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Abstract

We study in this work the solution of coupled systems of symmetric
variational inequalities. We present a decomposition method which
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Sur les solutions des inéquations
variationnelles par une méthode de
décomposition. L’étude du cas symetrique.

Résumé

On considére ici la solution de systémes d’inéquations variationnelles
couplées. On présente une méthode de décomposition qui permet de résoudre
le probléme originel A travers la solution de problémes plus simples posés sur
des convexes plus petits. o

Mots-clé : inéquations variationnelles, méthodes de décomposition, opti-
misation, solution numérique, algorithmes itératifs.
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‘1 Introduction

In this work we present a decomposition method to solve symmetric variational inequalities. Pre-
liminary versions of the method and some applications can be seen in [6], [7] and [12]-[15]. Our
procedure, which stems from the general principles analyzed in [10], was developed to solve the set
of junction problems which were presented in [9]. There, junction problems were modelized using
variational inequalities. Let us remark that junction. problems have been intensely studied in recent
years (see [2] and [8]) and that variational inequalities is in itself a subject of permanent interest
(see as recent samples of this interest the publications. [4] and [5]). '

When the form a (-,-) is bilinear and symmetric, these problems have an especial characteristic:
They are équivalent to an optimization problem on a convex set. So, basically the problem is: Find
#.€ K such that ‘

J(ﬁ)=£réilr(1J(v). BV

In the cases studied in this paper; the convex set K can be parametrized by an auxiliary variable
in the following form '

K= U K(vI), (2)

vr€Ky

where vy is the auxiliary variable and K is also a convex set.

The decomposition of K given by (2) implies that the original problem can be decomposéd in
a set of partial optimization problems defined on the sets K(vy). In a second step. of the method it
is found the privileged ¥y such that o ‘ '

minJ (v) = min J(v).
vEK () veK (or) ()

The paper is organized of the following form: In section 2 we present the original variational

. inequality and its reformulation in terms of optimization. In section 3 we present the methodology of

decomposition and the solution by hierarchical optimization; also an iterative algorithm is described
and its convergence is proved. In the Appendix some analytical properties of the auxiliary function
and related items are proved. '

2 Variational problem.

Let V be a Hilbert space, we consider on V' X V a bilinear, coercive, continuous and symmetric
form a, i.e. there exist a >0, 3> 0 such that

a(v,v) 2 allly Wwev,
jo(w, )] < B lolly flully Vo,u€Vs e
a(u,v) = a(v,u) Yu,u € V.

We also consider a continuous linear form L defined by L(v) = (f,v) , where f €V and(,)
denotes the inner product on V. Let K be a non empty, bounded, closed and convex set of V.



The original problem consists of the resolution of the following variational inequality:

Find @ € K such that a(@,v —a) > (f,v—1) YveK. ' (4)

Let A be the linear operator associated to the bilinear form a, i.e.
a(v,u) = (Av,u) Vu eV

and A* the adjoint of A. Since A is monotone, hemicontinuous and coercive on K, and K is closed,
the variational inequality has a unique solution which we denote by @ (see [3] and [11]).
We consider the following functional defined on V

J(v)=31a(v,v)—L(v) VweV. | (5)

As the form a is symmetric, inequality (4) is the necessary and sufficient condition that must be
satisfied at the point that realizes the minimum of the functional J on the set K, therefore the
equivalent problem can be stated as: :

[P] Find @ € K such that J (@) = minJ (v) -
veE

3 Solution by a decomposition method

In order to determine the element @ by a decomposition method, we will analyze the case where
the convex set K is the union of a family of convex sets, and on this family we will propose a
hierarchical decomposition of the problem.
3.1 Preliminary definitions
Definition 1 Let K C V be a non empty convez set, ¢ a real function, then
1. ¢ is a convez function on K if VA€ (0,1), Vz3,22 € K,
(a1 + (1 =N z2) g (1) + (1= A) p(22) -
2. ¢ is a strictly conver funét_z'on on K if¥A € (0,1), Vzy,72 € K, 71 # x9,
o (Az1 + (1= A)z2) < g (1) + (1 =N p(@2) -

3. ¢ is a strongly convex function on K if there exists § > 0 (named coercivity coefficient ) such
that VA € (0,1), Vzi,z9 € K, ’

¢ (Azy+ (1 =N z2) < —6A (L= A) ||z — a2+ A (1) + (L= V) p(z2) -
Definition 2 Let E : Dom(E) — V be an operator, if W C Dom (E) CV then
1. E is monotone on W if |
’ (E(u) — E(w),u—v) 20 Vu,ueW.
2. E is strongly monotone on W if there exist n > 0 such that
(E(w) — E(@),u—v) 2nlu—v|*> VuveW.



3.2 Decomposition of the convex K

Let X be a Hilbert space (we will call it the intermediate space). We will suppose that there exists
a bounded, closed and convex set K C X7, and an application which to each vy € K assigns the
subset K(vr), where K(vg) is a bounded, closed and convex subset of the space V, in such a way
that the convex set K verifies the following decomposition '

vr€Ky

Definition 3 Let Y, Z ¢ K, we define
= inf |y — i — 2]
dy (Y, Z) = max (zgg inf Jly -2, igg;g{, lly ZII) ;
dz(Y,2) = inf inf lly — 2| -

Remérk 11t can‘be seen that dy is a distance between subsets of K named the Hausdorff distance.
Properties of the family of convex sets K (vr)
We will suppose that the family of convex séts {K (v)):vr € K 1} verifies the following hypotheses:
| 1. Vur,vr € Ky and VA € (0,1) |
AR (ur) + (1= ) K(ur) € R Qag + (1= Nvr). @
2. There exist bositive constants ¢ and v such that Vur,vr € Ky,
dr (K (ur) , K (1)) < ellur —vrllx, . (8)
d (R (ur), K (on)) 2w = villx, @
3. For each vy € Ky 'a.nd for each v € K (vr) there exists a linear and continuous operator -
| | T,: X1 =V |
such that
ifv; € K1,6v1 € X1 and vy + 6vy € Ky = v+ T, (6vr) € K (v + 6vr) . (10)
Be;s,ides, the family of operators (Ty),¢ K(op) 8 uniformly continuous in norm with respect to

the parameter v, i.e. , .
IT, - T < Cllv -3y,  Ww,7€K. ' (11)



3.3 Solution by hierarchical optimization

Taking into account (6), we can decompose hierarchically the problem P of finding @ € K such .
that & minimizes the functional J in K. Under the hypothesis (6) we have the following problem
of concatenated minima

minJ (v) = min min J(v). (12)
veK vi€K vEK (vr)
We introduce the function ‘ .
Jr ('UI) = min J ('v) . (13)
vEK(vr)

Remark 2 We will show in the Appendiz that the function Jy is convex on the set Ki and that
this function Jr has unique minimum at a point iy € Ky.

Definition 4 We denote by @(vr) the unique point that realizes the minimum of J in K (vr).

Remark 3 We will see in the Appendiz that @ (v 1) is a Lipschitz continuous function with respect
to the parameter vj. :

Now (12) becomes: » ‘
min min J(v)= min J;(vr) . (14)
vr€Kr vE€K(vr) vIEKT

Definition 5 We introduce now the following problem Py :

Find iy € K such that Jy(y) = min Jr(vr)- ~
) . vIE€EKT

Remark 4 From (6) — (14) it follows that the problem Py is a hierarchical optimization problem
(see [10]) because it is composed by two concatenated optimizations. Problem P is generally easier
to solve than problem P, (because usually, K is simpler than K).

Remark 5 We will see later that @ (i) is the unique solution of the variational inequality (4).
" Then, we conclude that P is- equivalent to P in the sense that

e min J;(vy) =minJ (v),.
vIEKT (I) veK ()

e the point 4y which realizes the minimum of Jr gives the solution of thé original problem P
through the relation @ = (r).- ‘
We formalize these properties in the following:
Theorem 1 -

1. Let @y be such that 4 € K(a) ( where @ is the solution of P ) then iy is solution of problem
Pr. : .

2. If uy is solution of Py then w(ay) is the solution of problem P.



Proof.

1.. By definition of
J@ <J(u) Vue K,

then, for the restriction to the space K (uy) we also have
J(@) < J(u) Yue K (ug)

So, o
J(@) < Jr(uy) Vur € Kj. - (19)

In pé.rticular, for @i we have A

| J(@) < J(u) VYue K(ar). | | (16)
As @ € K (i), the relation (16) implies that
| J (@) = J1 (@) a7
From (15) and (17) we get that @7 is optimal for Py, i.e. |

Jl(ﬁl) < J] (uI) V'u,I (S KI.

2. By definition of 4y we have
Jr (‘1_1,1) < J] (’uj) Vur € Kr.

By definition of % (us) and taking into account that Jy (ur) < J(u) Vu € K (ur), we have
J(@(@n) = Jr (@) < Jr (ur) < J(w) Yu€ K (u)- (18)
Considering (6) and (18) we get : ’ :
J(@(ar) < J(u) YuekK,

which proves the optimality of % (@ 1)-

3.4 Coupled variational inequalities system

Our aim in this section is to transform the hierarchical optimization problem obtained in the
previous section into a coupled system of variational inequalities. We will deal with the following
problems: ' ‘ : ’

e the problem min J(v) which allows us to compute the function Jr
. veK(vr)

e the problem P;: min Jr(vr).
vreKr

Both problems will be transformed into an equivalent variational inequality.



3.4.1 The computation of J; as a variational problem

Taking into account the differentiability of the function J (see Appendix) and the necessary and
sufficient condition of optimality, the minimum problem

Ji(vr) = min J(v) ' (19)
veK(vr)

is equivalent to find @ (vr) € K (vr) such that
aJ . "
(?3; (@ (vr)),v —u(vf)) >0 Yve K(vr).

Taking into account that %v{ (@ (vr)) = Aa (vr) — f, we have

(Az(vr) = fiv—afv)) >0 Voe K (vr).
So, the minimum problem (19) is equivalent to the resolution of the following variational inequality:
a(@(vy),v—a(v)) > (fiv—a(y) Wwe K (v;), a(vr) € K (vr). (20)

Remark 6 The variational inequality (20) is similar to (4) ezcept that the original set K is replaced
by K (v;). As K (vr) is closed and convez, we have that there ezists a unique solution @ (vy) of

(Auo) —fv-a(n) 20 WweK@).

3.4.2 The variational inequality associated to the problem P;.

"We will prove in the Appendix that the function J; is differentiable. This property allows us to
associate a variational inequality to the point that minimizes Jy in Kj. This variational inequality
results from considering the necessary condition of minimum and the property of differentiability
of Ji, i.e. 4y € K; minimizes J; iff it is a solution of ' '

(Tg(m) (Az (ar) — ),vr— ﬁ]) >0 WVvr€Kg.
Definition 6 We define the operator B : Kj — X in the following fohn
B (ur) = Ty, (AG(ur) — f)- A (21)

Remark 7 We will see in the Appendiz that B is-strongly monotone and hemicontinuous, then
the VI has unique solution iy € Kr. '

The following theorem establishes the relations that exist between the variational inequalities VIj -

and VI.
Theorem 2
1. Let @ be a solution of (4) and let 4y € Ky such that u € K () then iy is a solution of VI;.

2. If ay is a solution of VI then @ (4s) is a solution of (4).

iz



Proof.
1. Let @ be a solution of (4), i.e. ~
| (Aﬁ—;f,v-—ﬁ)ZO V'U.EK. (22
Since K= |J K (ur), then there exists iy € K such that © cK (@), and then we have

ur€Ky '
(A@— f,v—a) 20 Yo e K(a).

In other words,
u=u(br).

Let us prove that @y is solution of V1. We set _
(Tagany (40 Gr) — o —tr) = (A8 (0r) = f, Tigar) (o1 =)
| — (Au(@r) - £ () + Taap (o1 — 2) —8@1)),
but v = @ (@) + Tagy) (v — 1) € K (vr), so
(T5(a,) (Aa(ar) —f),vr = ﬁI) = (A (i) — fyv —@(@r))-
Finally, taking into account (22), we have that 4y verifies |
(Tz;(a,) (Az(4r) — f),vr —ﬁI) >0 Vv €Ky.
2. Let 4 be a solution of VIj then ‘ '
Jr(ur) = Jr(ar) 20 VYur € Ky,

) consequently '
J (@ (@) = Jr(@r) < Jr(wr) Vur €Ki
and since
Jr(ur) £J(u) Vue K (ug) ,
we get

J@@)) <J(@w) VYueK(u).
As uj is arbitrary, from (6) we obtain
J(u (ﬂ;)) <J(u) VueK
and so, using the necessary condjtiéns of optimalityl,‘ wé.get -
(Aa(ar) — f,u—u (@) 20 Vue K.
O

Remark 8 The previous theorem reduces the original problem P to find the solution of the coupled
variational inequalities system: o

(Tg(ﬁl) (Aﬂ(’ﬁ[)—f),uj—ﬂl) >0 VT%IEKIa

(Aa(ur) — fru—a(ur) 20 - vu € K (ur) -



3.5 Iterative solution of the decomposition procedure .

The system VI;—VI can be solved using the following iterative method.

3.5.1 Description of the iterative algorithrﬁ

The backbone of the procedure is the following one: given a tentative point u4 € K and using the
information given by the element % (uy) (which is computed in terms of uf through the solution of
V1), we modify this point uY in order to satisfy the condition VIy. '

Let us denote by Pr(u, ) the projection of a point u on a closed convex set Q, ie.
|Pr (u, ) — uf| < |lw —ul|, VYweQ, Pr(u,Q) €.

Specifically, the algorithm has the following structure:

Algorithm
Give ug € Ky, p>0,v=0
Solve V1, obtaining u” = %(u})
Comﬁute Ta(u.;)
Compute B” = Ty (Au(uy) — f)
Compute u4*! = Pr (uf — pBY, Kj)
set v=v+1, a.ndg‘oto.

Analysis of the élgorithm

This algorithm generates a sequence (uf,u”) which converges to the solution (@, @) of (VI;—VI)
for all p < p, being p a suitable positive number.
At step 2, given u} € K we solve the VI

(Ag(uy) = fiv — w(uy)) =20 Vo 46 K(uy),

obtaining in that way the unique solution u’ = u(uy). At step 3, for these uy € K and the
associated u” = w(uY) € K(uf), we compute Ta(uy)- At step 4 we compute the vector BY = B(u}),
where B is the strongly monotone operator defined by (21). To describe step 5 we introduce the
following applications Q and M. :

Definition 7

e We define for p > 0 the application Q : K1 — X in the following form

Q (ur) = ur — pB (ur) .
o We also define the application M : X1 — K in the following form

M(ur) = Pr(Q(ur), Kr) -

)

-



(4

At step 5 we compute the element u”+1 applying the operator M, i.e. we define

V+1 M'u,

3.5.2 Convergence of the algorithm

Let us define = := sup 1B =Bl gince B is Lipschitz continuous and strongly monotone (see

A T
4r€Ky
Appende) we have that E is finite and V&7 € K, Vur € K it is verified that
(B (@) — B(vr) 1 —vr) 2 2By |lvr — % (23)
Consequently, we obtain , , .
- 213.71 <1.

=

Using these parametérs we can prove the following:

ﬁJI

-—|2’

Proposition 1 If0 < p <

then Q and M are contractive operators and M has a unique
fized point Uy € K. '

Proof. Let uy € Kj, iy € K1, we have
Q(ur) = us — pB(ui),

Q(ir) = 41 — pB(iy) -
We will estimate the difference

1Q(ur) - Q@NI? = llur — pBlur) — (@r — PB_(ﬁI))lI2

lfur — ar® + 6% | Blur) — B(ar)||* = 20(ur — a1, B(ur) — B(ar))-

Since B is strongly monotone, from (23) we obtain

1Q () — Q@2 < (1 - 4pBy, + =) lhur —url)*-
ﬁJI

Therefore, if 0 < p < =2

there exists o < 1 such that

1Q (ur) = Q (@)l < o lfur — 4l

and then Q is contractive. Moreover

IPr(Q (ur), K1) — Pr(Q (@), K1)l < 11Q (ur) — Q@)

consequently
M (ur) — M (an)|| < o |lur — 2]
and then M has a unique fixed point @as.

Lemma 1 The fized point iy of M is the solution of the VI, i.e.

(Tg(au) (A (anm) —f),UI—ﬁM) >0 Yvr € Kg

and @ (pr) , defined as the solution of V1, is the solution of the original variational inequality (4) .
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Proof. Let @ be the fixed point of M. We use the following equivalence
: ﬁM =Pr (ﬁM - pB(’L_I,M),KI) & ((ﬁM - pB(’l_LM)) — UM, UT -'EM) <0 Vuj € Kr.

Then we have Vu; € K
(—pB(Ers), s — an) = (~ Ty (AT (@ne) — f) ur = ae) <0,

and so, since p > 0
(T’;(ﬁM) (Aﬁ'(ﬁ'M) - f) ’uI—ﬂM) >0 Yu;€Kj.

Consequently, i is solution of VI;. By the uniqueness of solution we have ﬁM = 4y ; finally by
virtue of theorem 2, @(ty) is the solution of (4).

O

The following theorem summarizes the properties of the algorithm:

404,
=2
verges to the unique solution %y of VI and u(ujy) converges to a(r), the unique solution of the
original problem (4).

Theorem 3 If0 < p < the algorithm generates a sequence {uy,u(u})} such that uj con-

‘Proof.  As M is contractive, the sequence u¥ converges to iz, the fixed point of M. By the
continuity mentioned in remark 3, the sequence #(uY) converges to @(t) = &.

O

>

w
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Appendix
Properties of the function J

)

Convexity

We consider the function J(v) = 3a(v,v) — L(v) Vv € V.

Proposition 2 J(-) is strongly convez in V.

Proof. The ooércivity of the bilinear form a implies that J is a strongly convex function. Let
us consider v; € V and v € V, v3 #v2 and 0 <A <1,

7 O+ (1 X)ua) = La on 4+ (1 — ) v, Aoy + (1 — A N vs) — L Oy + (1= ) )
=1 (Va(o,m) +22 (1 - Na(o,m) +(1-X’a (v3,v2)) = AL (v1) — (1 — A) L (vp)
=1 (2 =N a(vn,01) +A (Jaen,v1) = L)) + A1 =) a(vr,02) |
+3 (-0 = @=2) e 2) + (1 =) (Fa(v2,00) ~ L(2))
= —IA(1—=Na (v - v1,v2—v1) + AJ (v1) + (1 —‘/\)J(vg)
<—2A(1 =N o =P + AT (w1) + (1 = A) T (ve) -

Then, J is strongly convex and therefore is strictly convex.

Differentiability
Lemma 2 The function J : V — R is Fréchet diﬁe'r'entz'able Yv € V, being

——(v) Av—f. - | (24)

Proof. J(v+6v)= %a(z;+5v,v—i;6v) — L(v+6v)

Il

1a(v,v) — L(v) + 3a(bv,v) + 3a(v, 6@)’-{-%@(611,61}) — L (6v)

= J (v) + a (v,6v) + 3a(8v,6v) — L(6v) ,
- then

'J (v + 6v) — J (v) = a(v,6v) + 3a (v, 6v) — L (v) = (Av - f, 5v) + 3 (Abv, 6v) .

- So, we can write

J (v + 8v) = J (v) + (Av — f,6v) + 0 (bv) ,
where (Aév, v) = o(6v) because by definition of A it results

|(ASv, 6)| < || 4]l Jl6w]l < |All l6v)®,
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(Abv, 6v)
m ~—————>=0.
lsvli—o  [|6v]l

Therefore, J(v) is Fréchet differentiable in v and (24) holds.

O
" 8J . S :
Proposition 3 By is strongly monotone and hemicontinuous in V.
Proof.
1. Since J () is strongly convex and F-differentiable (see [1]) there exists 87 > 0 such that
- oJ . . -
10 ~9@ 2 (2 6)0-7) + 8103,
. oJ - ’ ~
1@ -0 2 (G 0)5-0)+ 80—l
' Addihg both expressions, we obtain
aJ .. 0OJ . ~
(5; (@) ~ 5 (v),5 = v) > 265 v — oI, (25)

aJ
and then, B is strongly monotone.
v

2. Letv, 7€ K, t €(0,1) and vg = (1 —t)v +t0, then

.(_a_;(vt),ﬁ—v) =(A’l)t—‘f,'lj—’v)=(Av—f,{j_v)_i_t(A(,D'_,U)’,a_,v).

Hence 87 57 _
(?a? (ve) 5 — 'u) - (51)— ), —v) — t(AB —v),5—v).
Since (A (% —v),o —v)| < B||v — v||? and the convex set K is bounded, if we make ¢ — 0+,

J
we obtain the continuity of the application ¢ — (_8; (v+t(@—v)),0— 'v) , and so we get

oJ .
that — is hemicontinuous in V.

v

Lemma 3 - ‘
1. The functional J : V — R is weakly lower semi-continuous in 'V .

2. If K is a not empty, bo_unded, closed and convez set, then there exists a unique element v
which minimizes J in K.

(4

i~
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3 Proof..
1. Let (vn),cn be such that v, — v in V. We will show that

’ : . lim J(}vn)ZJ(v) .

n-—00.

Since J is strictly convex and F-differentiable, then we have
J(un) = I () = (J'(v),vn—v) VREN,

where

JWy=Av-f

and since v, — v in V we get that

lim (J'(v),vn —v) =0.

n—00

and therefore lim J(vn) > J(v).

. N—00

2. Since J is strictly convex, the element which realizes the minimum is unique. We get the*
existence of it from (i) and using the fact that the set K is bounded.

g
We will prove now, using only the hypothesis (8) that the application vy — @ (vr) is Holder

continuous in Kj.

Proposition 4 If @(v;) is the point which realizes the minimum of J in K(vr), then u(vr) is a
Hélder continuous function with respect to the parameter vy, i.e. :

l(or) - a(un)| < C llor —url)} - (26)

- Proof. Letuj€ Kjandu € K 1, by definition of @(u;) and @(vr) we have

(Ag(ur) — fiv—a(ur)) =2 0 Vve K(ur), (27)

(Ag(vy) — fiv—a(vr)) > 0 VveK(v). (28)
By definition of d; and (8) we have that 34 € K(v;) such that
ll&— @(ur)lly < d1(K(ur), K(vr)) < cllur —villx, _ : (29)

and 39 € K(u[) such that

16— 8Dl < d(R (), R@n) <clu ~vrlly, - (30)
By virtue of (27) and (28) we have
| (Aa(ur) ~ f,0 ~5(ur)) = 0, | (31)

L]

(Aa(or) — fya—a(v)) 2 0. | (32)
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From (31) and (32) we obtain '
(A (ur), —a(ur) — (Au(vr), 8(vr) — @) 2 (f, & — G (ur) + 9 — a(vr))

then

{«

(A(@(ur) ~a(vr)), @ (vr) — &(ur))

FAa@) o—a() ‘ | (33)

F(Auer), - () 2 (f,a - () +0— ().

Considering that K is bounded and the relations (3), (29) and (30), we obtain the following esti-
mates ' :

(= )] < A1 fla — @ @oll <€ flur — villx,
I(£,5 —2 @) < IF1l 16 =2 @D < C llur —vrllx,
(A& (ur), 9 - @ ()| < C I8 —a )l < C llur —villx,
(Aa(vr),a—a(un)| < C |la— ()l <C llur —vilx,

(A(a(ur) -2 (vn) & (vr) =2 (ur)) < —al|@ (ur) — 2 ()|

So, from (33) we get : .
all@(ur) —a@)|* < C Jur -l

or, in the equivalent form : , L
’ 1
lla(vr) — @(up)ll < C flor —ur]]? -
a

If we use now the hypotheses (10) and (11) we can strengthen the previous continuity result to a
Lipschitz continuity result.

Proposition 5 If @(uy) is the point that realizes the minimum of J in K(uy), then u(ur) is a
Lipschitz continuous function with respect to the parameter ug, i.e. there exists a positive constant
»ks which verifies, Yu; € K1 and Véu; € X1 such that ur + bur.€ Ky

1@ (ur + ur) —a (ur)|l < ks ||6url} - - (39
Proof. To simplify the notation we will use in the following paragraphs a common letter C to
denote a generic constant independent of any particular point u € K, ur € Ky, etc. (i.e. those

constants C depend only on the data of the problem: the form a (;, -}, the convex K, etc.).

Let ur € K1, ur + 6u; € K. By definition of @ (us) and @ (us + éuy) we have

D]

(A (ur) — f,v—a(ur)) = 0 Wwe K(uy) (35)

(At (up +ur) — frv—a(ur+6ur)) =2 0 Ywe K (uy + 6ur) . (36)

»
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We put, respectively in (36) and (35) , the following vectors
v="1u (uI) -+ Tﬁ'(uI) (611.1) < K (uI + 6u1) '

and
v = @ (ur + 6ur) + Tauy+6up) (—6ur) € K (ur) -

In this form we obtain
,(Aﬁ (ur + bur) — f, 4 (ur + 6up) — 4 (ur) — Taqur) (6u1)) < 0, ‘ (37)
(A'E‘ (U’I) —fia(ur + bur) — a (ur) - Tﬁ(u1+6u15 (511.1)) 2 0. (38)
Substracting (37) — (38) we get
(AT (ug + Sur) — A8 (ur) , @ (ur + Sur) — @ (ur))
< (A (ur + 6ur) , Tay) (Bur) = (A% (1), Taur+6ur) (ur))
+ (f ) (Tﬁ(u1+5u1) - Tﬁ(uz)‘) (bur ))
= (A’l—L (ur + Sup) — A (uI) ,Tﬂ(w) (5’11.1)) + (A’U. (uI) s (Tﬁ(ul) — Tﬁ(u1+5.u1)) (6’&&1))
+ (f, (T’U. (ur + Suy) — Tﬁ(uI)) (511.[)) .
Then, by virtue of (3), we have

ol (ur + 6ur) — a(un)|?

< 1A g+ Sur) — At )l [Taun| 1601l + 148 @l [Taury — Tagur-+oun) | 10u1]
171 o soun ~ Tuap|| 1601l |
< B (ur+ 6ur) — @ (ur)| | Tagun | 16u] + 148 (@)l € I Cur +6ur) — a ur)| )]

FIFIC 8 o + 5ur) — @ ) 18ur]

therefore ’ : '
o || (ur + 6ur) — G (D)l € (B||Taqupl| + Cl4a @)+ C ) Mourl - (39)
So, we obtain that (39) is equivalent to S

% (ur + Sur) — @ (ur)| < ks llourll,

_where kg is a constant independent of uy and buy .




Properties of the function Jr

16

J; was defined in (13) as Jr(vy) = min J (v) . So, by virtue of the properties of J and K (vy),
ve , :

K(vr)

the function J; is well defined. .
Convexity
Proposition 6 If the hypothesis (7) holds, i.e.
AR (B7) + (1 =N K (v1) C EQor+Q-Nwr),

then J; (-) is a convez function in K.

Proof. Letur#791€ K;, from (7) we have

L Os+(1-No)= _ min J@< o omn o J@).
- ‘UGK(Aﬁ[-{-(l—)\)‘U[) ’UG)‘K(‘UI)—F(I—A)K(UI)

There exist v1 € K (By) and v3 € K (vr) such that
J (v1) = Jr (3r) and  J(ve) = Jr(v1),
then considering the convexity of J we get
J (o + (1= A)vz) S AT (1) + (1~ ) J (v2)
or in an equivalent way
J (Mg + (1 ~ A)vg) < NJp (@r) + (1 =) Jy (vr) -
Hence | o

veAK (E)+A-N)K (vr)
Taking again (40), we have

Jr (A1 +(1 —/\)’01) < AJr ('l_)]) +(1 — )\) Jr (vl) .

Remark 9 If the following property holds,

vr # 9 = K () NK (87) =0,

Vmin - J(’U)SJ(X1)1+(1—)\)'02)_<_AJI(171)+(1f)\).JI(UI).‘

(40)

(41)

then Jy is strictly conver. The proof of this préperty is entirely similar to the previous one and it

is omitted for the sake of brevity.
Proposition 7 If the hypothesis (9) holds, i.e.
da(K(v1), K@) 2 v v — w1l

then Ji(-) is strongly convez in Kr.

l‘).

i

lid
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Proof. Let v # 97 € K, by (7) we have

JrO%r+(1=A)vy)= _ min J@p)  min _ J(). (42)
veK(M\or+(1—XA)vr) ) vEMK (91)+(1—-A)K(vr)

" There exist vy € K (v7) and va € K (vr) such that

| J(v)=Jr (@) and J(vo)=Jr(vr)-
By proplc')sition 2 we have v
| J (Mwp+ (1= A)vg) < —g,\u — ) lloz — w12 + AT (1) + (1 = X) T (v2)

and from (9) we get R X
llvr — val| = da(K (v1), K(v1),
then |
J(Owi 4+ (1= Nvg) £ =571 =) |lur — v,-”XI + )\J] (B1) + (1 = A) Jr (vr) -
Hence

 min _ J@E)<-2A-Nu-wlk, + M @)+ Q=) 1 () -
 vEAK(9r)+(1-2)K (vr) -

Considering (42) we get
Jr (7 + (1= N vr) < ~§7A (1 =) llor = vrllk, +MJr () + (1 - A Ji (vr) (43)
and therefore J is strongly convex in vj.
o

Proposition 8 There erists a unique point Gy € K1 where the function J; realizes the minimum
on Kj.

~Proof. Let @ be the minimum of J in K, since K = U K (ur), there exists @y such that

N ur€Ky
% € K (47), then

Jr(ay) = min J{u) < mmJ(u) J@) < min J(u)=Jr(wy) Vwr€ K,
u€K (i) ueK (wy)

which proves the optimality of iy, le. 4y = Uy.
We have proven the existence of iy € K that minimizes Jr. From the strictly convexity of J;
we get the uniqueness of the minimizing point.

o

Contmulty

The function Jy can be written as. Jr(vr) = J(@(vr)), oonsequently it inherits the property of
continuity in the variable vy from the function a (vr) . We have the following: »

Proposition 9 J; (-) is continuous in K1 and if hypotheses (10) and (11) holds, J I( ) s szschztz
continuous. :

k)
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Proof. Being J; (v;) = min J(v), there exists % (vs) € K (vr) such that
ve K(vr)

Jr (vr) = J (@ (vr)) -

We consider now vy + dvy € Ky and @ (vr + 6vr) € K (v + 6vr) . We have

. J1(vr + &vr) = J (@ (vg + bvr))
and consequently

i (or + 1) — Ty (e)| = 1 (@ (vr +601)) = @ (vn))]-
But J is Lipschitz continuous with respect to the parameter v, then there exists Lj such that
|J (@ (vr + 6vr)) — I (@ (vn))| < Ly |l (vr + 6vr) =@ (wn] -
Taking into account (26) we get, as ||6vr}} — 0.
|J1 (vr + vr) — Jr (vr)| — 0.

The proof of Lipschitz continuity is obvious and it is omitted for the sake of brevity.

O
Differentiability
Proposition 10 The function Jr : K — R is Fréchet differentiable in K, and

aJ 1 )
(UI) T (A (vr) = n.
Proof. Let vy € K and let v; be an admissible increment, i.e. vy + dv; € K;. We have
Jr(vy) = min J(v)=J(@(vr))
veK(vr)
(44)

Jr (vr 4+ 8vy) = - min Jw)=J(@ (vr + dvr)) .
vEK (vr+8vr)

For the sake of simplicity we use the following notation
Up =ﬁ(’l)1) '&1='¢7,(v1+6vl) .

Let T K; — V be the linear and continuous operator described in section 3.2. Since vy € Ky and
v + 6vy € K, cons;denng that 4, € K (vy) we obtain i, + T,6v1 € K (v + 6vy) and so

Jr ('UI +ovr) <J (’U.o + Tuo5‘v[)  (45)

Smce vy + 6vr € Ky and vy = (vr + 6vr) + (—6v1) € K1, con31der1ng that 4, € K (vr + 6vr), we
obtain 4y + Tg, (—6vr) € K (vr), then

J[ (’U[) S J(ﬂl - Tal(S’UI) . . (46)

w

[9]

&n
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The function J is Frechet differentiable, property which allows us to express _
J ('&o + Taoé’vj) =J (&o) + (A’&o - f, Tﬁo(S’U[) + O(Tﬁoa’l)[) ’ (47)

J (@1 — Ta, 6vr) = J (1) — (At — f, T, 8v1) + 0 (Ta, 6v1) - (48)
From (44), (45) and (47) it follows that
Jr(vr + Svy) = Jr (vi) £ (A‘l’lq -7, Tﬁ.o(S’UI) +o0 (Tﬁoév[) . (49)

From (44), (46) and (48) it follows that

» Jr (’I)I+6’U1)——J[ (’UI) > J(ﬁl) —J(ﬂl —TQI(S'UI)
| (50)
= (Aﬁl - f, Tal 5’()1) +o (Tala’l)[)'. :

Taking into account that |
Aty — f = Al — f + Al — Go) ,

we obtain that
(Aﬁl - f, Tﬁx 6’01)
= (A'&O -1 TQO(S'UI) + (Aﬁo -1, T-a] bvy — Th, 61)1) + (A(’&l - ’ELO), Tﬁl'évl) . (51)
For i, = @ (vy) € K (vy) and 4= @ (vr +6vr) € K (v1 + 6vr), we get by virtue of (34) that
llGi1 — ol < C|6url],

besides

|(Adip — f,Ta,6vr — Ta,6vr)] < ||Ado — fI| |Tay 601 — T, 61|l

< [ Ao — £I| | Tay —Taol| 1607l = o (6v1)
<C|\6vrll

(24 (@1 — o) » TaySur)| < 2|4 s — Gol] | Ta, |l w1l = 0 (6u1)-
- LC||bvrll

We have seen that the last two terms of (51) are of order o(6vr), so we have proven that

(Aiy — f, T, 6vr) = (Aflo — f, Ta,Bv1) + 0 (bur) - - (52)
Moreover, from the continuity of T, we get _
o(Ta,vr) = o(8vr) , o(Ty,8vr) = o (bvr) -

Considering (52) we can write (49) and (50) in the following way
(Atip — f,Ta,6vr) + o0 (8vr) < Jr(vr + Svr) — J1 (v,) < (At - f, Ts,6vr) + o(6vy) .
We conclude that _ }
J1 (vr + Svr) — Jr (v1) = (T, (Adio — £) ,601) + 0 (6u1)
and therefore Jj (v;) is Fréchet differentiable with respect to vy and

o L (ur) = Tago (Aa()-f) .
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Lemma 4 The operator
B:K;— X1
vy —= B (v1) =T, (Ag(vr) - f)

is strorigly monotone.

Proof. Considering the fact that J () is a strongly convex F-differentiable function (see [1}),
there exists 35, > 0 such that '

Ty (or) = Jr (1) > (g—;{; (1) 01 - a,) + By ot -l

. aJ. - ~
31 o) = 91 on) 2 (G on) o =)+ o =l
Adding both expressions we obtain
8J1 ~ ~ 8J1 ~ ~ 12
(-é-v-l- (¥1),91 — 'UI> - (g; (v1), 91 — UI) > 26 lvr — 1l
then

(B(#7) — B(vr),01 —vr) 2 2By llvr— )1

This proves that B(v) = Thon) (A (vg) — f) is strongly monotone.

Proposition 11 The operator B is Lipschitz continuous in Kj, i.e. there exists kg such that

“B (uI + 5’!”).-— B (u;)“ < ‘kB "(S'U.IH .
Proof. We have |
Bluy 4 6ur) — B(us) = Tiursoun) (AL (ur +6ur) = ) ~ Ty (A8 (ur) = )
(Tiurrsuny — Tiun) (A8 (wr + 8un) =)

+T%. (A (ur + Sur) — A (ur)) -

@lur)

then

T

K3

[
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B (r+-Saen))—B(n)ll|

< [T~ 5 i s |

N

o+ sn)~atenl

< @t Sn)—FEONUAT e+ S+ Biier

< (@ks(@+ N HCBR) Pl
Therefore:

1Bz +-Biaz))— BXGr ) < Kslgurt]
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