matrix of the map
S: V() X Vl — YV
(90,91) = Pogo+p1ai,
in the corresponding monomial basis. The determinant of this (dy + d1) x (do + d1) matrix

is the resultant of py and p;.
For computing the matrix M, of the multiplication by py modulo p;, we have to reduce

the polynomials po, po, ..., 2% ~! po modulo p;, by subtracting some multiples of p;, to
obtain linear combinations of the monomial basis (1,...,z%71) of A. The partition of the
Sylvester matrix into four blocks as in (30),
v v
=7 wl

enables us to interpret these operations in terms of matrix operations and thus to analyze

the structure of the matrix of multiplication. The block Py = [ g ] represents the multiples

w
multiples of py by p1 consists in subtracting some linear combination of the columns of P,
from the columns of Py so that Z is replaced by a zero block. These operations on the
columns of the Sylvester matrix are given explicitly by the following formula:

U v I, 0] [U-vw-lz V
zZ W | -w1z 14 |~ 0 W

and we have the following property:

of pg, and the block P, = [ v ] represents the multiples of p;. Therefore, reducing the

Proposition 3.2.1 The matriz M,, of multiplication by po modulo p; in the monomial
basis (1,,...,x% 1) is the Schur complement of W in S:

My, =U-VW1Z.
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Note that the blocks U, V, W, and Z have Toeplitz structure, U and W are triangular,
and if dy < d; (resp. dop > di), then so is Z (resp. V) also. Thus, we have the following
algorithm:

Algorithm 3.2.1 Given three polynomials po,p1 and a of degrees dy,dy and less than di,
respectively, compute the coefficient vector of the polynomial apy mod py as the matriz-by-
vector product:

Mya=(U-VW™'2)a,
where a is the coefficient vectors of the polynomial a.

The computation reduces to multiplication of the Toeplitz matrices Z of size dy x d; and
U of size d1 x d; by the vector a, solving the triangular Toeplitz system

Wq=Za

of dy equations, multiplying the Toeplitz matrix V' by the solution q of this system, and
subtracting the vectors Vg from Us,.

With application of the algorithms of section B.1, one may perform algorithm 3.2.1 in
O(dlogd) ops, where d = max(dg, d1)-

We are going to extend this approach to the multivariate case. Let us mention some
of the main difficulties that are peculiar to the multivariate case but do not occur in the
univariate case:

e We lose the notion of the leading monomial of the highest degree.

e We have no natural monomial basis for representing the quotient modulo a set of
polynomials.

e When we homogenize the polynomials, we may introduce spurious solutions (at infin-
ity) to a polynomial system of equations.

For the latter reasons and many others, we need to restrict our study to the cases where we
may describe easily the structure of the matrices. These cases are the generic cases of two
types that we are going to describe.

3.2.2 The generic multivariate case

In order to generalize the Sylvester matrix construction to the multivariate case, we consider
n + 1 polynomials py, . .., p, and n+ 1 vector spaces Vg, ..., V, generated by the monomials
xfi = {x* a € F;}, where F; is the set of the exponents,

F; = {Bi1, B2, ---}-

INRIA



Multivariate polynomials, duality and structured matrices 37

Let V be a vector space containing all the monomials of the polynomials p; x” , for 3; € F;,
so that we can define the following map:

S: VX +xV, — V (31)
(@, rqn) — D Piti
=0

Let the matrix of the map S in the monomial basis of Vy x --- x V,, and V be also denoted
by S and take the form:

Yo V1 Vn
- ot ~ - ot ~ ——
x1
. . . (32)
V . xﬂﬂ,lpo e xﬂl‘lpl P Xﬁn‘lpn
b eutil
Let us decompose such a matrix S into blocks S = [Sy,. .., S,], where S; involves only the

coefficients of p;. The matrix S; is a submatrix of the matrix of multiplication by p;, defined
in section 2.5. More precisely, S; is the matrix of the map

TEF O Mpi OTE;.
Thus, it is a quasi- Toeplitz matrix.

Algorithm 3.2.2 To multiply the matriz S of (32) by a vector, compute the products p; g;
for all i and sum them together.

The complezity of this algorithm is bounded by Cpoinruie(Fo, F) + -+ -+
Cpoimuit(Frn, F) (due to using the algorithms of section B.1).

It is possible to consider the global matrix S as a quasi-Toeplitz matrix by adding a new
variable zo. The sum ) " p;¢; can be computed from the product of p = Y, p; 2§ by
Yoo dizy - Indeed, this sum is the coefficient of zf in the product. Let F” and F" be the
sets of the exponents of the monomials in z§ x and U x{ *x%%, respectively. Then the

matrix S is the matrix of the operator
Tpr 0o Mpompn.

Remark 2 We can extend easily the construction of the map S to the case where the number
of polynomials po, . .., pm 1s greater thann+1 (m > n).

Operators of this type have been extensively used in the literature, in order, for instance,
to define resultants (see [17], [30], [13]). Let us recall that the vanishing of the resultant is
the necessary and sufficient condition on the coefficients of the polynomials pg, - . ., pn, under
which these polynomials have a common root (in a projective variety X ). Two main examples
appear in the literature:
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e The classical case corresponds to X = P™, the projective space of dimension n. In
this case, the polynomials py,...,p, of degree dy,...,d, are homogenized, and the
vanishing of the resultant gives a necessary and sufficient condition on their coeflicients
under which the homogenized polynomials have a common zero in P™. This case is
referred to as Macaulay case (see [17]).

e In the second case, the variety X = 7 is a toric variety, and the map S is used to
define the toric resultant of the polynomials pg,...,p,. The polynomials can also
be homogenized in a toric sense, and the resultant gives a necessary and sufficient
condition on their coefficients under which the toric-homogenized polynomials have a
common zero in the toric variety 7 (see [13]). We refer to this case as the toric case.

Let us describe more carefully the monomials with exponents in F; used in the construction
of S.

The Macaulay case Let us fix integers dy,...,d,, and v = dy + - - - + d,, — n. For any
d € N, let R; denote the set of polynomials of degree not greater than d. Let pg,...,p,
be polynomials of degree dy,...,d, respectively. To construct the map S that yields the
resultant of these polynomials, we follow Macaulay’s work and choose V; = R,_4,, V = R,,
so that we define the map

S:R,,_do X'-'XRV_dn — R,,

(QO7---7Qn> = sz'(h-

=0

The toric case In this case, we replace the constraints on the degree of the polynomials
by the constraints on the support of the polynomials p; (that is, the set of the exponents of
the monomials with non-zero coefficients in p;). Let Cy,...,C, be polytopes in Z~ and let
Do, ---,Pn € L be Laurent’s polynomials, whose supports are in Cy,...,C,, respectively. In
order to construct the map S that yields the toric resultant, we fix (at random) a direction
6 € Q. For any polytope C, let C® denote the polytope obtained from C, by removing its
facets whose normals have positive inner products with ¢ (see [4],[23]). For F; = (3_;_, C;)°

and F = (3°; C;)°, we define the map
S (xFo) x - ox (xF)

(90,---,qn) = ZpiQi~

!
"

Many other examples of this type can be obtained by means of convenient choices of the
vector spaces Vo, ..., Vn, and V. We are going to examine the properties of these maps in
the generic cases.
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Definition 3.2.2 A property is generically true in the Macaulay case (or in the toric case),
if this property is true for an (algebraically) open subset of the set of all possible values of the
coefficients, according to the constraints on the degree (or on the support) of the polynomials.

Given polynomials py, ..., pn, we will compute from the matrix S:
e a basis (X%)acg of the quotient A = R/(p1,...,Pn);

e the table of multiplication by a polynomial pg in A, from the matrix S (note that the
matrix S of S is not anymore a square matrix, so that we have to choose a submatrix
of S in order to compute the matrix M,,),

e the dual basis of the monomial basis (x*).cr of A.

These constructions will be valid for generic values of the coefficients of py,...,p, but
may fail for specific values of these coefficients. A more sophisticated method, described in
[19], circumvents this difficulty by the compression of pencils of matrices.

3.2.3 A basisof A

First, we will define a subset Ey of exponents such that x° is generically a basis of A =
R/(p1,-..,pn). For that purpose, we choose pp = wg + u1 21 + - + Up T, (Or po = ug +
UL XL+ + Up Ty +U_1 xl_l +---u_,x;! in the toric case), where u; are parameters. We
also choose subsets E; C F; for 1 =0, ...,n, such that

(a) |Eo|+ -+ |En| = [F|
(b) and the matrix of the map

3:(xE°>x---x(xE") — (XF)

n
(@, rqn) = Y Piti
=0

takes the form
E, E,---E,

S= E U (33)
F' Z w ’
where W is generically invertible.

In order to prove this generic property, it is sufficient to specify the coefficients of polynomials
ps, for which it is satisfied.

Theorem 3.2.3 If condition (a) and (b) are satisfied, then for generic values of the coeffi-
cients of p1,...,Pn, (X*)ackE is o generating set of A, and we have

dimg (A) < |Eo|-

RR n° 3513



40 B. Mourrain & V.Y. Pan

Proof. As W is generically invertible, the same process as in section 3.2.1 enables us to
reduce modulo (p) the elements x* py for a € Ey, in (x*)ocr,- As this is valid for any
value of the parameter u;, we can reduce in {(x*)4c g, modulo (p) the monomial x* z; (resp.
x®z;! in the toric case), for any variable z; and any a € Ej. By induction, for any
polynomial p in R (or L in the toric case) and any a € Ey, we can reduce modulo (p) the
polynomial X p in (X*)acE,-

Therefore, as 1 € (x*)q4cE, in the Macaulay case (or because any Laurent’s monomial
p € L is of the form p = p’x* with a € Ey and p' € L in the toric case), we can reduce
modulo (p) any polynomial p in (x*)4cr, (where p € R, in the Macaulay case, or p € L,
in the toric case). This proves that (x*)ack, is a generating set of A = R/(p1,...,Pn)
(A=L/(p1,...,pn) in the toric case). Thus, we have proved the theorem. |

Let us give now more details on how we choose the subset E; in the Macaulay case and
in the toric case.

Macaulay case Let us choose E; such that the matrix S becomes the identity matrix (see
[17]), when we replace the polynomial p; by 2%*. We can choose, for instance,

Ey = {(a, - an); 0<a; <di—1,i=1,...,n},
E, = {a=(oq, ,on);la|<v—d; 0<a; <d;—1,i=2,...,n},
E, = {a: (ala"'van)§|a| Sy_dn}7

where |a| = |a1| + -+ + |on].
According to theorem 3.2.3, (x%*)acE, is generically a generating set of A, and

dime(A) < |Eo| = [[ ds
=1
which gives BEZOUT THEOREM.

Toric case In the toric case, the polynomial p; is replaced by p! = " a; o t**x* (where
t is a new variable and w, € Q). The subsets of the exponents E; are chosen so that the
corresponding matrix S(t) = (s;,;(t)) satisfies

degi(si,i(t)) < degy(si;(t)) for i # j

(see [13],[4] for more details). The set Ep is the set of the exponents in the mized cells of a
regular triangulation of C1 & - - - @ C,,, so that, by construction, |Ep| is the mixed volume of
Ci,...,Cy. This yields BERNSTEIN THEOREM (part 1) (see [2], [16]).

Part 2 of Bernstein theorem shows that generically the number of common zeros of the
system p; = ... = p, = 0 is at least |Eg|. Thus, we deduce that dimg(A) > |Ep|, and we
have the following theorem:
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Theorem 3.2.4 For generic values of the coefficients of p1,...,Pn, (X*)acE, 15 a basis of
A, in both Macaulay and toric case.

Note that we gave simpler proofs than in the articles [11], [24].

3.2.4 Matrices of multiplication in A

In this section, we still let S denote the map (31), constructed with using the fixed polyno-
mials p1,...,p, and vector spaces Vi, ..., V,,V and with various choices of polynomial pg
and vector space Vo = (x*)ack,- The set of monomials (x*).ck,, defined in the previous
section, is a basis of A.

For any polynomial py, we can also construct the table of multiplication by py, starting
from a submatrix of S. Namely, we choose any subset E! C F;, i = 1,...,n, such that
simultaneously

(@) 1Bt + -+ |E.| = |F| = |Eol,
(V') and the corresponding columns in the matrix of S are linearly independent.

Generically, this is always possible, which we can show by giving a specific example. De-
composing again the matrix of the map

S (xPo) x (xF1) x - x (xFn) = (xF)

(@0r-2n) — > Piti
1=0

in the form (33), we obtain the following property:

Theorem 3.2.5 For generic values of the coefficients of p1,- .., pn, the matriz of multipli-
cation by po in A is given by
My, =U-VW™Z

Proof. First, we will show that W is invertible. Otherwise, there exists a vector v # 0 in
the kernel of W. Then we have

\%4 | w

wl YT |ol|

and w is not 0, because the columns [ ] of the matrix S are linearly independent (con-

%%
dition (b')). This implies that there is a non-zero polynomial of the form w(z) =Y .| pigi
in (x*)qek,, which contradicts the fact that (x*)scg, is a basis of A. Consequently, W is
invertible and, by the same argument as in section 3.2.1, U — VW ~! Z is the matrix M, of
multiplication by pp in the basis (x*), of A. O
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Example (continued) Let py = z1, x5 = (1,21, 22,71 22), xF = xF2 = (1,31, 32),
and
x' = (1,01, 20, w120, 112, 192, 21%, 103, 1120, w1 292).
Then S is i} -
0 0 0 0j—-1 O 0 0 0 0
1 00 0|—-1 -1 0 -8 0 0
0 0 0 o O 0O -1 0 0 0
0 01 0] 2 0O -1 0 0 -8
§— 01 0 01 -1 0 1 -8 0
0 0 0 0O 0 0 1 0 0
0 0 0 0O 1 0 0 1 0
0 0 0 0O 0 0 0 0 1
0 0 0 1|0 2 1 0 0 1
' 0o000[0 0 2 0 1 0
We may verify that
0 1 0 %
1 1 0 -1
U-VWz= °
0 0 0 ¢
0 -2 1 2

is the matrix of multiplication M, of the example of section 2.8.

3.2.5 The dual basis
It is possible to construct the dual basis (04 )acE, Of (X*)acE, from the matrix S. Let
0o = Z Oa, P
BEN™

be the f.p.s. representing o, in C[[0]]. Then we have the following property:

Proposition 3.2.6 The coefficients [0a.lack, secr of (0°)secr in the dual basis (04 )ack,

are given by the matriz
[Ip | —vw— ].

Proof. Let [0a] = [0a.glger denote the vector of the first coordinates of o, and let =
denote the matrix ¥ = [0a glacE,ger. As Ey C F, we represent this matrix as a 1 x 2
block matrix ¥ = [X'|Z"], where ¥/ = [04,8]a,8eE, a0d X" = [0 glacE, seF—E,- The linear

forms o, vanish on the multiples of p1, ..., pn, which implies that
! " V i
212" [ w | = 0
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or, equivalently,
YV4+E'W=0. (34)

The set (0a)ach, is the dual basis of (x*)qcrg,, Wwhich means that, for any «,3 € Ej,
0o (xP) = 04,5 equals 1 if & = 3 and 0 otherwise. In other words, ¥’ = I is the identity
matrix and, according to (34) we have

»W=_ywL.

Algorithm 3.2.3 Compute the normal form of any polynomial p € (x°)gecr by multiplying
the matriz [[p| — VW 1] by the coordinate vector of p.

Proposition 3.2.7 Algorithm 8.2.8 can be performed by using Crinsorve(W)+Cpoinruit(Eo, F)+
D ops, where Crinsoive (W) denotes the randomized arithmetic complexity of solving a linear
system of equations with the coefficient matriz W .

Proof. The normal form of a polynomial p = )" ser DB x? is by definition
Z oa(p)x%.
a€Ey

The coefficients 0o (p) = D" s5cp 0a,5 9%(P) = )_scp Ta,p Pp are obtained by multiplication
of © = [Ip| — VW 1] by the vector [pglser- i

Example (continued) Let us be given the matrix

1000 1 -1 8 M _u 1
Lovwoy-| %t TS s o s
0010 0 0 -2 -1 1 2
0001 2 2 -6 1 2 _»

The normal form of z;22 is defined by the last column of this matrix:

o T 6 2 12
Nf(zy23) = B + ! + 5 T2~ & T,

as found in the example of section 3.1.1. The linear form o¢,,,, (in the last row of this
matrix) turns into

68 11 29 12
Ooiay =010 = 200" +20° = =+ = + =070 — = %"+
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3.3 Tterative methods in A

Efficient iterative methods for solving the system p = 0 rely on fast multiplication in A.
We will next present some examples where the structure of the matrices can be exploited.

3.3.1 Fast multiplication in A

For a large class of polynomial ideals, specified, for instance, in [21], we may effectively
compute the residue. Hereafter, we assume that the residue T is known, and we will use it
for computing efficiently the product of two elements in A.

For any element f € A, let [f] denote the coordinate vector of f in the basis (x*)acp. Let
us write Wo(X) = Y 5cp B}x’ﬁxo‘ to denote the dual basis of (x*),cg and By = (Bé“g)angeE
to denote the Bezoutian of 1.

We want to compute the product [f g] in A where

f = ZQEE fa XDC,
g = ZaeE o X&.
We may first compute the polynomial f ¢ and then reduce it to a linear combination of

the monomial basis (x*) in order to obtain [f g]. We may also proceed directly by using the
projection formula:

fg = Y m(fgx*)wa

a€FlE

Z FagrxT(x*)wWq.

a€FE

In this case, we have to compute the coefficients of the linear form f g x7 and then shift
from the basis (W4 )acr to the monomial basis (x*)ncr. By using relations (24), we may
also proceed in an equivalent way, based on the formula

[fg] = Mg[f] = Hfl Hf*r[g] =B Hf*r[Q]-

As we want to compute the coefficients f g 7(x*) = 7(f gx*) for a € E, we need to know
the value of 7 for the monomials x*™#+7 for a, 8,7 € E. Let 7 := Y 5 » 7(x*) 9" denote
the leading part of the series 7 associated with the residue 7. We first compute

g*7 = 7 (9(07)7(9)
T (Y 9207%)( ) )

acE ue3 E

and then

fgx7 = fr(gx7)=m(f(07)g(07)7(9))
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The coefficients A, of 0% in f gx 7 for a € E are precisely the coefficients of f g in the dual
basis (Wa)ack of A.

Algorithm 3.3.1 To obtain the coefficients of f g in the basis (x*):

e Compute the coefficient vector A = [Ay]ace of 8% for a € E, by multiplying the
Laurent polynomial f(0~1)g(0~t) by 7(9).

e Multiply the vector A = [Ay]acr by the matric By = Hfl, that is, solve the linear
system of equations Hy v = A.

3.3.2 Computing selected roots of a polynomial system

As before, let Z denote the set of all common roots of the system p = 0. Then again, we
assume here that the roots are simple.
By decomposing any element h of A in the basis of idempotents e, (see section 2.12),

we obtain that
h(x) = Z h(x)ec = Z h(¢)ec.

(ez ez

The second equation follows since ech(z) = ech((). Squaring h in the quotient ring A gives

us that
h? =" h(() ec.
(ez

Here and hereafter, for any element a € A, [a] denotes the vector of the coefficients of a
in the basis (x*)4cpg- In particular, [1] = (1,0, ---,0) if the basis starts with the monomial
1. Let || - || denote a norm in CP [say, the Euclidean or Hermitian norm,

D
IWHZWwﬁﬂzﬂwﬁ”%v:@mizL“wm.

By minor abuse of notation, for any element a € A, we will let ||a|| denote ||[a]||. Let h € R
and assume that there is a unique root ¢ € Z, for which the norm of ~(¢) is maximum, so
that

[R(OI/Ih(m)] =1 > p, (35)

for some fixed positive p and for any € Z distinct from (. (Since all the roots in Z
are assumed to be distinct, we may, in principle, ensure the latter relation with a high
probability, by means of a random linear substitution of the vector of the variables x.)
Then, by iteratively computing and normalizing the squares, we obtain

ho = h, hi+1 Eh?/“h?“v i 20717"'7k_17
and arrive at the bounds

hk _ €¢ ||< C
Whll lecll™ = (1 +p)*"

€ 1= ”
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so that we ensure the bound e; < 27% in k = k(p,b) = O(log(b/p)) recursive steps for any
positive b. The bounds show that the process quadratically converges to a multiple of the
idempotent e¢, right from the start.

Proposition 3.3.1 In the case of simple roots and for h € R such that |h(¢)| > |h(n)| for
any n # ¢ € Z(I), the latter process of squaring and normalizing in A, always converges
quadratically right from the start to a multiple of the idempotent e..

We refer the reader to [27] and [6] for some preceding works on a similar approach in the
univariate case.

By using proposition 2.12.1, we can compute the root ¢ from the idempotent e;, by
means of its multiplication by H;. The transition from e; to the root ¢ of the system p =0
can be performed in Cr;ns010e(H1) OpS.

Thus, we have the following algorithm, for computing the root ¢ for which |h(¢)]| is
maximal.

Algorithm 3.3.2 Assume that the roots Z(I) are simple and that h € R is such that there
exists ¢ € Z(I), with |h(C)| > |h(n)| for any n # ¢ € Z(I).

o Set ug := h and fix a positive tolerance value e = 27°.

e Recursively, for k = 0,1,---,N — 1, compute vit1 = ui and upt1 = H”’“ in A by

ok |
algorithm 38.8.1, until the norm ||ug+1 — uk|| becomes smaller than e,

o Multiply the last term uy by Hi.

This yields a multiple of the vector [(*]ack, from which we can recover the root ¢ (see
algorithm 3.1.1). The overall cost of approximating the root is O(D?log(b/p)) ops up to a
(poly) logarithmic factor in D.

3.3.3 Computing the closest root

Suppose that we seek a root of the system p = 0 for which x; is the closest to a given value
u € C. Let us assume that u is not a projection of any root of the system p = 0, so that
x1 — u has reciprocal in A. Let p;(x) denote such a reciprocal. We have p; (x)(z1 —u) =1
and p1(¢) = Cliu. Therefore, a root for which z; is the closest to u; is a root for which
|p1(¢)]| is the largest. Consequently, iterative squaring of p; = p;1(¢) shall converge to this
root.

The polynomial p; can be computed in the following way. Let M., _,, denote the multi-
plication by #1 —u in A. Then p; = (M,,_,)~1(1), and according to the matrix equation

(25), we have

[p1] = Hy (Hzy, —u Hy) '[1].

[p1] defined by the latter equation can be computed within Crinsoive(Hzy —u)+CPoipuit(—2E, E)
ops, by using the black box algorithms of the appendix.

One may compute several roots of the polynomial system by applying the latter compu-
tation (successively or concurrently) to several initial values u.
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Example (continued) We illustrate this approach by computing first the root for which
21 is maximal. We start with ug = x1. After 4 iterations, we obtain

ug = 7.6055995 + 7.7975926x1 — 0.46159096x2 — 15.740471x125.

By multiplying the coefficient vector of this polynomial by H; and dividing by the first
coordinate, we obtain

[(&]ace = [1.,6.820095, —2.836734, —19.34680],

where (; = (6.820095, —2.836734).
If we start with

wo = (z 1),1_ 78 228 32 16
0=W179/ T T35 35 ' 32T 7 U™

the algorithm should converge to the root closest to % Indeed, after 4 iterations, we obtain
ug = 0.15292071 + 0.89409187x; + 0.16270766x2 + 0.29923055z1z2,
and after multiplication by H; and normalization, we arrive at
[¢(f]ace =[1.,0.3678148,1.675476,0.6162664],
where (4 = (0.3678148,1.675476) is the root closest to 3.

3.4 Traces and real roots

In this section, we will keep assuming that the residue 7 is known, will suppose that the
coefficients of the polynomials p; are real, and will study the problem of computing the
numbers of distinct roots and of real roots. We need a special element of R, called the trace,
and defined as follows:

Definition 3.4.1 The linear form Tr is defined over any fized field K by
Tr:R — K
p — trace(M,),
where trace(M,,) is the usual trace of the linear operator M.,.
By using this linear form, we define the quasi-Hankel matrix
Hry = [Te(x*4)]a,pep-

In order to compute Hry, assuming that we know the table of the multiplication by z; in A
(i=1,...,n), we may compute the values of x” (for v = a+ § and «, 8 € E), by induction,
for we have x” = z; x?" with |7/| < |y| and Tr(1) = D = dimg(A). By using the linearity of
the trace, we compute all the coeflicients of Hr, (see, for instance, [26]). Alternatively, we
may apply the following theorem (see [10]):

Theorem 3.4.2 Let J € R be the Jacobian of the polynomials py,...,pn. Then

Tr=Jx*T.
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Example (continued) According to the example of section 2.8, we have

and also 34
T(x1 J) =7(-16 — 1621 + 422 + 34 x122) = =

Algorithm 3.4.1 Compute Hyy = [Tr(x**P)]a.pcE as the product of
7= Z To 0%
a€3 E
by J(071).

The number of ops involved in this algorithm is bounded by Cpoiaru:(3 E, —E). Once
the matrix Hry is computed, we apply the following theorem, due to Hermite (see [15], [22],

[9]):

Proposition 3.4.3 (Hermite). Let J be the Jacobian of p = (p1,---,pn) and let By be the
Bezoutian of J. Then

e the rank of Hy, or By is the number of distinct roots,
e the signature of Hy, or By is the number of real roots.

Algorithm 3.4.2 Compute the numbers of distinct roots and real roots of the polynomial
system p1 = -+ = p, = 0 from the matric Hr., by applying proposition 3.4.3 and the
algorithm supporting theorem B.3.2 (of appendiz B).

Example (continued) The normal form of the Jacobian J is
J=—-8+4+4021 — 225+ 202125

Note that 7(J) = £ x 20 = 4 is the dimension of .A. The matrix Hr, is given by

4 34 _12  _a8
5 5 25
34 1166 _ 448 16492
H _ 5 25 25 125
=1 12 _as 104 6976
5 25 25 125
448 16492 6976 234354
25 125 125 625

The matrix of the Bezoutian B is

=50 602 =36 200
52 =36 6 —10
—40 200 -—-10 100

B;
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The rank and the signature of both matrices are 4 and 2, respectively. The number of
distinct roots is 4, and the number of distinct real roots is 2.

The overall cost of computing the numbers of distinct roots and of real roots is O(D?)
up to a polylogarithmic factor.

4 Conclusion

We have deduced the results of section 3.3 and 3.4 assuming that the residue 7 associated
with the ideal T = (p1,---,pn) is known (or readily available). This somewhat restricts
the class of polynomial systems to which the results apply (see [21]). A major research
challenge is an extension of these results to a more general class of polynomial systems of
equations having a finite number of solutions. Another research challenge is to extend the
results of section 3.3 to approximating all the D roots of the system at the cost O(D?) (up
to polylogarithmic factors).

Our goal, throughout this paper, was to demonstrate the generalization of the struc-
ture of Toeplitz and Hankel matrices to the multivariate case and the application of this
generalization to the solution of a polynomial system. In order to be able to yield such
a generalization, we reinterpreted the associated operators in terms of operations in the
polynomial ring and in its dual. Multivariate Bezoutians and residues come naturally under
these studies, and the algebraic interpretation of the associated operators yielded the rela-
tions between these matrices. Section 3 was devoted to applications of structured matrices
to rootfinding problem, where they played important role. The quasi-Toeplitz structure was
showed, for instance, in Sylvester type matrices, used in resultant theory, and the quasi-
Hankel structure was used for creating an iterative method in the quotient algebra and for
computing the number of real roots. We hope that this work will motivate new interest in
this recently open and challenging area.
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A Polynomials, Laurent’s polynomials, and dual spaces
(univariate case). Basic Definitions

Consider univariate polynomials p = p(x) = Z?:o p;xt € R = Clz], represented by vectors
of their complex coefficients p = (po, - . .,p4). Let the subspace Ry denote the vector space
(of dimension d + 1) of polynomials in R of degree at most d.

A fixed polynomial p(x) of R generates the ideal I = (p(z)) in R, formed by all polynomial
multiples ¢(z) of p(z). Let A = R/I denote the quotient ring of polynomials reduced modulo
p(z) (that is, modulo the ideal I). If p(x) is of degree d, then A is isomorphic to R4_1, as
a vector space.

By introducing the reciprocal z !, we arrive at the ring of Laurent’s polynomials Clz, z™']
L and let L_. 4 denote the subspace of Laurent’s polynomials of the form Zf:_c \; b

A polynomial p € R4 can be represented by the vector of its d + 1 coefficients or,
equivalently, by the values p(0),p'(0), ..., 2;p(?(0). In other words, a primal basis of Ry
is (1,,...,2%), and its dual basis (that is, the set of linear forms (maps) that compute the
coefficients of p in the primal basis) is the set of linear forms

1

1 .
(p— Fp(l)(o)%:o,...,d-

We introduce a new variable 0 and let &' denote the i*" element, p — -Lp(¥(0), of this
dual basis. Thus, a linear form on Ry, that is, an element A of the dual space }/id of Ry, is
represented by a polynomial
d
A=) \No
i=0

For any p € Ra, we have A(p) = % A% (p)(0) and A; = A(2).

Next, consider linear forms A € R on the primal space R. The restrictions of the linear
forms to Ry C R are the elements of R4, which can be represented by polynomials in 9 of
degree at most d. This is valid for any d; therefore, an element A € R is a formal power
series (f.p.s.) in O :

A= i A(z")o".
=0

Such a ring of f.p.s. in the variable d will be denoted S = C[[J]].
For any p(z) € C[z] and A(9) € C[[9]], we define

p(x) * A(9) = 74 (p(071)A(D)),

where 7 : C[0!][[9]] — C[[d]] is the projection on the monomials having non-negative
exponents in 9.
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Example

(142*)%x(8®*+30—-2)=0°+40—2.

Contrary to [12], we introduce a new variable 9 for the “inverse” of z, which we consider as
an element of the dual space.

B Algorithms and complexity for some linear algebra
computations

We will recall the known estimates for the computational cost of performing some basic
algorithms used in this paper.

B.1 Polynomial multiplication

In sections 1 and 2, we reduced multiplication of various structured matrices by vectors to
polynomial multiplication. Now, let us recall the known arithmetic complexity bounds for
the latter operation (see [3], pp. 56-64). As before, let Cpoipruit(F, F) denote the number
of arithmetic operations required for the multiplication of a polynomial with support in E
by a polynomial with support in F.

Theorem B.1.1 Let E; = [0,...,d] CN. Then
Croimuit(Ea, Eq) = O(dlog(d)).
Theorem B.1.2 Let Eq = {(a1,...,an) ; 0 < a; <d; —1}. Then we have
Croimut(Ea, Ea) = O(M log(M)),
where d = max(dy,...,d,), and M =", and c=2d + 1.

Theorem B.1.3 Let E;, be the set of exponents having total degree at most d in n vari-
ables. Then
Cpoimutt(Edny Ean) = O(Cpoimut (B, ET)log T),

where T = ("+?) is the number of monomials of degree at most d in n variables.
Remark Theorems B.1.1 and B.1.2 can be extended to the computations over any ring of
constants (rather than over the complex field) at the expense of increasing their complexity

bounds by factors at most loglog(d) and loglog(c), respectively. Theorem B.1.3 applies over
any field of constants having characteristic 0.
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B.2 Tellegen’s theorem on duality of multiplicaton of a matrix and
its transpose by a vector

Theorem B.2.1 [25]. Let W be a square n X n matriz with no zero rows or columns. Let
Cw ops suffice to compute the product Wv for a vector v. Then Cyw ops also suffice to
compute the product Wiv = (vIW)?.

The proof of this theorem given in [25] is constructive.

B.3 Solving a linear system of equations

We have the following general result on the randomized arithmetic complexity Cringoive (W)
of solving over C a linear system of equations Wv = w, for a given coefficient matrix W
and a vector w (see [3], pp. 320-321).

Theorem B.3.1 Let S be a finite set with |S| elements and let Wv = w be a non-singular
linear system of N equations. Then choosing 2 N random parameters from S (independently
of each other and under the uniform probability distribution on S) and performing 2N mul-
tiplications of W by vectors and O(N?) other arithmetic operations suffice either to compute

the solution v to the linear system Wv = w with a probability at most 1 — % or to output

FAILURE with a probability at most %

Note that the verification of the correctness of the solution only requires single multipli-
cation of W by v and N comparisons.

In section 3.4, we needed an algorithm for computing the rank and the signature of an
N x N real symmetric (and quasi-Hankel) matrix W. Such an algorithm may start with
tridiagonalizing the matrix. In exact arithmetic, this can be done by means of the Lanczos
algorithm, whose randomized computational cost is dominated by the cost of performing
O(N) multiplications of W by vectors and O(N?) other ops (cf. [3], p.118, or [14], ch. 9).
Then both the rank and the signature of W can be computed at the cost O(N), by using
the three-term recurrence relations for the characteristic polynomials of the leading principal
submatrices of W (cf. [14], p. 440). We arrive at the following result.

Theorem B.3.2 Under the notation of theorem B.3.1, let W be an N-by-N real symmetric
matriz. Then O(N) multiplications of W by vectors and O(N?) other ops suffice to compute
the rank and the signature of W.

If W is a structured (resp. and real symmetric) matrix, whose multiplication by a vector
is expressed in terms of polynomial multiplication, one may combine theorems B.1.1-B.1.3 in
order to express the randomized arithmetic cost of the solution of the linear system Wv = w
and of computing the rank (resp. and signature) of W in terms of the size of the supports
of the polynomials.
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