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Homogénéisation d’opérateurs elliptiques aux
différences

Résumé : Nous étudions quelques aspects de la théorie de I’homogénéisation
dans le cas d’opérateurs elliptiques aux différences (variables discrétes) a coeffi-
cients a variations rapides. Nous nous intéressons ensuite & des problémes plus
précis : les coefficients de I’opérateur correspondent & la discrétisation d’un mi-
lieu de type damier, a deux composants homogénes, fortement contrasté. Nous
étudions le comportement asymptotique du coefficient effectif d’une marche
aléatoire sur ce milieu.

Mots-clés :  Milieu aléatoire, homogénéisation, G—convergence, opérateur
aux différences, percolation, marche aléatoire
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Homogenization of elliptic difference operators 5

1 Introduction

We develop some aspects of general G—convergence and homogenization theory
for second order elliptic difference operators and consider several homogeniza-
tion problems for random discrete elliptic operators with rapidly oscillating
coefficients. More precisely, we study the asymptotic behavior of effective co-
efficients for a family of random difference schemes whose coefficients can be ob-
tained by the discretization of random high-contrast checker-board structures.
Then we compare, for various discretization methods, the effective coefficients
obtained with the homogenized coefficients for corresponding differential op-
erators.

Many results can also be formulated in terms of the Central Limit Theorem
for random walks in random statistically homogeneous media.

In the recent years, a significant progress has been achieved in the homog-
enization theory of random differential operators. We refer to Jikov et al [9]
and to the bibliography of this report. In particular, in case of random high-
contrast checker-board structures, the asymptotic of effective diffusion have
been constructed by Jikov et al |9]. Berlyand and Golden [3] have improved this
result in a special case.

In contrast with differential operators, the homogenization theory of dif-
ference operators is not so well-developed. There are only few mathematical
works on this subject, among them Kozlov [11], [12], Kiinnemann [14], Krasni-
anski [13]. Kinnemann [14] proved that the Central Limit Theorem holds for
symmetric random walk in random ergodic statistically homogeneous media.
Then, many interesting results for various kinds of random walks in random
media were obtained in Kozlov [11]. First homogenization results were formu-
lated and proved in Kozlov [12]. Perhaps, the difference operators with rapidly
oscillating coefficients did not attract the attention of mathematicians because
these operators did not appear in the classical difference schemes approxima-
tion approach: the fast oscillation of coefficients of difference schemes would
contradict the regularity and even the measurability of coefficients of the initial
differential equations.

Moreover, many modern practical and numerical applications involve var-
ious homogenization problems for discrete operators. For instance, when dis-
cretizing micro-inhomogeneous media, due to the natural restrictions, it is not

RR n° 3539



6 Andrey Piatnitski and Elisabeth Remy

possible to keep the size of the numerical grid much smaller than the typical
size of inhomogeneity (the microscopic length scale) of the medium. This leads
to the appearance of difference operators with rapidly oscillating coefficients.
The most important question here is: how far could the effective coefficients of
a difference scheme diverge from ones of corresponding differential operators ?
The first successful attempt to answer this question was done in Avellaneda et
al [2] where it was shown that, in multidimensional case, the finite difference
approach does not provide the right homogenized coefficients unless the ratio
of the size of a discretization mesh to the microscopic length scale goes to 0.

In the present work we show that the effective coefficients of the difference
schemes depend essentially on the discretization method.

The paper is divided in two sections. In section 2, we expose the G- conver-
gence and the homogenization of difference operators, including basic results
like the convergence of energies and the convergence of arbitrary solutions. In
section 3, we discretize high—contrast two—dimensional checkerboard structures
and describe the asymptotic behavior of the effective diffusion. The main point
is to prove that different discretizations methods lead to different asymptotics.
Some technical tools are put in appendix.

1.1 Difference elliptic operators

Let Q C R™ be a smooth bounded domain and let ), = QQ N eZ", where Z" is
the standard integer lattice in R® and € > 0. We consider the discrete Dirichlet
problem in Q).:

Aaf(z)= Y 02, (a5 (2)05u (2)) = f7(2)  inQ., (1)
z,2'€A\{0}
uf(z) =0 on OQ™. (2)

Here A is a fixed finite subset of Z"™ symmetric with respect to 0, the matrix
Af = {ac,,} is symmetric, Q2 is the boundary of Q. defined by:

02 (Q. +eM\Q. = {z+ez|z€Q., 2 € A}\Q.,

and 0% is the standard difference operator:

Al

(0z0)(2) = - (v(z +e2) —v(2)) .

INRIA



Homogenization of elliptic difference operators 7

For functions defined on @., we introduce the following norm (the L?(Q.)—
norm):

£ £ A n £
Vo' i Q. — R, ||v ”%2(625) =¢ E ¢ (x)|?
TEQ:

We say that a function v* defined on €Z", belongs to the space W,*(Q,) if
v(z) =0 for = ¢ Q.. We define the norm on the space W, as follows:

n
11 = =" 3 310505 (0)P
(BE@ i=1

where {e;};—1 ., is the standard basis in R", and

Q-2 Q-+eA=Q.UQ.
W52(Q,) is the dual space to Wy(Q.).

Definition 1.1 We say that the family of problems (1)-(2) (or, simply, prob-
lem (1)-(2)) is uniformly elliptic if there are c¢1, co > 0 and €9 > 0 such that

6% (2)] < e (3)
v B, € 3 Y au(e)o(@)0(a) @)
z€Q. 2,2'€A\{0}
for any v¢ € Wy (Q.) and any € < & .

Remark 1.2 The uniform boundness of the matriz A® implies the following
upper bound:

Z Z ()00 ()0, () < C(A)Hvsnfyolﬂ(@a) :

z€Qe 2,2 €A\{0}
Indeed, it suffices to represent 05v°(x) in the form Z O v (w424 42T

2k|=1
and take into account the finiteness of A.

RR n° 3539



8 Andrey Piatnitski and Elisabeth Remy

It should be noted that, in general, the uniform ellipticity does not require the

positiveness of the matrix {a, (z)} and does not follow from the estimate

C3‘§|2 S Z aiz,(x)(f, Z)(é-’ Zl) S 64‘6‘25 6 € Rna C3 > 0,

2,2/ € A\{0}

where (-, -) is the scalar product in R .
Clearly, the uniform ellipticity implies the coerciveness of problem (1)-(2)
and we have the following statement.

Proposition 1.3 Let problem (1)-(2) be uniformly elliptic and f¢ € L*(Q.).

Then there exists a unique solution u® € Wy*(Q.) and the estimate
lullwizq,) < clffllcz.)

holds uniformly in €.

Henceforth we usually suppose that f¢(-) is a discretization of a given function
feL*Q).

Let us consider an important particular case of elliptic equations. Suppose
we are given a family of functions pZ(z), z € Q., z € A, possessing the following
properties :

(i) positiveness: pi(x) > 0, pie,(z) >0 >0,i=1,...,n,
(1) > ,eapi(z) =1for each z € Q.

(#i) symmetry: pS(x) =p° ,(z +¢€2).

Then, the family of problems

ut(x) = Zpi(x) uf(x + e2) + &2 f¢(2) in Q,, (5)
ZE€EA
wf(z) =0  on QY (6)
can be easily rewritten in the form (1)-(2) with
. [ pi(x) ifz=2 2#0
%o (@) = { 0 otherwise. (7)

Proposition 1.4 Let {pS(x)} possess the properties (i), (it) and (iii) above.
Then Problem (5)-(6) is uniformly elliptic.

INRIA



Homogenization of elliptic difference operators 9

Proof Summing by parts, one can show after simple calculations that

0 Z Z |a;-U€|2 S Z Z zz’ Zlvs(x)azvs(x)

zeQ. =1 zeQ: 2,2’ €A\{0}

C Y > 100 < eWe 1l q,)

:L‘E@ AN

IN

uniformly in €. Combining the latter estimate with the Friedrichs inequality
(see Appendix C) we obtain the desired result. O

We also define the norm on the space W12(Q,) by:

”UE”Wl? Q) = =¢" Z Z |as ()P + ||U6||L2 (Q9)

J:EQ& i=1

where we use the notation:

5 o(z) = {85 o(z) ifz+ezeq.,

0 otherwise.

1.2 Description of the random environment

In this section we introduce random difference elliptic operators with statisti-
cally homogeneous rapidly oscillating coefficients.

Let (2, F, 1) be a standard probability space, where F is a o-algebra of
subsets of 2 and p a probability measure. Let {T, : Q — Q; x € Z"} be a
group of F-measurable transformations which preserve the measure u:

(i) Ty : Q+— Q is F-measurable for all z € Z",
(i1) w(T,B) = p(B), for any B € F and x € Z™,
(i) Ty =1, Ty 0T, = Tyyy
In what follows we assume that the group T, is ergodic. That is: any f € L*(Q)

such that f(T,w) = f(w) p-a.s for each z € Z", is equal to a constant u—a.s.
Given a family of random variables {q(w, 2z), z € Z™} such that p-a.s,

RR n° 3539



10 Andrey Piatnitski and Elisabeth Remy

(1) 2 qlw,2) =1,

ZEL™
() q(Tow, 2) = q(Tpy.w, —2),
(iii) q(w,2) >0, q(w,xe;)>6>0,i=1,...,n (ellipticity condition),

we define the family of transition probabilities as follows:

p.(z) = q(Tyw, 2)

where the argument w, treated as a realization of the medium, is omitted. The
important characteristic of a family of transition probabilities is the structure
of its support
A={z€Z"| ess supp,(z) # 0}.
Q

In all the models considered below, the set A is finite.
Now, if we denote pé(z) = p,(e7'z), = € Q., z € A, then due to the
assumptions on ¢(w, z), Problem (5)-(6) is uniformly elliptic.

It is convenient to define the following "divergence" operators: for any
vector-function ¢ € (LZ(QE))W ,

. £ A -
leA Q(x) = Za—zqz(x) J

z€EA

for any random variable v € L?(0Q),

div, v(w) = Z v(T_w) —v(w).

z€EA

The discrete Dirichlet problem (5)-(6) can now be rewritten in the form:
Acuf = f5, uf € Wt (Q.), (8)

with

A uf = divg (Z as, a;w) : (9)

Z'eA

INRIA



Homogenization of elliptic difference operators 11

2 Tools for discrete operators analysis

In the chapter Mathematical Approaches and Methods of (8], Grégoire Allaire
presents a good survey of the main methods and approaches in the mathemat-
ical theory of homogenization.

2.1 Compensated compactness lemma

One of the main tools in the homogenization of differential operators is the
so—called compensated compactness lemma (see Tartar [16]), which gives a
sufficient condition for passing to the limit in the inner product of two weakly
converging sequences of vector-functions. Following an equivalent process, we
prove a version of this lemma for functions defined on a grid. This is done in
a rather straightforward way, but up to our knowledge it was not done yet.

Lemma 2.1 Let ¢° and v® be sequences of vector-functions from (LQ(Q{;))‘AI

such that:
€ 0 . 2 |A| € _E 0 . —1,2
¢ —7 4 weakly in (L (Q)) ,  divig — frin W4(Q),

v® —— v° weakly in (L2(Q))‘A| , vi(x) = Ot (x) where ut € WH2(Q,).

e—0

Then, the sequence (q° v¥) converges x—weakly to q® v°:

*
qs 1}8 q0 UO )
e—0

Proof According to Kozlov [12]|, the weak convergence of ¢° in (LZ(Q))‘AI
L e . dq° e 9q°
implies that div} g — Y en i weakly in W=12(Q;). Thus, >, . i =

fO, and we have
. £ [ € 0
lim [|div (a° — ) lw-129) = 0

From now on, the notation like ¢° or v° is used both for the functions of
continuous argument and for their discretization (see Appendix A). Using the

representation

qsvs — (qs_QO)U6+qOU6

RR n° 3539



12 Andrey Piatnitski and Elisabeth Remy

and taking into account the x—weak convergence of ¢°,v* to ¢°v°, one can
assume, without loss of generality, that ¢° = 0. Also, under a proper choice
of an arbitrary additive constant, > ., u*(z) = 0. Then, by the Poincaré
inequality, the sequence u¢ is uniformly bounded in the W'%-norm. For any

¢ € C3(Q) we get:

S ¢ (@) v*(@) ola) =
:L‘EQ&
= ) g(z) ot (z) pla)

TEQe: zEA

=Y > {a(@) 0 (u(2) p(2) = g5(2) u(2) Fp(x)} + 7(e)

TEQe zEA
with liII(l) 7(e) = 0 (see Appendix B). Summing up by parts in the latter
e—
expression leads to:

3 (@) v (@) pla) =
TEQ:
=) &L (@) vt (@) p(z) — ¢ (z) uf (z) Op(x) } +7(e)

TEQ: 2EA
= (divig (e - > ) (@) v (x) Fp(r) + 7(e) -
TEQ. TEQ: zEA

Since uf is uniformly bounded in W12(Q,) and div§ ¢° converges to 0 in W~ 12-
norm, the first term in the right hand side goes to 0 as ¢ — 0. The second
term goes to 0 because ¢¢ 95 converges to 0 in L?(Q) weakly. Finally, for any

v € C5°(Q),

TEQ: zEA

2.2 G-—convergence and homogenization

The notion of G-convergence has been introduced by Spagnolo [15]. It concerns
the sequence of symmetric, second order and elliptic operators.

INRIA



Homogenization of elliptic difference operators 13

In this section, we give the definitions of the G-convergence and the ho-
mogenization of discrete operators and then study the main properties of this
convergence.

Consider a family of uniformly elliptic discrete Dirichlet problems:

At = divg (Za; au) =f°, w e Wr(Q.),

Z'eN
and denote by A°(z) the matrices of the coeflicients {a, (x)}. Let A(z) =
{a.»(x)}, x € Q, be a |A] x |A| matrix.
Definition 2.2 (G—convergence) We say that the matriz A° G—converges
to A (A° iﬂ) A) if, for any sequence f& € W1%(Q,) such that f¢ — fin
£—> E—r
W12(Q), we have:

ut —> u® weakly in Wy (Q),
E—
0 :
pF = Z A Oput —> = Zazz/ auo weakly in L*(Q),
2EA z€A

where u® is the solution of the limit Dirichlet problem:

Z —(% (azz/(fv) %u()) =f ue WOI’Q(Q).

z,2' €A

The homogenization is a particular case of G-convergence. Given a matrix-
valued function A'(z) = {al, ()}, z, 2/ € A, x € Z", we define the sequence
A¢ as follows:

A (z) = Al(z/e), 7€ Q..

Suppose that the corresponding family of operators A, (defined in (9)) is uni-
formly elliptic.

Definition 2.3 The constant matriz A is the homogenized matrix for the fam-
ily A%(z) = {at,,(2)} if, for any sequence f¢ € W~12(Q.) such that: f¢ — f
£—

in W=12(Q), the solutions uf of the Dirichlet problems:

din\ (Z CL'_SZ, a§,u5> — fs, /u,S - WOI’Q(QE) )

Z'eN

RR n° 3539



14 Andrey Piatnitski and Elisabeth Remy

converge to the solution u° of the limit Dirichlet problem:

o Z %azz’iuo =f, u’ € WOIQ(Q) (10)

0z
z,2' €A

wn the following sense:

u® —7 u®, weakly in W, (Q),
e—>
E a, 0Lu’ —7 AV, weakly in L2(Q).
e—

Z'eN

Remark 2.4 The dimension of the difference gradient of functions defined on
Q- 1s equal to |A| and does not coincide with the dimension of the standard
gradient of functions defined on (). This is the reason we write the limit equa-
tion in the definitions above in a nonstandard form. This allows to define
the convergence of streams. Of course, one can easily transform the limiting
equation to the standard form

Z aza'zz Z a.fC Q45 82 a'ij(x) = Z (ZaZ)G'ZZ’(m)(Z a.]) :
z,2' €A 4,j=1 z,2' €A

The following condition is important when analyzing a sequence of uni-
formly elliptic difference operators.

Definition 2.5 (Condition (N)) We say that the sequence of operators A,
defined in (9) satisfies the condition (N) in Q if there exists a sequence of mesh
functions N¢ € W12(Q,) such that the following limit relations hold:

(P1) Nt — 0 weakly in W2(Q),

(P2) @, =2a, + 3, a5, 05 NS —> L., weakly in L2(Q),

o a
0y T+ ZZ’

zEA zEA

(P3) — 0.

e—0

Wﬁl’z(Qs)

In the remaining part of the section we prove and quote a number of general
results on the G-convergence and the homogenization of difference operators.

INRIA



Homogenization of elliptic difference operators 15

Proposition 2.6 (see Kozlov [12], §2) Any uniformly elliptic sequence of prob-
lem defined in (8) contains a G-convergent subsequence. The limit problem
wmwvolves a second order uniformly elliptic operator in divergence form:

0 0 .0 0
Au=— — | ayy(x) —u ) =— — | a;i(z) —u | .
Zaz(”()az' ) Zami(”()axj)
z,2'€N 1,j=1
The next statement provides a necessary and sufficient condition of G— con-
vergence in terms of condition (N).

Proposition 2.7 A sequence of uniformly elliptic operators { A°} G-converges
as € — 0 to the operator A if and only if {A®} satisfies condition (N) with

Qpyl = lzz’ .

Proof The fact that the condition (N) is sufficient for G-convergence has been
proved in Kozlov ([12], §1).
In order to prove that the condition (N) is necessary for G-convergence, let

us assume that A® iﬂ) A and denote by b5 the unique solution of the problem
£—

AD =) 0 aw(z), b eW(Q.);
Z'eA
the last equation is equivalent to the following one:
Z 8iz, Ayt it (:L‘) ( i”bi - 6zzu) =0, bi S WOLQ(QE) .
2 2"eA

According to the uniform ellipticity condition, 6 is uniformly bounded in
W,2(Q.). Hence, due to Theorem 2.9 below, b¢ converges in W,*(Q) weakly,
as ¢ — 0, to the solution of the equation

Z i (azlzn 0 b, — 5zz”) =0, b, € WOI’Q(Q) .

/ an
S 0z 0z
Denote F, = Ab,, and put:

NZ(z) = AZ! (Fz(:v) -y ¥, aiz,(:c)> LT € Q..

Z'eN
We should verify that these functions satisfy all the properties (P1), (P2),
(P3) of Definition 2.5.

RR n° 3539



16 Andrey Piatnitski and Elisabeth Remy

Proof of (P1)

Denote v¢ = A_'F,. By the definition of G-convergence, v¢ converges to b,
weakly in Wy*(Q) as € — 0 and we get:

N; — 0 weakly in W,*(Q).
e—

Proof of (P2)
Since 95 N¢ and af,, are uniformly bounded in L?*(Q.), the functions @, (z)
converge weakly in L?(Q.) if we take a proper subsequence. We denote this
limit by 1, (x).
Proof of (P3)
Since @Z,, converges to l,,» weakly in LQ(Q) we have:

Zag B — Z P Lo  weakly in W~"%(Q)

z€EA ZEA

(see Kozlov [12], §1, Prop. 5). Moreover, hm Z@_Z_ZZ = F,. Indeed,

zEA
E € ac _ E E e E € e €
a 205y = 6—2 Ay y r+ a ( azzuaanZ/)
zEA zZEA zZEA Z"eN
= E 6520/23/ + Fz’ - E 8iz”az’z” + 7_25
zZEA e
== Fz’ + TZE ;

where |75 |l -12¢g.) goes to 0 as ¢ — 0. Passing to the limit, as ¢ — 0, in the
last relation gives:

0
Zglzz,:Fz,.
zEA
Therefore,
L DILECRED D IS Dot W)

FASN W-12(Q)

INRIA



Homogenization of elliptic difference operators 17

Now, according to the first part of the proposition, [,,; coincide with the
coefficients a,, of the limit operator and, thus, are defined uniquely. Conse-
quently, the whole sequence a,,, converges. O

Remark 2.8 The choice of functions N is obviously not unique. In this proof
we present one of the possibilities to construct such functions.

2.2.1 Convergence of arbitrary solutions

One of the significant properties of G-convergence is the fact that the G-limit
operator depends only on the original sequence of operators and but neither
on the type of boundary conditions nor on the domain. In a general form, this
can be formulated as follows:

Théoréme 2.9 (Convergence of arbitrary solutions)

Let a sequence of uniformly elliptic operators A, G-converge in a domain @ to
the limit operator A and let a sequence of functions w® € W12(Q.) satisfy the
conditions:

w® — w®  weakly in W-(Q),

e—0

divi (Z Uy (gz’ + a;ws)> =1, (11)

Z'eN

where g € (L2QN™ and f € W12(Q) do not depend on e . Then, w® satisfies
the following homogenized equation:

5 Do (s )=

zzEA

and the streams converge in L?(Q) weakly:

Zazz, (g + 05 w®) —>Zazz, ( z,+ 0 0) )

Z'eN Z'eA

RR n° 3539



18 Andrey Piatnitski and Elisabeth Remy

Proof Under the conditions of the theorem, the streams are uniformly bounded
in L?(Q.) . Thus, taking a proper subsequence, we have:

E a, (g + 05 w°) —=2 & weakly in L*(Q).
£—
Z'eN

Passing to the limit in Equation (11), one can easily check that
0
- Z &é‘z = f .
zEA
We have to prove the relation:
9 o
62 = Zazz’ (ng + @w ) .
Z'eA

Let u° be an arbitrary function from W,?(Q). Denote by u® the solution
of the Dirichlet problem:

€ £ £ £ 8 8
div (Z a, 8z,u) = Z e (azzf auo) ,
z'eA z,2'€N

and consider the following identity:

S (g + 0w Y as Fr = 300" Yl (g0 + Oud). (12)

zZEA 2'eA zEA PN

By the definition of G-convergence, we have:

0 .
E a,, 05U — E Ay —Iuo, weakly in L*(Q),
T e—0 o 0z

z ¥4

while the limiting relation

E ) E 8 :
Z(gz + Jwe) 7 Z (gz + %UJO) ,  weakly in L*(Q)

zEA zZEA

INRIA



Homogenization of elliptic difference operators 19

is an evident consequence of the weak convergence of w®. Now, passing to the
limit on the left-hand side of (12), with the help of Lemma 2.1 and the fact
that g, does not depend on &, we obtain:

Zgz+65 Zazz' 'U' —)Zgz Zazz a7
z€EA Z'eA 2'eA

Similarly, passing to the limit on the right-hand side of (12) gives:

Zas 520,22 gy +8;’IU)E_>O Aazu 62

zEA z'eA zZ€

Finally, considering the fact that u® is arbitrary function from Wy*(Q), we
deduce:

£ a 0
= Z Ay | G2 + @w .

z'eN

Corollary 2.10 (Local property of G-convergence)
If A, i()) A in a domain Q, then A, iﬂ) A in any sub-domain Q1 C Q.
e e—

2.2.2 Convergence of energies

In this section, we address a family of Dirichlet problems with non homoge-
neous boundary conditions:

div5, (Z a, a;m) =f, u—u’ e WrHQ.), (13)

Z’eN

where u’ € W12(R") and f € W1?(Q) are fixed given functions.

We suppose that the family {A.} is uniformly elliptic and G-converges to
the limit operator A. Then, one can assume without loss of generality that
the function u° satisfies the equation Au® = f in the domain Q.

Substituting the function (u® —u?) in Equation (13) and summing by parts,
we can easily see that the family {uf} is uniformly bounded in W'2(Q,).
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20 Andrey Piatnitski and Elisabeth Remy

By Theorem 2.9 (Convergence of arbitrary solution), any weak limiting point
of the sequence {u°} coincides with «° in Q. Hence, the whole family {u°}
converges to u’ in WH2(Q) weakly.

Proposition 2.11 (convergence of energies) Let A, iﬂ) A and let u®
E—
be the solution of problem (13). Then the following limit relation holds true:

0
Z Z .y (x) Fus(z) O u(z 8_)0/ Z Azt ( az )wuo(x)dx

zEQ. %7 EA zzEA

Proof By (13) we have:
Y as (@) o (u —u) (@) 05 (uf — u°)(z) =

zeQ. %2 €A

=D Y aha(e) Fu(e) 05 (v — u)(z) —

zEQ. 2,7 €A

3 S ahle) () 950 — ) (x) + 7(e)

zEQ. %2 EA

=Y @ 0 )@ - Y0 Y () o) O5e(e) +

TEQe zEQ. %2 EA

€ 0 0 0 0
Z Z azz’(x) &u ( )@U (.73) + 7-(6)7

zEQ. %2 €A

where 7(¢) — 0 as € — 0. On the other hand,

D Y (@) Ew —u) (@) 0w — ') () =
z€Q: %2 €A
Z Z Qe 86 E )aj’us(x)

zEQ. %2 €A
_QZ Z zz’ a. )az’u( )
z€Q, %% EA
0
D IPITHOPHOP-TUOR
zeQ: #:%'EA
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After subtraction we find:

Z Z zz’ 86 8 85’” Z Z azz’ a. (33) 8§,u5(a:)

zEQ. %2’ €A zEQ: %2 €A

=) fl@) (@ —u®)(z) +7(e) = 0. (14)

:L‘EQE

Passing to the limit in the last relation, and taking into account the weak
convergence of u¢ —u® to 0 in Wy*(Q) and the weak convergence of the streams
at,, 05uf in L*(Q), we obtain:

0
Z Z ZZ’ 85 5 )82'11’6 e—s0 / Z a’zz (-T) wuo(x) dx .

zEQ. %% EA zzeA

2.2.3 Neumann problem

The notion of the G-limit operator has been expressed in terms of the operators
of the corresponding Dirichlet problems. But, as was already mentioned in the
previous section, we can consider as well other boundary value problems. In
this section, the Neumann problem is investigated.

Definition 2.12 Let f € (L2(Q)*. We say that ue € W2(Q.) is a solution
of the Neumann problem for the equation

div§ (Zaz,a,u ) = Zaisz

Z’eN z€EA

if the relation
DY a @) ut(a) =) ) filx) B¢ (a) (15)
T€EQ: 2,2/ €N z€EQe 2€EA
holds true for any o € WH2(Q); here we use the notation
G = { Op if x4+ez€Q:

0 otherwise.
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Clearly, the functions u® are defined up to an additive constant. To fix the
choice of the constant, we assume that:

> wi(@) =
mE@
In order to study the Neumann problem, we should modify the definition of

ellipticity and impose a more strong condition because the Definition 1.1 above
does not ensure the coerciveness of Problem (15).

Definition 2.13 We say that the family of operators {A.} is N-elliptic in a
domain Q. if the inequality

Z Z Ayt aE’(P Z Z :I:el (16)

zEQ: %7 'eA T€Qe i=1
holds for any ¢.

It should be noted that N-ellipticity implies the uniform ellipticity in the
same domain () and that, under the condition of Proposition 1.4, the family
of operators is always N-elliptic.

Proposition 2.14 Suppose that a family of N-elliptic operators {A.} G—
converges to the operator A in the domain Q. Then the solutions u® of Problem
(15) converge as € — 0 to the solution of the limit Neumann problem: for any

© e WH(Q),
9 9.

Moreover, the streams do also converge.

Proof Using the Poincaré inequality, we derive from the N-ellipticity the uni-
form coerciveness of Problem (15). Thus, the family u° is uniformly bounded
in W2(Q.). By Theorem 2.9, any limit point w® of the family u® satisfies the
G-limit equation and

0
€ 12 0 : 2
E as, 05u° - E Gat W weakly in L*(Q) .
z'€A z'€A
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So, for any ¢ € W1%(Q), passing to the limit in (15), we get:
0 8
/C; (z,z’EA 82 82 zEA

Moreover, [, w’(z)dz = 0.

2.2.4 T'-convergence

The I'-convergence is a notion of functional convergence which has been in-
troduced by De Giorgi [4], [5].

In this section, we exhibit the relation between the G-convergence of opera-
tors the I'-convergence, which is a special kind of convergence of corresponding
quadratic forms.

Proposition 2.15 Let A, be a N-elliptic family of operators in a domain Q.
Then, A, io) A in Q if and only if the following conditions are satisfied:
E—

(1) For any u € Wh2(Q) and for any sequence w® € WhH(Q.) such that
w® —— u® weakly in W2(Q), the following inequality holds:

e—0
lirgn_)ionf Z_ Z a,(z) w (z) 05w (x) >
0 40
/ Z Ay (T) =— )8z (x)dz.

(1) For any u® € W'2(Q), there exists a sequence u® € WH(Q.) such that
ut —> u® weakly in Wh(Q), u® — u® € Wy*(Q), and:
E—>

li_r)% Z Z a,(x) Gut(x) 05 u(x) =

z€Qe 2,2/ €A
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Proof Suppose that A, i()) A.
E—r

(i) Consider the Neumann problem (15), with f, = (Z Ay —) ,
ZEA

where u° is the solution of the G-limit Neumann problem. The solu-

tion u® provides the minimum in the following variational problem:

E= inf J(v),
vEWL2(Q:)

where
3 13 9 0

=> D |a (%) %50 () = 20:2 () Dv(x) 5-u’(w)

zEQ. %2 EA
For any sequence {w?} such that w® — u® weakly in W2(Q), we have

JE(w®) > J*(u®) . (17)
Then,
ohu® — 2uo weakly in L?(Q)
27 &m0 Oz

and, therefore,

Z Z zz’ 866 )az’u()

zEQ, %7 EA

zeQ. 27 EA
— / Z () 2uo(av) iuo(as) dx
=0 Jo S0 0z 0z

Now, taking the infimum limit in the both sides of (17), we obtain the
required inequality.

(4i) It is the statement of Proposition 2.11.
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The remaining part of the proposition is an easy consequence of the uniqueness
of G-limit. O

Remark 2.16 The statements of Propositions 2.11 and 2.15 remain valid if
we replace the sums over x € Q. by the sums over © € Q..

2.3 Homogenization of random operators

This section is devoted to the operators with random statistically homoge-
neous coefficients. Following the construction of Section 1.2, we introduce the
matrix-valued F-measurable function {a,,(w)}, z,2/ € A and, then, define
the matrices A°(x) as follows:

a5 () = apy (Ty)ew), « €L, 2,2 €A (18)
Also, we suppose here that e; € A, i =1,...,n, and that
n
Y (@eng > Y e’ neRA. (19)
z,2' €A i=1

It is easy to see that the latter inequality implies the N-ellipticity and the
uniform ellipticity of the family A, in any regular domain Q.

2.3.1 Auxiliary problem
Let us define the following subspaces of (L? (Q))|A| (see Kozlov [12]):
L2

pot

(©, A) is the closure of the set:
{ve (L2()Y; v,(w) = u(T,w) — u(w) for some u € L*(Q)},
L2,(9, A) is the closure of the set: {v € (L*(2))/*I; div, v =0}

For A € R4 we denote by V2, (€, A) the closed set {v+ A; v € L2,(Q, A)} .

pot, A\

Consider the following auxiliary problem:
given A € RAl find v € V2 (€, A) such that

div, (Z Uyt (W) Uy (w)) =0. (20)

Z'eA
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In order to prove the existence and uniqueness of the solution of this prob-
lem we introduce the operator

Apot = L2y (0, A) = L2,(, A)
(v2)zen > Ipot (Z a,, (W) vz/(w)> ,
Z'eA

where IT,4 is the orthogonal projection onto the subspace L2,,(€, A).
In view of the Weyl decomposition (see Kozlov [12]): VA € RIAI

LZ(Q) = Vgot,)\(Q) S Lgol(Q)ﬂ

we can rewrite the problem (20) in the following form: given A € R4/ find
v € V2, (R, A) such that

ApotU = Hpot (Z Ay (w) )\zl) .

z'eA

The operator A,q; is coercive. Indeed, for any v € L2 ,(€2, A), we have

(Apoiv,v) = D | Mot (Z Uz (W) U (W)) : w(td))
zZEA z'eA L2(Q)
= Z Z Ut (W) V1 (W), Mpot (v, (w)))
2EA \zZ'€eA L2(Q)
= Z Z Ay (W) Vy (W), vz(w)> :
zEA \zZ'€eA L2(Q)

According to Hypothesis (19), we get:

(Apotv,v) > cE

=1

n
zwiw] |
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where E' is the expectation with respect to the measure p. On the other hand,

[olfe@ya = ED v:(w)I’]

= BIY [u(Tew) — u(w)f]
N(z)—1 2
= E[Z Z U(TQ_’_ICU) _U(TCiw) ]

where (o =0, {n(z) = 2, |Gi41 — G| =1 and N(2) < ndiam(A). Therefore,
" 2
[0ll¢2@pyar < E [n(diam(A))*|A] (Z viei(w)) ]
i=1

< e(n,AN)E [Z(U:l:ei (w))?].

Thus,

(Apotv7 U) Z (6) ”v”?[ﬁ(ﬂ))\/\\ )

and the desired existence and uniqueness follow from the Lax-Milgram lemma.
O

2.3.2 Homogenization
In this section, we study the family of random operators { A}
A, v = dive (Z as, &% u) :
2'eA

with statistically homogeneous coefficients {a, } given by (18). The main
result here is the following theorem:

Théoréme 2.17 Let A° = A*(w) be a matriz defined on the probability space
Q and let the condition of ellipticity (19) be fulfilled. Then, almost surely, A*
admits homogenization and the homogenized matriz A does not depend on w.
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Proof For a fixed f € W=12(Q), consider the following Dirichlet problems:

div§ (Za 20u° ) =f, uweW,*Q.).

ZleA

Since (uf) are uniformly bounded in W'?(Q.) and (at,, 05 uf) are uniformly
bounded in L2(Q.), we have for a proper subsequence:

u® — u® in W,2(Q),

e—0

p"—p’in @)™,

where we denote pS = Y af,, 05u°.
z'€A

Let v,(w) solve the auxiliary problem (20).
If we denote : v*(z) 2 (Ty/e w)
q° 2 VA% et VZEN, ¢C =)0 V5 as,,
then, the identity
> 2 r@ui@) =) ) (@) g (21)
TEQ: zEA TEQ: zEA

obviously holds. By the Birkhoff ergodic theorem, we have

v® — E(v°) = X weakly in L*(Q) a.s.

e—0

¢ — E(¢°) = 224 weakly in L*(Q) a.s.

e—0

The last relation here follows from the fact that ¢° is a linear functional of \.
Thus, the matrix A is well defined. By Lemma 2.1,

e, e __* 0
E Vi —— E A
pz z 0 pz )
zEA z€A
and

0
€ e, X 0
g q; Ou — g Ay gy _az'“ ,

zEA 2,2/ €A
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or, equivalently,

0

* 0

Z UZ/ ai‘z’ 5§u5 j Z )\Z Qyyt @U .
z,2' €A z,2' €A

Hence, passing to the limit in (21) and bearing in mind that A is an arbitrary

vector, we find:

0
pg = Z Azz @uﬂ .

Z'eN

Since ), %pg = f, the function u° is the solution of the homogenized
problem, and A is the limit matrix.
O

3 Asymptotic behavior of the effective coeffi-
cient

In this second part, we consider the difference operators obtained by discretiz-
ing a random two-dimensional high-contrast checker-board structure, as vari-
ous discretization methods are applied.

To define the random media, we split the plane R? into regular squares
{[-3,41? + 5}, 7 € Z2, and assign a value of permeability, independently at

272
each square, as follows:

A | 6 with probability p 111 . 9

k(y) _{ 1 with probability 1—p ~’ ye ) t1 )€

where ¢ is a small strictly positive parameter (see Figure 1). Then, we consider
the grid Z2, fix a finite set A C Z? and define the transition probabilities
{p.(x); x € Z? z € A} to be a function of {k(z + 2)}, 2 € A. Finally, we
define the coefficients of operator A. in terms of {p,(z)} in the usual way
described by (7).

Henceforth, we suppose that the properties (i), (i), (i) on page 8 are
satisfied. It is also clear that the family {p,(z)} is ergodic. Now, the following
assertion is a direct consequence of Theorem 2.17 (see also Kozlov [12], §2).
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