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Abstract: In this report, we describe models and algorithms designed to produce efficient
and physically consistent dynamic simulations. These models and algorithms have been
implemented in a unique framework, modeling both deformations and contacts through
visco-elastic relations. Since this model of interaction (known as “penalty based”) is much
debated, we present a compared study of two contact models; “penalty” and “impulse”.
Indeed, the “penalty” based model is supposed to have two major drawbacks : - deter-
mining the visco-elastic parameters and - choosing the computation time step. We present
a solution for both problems based on physical concepts. Finally, we will present results
comparing real data, “impulse” based simulation and “penalty” based simulation.
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Modeles et algorithmes pour la collision d’objets rigides
et déformables

Résumé : Dans ce rapport, nous décrivons des modeles et algorithmes congus pour réaliser
des simulations dynamiques rapides et physiquement cohérentes. Ces modeles et algorithmes
ont été implantés au sein d’un simulateur unique, intégrant a la fois les déformations et les
collisions grace a des relations visco-élastiques. Dans le mesure oli ce modele d’interaction
(connu sous le nom de “pénalité“) est trés contesté, nous présentons une étude comparée de
deux modeles de collision; “pénalité” et “impulse”.

En effet, les modeles dits de “pénalité*” est supposé avoir deux difficultés majeures : -
déterminer les parametres visco-élastiques et - choisir un pas de temps pour une intégration
numérique stable. Nous présentons des solutions basées sur des propriétés physiques pour
ces deux problemes. Finallement, nous montrons des résultats qui permettent de comparer
des données réelles et les résultats de simulations & partir de deux modeles de collision ‘:
“pénalité” et “impulse”.

Mots-clé : collision, interactions, objets déformables, mécanique du solide, modele dyna-
mique, identification de parametres, animation, simulation, réalité virtuelle
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1 Introduction

At present, almost all planners used in robotics are based on geometric models. Such models
cannot represent all aspects of reality but, when combined with basic dynamic control stra-
tegies and used in well structured and known environments, they allow one to solve many
problems. The phenomena that geometric models are unable to represent - deformations,
complex interactions with dynamic and static friction, inertia, collisions, etc. - are none-
theless necessary for the solution of complex problems such as manipulating a rigid or a
deformable object using a dextrous hand, guiding an off-road vehicle on a rugged terrain [3]
or estimating pose statistics of parts in an assembly line [16].

Since all of the above mentioned phenomena are obviously dynamic, i.e. related to forces en-
countered in the system being modeled, the most natural approach is to adapt and integrate
the Dynamic laws in dynamic simulators. However, models and algorithms for dynamic
simulation cannot always be deduced from Dynamic laws. In fact, Dynamic laws are only
observations which describe real phenomena in physical values but do not explain what
causes them. Thus, the general approach consists in considering a Dynamics law (i.e. an
observation) and trying to conceive a model and an algorithm able to produce consistent
simulations. The challenge is therefore to integrate different models in a unified framework
and find algorithms with acceptable complexity so as to deal with diverse situations in a
reasonable computation time.

For robotics applications, one may distinguish five dynamic problems useful for dynamic
simulation :

1. Ballistic movements which can be treated using the Newton-Euler law (Isaac New-
ton, 1642-1727 and Leonhard Euler, 1707-1783) or Lagrangian formalism (Louis de
Lagrange, 1736-1813).

2. Constraints due to mechanical articulations which can be represented at a macroscopic
level by geometrical constraints,

3. Normal responses for collisions which are difficult to model and for which there are
different physical laws ; based on geometrical constraints, impulsive forces or penalty
forces.

4. Friction forces that are efficiently computed by the means of the Coulomb law (Charles
de Coulomb, 1736-1806).

5. Deformations, modeled by finite elements or mass-connectors networks, which must
be combined with the four above phenomena and add difficulties.

In this paper, we will present a study of different models for collisions and a system designed
to simulate the behavior of deformable and rigid colliding bodies in a unified framework
consistent with the previously cited Dynamic laws.

RR n° 3568



6 Anton Deguet and Ammar Joukhadar and Christian Laugier

2 Related Works

From its inception, Mechanics has been the main contribution to dynamic simulation [18,
6, 17]. More recently, we can distinguish three principal fields concerned with dynamic si-
mulation in real time. The first one is the dynamic control of kinematic chains and deals
mainly with the problem of constraints introduced by articulations [4, 5]. The second one
is computer graphics. In this field, complex geometric models introduce so many different
control parameters that physically correct behavior is hard to obtain even for an experienced
operator. Thus, in order to reduce the number of degrees of freedom, simplified dynamic
models are used. The most frequent approach consists in considering collisions and contacts
as geometrical constraints, and thereby obtains a uniform treatment of both interactions
and articulations [1].

Finally, in robotics, dynamic simulations appear to be useful for planning or teleoperation.
For this, the different models and algorithms developed for kinematic chains may be applied,
but the representation of contacts by geometrical constraints leads to physically incorrect
approximations [14]. Furthermore, the constraints-based model induces a global represen-
tation of all constraints by a system of non-linear equations which is difficult to maintain
and solve (NP-hard).

In opposition to this global and geometrical representation of contact, we present two models
based on physical approaches : “impulse” and “penalty”.

Notations In the following sections, we will assume that it is possible to establish an
orthonormal frame associated with the collision. The z axis will be aligned with the direction
of contact (determined by the relative velocity of the objects) and called the normal direction.
The x and y axis define the tangential plan of the collision. Let x, v and a be the position,
velocity and acceleration vectors.

2.1 Impulse based Models

Introduction For a neophyte it is easy to imagine that two rigid objects colliding at high
speed will rebound immediately. Thus, the collision itself can be considered as instanta-
neous, and contact forces as impulsive.

This assumption of “instantaneousity” is the base of the theory of impact, also called ste-
reomechanics in [6]. Since the collision is considered instantaneous, it is not necessary to
detail what really happens during it, and the phenomenon must be described by a relation
between the state variables before (¢; = ¢, ) and after the collision (¢t; = t}). In addition,
positions remain constant and thus the only change concerns velocities.

The simplest relation is given by the Newton impulse model which establishes the relation
: v(ty) = —ev,(t;) where e is the coefficient of restitution. Since e € [0, 1], the Newton
relation shows that the object cannot rebound faster that it arrived. If e = 1 the collision
is perfectly elastic and plastic if e = 0. This model is far too simple for it is impossible to
integrate the Coulomb law for friction because there is no expression of normal forces.

INRIA
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Combining Impulse and Coulomb The Poisson law (Siméon Denis Poisson, 1781-1840)
establishes that p,(tf) = (e — 1)(p.(tmc)) where p is the impulse, defined by p = [ Fdt or
Amd (variation of the linear momentum). The main difference with the previous law is that
even if the phenomenon is instantaneous, it has to be divided into two phases, compression
and restitution, separated by a maximum compression point at ¢,,..

It is important to note that even if this law requires a partial study of what happens during
the collision, it is still not a continuous representation of the whole phenomenon relative to
time. It can even be shown that time cannot be used to evaluate p,(tm.) = fti’"“ F(t)dt.
Because the collision is instantaneous, we should evaluate

tme
lim F(t)dt
tme—1t; t;
and in order to get a non null value of p,,., F(t) must take an infinite value which is not
realistic [2]. Nevertheless, while an expression of forces as a function of time cannot be used,
the Coulomb law requires some expression of the evolution of forces.

Practical implementation A possible solution is to describe the evolution of the collision
according to a parameter other than time. According to B. Mirtich, this parameter v must
be continuous and increase monotonically. The following is an abridged presentation of his
approach, for further details, see [15].

As F = m& = mv, p= [ F(t)dt can be rewritten to get p = ff mo = m(v2 — v1) = mAwv.
Introducing v, we obtain p(y) = m(v(vy) —v(0)). For simplicity, the matrix M is introduced,
which yields

Mp(v) = v(v) —v(0) (1)
and by differentiation with respect to ~,
d d
= 2
20 = 20 (2)

Equation (2) is justified by the fact that M is constant, nonsingular, symmetric and positive
definite.

The problem of choosing + is still not resolved. B. Mirtich proposes integrating the ODE (2)
with respect to p,. With v = p,, he demonstrates that the vector %p(fy) is a function of
Me, Vg and v, where p. is the coefficient of friction when the tangential velocity is nonzero
(vg # 0 # vy). This yields a differential equation with respect to p;,

p — Vs [\[VE + V2

7" =M e,/ fo2 403 ®
1

As the parameterization is a projection among the z axis, it is logical to have the third
element of the right-hand-side equal to 1.

RR n° 3568



8 Anton Deguet and Ammar Joukhadar and Christian Laugier

Collision integration The integration of the equation (3) allows the computation of the
evolution of velocity during the collision. When the normal velocity v, = 0, the maximum
compression is reached (yme)- It is then possible to evaluate p,,. and, by multiplying it by
(e —1), find the value of total impulse p(yf). To determine v(7¢), equation (3) is integrated
until the total impulse is equal to p(7yy).

In a recent publication [19], Stronge shows that in some situations the Poisson law may
introduce an energy gain in the system. To avoid this, he proposes a new definition for e,
as a ratio between the work before and after the collision:

W(ts) = (1 - €)W (tme) (4)

B. Mirtich introduced this criterion in the collision integration. The formulas are more
complicated and the parameterization is different. As all details and results cannot be
treated in this brief presentation, we encourage the reader to consult [14].

Discussion The main problem solved by this approach is the taking into account of friction
forces using the Coulomb law in an instantaneous representation of collision. In a complete
simulator, such collisions will be considered one after the other because two instantaneous
phenomena can be considered as non simultaneous.

Since the Poisson law has been utilized for many years, the restitution coefficient, e, has
already been identified for different materials. However, it has recently been shown that the
factor e also depends on the speed of collision and this relation may be approximated by a
linear function, e =1 — aw; [7].

The foremost problem of Impulse-based collision models appears when collisions between
two objects are frequent and ballistic phases are short. When you drop a rigid parallelepi-
ped on the ground, stability should be reached after a few rebounds, but this is not the case
for a pure Impulse based simulation. Indeed, a resting contact is modeled through a train
of collision and the frequency of impact tends to increase. In this specific case of resting
contact, both objects can be considered as static in relation to each other. A local evaluation
can be performed to detect this static contact and thereby switch to an adequate model.
For non rigid bodies, contact phases are often long in comparison to ballistic phases. Ho-
wever, the contact cannot be viewed as resting because both objects may still move or
bend.

2.2 Penalty based Models

Introduction The goal of penalty models is to give a continuous representation of the
collision phenomenon at a macroscopic level. It is obvious that a microscopic study should
lead to a model of molecular structure, which does not seem feasible in real time. From
a macroscopic point of view, the only thing that one can measure is the deformation of
colliding bodies.

It is important to underline that the consideration of deformations does not imply that this
model is restricted to highly deformable objects, almost all materials are deformed during a

INRIA
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collision.

Empirically, this deformation is close to a linear function of forces. Vice versa, the reactive
force that first reduces the relative speed of the two objects and finally repulses them from
each other, is proportional to the deformation. As this deformation is almost impossible to
model, a common hypothesis is that the value of the interpenetration of the two volumes
is equivalent to the deformation. Thus, F = —Az where z is a geometrical measure of
the interpenetration. This representation by the Hooke law is suitable for perfect elastic
collision. A viscous damping term is introduced in order to model plastic phenomenon and
F = —)Ax — pv. This model is quite similar to that of Kelvin-Voigt used for vibrational
mechanics.

Three main problems are raised by this approach. The first one is related to sticking forces
due to the viscous term of the force, the second to the representation of time and the third
to the identification of A and p.

Sticking forces In figure (1), the collision force is plotted as a function of the penetration
value. During the ballistic phase Py, F' = 0. Then, the force increases until it reaches
maximum compression and reduces. (1.a) shows that at the end of the collision, the F is
negative because of the damping term. This should not occur and tends to keep the two
objects stuck together. K. H. Hunt and F. R. E. Crossley [7] propose a new formula to
compute F' that would respect the shape of (1.b); FF = —Az — pxv. This solution also
suppresses the discontinuity of the repulsion force at the beginning of the collision.

A continuous model In Mechanics, observations are made in a continuous world. The-
refore, for implementation, a sampling is almost always introduced for the integration of
movements over time. The value of this sampling is hard to determine. If it is too high, the
computation cost will be prohibitive and if it is too low, strange phenomena may appear.
Let A be a small particle falling on a thin plank (figure 2.a). At the second step (2.b), the
algorithm has just detected the interpenetration and is now computing the repulsion force
for the next time interval. If the coefficients A and p are small, the force will also be small
and the speed will not significantly decrease. The particle can then go through the plank
(2.c).

Fixing parameters One might suggest that the previous problem could be solved by
increasing A or . This would only be a trick and, from a physical point of view, definitively
not a correct solution. Indeed, these parameters are supposed to represent the physical
properties of the materials. To determine the parameters, a useful result is given by [7]
which establishes a relation with the Poisson’s coefficient of restitution (~ «, see section 2.1)

3
b= 501/\ (5)

Intuitively, the damping term of F' causes energy loss and its importance is relative to the
value of A, thus, the relation between e (~ @) and p/X is not surprising.

RR n° 3568
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Figure 1: Regular visco-elastic and non linear visco-elastic model
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‘]T

Figure 2: A soft collision with a sampling that is too low

Vt+7 Vtt27

Since a can be deduced from e and v;, which are both known, A is the only unknown. We
present an ad hoc solution for A in section 5.

Discussion The penalty model, based on a non linear visco-elastic force, is simple to
implement and gives an explicit expression of the normal forces of repulsion which leads to
an easy integration of friction forces with the Coulomb law. Contrary to what is usually
affirmed, there is an automatic and physically logical means of determining the collision
parameters A and pu.

The remaining essential question is that of the time step required to obtain a consistent
simulation.

Terminology The “penalty” based approach can also be viewed as an approximation me-
thod to ensure non penetration between two objects. In this case, the collision is modeled by
a geometrical constraint, assuming that rigid objects cannot interpenetrate. The problem is
then to solve a dynamic system D(z) = 0 under constraints C(z) < 0 which is NP-hard [1].
The approximate solution consists in minimizing D(x) + AC'(z) where A\C'(x) appears to be
a penalty function and A is the weight of the cost function C(z). Since C(x) is a geometrical
constraint, it is a distance or a volume that expresses the interpenetration. Finally, the cost
function is —Azx.

Thus, both approaches lead to the same formalism but what appears as a physical parameter
in one case is empirical in the other. The utilization of the model is also different. Indeed,
the principle is to find the adequate collision response in one computation step. Therefore,
this approach is definitely not continuous. The word “penalty” is employed to describe si-
milar but distinct things, a numeric approximative method and a physical model.

In conclusion, one can assert that the “penalty” numerical method is not optimal for ap-
proximating repulsive forces in a dynamic constraint problem but this does not mean that
the physical model is not valid.

2.3 Discussion

Both models are based on physical laws and use a local representation of contacts, which
is also logical from a physical point of view. The difference lies in the physical variables
used for these laws : force versus impulse. For the “penalty based” model, the simulation is
continuous through time and provides the normal response as a force, whereas the “impulse

RR n° 3568



12 Anton Deguet and Ammar Joukhadar and Christian Laugier

based” model instantaneously modifies the speeds of colliding objects. However, both detail
what happens during the collision through a collision integration. This is essential since it
has been proven that the tangential velocity change during the collision. Thus both models
are physically more precise than a contact model based on unilateral constraints (which
assumes a constant tangential velocity).

Finally, the impulse approach appears appropriate for simulations in which the duration of
contact is brief as compared to the period of the colliding objects’ natural frequencies (rigid
bodies) whereas the “penalty model” seems better adapted to simulations in which contacts
are repeated and relatively long (deformable bodies).

As previously noted, almost all solids can be considered as deformable. Theoretically, when
the rigidity of a deformable object tends to the infinite, the behavior of both models should
be analogous. We present comparison results in section 5.

3 Modeling rigid and deformable objects

The main goal of our simulator is to integrate both rigid and deformable objects. To
simulate deformations, we have retained a visco-elastic model which has been used for many
mechanical applications [6, 20], as opposed to the finite element method for simplicity and
rapidity. We give a summerized description of a simulator described in [8].

3.1 Discretization

In order to be modeled, an object has to be discretized into particles. The level of this
discretization mainly depends on the deformability characteristics of the object. Usually, a
very fine and uniform discretization of objects is used for modeling deformable objects. But
this straightforward solution generates prohibitive execution times and numerical problems.
Non-uniform discretization techniques, like the one used in [12], may also generate incon-
sistent behavior if the inertia properties of the objects are not preserved.

In order to solve such problems, we have developed a technique that subdivides each object
into a set of components with the same inertia properties of the object (inertia matrix and
inertia center) and in which each component is not subject to large deformations. The dis-
cretization is realized using a wave propagation technique (figure 3) applied from the inertia
center of the object to model. The number and size of these components obviously depends
on the deformability properties of the object to be modeled (i.e. deformable parts will be
more deeply subdivided, and almost rigid parts will be represented by a few components).
If the object is rigid, the resulting set of particles will form only one primitive. When it
is deformable, each particle is considered as a primitive and appropriate connectors will be
added between them.

Three kinds of connectors have been implemented, a linear connector which connects two
particles and tends to maintain a resting distance, a torsion connector which connects three
particles and tends to maintain an unsigned resting angle, and a joint connector which
connects four particles to maintain a signed angle.

INRIA
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For a volumic model, it is necessary to maintain the angles between the edges of the network.
A possible solution based on linear connectors consists in connecting all particles to get a
set of triangles (like a roof’s frame). This classical approach presents a major drawback
: torques will not depend on the angle, but on the distances between particles. We have
introduced torsion and joint connectors to solve this problem.

The second modeling step consists in giving a “volumetric” dimension to the objects, by
adding facets delimited by the external particles of the previous network. These facets are
necessary to process collision and contact phenomena.

A

Figure 3: Discretization of a convez polyhedron

3.2 Identification

The parameters A and p associated with each connectors and the mass of particles have to
be identified in order to obtain physically correct behavior.

For the computation of masses, we developed an algorithm which ensure that the mass and
inertia properties are respected globally and locally. At a local level, the minimal element
of discretization is tetrahedron that will not deform a lot during the simulation [9).

For A and p, it is possible to find some information about the compression and/or traction
properties of certain materials. This can be used to determine the parameters of the linear
connectors. Experimental data for torsion and joint connectors are more difficult to obtain
since their influences cannot be isolated nor decoupled.

In order to solve this problem, we introduced an identification process based on a genetic
algorithm [9]. This feature has been tested with success on a concrete case for a medical
application [11]. In order to detect a venous thrombosis, the surgeon slides an echographic
sensor along the skin of the thigh. If he/she applies too much pressure the clot can be
released. Our simulator is used to model the behavior of a human thigh under pressure
(figure 4). The model has also been used to simulate the behavior of an animal’s Anterior
Cruciate Ligament (figure 5). Here as well, results are totally satisfying since the margin
of error does not exceed 5%. Moreover, surgeons agreed that the simulation was visually
realistic [13].

RR n° 3568



14 Anton Deguet and Ammar Joukhadar and Christian Laugier

Figure 4: Model of a human thigh with an echographic probe.

Figure 5: Simulation of the behavior of the knee ligament.

INRIA
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3.3 Interactions

For deformable bodies, interactions cannot be considered as instantaneous since they will
induce a deformation which has to be analyzed with respect to time. For this reason, a
penalty based model seems appropriate. We use the non linear visco-elastic model and the
results presented in section 2.2 to determine the parameters of the reaction force.

The interpenetration is defined as the intersecting volume between the two objects. This
requires a new efficient algorithm able to deal with negative distance for convex or non
convex polyhedra. This algorithm is presented in [10].

Finally, both models of deformation and interaction are based on visco-elastic relations and
this approach leads to a logical and coherent framework.

Nevertheless, none of the presented works deal with the problem raised by the utilization of
a continuous model in a simulator based on a discrete representation of time. We present a
physically based method to solve this problem in section 4.

4 Motion and deformation generation

4.1 Introduction

The motions and the deformations of each object are the result of the motion of its primitives.
In our case, these primitives are rigid objects or particles which can be considered as a
particular case of rigid objects.

Since each primitive is rigid, its motion can be computed using the Newton-Euler differential
equations. As the primitives are linked by visco-elastics connectors we obtain following
system of differential equations :

—

F;, = m;a; (6)

Ni = Li6; + 6; A (1,.6,) (M)

Fi = £(55,5.6;,6;) + F! + FO)Ji,j € [1..n] (8)
ﬁi = g(ﬁi) (9)

where n is the number of primitives, &, 0;, d;, the position, velocity and acceleration of the

primitive g, 67;, 6;, 6; the orientation, rotation velocity and rotation acceleration around its
inertia center. m; and I; are the mass and the inertia matrix of the primitive i. The firsts two
equations are those of Newton-Euler. The last equation only converts forces into torques.
The third equation is very significant since it represents the forces due to the connectors
(relations to primitives j) through the function f. Since we consider linear and torsion /joint
connectors, both position and orientation are required to compute f- The third equati_(’)n
also includes all external external phenomena; interaction forces F! and control forces FC.
Unfortunately, this system is neither continuous nor linear, because it involves collision
forces and control forces that can be applied at any time by the user on the environment.
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16 Anton Deguet and Ammar Joukhadar and Christian Laugier

Consequently, it is difficult to solve this system analytically or by an implicit! numerical
method. A classical means of solving such a system is to use an explicit method based on a
second order limited development with a time step 7:

2

Tpyr =?7t+75t+0(%5t) (10)

2 3
Ziyr th+717t+?at+0(€dt) (11)
Orr =0, + 1Y (N, — 6, A (1.4))7 (12)

Some well known drawbacks of such methods for dynamical simulation are as follows:

e Such process is very sensitive to the chosen time step. If it is too large, this may lead
to numerical divergence generated by the error term (figure 6). In physical terms, this
means that the simulation goes too fast and reaches an incoherent position (abnormal

compression or traction) because all modifications of forces (a;) related to Ff and FC)
are neglected during 7.

On the other hand, if 7 is too small, the execution time will be prohibitive.
Therefore, it is difficult to choose a time step which ensures numerical stability, because
it depends on many factors like collision characteristic or deformability properties. In
practice, the time step is usually chosen empirically after several attempts to execute
the simulation process and the validity of the simulation is visually determined by an
operator.

e The error term cannot be easily estimated, because the system has a non continuous
behavior. This is a major drawback for robotics applications in real time.

””””” numerical solution
— analytical solution

Figure 6: Without a suitable time step the numerical solution may diverge

f 244, = f(z~) | ¥ < t the approach is explicit (incremental), else it is implicit.
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4.2 Adaptative time step and error estimation

Problem and approach The equation (10) shows that the numerical error increases
when the time step 7 and/or the derivative of the acceleration, (:i, increase. Since the value
of & cannot be controlled, the only way to decrease the error term is to decrease the time
step, and consequently to increase the computational time. It is judicious to remark that
when the external forces are null, the error will be negligible and a large sampling is not
required. Thus, we used an adaptive time step 7 (figure 7), where the sampling rate varies
according to the variation of |a| in order to keep the error term less than a given threshold
while using a few samples as possible.

The main problem comes from the fact that the value of a is not easy to determine since we

x

Figure 7: A good strategy to avoid divergence and reduce the computational time is to use
an adaptive time step T which allows the system to be integrated using a minimum number
of samples.

have many simultaneous collisions and we assume that a user can add discontinuous forces
through a virtuel controller or a force feedback device.

In physical terms, the error can also be considered as a jump in time which induces an
improbable state. Therefore, a Physical law must have been transgressed and this law
could be used to determine the amplitude of the error. As we saw before, a too large time
step can produce abnormal forces which, after an integration step, will cause a variation of
mechanical energy. This variation is a transgression to the main property of the mechanical
energy (which remains constant for an isolated system) and seems to be a good criteria to
detect the error.

Let E,,, be the mechanical energy of the physical system S considered (E,, = E,+ E}, where

E, is the potential energy and Ej, is the kinetic energy). E,, depends on # and
z+Azx . 1
En=E,+E, = —/ F.bx + §mAv2

T

Three cases have to be considered when reasoning about the variation of E,,:
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e S in an isolated system without energy dissipation. This situation arises when an ob-
ject (or a set of objects) is not subjected to an external force, nor friction phenomenon.
In this case, E,, is constant.

e S is an isolated system with energy dissipation. This situation arises when a friction
force appears between objects. In this case E,, decreases.

e S is a non-isolated system. This situation arises when S is subjected to an external
forces (control force or collision). In this case E,, increases.

Time step determination The time step determination algorithm is basically applied
during the time intervals where the object is considered as an isolated system. The extension
of the domain of validity of this algorithm is discussed below. As previously explained, the
mechanical energy E,, is constant when the system is isolated : AFE,, = 0. If AE,
increases during the numerical integration, this means that this “non physical” variation is
the result of the error term. At this point, the idea is to monitor the value of |AE,,| at
each time step and to choose the greatest time step which satisfies |AE,,| < €, for a small
€e (tolerated error). The following algorithm gives a practical implementation of this idea:

Let 7; be the position of the object.
Let v; be its velocity.
Let ﬁt be the sum of the forces applied on it.
LOOP
Calculate z;7, and v,
Calculate AE.
IF |AE| > ¢, THEN
LOOP
=3
Calculate z;7, and v,
Calculate AFE
UNTIL |AE| < e
ELSE
3

7'257'

UNTIL oo

Justification |AE,,| > € means that the variation of energy is too large, and consequently
the time step is too large; |AE,,| < €. means that the probability that the state of the system
is “correct” is very high. An intuitive justification of this assumption relies on the fact that
two different states of the system having approximatively the same numerical value for E,,
cannot be associated with two consecutive (and close) time step, because of the continuity
of the object motions. For instance, when two objects penetrate each other, the mechanical
energy increases continuously until they separate. Thus the two objects would have to cover
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in a single time step a distance which would be greater than the sum of their dimensions in
order to reach an incorrect state which verifies the energy conservation.

Dealing with external perturbations When an external force F, (control or collision
force) is applied to the system, E,, is no longer constant during a very short interval of
time. After this event, we can take into account the potential energy generated by F. and
the system will returns to a state where E,, is constant. A safe and blind iteration (using
a very small time step €,) of the algorithm is necessary to evaluate the value of the new
mechanical energy E,,. A good way to choose €,, which is consistent with the algorithm
described above, is to search for the time step e, for which AE,, between ¢t and ¢t + 7 is
smaller than e. It is always possible to find such time step because of the continuity of
E,,,. Consequently, the previous algorithm still applies where an external force is applied to
the system.

Discussion The two main difficulties raised by the numerical integration of the dynamic
equations were : firstly, how to choose a time step which would lead to a physically correct
simulation and, secondly, what kind of compromise between computation time and physical
consistency would be acceptable.

The solution presented is not a compromise because the sampling frequency is determined
in order to maintain the physical accuracy. Nevertheless, since the time step is adaptative,
a very small time step adapted to a given phenomena will not penalize the whole simulation
and the global computation time remains acceptable.

More importantly, monitoring the time step and therefore the error through the value of the
mechanical energy solves a crucial problem. Indeed, even with a constant time step, as small
it might be, it is almost impossible to ensure that the sampling frequency is high enough.
This practical approach leads to a high probability of avoiding the numerical divergence for
both deformable and contact penalty models.

5 Experiments

5.1 Protocol

In order to test our model of contact and the algorithms developed to compute the mo-
vements, we did some experiments similar to those realized in [16]. This work has the
advantage of giving numerical results.

The experiment consists in estimating the pose statistic of different small rigid parts falling
on part feeders. This information is then used to optimize the motions of a robot arm which
picks up the part and places them correctly (further details in [14]).

We tested our approach with two of the four presented parts; the orange insulator cap and
the large stereo button (figure 8). Exact CAD models have been furnished by B. Mirtich as
well as the physical parameters. Both restitution and friction coeflicients were estimated to
be equal to 0.3. At the moment of impact, the simulator computes o = lv;e Since a = g—ﬁ
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Figure 8: The insulator cap and the stereo button

the remaining unknown is A. We believe that A can be experimentally deduced, but since the
parts were not available, we fixed A by an other means. Indeed, this parameter represents
the rigidity of the collision and tends to enforce a non penetration constraint. Thus, we
experimentally determined A in that the interpenetration is very small compared to the size
of the object (less than 0.5% of the length). This leads to a computation at 320K hz at the
worse moment of the collision but the average time step is close to 0.00072s, i.e. 1.4Khz.
In most cases, we determine A through the deformation of the material under static load.
This solution is very sensitive to the shape of the cells and can only be applied with face to
face contact. However, for deformable bodies, surfaces are descretized and a high percentage
of them is represented by cells in face to face contact (all central faces).

The two parts are non convex and therefore modeled as an assembly of rigid convex poly-
hedra (figure 8). For interactions, we consider the sum of the forces due to the interactions’
volumes of each sub-polyhedron. This sum is then applied to the whole object (figure 9).

5.2 Results

The results are presented in tables 1 and 2. Let p1,...,p, represent the probability of each
of n states, as measured in the physical test. Let a;,...,a, represent the corresponding
probabilities computed by a given simulator. The error percentage for this simulator is
equal to :

n
e= IOOsz-|a,~ — pi

i=1
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Figure 9: The insulator cap falls and rebounds

21

Pose | Impulse | Penalty | Physical tests
1 41.9 43.0 46.0
2 26.2 29.5 27.1
3 28.3 20.1 19.7
4 3.0 4.0 5.0
5 0.8 2.7 2.2
6 0.0 0.6 0.0
error 4.0 2.2 -

Table 1: Orange insulator cap statistics

Pose | Impulse | Penalty | Physical tests
1 71.7 70.4 75.8
2 20.9 20.5 13.8
3 7.4 8.9 10.5
4 0.1 0.25 0.0
error 4.4 5.2 -

Table 2: Stereo button statistics
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5.3 Discussion

These results have been obtained without any particular tuning. They are quite close to
the impulse based simulations and the real which verify the accuracy of our approach. This
is very encouraging since the penalty based model is not particularly well suited for stiff
collisions.

Our conclusion is not that the penalty based model is better than the impulse based one in
any case. Indeed, to simulate 995 drops for the first part and 776 for the second part, we used
3 workstations (SiliconGraphics Indy R4600100M hz) over a pair of hours whereas the im-
pulse based simulation required 45 minutes for 2000 drops (SiliconGraphicsIndigo: R4400200M hz).
As previously mentionned, we did not modify the simulator for those experiments and we
believe that the execution time could be seriously reduced with some simple optimizations
(it was originaly developped for deformable objects).

6 Conclusions

We have presented a simulator which is able to model the movement of both rigid and
deformable objects. This simulator is based on a mass-spring model for the deformation
and the penalty model for the interactions. This representation is unified because both use
visco-elastic relations. Nevertheless, it is usually said that this approach is physically not
correct. In order to correct this, we introduced :

e A relation which allows determining the collision parameters as function of the coeffi-
cient of restitution e and the elasticity of the materials.

e A practical criterion based on the mechanical energy of the system which allows de-
tecting numerical divergence due to wrong time step.

We implemented and tested these methods in order to validate the simulator. We repro-
duced previously released experiments and get quite close results. This tends to prove the
physical accuracy of our system.

In future, we plan to study in detail (velocity, acceleration, momentum, energy, work) the
two different models during the collision with analytical and numerical integration.

The ultimate goal is to combine different algorithms corresponding to different phenomena.
In [14], two models based on geometric constraints and impulses have been integrated in
order to simulate respectively articulations and impacts. We believe that it would be inter-
esting to integrate impulse and penalty in a unique simulator to model rigid and deformable
interactions.
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