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Stabilisation par feedback non linéaire d’un systeme
disque-poutre en rotation sans frottements

Résumé : On aborde dans cet article un probléme de stabilisation par feedback non linéaire
d’un systéme constitué d’une poutre flexible fixée & I’'une de ses extrémités & un corps rigide et
libre & ’autre extrémité. On suppose qu’il n’y a pas de frottements. De plus, on propose une
loi de commande composée d’une part d’un controle de couple exercée sur le disque et d’autre
part d’un controle de force et/ou de moment appliqué simultanément & I’extrémité libre de
la poutre. On montre ici que cette loi de commande assure un amortissement exponentiel
des vibrations de la poutre. Cette conclusion est analogue a des résultats antérieurs obtenus
avec des controles linéaires mais cette fois notre classe de controles est plus large et en

particulier robuste.

Mots-clé : Disque-poutre en rotation, Controle non linéaire , Stabilité exponentielle.



4 Boumediene CHENTOUF & Jean-Frang¢ois COUCHOURON

1 Introduction

The purpose of this paper is to study the nonlinear feedback stabilization problem of the
system presented in the figure 1. This system has been introduced by Baillieul and Levi [2].
It consists of a disk (D) with a beam (B) attached to its center and perpendicular to the
disk plane. The disk (D) rotates freely around its axis and the motion of the beam (B) is
confined to a plane perpendicular to the disk (see fig. 1).

X

Figure 1: The body-beam system.

The body-beam system is governed by the following equations

pyit + Elypees = po®(t)y,

y(0,1) = y:(0,1) =0,

Yoo (1,1) = T1(1),

Yezo(1,1) = Ta(2), (1.1)

Ts(t) — 2pw(t)/0 yydx

1
fd-I-P/ y de
0

where the positive constants E7, p and I; are respectively the flexural rigidity, the mass per

o(t) =

bl

unit length of the beam, and the disk’s moment of inertia; w(t) is the angular velocity of
the disk at time ¢ and the length of the beam is chosen as L = 1. Moreover, T';(¢),'2(¢) and

T'5(t) are respectively the moment control, the force control and the torque control to be
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determined so that the solution’s energy of the resulting closed-loop system decays to zero
in some functional space.

In this paper, we take a nonlinear boundary control moment I';(¢) and/or a nonlinear
boundary control force T's(t) applied to the free end of the beam (B) while a nonlinear
control torque I'z(t) is exerted on the disk (D).

Then, as in the linear case [13], we will show that in our case the system (1.1) is still
stabilizable at an equilibrium with exponential decay.

The stabilization problem of the body-beam system has been extensively studied in the
literature [1], [2], [5], [13], [14], [15], [16], [20] and [21]. In [2], the authors showed that
with structural damping and without control, the body-beam system has a finite number of
rotating equilibrium states. Later, Bloch and Titi [5] showed that in the more difficult case of
viscous damping, a linear inertial manifold exists for the body-beam system. By taking into
account the effect of damping, and for any constant angular velocity smaller than a critical
one, an exponentially stabilizing feedback torque control law has been given in [20]. In the
same case, and by adding a boundary control force, the system is also stabilizable for any
constant angular velocity [21]. The stabilization problem of similar systems has been studied
n [14], [15] and [16]. Recently, for the body-beam system without damping, exponential
stabilization was established in [13] as soon as at least one of two linear boundary controls
(force or moment) is present at the free end of the beam with, in addition, a control torque
of the disk. The last result on this subject has been obtained by d’Andéa-Novel and Coron
[1]: without damping nor controls on the free boundary of the beam, the authors found a
torque control which insured the strong stability of the system but not the exponential one.

The contribution of this paper consists in extending the class of controls proposed in [13].
In fact, our work is motivated by two arguments: First, the interest of such an extension is
to highlight the robustness of controls. Actually, a minimum degree of robustness is needed
in applications since neither sensors nor actuators can ensure an infinitely precise linear
control as required in [13]. Second, a wide class of controls is provided. For instance, this

helps us to avoid eventually some saturation phenomena in the actuators.

RR n 3567



6 Boumediene CHENTOUF & Jean-Frang¢ois COUCHOURON

The new feedback control proposed here is the following:

Fl(t) = _f(utx(l’t))’ F2(t) =9 (ut(l’t));

[3(t) = —v(w —w),

(1.2)

for each given w* € R. Contrary to [13], these controls are nonlinear since f,g and « are
nonlinear real functions satisfying hypotheses F1), F2) and F3) given in Section 3.

The main result of our paper is then (Theorem 2 in Section 3):

Under Hypotheses F1), F2), F38) and the condition | w* |< \/9EI/p, the solutions of the
closed-loop system (1.1)-(1.2) decay exponentially to its equilibrium in a suitable state space.

We forewarn the reader that as in [13], the decay rate although exponential is not uniform.

To obtain this result within a nonlinear framework, it was necessary to overcome new
difficulties among which, well-posedness of the system (1.1)-(1.2), regularity of its solutions,
density of the domain of the nonlinear unbounded operator governing the evolution problem,
lack of exponential stability result in the perturbation theory of fully nonlinear systems, no
Duhamel’s formula...For instance, the linear argument of [13] to deduce the exponential
decay of the solutions of (1.1)-(1.2) from the exponential stability of the associated homo-
genous system fails in our approach. In fact, Theorem 2 has been obtained by means of two
essential tools: on the one hand, the Bénilan’s integral inequalities (see [3] or [4]) and on
the other hand, the multiplier method (see [12]).

All the systems considered in this paper (and in particular (1.1)-(1.2)) can be written
in the following abstract form:

z(t) + Az(t) + B(t, z(t)) 20, on J,
CP = (1.3)

where J is any interval in Rt starting at zero; A is a (multivalued) nonlinear m-accretive

unbounded operator on the Banach space (X, || ||); and z° belongs to the closure of the
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domain D(A) of A. The nonlinear non accretive operator B is in general (except in
Section 2.3) locally Lipschitz from J x X to X. In fact, in our application to the body-beam
system, A is single-valued, X is a Hilbert space and D(A) is dense in X. Furthermore, let us
note that in this application, the nonlinearity of A unfortunately occurs in its domain and
the density of D(A) has been obtained by non standard arguments (see Lemma 4). This
paper is organised as follows.

Section 2 is devoted to preliminary results needed to prove global existence, regularity and
exponential decay of the solutions of problem C'P. In section 3, we state and show in several

steps the exponential decay result of the rotating body-beam system (1.1)-(1.2).

2 Preliminaries on the abstract problem CP

2.1 The Cauchy problem CP

We consider the evolution problem C P introduced in (1.3). If necessary, we will precise some
arguments in (C'P) as follows: CP = C'P(2° J). Throughout this subsection, we assume
the following hypotheses.

(HI) A is a multivalued unbounded nonlinear m-accretive operator with domain D(A).
(HII) B is locally Lipschitz on J x X and bounded on the bounded subsets of J x X.

(HIII) For every z° € D(A) and T € J, there is a constant C' = C'(2°,T') such that for all
Ty € [0, T), each solution z(-) of CP(2°[0,Ty]) satisfies:

llz(t)|| < C, ¥t € [0,Ty)].
We will precise below the meaning of solutions considered in this paper.

Definition 1 . The continuous function x, is a solution of C'P if it is the mild solution of

the quasi-autonomous problem

Q=
z(0) = 2°,

RR n 3567



8 Boumediene CHENTOUF & Jean-Frang¢ois COUCHOURON

forall T € J.

We refer, for instance, the reader to [8] for the notion of mild solution for the quasi-
autonomous case.

Proposition 1 below extends the well-known Picard-Lindeloff-Lipschitz Theorem.

Proposition 1 . Assume that ((HI), (HII) and (HIII) hold. Then, for 2° € D(A), the

problem CP(z°,J) has a unique solution S(-)a° and the map z° — S(t)2° is continuous on

D(A), forallt € J.

Proof of Proposition 1. The proof will be divided into four steps and without loss of
generality, we will suppose J = [0, 77 for some T > 0.

Step 1. Due to M. Pierre result (pp. 126 of [18]), the problem CP has a unique local
solution z(-), i.e, there are Ty €]0,T[ and z(-) solution of C'P(z?, [0, Tp]).

Step 2. In order to show that C'P has a global solution on J, we will prove that the local
solution z(-) considered in step 1 can be extended into a solution of C'P(2?,[0,7}]) for some
Ty € [To,T] with the property 71 > Ty if Ty < T. From Definition 1 and the Bénilan’s

integral inequalities (see [3] or [4]), it follows

llz(t + h) — x| < llz(s + h) — z(s)]|

¢ (2.1)
—1—/ [(T+ h) —z(7),—=B(r + h,z(t + h)) + B(r, z(7))] dr,
for 0 <s<t<t+h<Tp; we have set as usual,
ey Az = [l

Assumptions (HITI)-(HIII) and the inequality (2.1) provide then

lz(t+h) —z(@)|] < [|lz(s + h) — x(s)[| + 2M (t — 5), (2.2)
with M = sup {[|B(¢,£)[[; € [0,T], |[¢]| < C}.
From (2.2) and the continuity of  on [0, Tp[, it follows that lim, .- z(t) exists. Let

z(Tp) := lim z(t). (2.3)

t—=Ty

INRIA



Nonlinear Feedback Stabilization of a Rotating Body-Beam Without Damping 9

The inequality (2.3) extends # into a continuous function on [0, 7;] which is necessarily an
integral solution of the quasi-autonomous problem @Q(z°, g) governed by A with the second
member g(t) = —B(t,z(t)). Consequently, z is the unique mild solution of Q(z°, g) on [0, Tp]
and thus a solution of C'P(z° [0,7p]). Suppose now Ty < T' (if 7o = T, then the proof is
already done). Then, the problem CP(z(Tp),[To,T]) has local solution (from step 1) and
thus 2 can be extended in the required sense (see [4] or [8] for the continuation property of
mild solutions).

Eventually, CP(2°, J) has a unique global solution z(-) = S(-)z°.

Step 3. We will prove the following uniform estimation which does not require Assumption

(HIII).

Lemma 1 . Let r > 0 and z° € D(A) be such that B is L-Lipschitz on [0,7] x B(z°,r). Let
zl € B(z% r/8) ND(A); pick zl € Az and a real Ty €]0, [ satisfying
r —~ . T
(5 + Tt + M) 0 < 2, (2.4)
with
M, = sup{||B(T,:v1)|| ;7 e0,r]}).

Then we have S(t)zq € B(z°,r) for all [0,71] and all zq € B(2°,7/8).
Proof of Lemma 1. Let zq € B(2°,7/8) and set y(-) = S(-)zg. Define the set
E={te[0,T1];||ly(r) — o|| < 7; for all T €0,¢]}.

Clearly, £ is a non empty open subset of [0,77]. Let us prove that it is closed in order to

conclude & = [0,71]. To accomplish this aim, set
teo =supé.

The Bénilan’s integral inequalities and the usual bracket properties yield (see [3] or [4]) for
t E [01 tOO[;

RR n 3567
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lly(t) — =]

IA

|wo—fn+[ﬁMﬂ—w%—vav»—éﬁw

+ <3+ [ ) =2 =Bl y() + Blra)
+y(r) — ', —B(r,2") — 1)) dr

r

< 4+Awﬂwﬂ—xw+nwﬂfm+Hﬁ®d“

By vertue of Gronwall’s Lemma, the latter implies
r —
ly(t) =211 < (5 + 22l + 1)) €2, ¥t € [0, tes].

According to the choice of T; in (2.4) and the relation 0 < to, < 77, it comes, since z is
continuous on [0, 7]

ly(tes) = '] < 5. (2.5)

Now by using the triangle inequality in (2.5), we conclude

r ror
[Y(teo) — 2| < s+ |2 =M < S+ 2 <7 (2.6)

2 2 8
From (2.6) and the definitions of £ and ¢, it results to, € £ and thus £ is closed. O

step 4. Now, let (22),en+ be a sequence converging in D(A) to 2°. Define z, and z as
xa(t) = S(t)xd; x(t) = S(t)«°, t €[0,T].

We will prove that the sequence (z,), converges uniformly to z on [0,T]. It suffices to

establish that the set
K ={0 €]0,T]; 2, — 2« uniformly on [0, 6]}

is non empty, open and closed in [0, 7.
i) K is non empty:
The positive real 77 introduced in Lemma 1 belongs to K. Indeed, using again Bénilan’s

integral inequalities, we have

llzn (8) = 2(@)]] < [y — ] +/0 1B(7, zn (7)) = B(r, 2(7))||dT (2.7)

INRIA
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for t € [0, T1].
But Lemma 1 insures

z,(t) € B(z°,r), forte[0,71] and n > m, (2.8)

where the integer m being sufficiently large. Since B is L-Lipschitz on [0,71] x B(z?,r), it

follows from (2.7), (2.8) and the Gronwall’s Lemma, that
llza(t) = 2(O)]] < [l2; — 2°[|€"

for t € [0, T1] and n > m.
Hence (z,)n converges uniformly to z on [0,77].

ii) K is open:

Let 0; € K be such that §; < T. Then, in particular, 2, (61) — #(61). As in i), we can show

that there exists 7} € [0,7 — 03[ such that (z,) converges uniformly to « on [fy,6; + T}].

Therefore, one has [0, 81 4+ T}] C £ which proves the claim ii).

iii) K is closed:

Let 6, € £, n € N* be such that 0, 1 6. We have to prove that (z,), converges uniformly

to z on [0,0.]. We can find r > 0 then 7% €]0, [ and then m € N* as follows:
a) B is L-Lipschitz on [feo — 7, 00o] X B (2(00),7);

b) || (0o — 7) — x(00)|| < §, forall 7 in [0,73];

0) (Z + To(|[oT]| + Ma) ) 42 < 5. with ! € B(z®,7/8) N D(4) and

My = supyeqog 1B (2(0=0) — 7, 21) [

0) lon (0os = T3) = (0o T < § for n > m.

Then, as in Lemma 1, one can show that the following relation holds

2a((t) € B((0:0), 1), (2.9)
for n > m and t € [0 — T, 0|
But the Bénilan’s inequalities provide
foo
llzn () = 2(@)]] < [J2n (00 — T2) — 2(0oo — To)| +/9 ., 1B (7, 2n(7)) = B (7, 2(r)) [|dT,

RR n 3567



12 Boumediene CHENTOUF & Jean-Frang¢ois COUCHOURON

for t € [foo — T3, 0]

Then according to (2.9), the Lebesgue dominated convergence theorem used in the last
inequality gives the uniform convergence of (z,), to  on [0s — T3,0c] and finally on
[0,0s]. Thus, as required at the begining of iii) we have o, € K. The proof of Proposition

1 is now complete. a

2.2 Two Lemmas without (HIII)

The two following technical lemmas which do not involve hypotheses (HIII) are used in
Section 3 in order to check (HIITI) for C'P problem stemmed from the body-beam system.

Lemma 2 Let V : X — R be a continuous function, z° € D(A) and z be the solution
of CP(2°[0,T]). Assume that (HI) and (HII) hold. Suppose in addition that each local
solution y of C'P(xq,[0,T]) with zg € D(A) satisfies:

V(y(t)) < V(xo),
on the domain of y. Then, we have

V(x(t) <V(?),

for allt € [0,T]. Consequently, the hypothesis (HIII) holds if, for instance,

V(z) > K||z|| for any z € X and for some positive constant K.

Proof of Lemma 2. The function z being the solution of C'P(z%, [0,T]) set
G = {te0, 1] V(e(r) < V(2°), ¥r € 0,4}

Clearly, G is closed in [0, T].

Now, we want to prove that G is not reduced to {0}. Let 28 — 2° with 20 € D(A) for
all n € N*. From Lemma 1 (which does not suppose (HIII)), there exists 77 €]0, 7] such
that the solution S(-)z2 exist on [0,71] for n sufficiently large and such that (see also step

n

4 1) in the proof of Proposition 1) (S(-):vo)n converges to z(-) = S(-)z° uniformly on [0, 71].

INRIA
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Therefore, we have
V(St)xl) < V(2?), for t €[0,T1], n € N™.
Since V is continuous, the previous relation yields

V(S(t)z°) < V(2°), for t €[0,T1].

and thus [0,71] C G. Finally, repeating these arguments, one can easily show that G is open
in [0, T]. Therefore, G = [0, T] and thus the proof of Lemma 2 is ended. O
In a Hilbert space and more generally in a Banach space X which has the Radon-Nykodym
property, each Lipschitz continuous map from [0, 7] to X is a.e. differentiable on [0, 7.

Lemma 3 Suppose that (HI) and (HII) hold and that the Banach space X has the Radon-
Nykodym property. Then, each solution = of CP(z°[0,T]), with z° € D(A), is a strong

one.

Proof of Lemma 3. a) Let 2° € D(A4), r > 0 and T} chosen as in Lemma 1 with 2! = 2°
for instance. For ¢,¢ 4+ h € [0, T1] with h > 0, the Bénilan’s inequalities imply:
llz(t+h) @Il < [le(h) ="+ ||B(r + b, 2(r + h)) = B(r, z(7))]]
¢
[lz(h) — || —I—/ (Lh+ Lllz(r + h) — z(7)|]) dr.  (2.10)
0

IN

But we have (see [3] or [4])

||z(h) — 2°|| < h||=T|| + Mih,

s (2.11)
21 € A2® and My = sup,po.py [|B(r, o(r)]|.

Clearly, (2.11) and the Gronwall’s Lemma applied in (2.10) show that z is Lipschitz on
[0,7]. Because X has the Radon-Nykodym property, the map z is differentiable a.e. on
[0,T1]. Then, in this case (see [3] or [4]), = belongs to W1 ([0, T1]; X) and satisfies

z(t) € D(A), a.eon [0,T1]

(1) + Az (t) + B(t, 2(t)) 3 0. (212)

RR n 3567



14 Boumediene CHENTOUF & Jean-Frang¢ois COUCHOURON

In other words, z is a strong solution of C'P(2°, [0, T1]).
b) Now introduce the set

L= {t €10,7; =
[0.]

)

is a strong solution of C'P(z°, [0, t])} .

This set is clearly closed and contains [0, 71]. In order to have £ = [0, 7], it remains to prove
that £ is open.

Consider tg € £ with 5 < T and some open ball B (2(tg),r) such that the operator B is
L-Lipschitz on [tg — 7, to + 7] X Wg),r). Then, from (2.12) and the continuity of z, there
is h €]0, 0] such that z(to — h) € D(A) and z(7) € B (z(to),r) for 7 € [to — h,to]. But by
vertue of part a) of this proof, z is a strong solution of CP(z(to — h),[0,T}]) where T} is
any real in ]to, T]N]to, to + r[ satisfying

to—h<t<T| = z(t) € B(z(to), 7).
Of course, due to the continuity of « such a T exists and thus we have [0,7][C £. The
proof is now done. O

2.3 An exponential decay result

In this subsection, our hypotheses on A, B and C'P are different from those of the previous
developments.

Let z° € X and denote by (HIV) and (HV) the following hypotheses:

(HIV) The problem CP(z° [0, 4+oc[) has a unique solution z.

(HV) There is a locally integrable positive real valued function g on [0, +oo[ satisfying

£+
1B ) < pOlle@], and_Tim [ utr)ar =0, > 0
£—+o0 ¢
The result of this subsection is the following.

Theorem 1 . Assume that the nonlinear semigroup e~4* generated by the operator —A

is exponentially (uniformly) stable. Then, under hypotheses (HI), (HIV) and (HV), there

INRIA
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exist positive constants M and k such that

eIl < M=, ¥t > 0.

Remark 1 . The decay rate obtained in Theorem 1, although exponential, is not uniform.
In return, the nonlinear semigroup e~4t being uniformly stable, there exists constants
My, wi > 0 satisfying ||le= 42| < Mye=“1!||[z0||, for all z° € X and t > 0. Then, the
constants M and k of Theorem 1 can be chosen as follows
k=—, M =max (Mlew‘]@“”/é), sup ||;t(t)||e'“°) ,
0<t<to

with

1

wo > max(1,wy), § > —(In My + 2wq),

Wi

and ty defined by

w

£+9 0
/ p(r)dr < —, V€ > tg.
3

6w05’

Remark 2 . Fven when A is linear, such a result is not quite obvious. Nevertheless, if

u(t) = 0 ast — 400, the result is clear when A is linear.

Proof of Theorem 1. The nonlinear semigroup e~4? being uniformly stable, there exist
constants M;, wy > 0 such that |[e=4%2%| < Mje~“1!|[z%||. Let § > 0 and t; = tq + kd.
Since the operator A is accretive, the Bénilan’s inequalities give for any t € [tg_1, k],

le(t) = Ol < [ B a(r)ldr

te—1

Thus, for t € [tg—1,1tk], we have

=@l < ||6_(t_tk_1)A'r(tk—1)||+/k 1B(7, z(7))l|dT

tk—1
tk
< Myem g ()| +/ p(r)||z(7)||dT. (2.13)
For t € [tg—1,1x], set
Yk (t) = e 701 |lz (1)), (2.14)

RR n 3567
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Then, for ¢t € [ti_1,1x], (2.13) gives ,
t
yr(t) < Myyg(te-1) + 60“6/ p(7)yk (7)dr.
tre—1
Applying the Gronwall’s formula, we get
t
Uk (t) < Myyg(tg—1) exp e‘”l‘y/ p(r)dr |, t € [tg—1,tx], (2.15)
te—1

and in particular

Y (te) < Mie™ yp(te-1), (2.16)

where

t
aj = e“’l‘y/ u(r)dr, j e N*.

ti—1
This implies, together with (2.14),
j=k
[o(te)l| < MY exp [ —kwid+ > aj | [lz(to)]l- (2.17)

j=1

Since we have '
J:k tr
E aj = ewl‘s/ u(r)dr,
j=1 to

the inequality (2.17) becomes

ti
||z (tr)|| < exp <]<7 In My — kwqd + ewl‘s/ ,u(r)dr) |2 (to)]l- (2.18)
to

Now, we take a positive constant wg such that wg > max(l,w;). Next, according to hypo-
thesis (HV), we choose d and then ¢y as follows:
1
o> _(lan + QWQ),
Wi

(2.19)

€46 wo
¢ pu(r)dr < gt VE > ty.

It comes from (2.19)
a; < w1 0 wo, (2.20)
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Nonlinear Feedback Stabilization of a Rotating Body-Beam Without Damping 17
for j € N*. According to (2.18), (2.19) and (2.20), we get
tr — 1o
[le(t)ll < exp | —wo { — [l (to)]]- (2.21)
One can show that (2.14) and (2.15) (with k + 1 instead of k) give
ll2(@)]| < MyemwrEmtlems o (¢,
for all ¢ € [tg,tk4+1]. Then, combining this last inequality with (2.21), we obtain
—wi(t—tk_1)+o tk —to
[|z(t)]| < Mype™ @1 k-1)To%+1 exp | —wy 3 [|lz(to)||, ¥t € [tk,tr+1]- (2.22)
We deduce from (2.20) and (2.22) that for any ¢ € [tg,?x+1], we have
tp —1
o] < M=t exp (o BT ) et
g woll—tx) _ &
< Myewoenn T ok 1)
< MyemeotenHD)| g (1))
Hence, the required estimation of Theorem 1 follows. a

3 Stability of a rotating body-beam system

This section deals with exponential stability of a body-beam system (1.1)-(1.2) under sui-

table conditions on the nonlinear controls f, g and ~.

3.1 Hypotheses, notations and main result

In the sequel, assume that the following hypotheses are verified:

F1) f+g#Z0and f,g € {h € C°R);his increasing; h(0) = 0}.

F2) There exist nonnegative constants Ly, Ly and Lg such that L; + L > 0 and

Lile|<|f@)|<Ls|z| and Ly|a|<|g@)|<Ls|z] Veek.
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18 Boumediene CHENTOUF & Jean-Frang¢ois COUCHOURON

F3) The function v is Lipschitz on each bounded subset of R and for some Ly > 0,
@)z >0, |7(@) | > La| 2], Yo € R,

The conditions F1)-F2) ensure in particular the presence of at least one control in the flexible
beam.

Setting z = y;, we can write the closed loop system (1.1)-(1.2) as follows:

pyet + Elyogas = pu?(t)y,

y(0,t) = y(0,¢) = 0,

Yoo (1, 1) = = f(uea(1,1)),

Yazz(1,1) = g (ue(1, 1)), (3.1)

“1( =) = 2m(t) [ w(Ox(0)de

o(t) =

1
14 +p/ y(t)idz
0
For the phase space of the system, we take the real Hilbert space
X=HxR=HZxL*0,1) x R,

equipped with the inner product

where for n € N,
Hy ={ue H"(0,1); u(0) = uzy(0) = 0},

and the space H is endoweded with the inner product

1
w,v), (4,0))y = Elugypiipe — pw™2uii + pvd ) de.
i P p

Note that the norm induced by this scalar product is equivalent to the usual one of the

Hilbert space H%(0,1) x L?(0,1) provided that | w* |< \/9EI/p (see [13] for details).
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Nonlinear Feedback Stabilization of a Rotating Body-Beam Without Damping 19
Set ® = (y, z) . Then, the system (3.1) can be written as follows
O (1) + A®(1) + (0, (w** — w?(1))y(t)) =0,
* (3.2)
s = 10 =6 = 2000 <0, 0) >pe0n
Iq+ P||y(t)||i2(o,1) ’
where the nonlinear operator A is defined by
~ Yoz (1) = = f(2: (1)),
D(A) = (y,2) € Hy x HE; Yo (1) fz=(1)) : (3.3)
Yooz (1) = g(2(1))
and
~ El
A(ya Z) = <—Z, Ty:cx:c:c - W*2y> . (34)
Then, it is easy to verify that the system (3.2) is equivalent to the following one
(4(0),9(1)) + (4 + B) (9(t), (1) =0, (3.5)
where we have set,
A(®,w) = (A@,o) , with D(A) = D(A) x R,
(3.6)

_ —w*) =2 1 ) 2
B(¢aw):(0,(w*2_w2)y’ ¥ (w —w*) pw(t) <y, z>g (071))’

Ia+ P||y||i2(o,1)

We will show in the sequel that (3.5) is in fact a formulation of the closed loop system

(1.1)-(1.2) in a C'P form.

The main result of this section is:

Theorem 2 . Suppose that | w* |< \/9EI/p. Then under Hypotheses F'1), F2) and F3),
for each initial data (®o,wo) € D(A) the solution (®(t),w(t)) of the closed-loop system (3.5)

tends exponentially to (0,w*) in X ast — +oo.
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20 Boumediene CHENTOUF & Jean-Frang¢ois COUCHOURON

First, we deal with the existence and uniqueness of the solution of the following sub-

system

{ b(t) + Ad(t) = 0, .

®(0) = @,

where A is the nonlinear operator defined by (3.3)-(3.4).

3.2 Wellposedness of the subsystem (3.7)

We have the following proposition

Proposition 2 . Assume that | w* |< \/9EI/p. The operator A defined by (3.3)-(3.4) is

m-accretive in H with dense domain.

Proof of Proposition 2. A straightforward computation shows that for all (y, z),

(9,2) in D(A),

(Aly2) = A(3,2), (5:9) = @2 = B - 2(1) (9(=() - g(z() )
+ B (z(1) = (1) (f(=(1) = Fz(1)).
(3.8)

Using the hypothesis F1), we deduce: { fl(y, z) — fl(g), 2), (y,2) — (9, 2) )u > 0; and thus the
operator A is accretive.

Now, we have to show the maximality of A, that amounts to saying that (see [6]), for any
given (u,v) € H = HZ x L*(0,1), there exists (y, z) € D(A) such that (I + A)(y,z) = (u,v).

Equivalently, we seek y and z satisfying

y—z=u,
zZ— W*Qy + Yzeze — U,
p
Yoo (1) + f(2:(1)) = 0, (3.9)
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Nonlinear Feedback Stabilization of a Rotating Body-Beam Without Damping 21

Eliminating the unknown z in (3.9), one obtains
EIy:L‘x:cx +P (1 _W*Z) Yy = p(u+ 'U) 3

Yooo (1) — g (y(1) —u(1)) =0,

(3.10)

y € H.

Now let us define, as in [19], the function J(-) on HZ2 by

J(¢) = % {/Ol[Eng ) (1 _w*2) 4 dl‘-l—}

—p / (u+v) ¥ dz + BI[F($a(1) — ua(1)) + G(1) — u(1)],

where
= [ 1@ 6= [ e@d  veem

From hypothesis F1), we deduce that 7' and G are continuously differentiable on R, convex
and F(z) > 0, G(z) > 0 for all z € R. Consequently, we can claim that J is convex, coercive
and continuous in HZ. Hence, by a minimization theorem ( Proposition 38.15, p. 155, [22]),
there exists a function y € HZ such that J(y) = infzpeHg J ().

This implies that the function
O:A—0(A) =J(y+ )

admits a minimum at A = 0 and thus % (J(y+ M) |azo = 0, V¥ € HE. This means,
thanks to a direct computation, that for any v € HZ, we have

/ Vootipe dz = / (™ = L)y + plu +v)] ¢ dz + g(u(1) — u(1)) $(1)
0 0 (3.11)

+EIf(yr (1) — uz (1)) ¥a (1).
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Integrating by parts in the last relation, we can prove after a careful computation that we
have y € H§ and

EIy:L‘:c:cx + P (1 _(")*2) Yy = p(u + 'U) 3

yxx(1)+f(yx(1) _ux(l)) =0, (312)
We deduce that y is solution of the system (3.10).

Now define (y, z) by
y solution of (3.10)

Z=y—u,

which satisfies clearly system (3.9) and thus the maximality of the operator A is proved.

Finally, it remains to prove that the domain D(A) is dense in H.
Lemma 4 . The domain D(A) of A is dense in H.

Proof of Lemma 4. Let (u° v°%) € # and ()\,) | 0. Because of A is maximal, there exits

(u",v") € D(A) such that
(142 4) (@, 07) = (u°,00). (3.13)

We want to prove that
(u™,v™) — (u°,v°) in H. (3.14)
Let us define, for &, u > 0, a linear operator A%# by

Uger (1) — dv(1) =

D(A*H) = { (u,v) € HE x HE;
ugz (1) + pog (1) =

and

EI
A‘s’”(u, v) = (—v, — Upppr — w*Zu) .
p
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We note that D(A%#) = H since A%H is a linear m-accretive operator in the reflexive space

H (see for instance [17]). We set

g(v (1))’ lfvn(l) #0’ f(lvl‘(l))’ lfvg(l)io,
6, = v (1) and p, = v (1) (3.15)
0, if v, (1) = 0, 0, if o7 (1) = 0.
Clearly, A(u”, v") = Admokn (y" ") and so, (3.13) becomes
(14 X\ A% Hn) (™ 0) = (u®,00). (3.16)

Moreover, thanks to hypothesis F2), the sequences (8,) and (u,) are bounded in Rt and
thus the sequence (8, ftn)n has a cluster value (ds, fico) in }R+2, i.e, 0o = limy_s 00 6y, € Rt
and peo = limy_co fin, € R,

From the m-accretivity of the linear operator A%=#=  we have
(14 A, APt ) (ugz, vir) = (u”,0°), (3.17)
for some (ng, vijg) c D(A‘W) and
: Np ,Np) _ 0 0y -
plggo(uoo,voo)_(u ,v°)in H. (3.18)

The substraction of (3.16) and (3.17) leads us to
(™ — uz, " — ) = —An, (A% (ue ue) — A a2y 00)) . (3.19)
Then, multiplying (3.19) for the inner product by (u”P — Ul v — ng), we obtain
(s = k2 o = o22) | = <A, BT | (80,070 (1) = 60022 (1)) (072 (1) = 022 (1))

(1, 027 (1) = oo (0222 (1)) (227 (1) = (0222 (1) )]
(3.20)

On the other hand, getting the expression of (ng —u® ved — vo) from (3.17) and using the
definition of A%=#e it comes

(22 02) (22 = w0 022 = 0)) = A, B [500 (22 0) + e ((v&f’)x(l))z]
(3.21)
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According to assumption F2), we see that we have the following properties for some integer

Po:
a) deo = <~ v"(1)=0 for p > po,
<= v"?¢(1) =0 for some subsequence n,, of ny; (3.22)
b) poo =0 <= vz»(1)=0 for p > po,
— v (1) =0 for some subsequence n,_of n,.

So we will examine the four cases, namely
€1) 0o =0and peo =0 ¢2) 0o # 0and peo # 0,
€3) 0o = 0and peo #0 ¢4) 0o 0 and peo #0
In case ¢1), relation (3.20) and property (3.22) insure
u = up? and v"P = ulP;

then from (3.18), the required claim (3.14) holds.
For case ¢q), in view of (3.22) for p sufficiently large, Relation (3.20) can be rewritten in the

following form:

i, [5% (o7e (1))? (_1 + 5&9&"(1)) (_1 + ,”Zo*’u))

dn, v7# (1) v"r (1) (3.23)
n 2 poo (v2), (1) (ved), (1)
+pn, ((077), (1 1+ ———7F “1+—71|
("), (1) ( b o oy
Now since limgT"’ = ﬁf" = 1, it is an exercise left to the reader to check that the unique

cluster value in R+ of the second member of (3.23) must be zero. Thus (3.14) is true again.
Cases c¢3) and ¢4) are true with the same arguments as in case ¢3), since according to (3.22),
relation (3.20) leads to (3.23) where one term of the right hand side fails. Thus, (3.14) holds

in all cases. This brings the proof of Lemma 4 to an end. d
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We have thus shown Proposition 2. O
The following lemma is a consequence of Proposition 2 and the results of Brezis [6].

Lemma 5 . i) For any initial data ®¢ = (yo, 20) € D([I), the system (3.7) admits a unique

solution ®(t) = (y(t),z(t)) € D(A) such that

i(y, z) € L= (R H).

L®(RT; d
(4v:2) € L™ (BHH), and

The solution ® = (y, z) is given by ®(t) = e‘Atq)(), for allt > 0 where e~ At s the semigroup
generated by —A on D(A) = H. Moreover, the function t — ||f~lq>(t)||g.[ is decreasing.

ii) For any initial data ®g = (yo, z0) € D(A) = H, the equation (3.7) admits a unique mild
solution ®(t) = e=Atdy which is bounded on R* by [|®o]| and

® = (y,z) € CO(RY;H).

3.3 Asymptotic stability of e

In this subsection, using the LaSalle’s invariance principle [11]-[9], we show that the nonlinear
semigroup e At i asymptotically stable.

Proposition 3 . Assume that | w* |< \/9EI/p. The semigroup e~4t is asymptotically
stable in M, i.e, for any initial data ®g = (yo, z0) € D(A) = H, we have e~ Aty — 0 as

t— 400 .

At

Proof of Proposition 3. Since the nonlinear semigroup e~4? is contractive and since

D(A) is dense in H, it suffices to prove the Proposition for any initial data ®g = (yo, 20) €
D(A) Let &g = (yo,20) € D(A) By virtue of Lemma 5, we know that the trajectory
{e“hq)o; t > 0} is a bounded set for the graph norm. Furthermore, one can show directly

that the injection
i (DA llpeay) — H
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is compact. This implies that the considered trajectory is precompact in H. Applying the

LaSalles’s invariance principle ( [11], [9] ), we deduce that the w-limit set

w(®g) = {(1/)1,1/)2) €MN; (Y1, ¢2) = nli}rrgo S(tn) (o) with t, > 0 as n— oo}

At

is non empty, compact, invariant under the semigroup e~“* and

e_At<I>0 — w (Pp) as t — +oo.
Moreover, we deduce from the m-accretivity of A (see [6])
w (‘bo) C D(A)

In order to prove the asymptotic stability, it is sufficient to show that the w-limit set w (®)
reduces to {0}. For this, let ((;1, (;2) € w (®g) and

(5, 2)(1) = =4 (41, $2) C w(®o) C D(A), Vt > 0.

But, [[(9,2)(t)||% is constant on RT (see [10]) and thus d%”(g,i)(t)”% = 0, on RT. Since

(9, Z) is a strong solution, this means

(A(3,29)®),(3,5)) )u =0, a. e.t>0. (3.24)

Now, from (3.8) and (3.24), it follows

( A(gj, (), (7, 2)(t) Y = EIZ(1,t)g9(2(1)) + EIzZ; (1) f(2:(1)) =0, a. e t>0. (3.25)

We deduce from (3.25) and F1) that g is the strong solution on R* of the following linear

system

pyet + ElYpene = p™’y,

y(0,1) = y,(0,¢) = 0,

Yrz (1,2) =0, (3.26)
Yoo (1,8) = we(1,8) = 0,

(¥(0),5:(0)) = (1, 82) € w (61, 62) .
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However, it was shown in [13] that zero is the unique (mild) solution of (3.26). Of course, for
such a linear system the notions of mild, strong or classical solutions coincide. Therefore,

the proof of Proposition 3 is complete. g

3.4 Exponential stability of e~

In this subsection, by using the multiplier method ( see [12]), we obtain an exponential

stability result of the semigroup e=At under hypotheses F1) and F2).

Proposition 4 . Assume that | w* |< /9EI/p. Let & = (y,z) be the solution of (3.7)

stemmed from ®g = (yo,20) € D(A) = H. If hypotheses F1) and F2) are satisfied, then
there exist (uniform) constants M, i > 0 such that

@)l < Me_f“”(bou% Yt > 0.

Proof of Proposition 4. As in the proof of Proposition 3, we may assume that &, =
(yo,20) € D(A) Then, let us write ®(t) = e~ Atp, = (y,y)(t) and define the functional £
as

1
() = 2/ zyryzdz, t> 0. (3.27)
0

Returning to the definition of mild solutions, we note that the function t — £(2) is everywhere

defined and continuous on [0, +oo[ (even without assuming (yo, z0) € P(A4)). By means of

Cauchy-Schwarz’s inequality, we obtain

|£@) [< N, @)l5, ¥¢>0. (3.28)

On the other hand, according to Lemma 5 and the equations of (3.1), a straightforward

computation gives

(1) = —Q%yxu,t) F (e (1,1)) - Q%yxu,t) g (w(1,1))

(3.29)

EI i ! EI .

+yf(1,t)+7f2(ym(l,t))+w 2yz(l,t)—/ [yf+37yfm+w y?| de,
0
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a.e. t>0.

Moreover, using once again the Cauchy-Schwarz’s inequality, we have

EI EI EI
_27y$(1:t) g (yt(l’t)) S p_gyz(l’t) + 67!]2 (yt(lit)) )

(3.30)
_Q%yx(l,t) F (et (1,1)) < %yiu,w + H%fz Wee(L,1)).

for any 6 > 0.

From y(0) = y,(0) = 0, it easily follows

1 1
1
0 0

This, together with (3.30), implies

2P (1) 0 (e(1,1) = 22 (11) Pl (1,1) < 0220 (e (1,1))
g g g (3.31)

El EI [
0= % (yae (1, +2—/ yixdm.
L el 0) 427 [
Combining (3.29) and (3.31), we get

&) < (L) + 02 (L) + (14 G)%fz (0o (1, 1))

P
L L 2 (3.32)
2 2 * 2
- - — -3 EIy?, — d:
+p/0 [ pY; + <29+ ShT 3) Ypo — PW y] z,

a.e. t>0.
Taking into account the condition | w* |< /9E1/p, we can choose @ in order to have

1 w*2
_+p

20 ' 3EI -3<0

Thus, we have proved the existence of a positive constant K; satisfying

Et) < (L0 + 02107 (0 (1,1) + (L+ 0) 2L 2 (e (1,1))
P P (3.33)

— s ||(y(t), 2(8)) |13
a.e. t>0.

Given € > 0, we introduce ( see [7] and [19] ) the perturbed energy by

EE(t) = By (t) + €€ (t), (3.34)
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where
1
Ev(t) = 5ll(y(0), 2Dl
for all t > 0.
The function Ey(t) is a decreasing function: more precisely, we have
Ev(t) = —ETy (1,¢) g(ve(1,1)) — Elyg: f(yee(1,1)) ae t > 0. (3.35)
But (3.28) and (3.34) imply that for all ¢ > 0, we have
M~3E(t) < By (t) < M3 E(t), (3.36)
for any M > 1 and provided € < % (1 — M_%) .
By using (3.34) and (3.32), we obtain
El El
Bi(t) < Bre(t) +eyr (1) + € 0—g° (e (1,1)) + e(1 + 0) — F* (yoe (1, 1))
P P (3.37)
—2K5E4(t),
a.e. t > 0. In addition, hypothesis F2) leads us to
ET 1 El
v (1,t) + 0—g” (1 (1,1)) < <L_ + 6’L3—) ye(1,t) g(ve(1,1)),
p 2 p
El El
(14 025 P (0ee(1,0)) < (1+0) 2 Lo (1,1) Flua (1,0).
a.e. t>0.
Plugging these two last inequalities into (3.37) and using (3.35), we get
Bf(t) < —2Ko B (1) + {e (% n aLS%) . El} ve(1,1) g(we(1,1))
El
+ |:€L3(1 + 9)7 — EI:| yxt(l,t) f(y:ct(l,t))
This implies
E;(t) < —2K3F4 (1), (3.38)

a.e. t > 0, provided that, in addition, € satisfies
¢ (% +0L3%) _EI<0,

eLy(14+0)EL - EI<0.
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Finally, we deduce from (3.36) and (3.38)
ES(t) < —2M ™3 Ko B¢ (t), (3.39)

a.e. t > 0. Solving this differential inequality ( remark that Ef € L*°([0,+oo[,R) ) and
using once again (3.36), we obtain the required exponential decay of Eq(t) = ||®(¢)||» with
p=2M"2K,. O

3.5 The global system (3.5)

a) Cauchy problem.
By using Proposition 1, we will show that the global system (3.5) is well posed on [0, cof.

Indeed, we recall that the global system (3.5) can be written as an evolution equation

+(A+ B) =0,
w(t) w(t)

where the operators A and B are defined in (3.6).
First, we have shown in Proposition 4 that the operator A defined by (3.3)-(3.4) is m-
accretive in H with dense domain D(fl) We deduce thus, from (3.6), that the operator A
is also m-accretive with dense domain D(A) = D(A) x Rin X =H x R.

Second, as the reader can easily see, the operator B, defined in (3.6), is Lipschitz on
bounded subsets of X and therefore B satisfies Hypothesis (HIT) of Section 2. So (3.5) has
a local solution (®,w)(t) = (y(t), z(t),w(t)) .

Consider now the function V : X — R7T defined by
! w2, L o [T, Lt 2
Viy, z,01) = 5la (w1 = w7)" + 5 (w1 —w7) pyidr+ 5 | (pzi + Elyi,,)de
0 0

2
1 1
—w*? / pylde.
2 0

for (y1, 21,w1) € X. We claim that this function is a reasonable choice of Lyapunov function

(3.40)

for (3.5). Indeed, on the one hand, it is easy to check

Vy, 21,w1) > Kl|(y1, 21, w1) ]| x, (3.41)
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for some positive constant K and for all (y1, z1,w1) € X. On the other hand, from Lemma 3,
we know that each local solution of (3.5), with initial data in D(A), is a strong one. Moreover,
a straightforward computation shows that for any initial condition (yo, z0,wo) € D(A), the
corresponding strong solution (y, z,w)(t) of (3.5) satisfies

dv

(@) () = ~BT [ue(1,8) £ (9 (1) + 0 (1,1) 9 (e (1,))]

—(w(t) —w) 7 (wlt) —wr) <0,

almost everywhere on the domain [0, 7)) of this local solution (y,z,w)(t). Thus, the

(3.42)

function ¢ — V(y(), 2(t),w(t)) is non increasing on its domain. Then by Lemma 2 and
(3.41), (HIII) holds for the system (3.5).

Now, from Proposition 1 we are able to claim that for any initial condition (yg, 20, wg) € X,
the global system (3.5) has a unique solution (®,w)(¢) on [0, +oc0].

b) Proof of Theorem 2.

Initially, we will restrict ourselves to the system

®(t) + AD(t) + B(t, ®(t)), on [0,00];
®(0) = @,

where ®(t) = (y, 2)(t), o € D(A) and
B(t, (u,v)) = (O,(w*2 — W (t))u); (3.43)

w(t) being such that (®(¢),w(t)) is the solution of the global system (3.5) with initial data
((I)o, (.00) € D(A)
From (3.43), we have

1B, () < o7 — POl

In addition, one can show that (3.40), (3.42) and F3) give
w* —w(") € L ([0,00[; R) N L™ ([0, 00 R).

Consequently, (HV) holds with u(t) = |w** —w?(t)|. (Really, we have the stronger condition

lim¢ 400 w(t) = w*). Therefore, all the assumptions of Theorem 1 are satisfied. Thus, there
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exist positive constants M and k such that

)]l < Me™, ¥t > 0.

Finally, returning to the second equation of (3.5) and using F3) we prove analogously to [13]

that w* — w(-) tends also exponentially to zero. The proof of Theorem 2 is now complete.
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