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Abstract: We generalize the Grad theory to polyatomic gases with a continuous internal
energy. To this end, we consider the generalized Borgnakke-Larsen model, and also a model
derived of a monoatomic gas in dimension higher than three. We give an explicit fourteen
moments system, computed for a diatomic gas and a Hard Sphere potential. Finally, we
show how it can be reduced to standard Navier-Stokes equations.
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Généralisation de la théorie de Grad pour les Gaz
polyatomiques.

Résumé : Nous généralisons la méthode de Grad au cas des gaz polyatmiques avec énergie
interne continue. Dans ce but nous utilisons le modéle de Borgnakke-Larsen et également
un modéle récent, déduit d’un modéle monoatomique en dimension supérieure 4 trois. Nous
proposons un modéle explicite aux quatorze moments, calculé pour un gaz diatomique et
pour le potentiel des Sphéres Dures. Finalement, nous montrons que ce systéme peut se
réduire aux équations de Navier-Stokes.

Mots-clé : Méthod de Grad, transition, Navier-Stokes, gaz polyatomiques.
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1 Introduction

In many domain of physics, like fluid mechanics, semi-conductors or plasmas, the kinetic
theory has lead to the interpretation of classical macroscopic models. For example, in fluid
mechanics, Navier-Stokes equations may be derived from Boltzmann equation using the so-
called Chapman-Enskog theory [3], [8], [4], valid for monoatomic dense gases with small
gradients. In particular, the classical Stokes law; v = —(2/3)pu, appears to be valid, from
the kinetic point of view, only for monoatomic gases. Furthermore, the Navier-Stokes laws
and the Fourier law have a kinetic interpretation.

Different others theories have been developped to determine more general macroscopic
systems of equations, valid for more general flows, especially for flows in transitional regime.
We can mention here the Grad moments method [5]. More recently Levermore [6] has
proposed a new theory yielding macroscopic systems of equations having good mathematical
properties.

Thus, thanks to the kinetic theory we can interpret existing macroscopic systems of equa-
tions or derive new ones. The different methods we have just recalled before have been
established for monoatomic gases. A natural extention consists in the interpretation or
derivation of macroscopic systems of equations for more complex gases including internal
energies.

We can find a first answer in the book of Chapman-Cowling [4]. The collision process is
described in the context of Hamilton mechanics, which allowed to include internal energies
with continuous spectrum to describe the gas. The macroscopic properties, like stress tensor
and heat flux, are derived following the Chapman-Enskog arguments for a monoatomic gas.
A similar approach is considered in the book of Brun [3] for internal energies with discrete
spectrum. Different situations are studied depending on the relaxation time of each mode.
An asymptotic expansion of the distribution function is written according to the smallest
Knudsen number following Chapman-Enskog, but the solution is restricted to the zero order
case. In these approaches, the kinetic modelization introduces a new variable for each
internal mode, increasing difficulty at least at the microscopic level. Generally speaking,
the method consists in generalizing the technique used for a monoatomic gas directly to a
polyatomic gas.

In this paper, we propose a new method. The main idea follows from the introduction of
a new Boltzmann polyatomic model described in Bourgat and al. [2]. This model needs only
one additional variable to describe a large class of gases with continuous internal energy.
Futhermore, it may be deduced from a monoatomic model written with microscopic velocities
in dimension 3 + §, where § is the number of internal degrees of freedom. Then we may
apply, for example, the Grad method to the monoatomic model in higher dimension and,
with some appropriate assumptions on the flow, recover a consistent system of macroscopic
equations for a polyatomic gas.

In section 1, we present two polyatomic models, the one mentioned above, deduced from a
monoatomic model in higher dimension, and the second one which is a original mathematical
formulation of the so-called Borgnakke-Larsen model. The generalization of Grad theory
is detailed in section 2, yielding an explicit system of moments to describe a diatomic gas.
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4 Francgois Mallinger

The corresponding calculations are developped in annex. In the following section, as an
application, we derive the resulting Navier-Stokes equations for a diatomic gas. We will end
this paper by some remarks.

2 Kinetic modelisation of a polyatomic gas

For a monoatomic gas, a particle is characterized by its position z and its velocity ¢ at a
time t. In order to describe a polyatomic gas we have to take into account the internal
energy of each gas particle. To this end, supposing that each internal degree of freedom
has a continuous spectrum, we introduce the variable I. This variable is nonnegative and is
related to the internal energy e;,; according to the relation I? = e;,;. The state of the gas
will be described by the distribution function f = f(x,§,I,t). Moreover, the state equation,
induced at equilibrium, is p = (y — 1) p €int, where the constant -y lies in (1,5/3], depending
on the nature of the gas. The constant v is related to the number of internal degrees of
freedom by the equation

_0+5
T 5 s
In this general case, the Boltzmann equation is written as follows
of of
1 S A

where ()5 is the collision operator, quadratic with respect to f.

We describe now two different collision modelizations, and the corresponding collision
operators. The results we give here are due to J.-F. Bourgat, L. Desvillettes, P. Le Tallec
and B. Perthame. For more details we refer to their paper [2].

2.1 Borgnakke-Larsen model

The model was first introduced by Borgnakke-Larsen [1] from a phenomenologycal point of
view. The mathematical formulation given in [2] leads to a rigorous proof of the collision
microreversibility and a H-theorem.

To describe the collision we consider two identical molecules with velocity and internal
energy (&,1I), (&, 1), before a collision and (¢',1"), (&L, 1)), after a collision. Moreover we

denote by
2
@ wet-g, e=LZtlip.p

respectively the relative velocity and the total energy of a system of two particles. After
collision the total energy is conserved, and is redistributed between kinetic and internal
energy.

INRIA



The Grad theory to polyatomic gases 5

More precisely, the post collision prime properties are deduced from the following system
§+86=¢+&,
2eR

= o] (vr — 2v,.WwW),
T

3) Uy

I,Q — r(l _ R2) 62, Ili — (1 _ T‘)(]- _ R2) 62-

The parameter R, which belong to [0,1], is the fraction of total energy which becomes

kinetic energy after collision and r, which belong to [0, 1], is the redistribution parameter

of internal energy between the colliding molecules. Finally the vector w is a geometrical

parameter belonging to the unit sphere, characterizing the collision angle in space.
According to this model, the collision operator is given by

@ el = [ (GhE= - ) Bany et st (Rand,
where the integration domain, measures and collision cross sections are given by
A=R?*xR" x[0,1]? x 52,
ps(r) = [r(L=r)]>71, 4s(R) = R*(1 - R*)*~,
B = B(e, R|v,|, R|v,.w|, I’r(1 — R?),I2(1 — r)(1 — R?),(1 — R?)(I? + 12)) > 0,

with the usual notation f = f(§,1), fu = f(&, L), f' = f(&,I") et fl = f(&,IL). All the
arguments in the expression of B are collision invariants.
The Variable Hard Sphere model is obtained by setting

B = Clv,[**|vp.w|R"?*,
and leads, by homogeneity arguments, to the following viscosity law
= KT1/2_a,

where C and K are some constants. The Borgnakke-Larsen model satisfies the same prop-
erties as the monoatomic classical model. In particular, the following formula is verified

(5) / Qs ()& T) ¢(& 1) dEdI = 1/ff*[45]15’(1&*dfdf*dfsaé(7“)6“‘1!16(R)dl'%dw,
R3xRt 2

where ¢ is a function and [¢)] is defined by [¢] = ¢ + ¢ — ¢’ — ¢,
The so called H-theorem becomes for the Borgnakke-Larsen model

©) | Qs(Dag(s1=)+ yasar <o.
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6 Francgois Mallinger

Moreover, thanks to equation (6), log(fI'~?) is a collision invariant at equilibrium, there-
fore a linear combination of the invariants 1,&,£2/2 + I?. Tt follows that the equilibrium
distribution function is characterized by the Maxwellian

" e = Aémﬂ%e“'g‘”‘mﬁ’/"”{ﬂ,
9

where the parameters A\s and (p,u,T), T > 0, verify

1 p
(8) / & fO dedr = pu;
REXIRT\ (& —u); (€ — u); pRyTo;j
From a simple integration, we deduce that the total energy e is
2 2 6 + 3
(9) Petot = / (ﬁ * 12) O dedr = M + ( ) pPRyT,
R3 X]R+ 2 2 2

according to the principle of energy equipartition. For a diatomic gas, i.e. d = 2, the

parameter As is

2
T G

2.2 A model deduced of a monoatomic model in higher dimension

This model is closer to the Boltzmann equation although more complicated. It uses the
collision parameters o = (a, b,w) in [0, 27]?> x S?. The prime variables are then defined by

1
(10) { A= 5 Vr-w cosa + sina (Iacosb + I,a,sinb),
§+86=E¢+4&,

vl = v, — 4Awcosa,
I'* = I? 4 4A%c0s2b sin2a — 4IaAcosb sina,
(11) 142 = I? + 4A%sin?b sin®a — 41,0, Asinb sina,
o' = (al — 2Acosbsina) /T,
o, = (oI, — 2Asinb sina)/I..
The parameters a et a,, belonging to [0, 1], have a similar interpretation than the parameters

r et R of the preceeding model.
The collision operator is given now by

(12) Qs(f) = /A ( (I,J;,J;;l - (I;i J;’;l) B¢, (I1)2dl.dada.do,

INRIA



The Grad theory to polyatomic gases 7

where
B = B(£ + &6, A, I2(1 — a2),I?(1 — a?),a,b,w) > 0,

A=TR>xR" x [-1,+1]? x [0,27]2 x S2.

We now recall how this model is deduced from a classical monoatomic model in dimension
3+46, where § is an interger. To this end we introduce the particle velocity variables £ = (£, ()

in R**. In this space the collision process conserves the momentum and the total energy,
ie the following equations

£+8& =E6+&

1 1|2 2
2| £ i +iar =2)

+ ¢ + [¢I.

£—&
2

To give the complete description of the collision process we introduce the relative speed and
the collision vectors

- (55500,

(1]

5
1 _ é‘l_f!k 1 #t
_< 2 7C7C*>7

= (w cosa,n sina cosb,n, sina sinb) € S§>1°

(13)

(1]

o)

where 7 and 7, belong to the sphere S°~1. The collision process is condensed into the
relation
(14) E=E-2200

Then the Boltzmann equation, associated to the distribution function g(z, &, ¢, t) is written
as

0g g
1 Ty or
where the collision operator is
(16) 5(0) = [ (¢s' - 99.) BudéedC.in.do

under the notation
B, = BS(€ + &€, |A|7 |C|2 - (C'n)za |C*|2 - (C-U*)Qaa; b,w),
A'=TR3 xR’ x (§91)2 x [0, 27]* x S2.

Now we define a distribution function f, integrating a solution g of equation (15), as follows

(17) a6 1,1) = / 212 11 g(a,£,:/21 0, 1) dO,

g5—1

RR n~° 3581



8 Francgois Mallinger

under the notation

(18) ¢ = vare, a=%ﬁweS“HA=Eﬂ.

The new distribution f is solution of the Boltzmann polyatomic equation (1), with Qs(f)
given by (12), and for a collision kernel B given by

(19) B = us(IL)*[(1 — a?)(1 — a?)| 6912,
with
(20) Bs = Bs(§+ &6, A, (1= 0?),IZ(1 = a3)),

where pg is a constant. The demonstration is based on some appropriate changes of variables.

Remark 2.1 The distribution function f has the same thermodynamic properties as the
Borgnakke-Larsen distribution function.

3 Generalization of the Grad theory to a polyatomic gas

We propose below a system of macroscopic differential equations which generalizes the thir-
teen moments Grad system. To this end we follow the Grad theory, starting with the
monoatomic equation in higher dimension (15). Then we write the distribution function g,
solution of (15), as an expansion in Hermite polynomials. The coefficients of g’s expansion
are solutions of a first system of macroscopic differential equations. Introducing symmetry
properties on the distribution g, and using the integration formula (17), we deduce an as-
sociated expansion of f and the corresponding macroscopic system of differential equations
for a polyatomic gas. The right hand side of the last system is expressed as moments of
the collision operator. We show that we can compute them independently of the choice
of the polyatomic collision operator. Then we give an explicit formula computed for the
Borgnakke-Larsen collision operator, and for a diatomic gas.

3.1 The generalized Grad expansion

Consider again the monoatomic kinetic model in dimension (3 + §)

(21) % ve

dg

@ =Ts(9).

Here the space variable z = (z,y) and the microscopic velocities belong to R3+°.
We suppose also that

® 0/0zy = 0/0z5=...=0/0rs,5=0,

e g is spherical by symmetric with respect to the variable (.

INRIA



The Grad theory to polyatomic gases 9

The first condition means that the transport process acts only in the physical space. Thus
T4, ..., T3+45, appear as parameters of the function g. The second condition means that there
is no privileged velocity direction with respect to the nonphysical velocity ¢, or equivalently
that the distribution function g only depends on the norme /2I of (.

In this space, the macroscopic properties (density, velocity, internal energy, stress tensor
and heat flux vector) are defined by the following integrals

(22) o= [od.

(23) pui = [ € adt

o szi/@;upmg
(25) 7 = - [(€—wi(e-w) gt
(20 w= [e-wES" ga

where i,j =1,2,3,4,---,3+ 6. It is just a simple generalization, to dimension 3 + §, of the
monoatomic definitions. In addition, the pressure is defined by

-1
(27) p= B+0) Oii
From (24) et (25) we deduce
(28) P = gospein
Moreover we define the temperature by
(29) Cint = @RQT.
It follows from (28), (29) that the state law is
(30) p = pRyT = (v — 1)pein:-
Finally we define the tensor p;; by
(31) Pij = —0ij — Posj.

Clearly the relation p;; = 0 is true in the space of dimension 3+ §. From now on we will use
the Grad notation; S; = 2¢;, p;; = —7ij-

RR n~° 3581



10 Francgois Mallinger

Remark 3.1 Considering o diatomic gas (i.e. 6 = 2), it follows from the spherical symme-

try of g that
Ug = Uy = 0,

Oi4 = 044 04, o5 = 035 0;5, 044 = O35,
Sy =855 =0.
Following Grad method we introduce the reduced velocity vector v = (v,w) € IR**°, defined
by
v; = &_ui, pouri =1,2,3, w; = Gi , pouri=4,5...0.
R,T R,T
We also introduce the first Hermite polynomials with respect to the variable v
HO =1,
H = v,
H,?) = v;9; — bij,
3
HY = v, (] = (5+9)),
where 4,5 = 1,2,3,4,---,6. These polynomials are orthogonal with respect to the scalar
product

|v]?

o) = [ pwawen (-5

The moments of the distribution g, with respect to the Hermite polynomials, are denoted
(m)

by a; ' and are defined by
)(3%*)
(32) o™ = % / g H™ () du.
By construction, these moments are related to the physical properties by the relations
(33) N - IO R
1] P ’ 1 p RQT’

where S; = 2q;, for i,j = 1,2,3,4,---,0. Moreover, by definition of p and u, we have the
following relations
(34) a® =1 4V =o.

Then we expand g with respect to the first Hermite polynomials H i(m), as follows

1 1
—_ (0 (2) H(Q) (3) H(3)
(35) g = g( ) (1 zaij ij 2(5 5) a; i ) )

where ¢(© is the equilibrium Mawellian

2 I ,|2
36 0 = Y ex (— (7|U| )) .
(36) g (27R,T) He P 2

INRIA



The Grad theory to polyatomic gases 11

Introducing the relations (33) in (35), g can also be writen

.. Sz —Uu); —Uu 2
(37y = g\© <1+2;;%2T(§—u)i(§—u)j+2(51+5) z(ing) <|§RgT)| —(5+5)>>.

Thanks to the relation (17), relating the kinetic distribution f to g, we deduce, by integra-
tion, the distribution f for a polyatomic gas. Without loss of generality, the method being
the same, we can restrict ourself to a diatomic gas § = 2, i.e. v = 1.4. In this framework,
introducing the variable

2

Sl
R,T "’

1
T = |w| = BT <l =
we can write
flz, & 1t) = / V2R,T 7 g(z,v,70,t) dO.
Sl
Replacing g by (35), and introducing polar coordonates, f becomes

(2) (2)
38) f = fO |1 + o g 4 @i T )

=2+ gpally ~<|v|2+72—7)],

for i,j = 1,2,3, with
jo = M <_ (M))
(2m)% (R, T)? 2 ‘

1
Hég) = 5(7—2 - 2)7

Defining

H® = vi(jv]? + 2 = 7),i=1,2,3,
and knowing that
ai =0,
fori =1,2,3,4,5, the expression (38) can be written
1
_ O [1 b 20 (0D - HD5,) + Lo HZ.(3)] ’

fori,j =1,2,3.
Finally, using dimensional variables, the expression of f becomes

Z 1S —uf’
f=fO [1 + g (€ Wi =) = Péy) + 4 1(9R = (|¢Rg;| i RgT 7>]
(30)

for 7,7 = 1,2,3. This function f is, for a diatomic gas, an approximation of the kinetic
distribution solution of (1).

RR n-° 3581



12 Francgois Mallinger

Remark 3.2 The approzimate expansion of f, under the form (39) has been dericed from
a monoatomic kinetic model written in dimension (3 + §). We want to point out that it can
be used in any Boltzmann equation involving internal energy, and the scalar product

_[g)P+2r

(40) o = [ senaenes (-2

) ¢ IdI.

3.2 The generalized Grad system

In this section, we derive an approximate system of differential equations to be satisfied by
the coefficients of g’s expansion (35). To this end, we replace in the Boltzmann equation
the kinetic distribution g by its truncated expansion (35). In order to obtain a conservative
system we multiply this last equation by the polynomials

(L€, 6£,616°/2) =K,  pouri,j=1,23,4,5,

then we integrate over the microscopic velocity domain R3+°. We obtain the generalized
Grad system

0 0
(a1) 5 [ Kode+ 5o [Ke ot = [KTal)ae,

whose unknown are the coefficients of the expansion (35).
The polynomial components of the vector K can be written as a combination of the
Hermite polynomials, in order to make a better use the orthogonality properties:

(42) 1= H(O),

(43) €, = VR, TH? (v) + u;,

(44) &&= RQTHz'(jz) + \/ﬁ(uzﬂ;-” +u; HY) + Ry T6ij + uiuy,
(45) ﬁ = (R,T)**H® + 2R, Tu, HY + u;R,TH

+(Jul® + 7 RyT) /R, THY + 2usup/R,TH + (5R,T + |u|?)u; + 2Ry Tugi,

for 4,5,k = 1,2,3,4, 5.

Replacing in (41) the components of K by the expressions computed above, and K by
similar expressions, we obtain after some calculations, the following system, written with
respect to the variables o;; and S,

oU, OF (U,
G, ¥ (Ug)

(46) ot Oz,

= J(UG)a in R267

INRIA



The Grad theory to polyatomic gases 13

where
p
PU; .o
Ug = , j=1,..,5,
@ puiuj — O'z'j b
Si — 2woy + 2puieso
epuy
epuu — O X
Fo(Ug) = | epuivjur — (wiojk + ujoi + uroi;) + ?(5]'1;51' + 0kiSj + 6ijSk)
o(S; — 205u; + 2pet0tu,-)uk9— 2RgT12)6ik — 2ugu;op
—(9RgT + |u|2)aik + ?Uisk + ?(S,uk + Sjuy; (ski)
fori,j=1,..,5,
J(Ug) = K T»(g) dé.
]R5

The system (46) results of a direct integration of (41) expanding K according to (42)-(45) and
using the orthogonality properties of the Hermite polynomials. This calculation generalizes
the one done for a monoatomic gas in dimension three [5].

Then we consider only equations of system (46) corresponding to the following moments

(47) K = (LE,£6£,6+& 6P, forij=123,

the others being eliminated by symmetry assumptions; and we simplify the resulting system
using the fact that the following moments of g vanish

U4='LL5=0,

U,’jz(sz'ZO, for (i=1,2,3 and ]2475)
and for (i=4,5 and j=1,2,3),

Sz'=0, for i=4,5.
We point out that §i + §§ can also be written
E+8 =[P =20,

Thanks to these assumptions, we obtain to the final 14 moments polyatomic Grad system

ou,  OF(Up) . mld
(48) W + Txk = J(Up), in R 5
where
p
pu;
Up = puUU; — 044 s i,j = 1,2,3,
op + oy

Si — 2woy + 2pusesor

RR n-° 3581



14 Francgois Mallinger

e puUk

e PUUEL — Tik

®PU;UjUp, — (u,-ajk + ujoi + UkU,'j) + %((511651 + (5sz] + (S,JSk)
edpuy + upoy + ;Sk

o(S; — 20iur + 2pesorus)ur, — 2Ry Tpdi, — 2ujuion —

9 2
(9RT =+ |u|2)az~k + ?uiSk + ?(Szuk + Sy 6ki)

where 4,5 = 1,2, 3.
Finally, knowing that the moments we calculate only depend on the norm of {, we can
write

(49) 10, = [ KTugagac= [ KQu(parde,

3XIR+

3.3 Extension to an arbitrary diatomic model

Formally, the system (48) can be written for an arbitrary model, not necessarily deduced
from a Grad system in higher dimension. Looking apriori for a distribution function f given
by (39), replacing in the Boltzmann equation in f over R®* xIR® x R" x [0, T] and integrating
against

&€ +217)
we get the same system (48)-(49)

(50) o [musare + - [ Kugsaras = [Kuuarde

Thanks to this remark, we have computed J(U,) for the Borgnakke-Larsen collision op-
erator. For this computation we consider a diatomic gas and a Hard Sphere potential, see
annex. The complete right hand side of the diatomic Grad system is then of the form

0
0
- (Akk + 3B)
" Aij + By ’
2
327 (79 Si pex + 1520p S; + 188 Sk pik)

60480 p2R, T

where

—3277/2 2
i 5 (7849 (B,T)” piy + 28 RyTpyj pus + 56 Ry Tpispye + 5:5; )

47040 p?(R,T)

INRIA



The Grad theory to polyatomic gases 15

and

—3277/2 98 5 70 175 7
= | Z)H(R,T - —R,T — R,Tpw> — — SkSk | -
47040p2(R9T)3 (9 p(RyT) pre g b PPk + 18 1Y Dkk 36 k)

Compared with the Grad thirteen moment system [5], for a monoatomic gas, the formulas
differ because of a non zero trace pyy, of the tensor p;;. In fact, as we have already mentioned,
this trace does not vanish for diatomic gas, which explains why we have an additional
equation in p.

4 Navier-Stokes equations for a diatomic gas

For a monoatomic gas the Navier-Stokes equations have a kinetic interpretation. The
Chapman-Enskog theory is a well known procedure to derive the Navier-Stokes from the
Boltzmann equation [4] [8]. This theory is quite similar in the sense that the distribution
function f, solution of the Boltzmann equation, is approximated by a polynomial expansion.
But Chapman-Enskog method introduces restrictive assumptions on the fluid, namely that
the gas is dense and the flow has small gradients. As a result, the viscous stress tensor

Ti;j = —pi; and the heat flux vector g; are given by the constitutive laws
8Ui ou; 2 6uk
51 L= Jo_ [ Z2) Z=E5.
(51) bij s (amj + Ox; (3) oz, ”)’
oT
52 ;= —
( ) qi K a.’ll'z'7

where p is the viscosity coefficient and k the coefficient of thermal conductivity. In this
method they are functions of lower moments of the distribution function f.

In the Grad method the viscous stress and the heat flux are unknowns of the problem.
This is because the Grad expansion is more general and should be valid for a larger range
of flows.

Our aim in this section is to determine expressions similar to (51) and (52) for a diatomic
gas. We start from the diatomic Grad system (48), that we rewrite under non conservative
form,

op op Ouy,
( ) ot + U 6.’L’k amk 07
8ui auz 1 8Jik
4 —_— — — =
(54) ot + oxy, p Oxy,
0 2 Ouy 0 7 0 108
(55) D p L kel £ =,

ot " 50" 9z | Mo ' 57 0w, | 50y

RR n~ 3581



16 Francgois Mallinger

api,- + 8ukp,-j 1 (65, 651 265}; (S)
7 Y

at dy, dr; ' Br; 50z
6’1“ an 2 6ul
(56) + Djk i + Dik drr 5 Pri £ 0ij

aui 6Uj 28uk B )
+p (6.23] + 6.’E, 56.Z'k 6”) = Jij

65’1 Ouk Sz + gSk Gu,- + ;S 6uk 2 Ouk

ot T omy D "9z, T 7°% Bz,
2 ooy, 6pik BRQT
57 Zpa L% 4 oR Tpy LR L 9y,
(57) +pp16:c,~ + 21, plamk + 9Dk ozs
1728l _ g gy, )
6$i

fori,5 =1,2,3.

This equations are obtained by appropriate combinations of the equations of system (48).
We notice that the Grad diatomic system is constituted of 14 equations with 14 unknowns
P>, D, Pij, Si- As already observed, compared with the monoatomic case, this new system
has one additional unknown (the trace of p;; does not vanish); and one more equation: the
energy equation (55) is not anymore the trace of the equations in 0;;, and involves a term
in 1%/2.

We notice that the three first equations (53)-(55) of our system are the classical Navier-
Stokes conservation equations, written under nonconservative form. The last equations
replace the usual constitutive laws relative to p;; and S;. It follows that we just have to
transform the equation into expressions similar to (51) and (52) to find again the complete
Navier-Stokes equations.

To this end we suppose the flow near equilibrium in such a way that the quantities p;;/p
and S;/p/R,T are small. Morevoer, it is natural to suppose the gradients of p,u,T small.
Thus, neglecting the second order terms, ie. the products of two small terms, equations
(56), (57) reduce to

Bpij 6pij 1 85,’ 8Sj 2 BSk Bu, 6uj 2 6uk
58 - — 222k, — -2k,
68 5 T %o, Y7\ 50, T Fm 50w Y 9z, " 0z 50a, Y
/2
_ (4@ ___Cpr L s N L _Kip (o Lpse
= (JU )(ordrel) ~ T 30(R,T)/ (p“ + 72”’“’“5”) = —Kup Py + 5Pudis ) 5
0S; 0S; OR,T (3) (2)

(59) ot + Uk oxy, +p ox; (JZ w Jll )(ordrel)
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Cp? (3) 95
= ___((B,T)JH = —KipoS;
167(3(R9T)1/2 ((Rg )J( ’ ))(ordrel) 1p63S
for 4,7 = 1,2,3, with
1/2
K= 7"
30(R,T)1/2

where C = 02?/m, o and m being respectively the diameter and the mass of a molecule.
Using result of kinetic theory we can also write 02 /m = 1/ V2rLp, where L is the mean free
path.

As for the monoatomic case, the term 1/pK; has the same order of magnitude as the
collision time constant. In fact, pK; is proportinal to ¢/L, where ¢ is the sound speed and
L the mean free path.

Now, if we suppose p,u,T constant and p;;, S; only time dependent, the solution of
equations (58) and (59) are of the form

pij(t) = Cre ¥/ K1,
Si(t) = Cpe—83t/95K1

where C and C5 are some constant.

In this case, p;; and S; tend to zero after a time comparable to the collision time constant.
Thus, if we suppose the flow slowly varying, we can consider that the non homogeneous terms
of (58) and (59) are not time dependent over time intervals characteristics of the mean flow
which are then much larger than the collision time constant. Thus after a few collisions, a
quasi-equilibrium state is reached, solved approximatively by the following spatial differential
system

Opij (1(0S; 08S; 205 . dui | Ou;  20uy
(60) o, T 7 (ax,- * Be: 50w ”) (633]- ¥ B 50w Y
1
=-Kip|pij + Epkk(sz’j ,
aS; OR,T 95
1 —=t 9~ = _Kip—S;
(6 ) Uka.’lfk + 7p 61’,’ 1p635,

for 4,7 = 1,2,3. Finally, supposing the heat flux gradients and the viscous stress gradients
to be small, the system (60), (61) reduces to the following Navier-Stokes approximations

ou; ou; 2 0u 1
(62) P (8mj + 83:? - 3ﬁ 51']') = —-Kip (pij + ﬁpkkéig);

OR,T 95
= K, p—5;.
(63) p o, 1p635
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At this level, we still have the term pg in (62). Applying the above hypothesis to the
equation obtained by taking the trace of equations in p;;, we write
4 Quy, 25
64 = =_K .
(64) 5 O, 94" ! Phk
Thus, replacing pri by its expression deduced from (64), in (62), we obtain the following
constitutive law

1 ou; ou; 2 4 \ Ouy
65 = —— | — I (24— ) sy, ).
(65) Pij K, (6:0]- * o (5 + 375) dzy, ’)
After simplification, p;; and S; are given by
ou; ou; 2 4 \ Ouy
66 i == L+ 3 ) om0 )
( ) Pij o (61‘1 + (9.%‘1 (5 + 375) 6wk J)
oT
i — —2 y
(67) S, K o2,
with
30 (R,T)'/? 1 1323
u = 71 5 = —, K= — g/J.
Cwl/ K, 570

Introducing the viscosity coefficients A et u, equation (66) may also be written under the
classical form

_ Bu, 6Uj Buk
with ) A

This last relation is the new Stokes relation valid for a diatomic gas. If we neglect the
term 4/375, we may write the general Stokes law as

A=-=(v=1gu,

which covers both monoatomic and diatomic gases.
To end this section, we also give the associated Navier-Stokes approximation of the par-
ticles distribution. It is obtained by replacing p;; and S; by (66) and (67) in (39), yielding

1o 20 (e v —u = (2 Y e uizs
@ =10 1= 2 (6w - w) - (54 g5 ) le- s,
3 2 o Y Oui K (E—w)i [([E—u]® 2P oT
+ (1_ <3+ﬁ)>””> oz; 7 pR,T ( R,T +R9T_7> axi]’

fori,j =1,2,3.
Compared with the monoatomic expansion, new terms appear taking into account internal
energy. But the mathematical structure of the expansion of f is unchanged.
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5 Conclusion

In this paper we have reviewed recent mathematical formulations of the Boltzmann equation
for polyatomic gases, and in particular a model deduced from a monoatomic model in higher
dimension. Thanks to this last model, we can generalize the Grad theory, and deduce a sys-
tem of macroscopic 14 moments equations for a polyatomic gas. Finally, we give an explicit
formulation of this system, from which we derive, at the limit of small Knudsen numbers
and small gradients, the corresponding Navier-Stokes equations. This kinetic interpretation
of the Navier-Stokes equations leads to a new Stokes law for the viscosity coefficient.

As for the monoatomic case, the fourteen moment system does not have nice mathematical
properties. In particular this system is not hyperbolic. Nevertheless, we can use it to analyse
the validity, from a kinetic point of view, of a numerical solution of the Navier-Stokes
equations, as showed in [7].

The idea we have used, which consists in extending the classical monoatomic Grad method
to the monoatomic model in higher dimension, may be applied to any classical or modern
asymptotic theory. In particular, it seems possible to extend it to the recent Levermore
theory.

Moreover, it would be interesting to try to obtain a mathematical formulation of the
Boltzmann collision operator, in the same spirit, including discrete rotation or vibrational
energies, with the aim of studying then the asymptotic transition between kinetic and hy-
drodynamic models, for such generalized collision models.
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20 Francgois Mallinger

Annexe 1: Computation of the right hand side of the Grad
system. The case of a diatomic gas

In this section we compute J(U,) for the collision Borgnakke-Larsen model with hard sphere
potential, in the case of a diatomic gas. The tedious part of the computation will be done

by MAPLE.
Consider again the expression (49) of J(U,). Thanks to the formula (5), we can write
f f *
(1) =5 [ 7
where

do = IT,R*(1 — R?)Bd¢dé,dIdI,drdRdw,
A = (R*)? x (IRy)? x [0,1]* x S
We will restrict ourselves to the hard sphere collision model

B = CR|v,wl,

where C' is a constant. This model leads to a macroscopic viscosity law of the form C,T"/2,
where C, is a constant.
Moreover we denote the components of J(Up) by

IO) = (30,5005, 90) = (5 = 5 [
with
K = (KO, K K2, K2, K,

for¢,j =1,2,3.
It is clear that J(® and Ji(l) vanish because K© and K i(l) are collision invariants. More-
over, |£|? + 2I? being a collision invariant, we may write

I 4+ g =o.

We compute now the other components of Jz.(m).
First of all, we transforme integral (71) introducing reduced variables and the function

(2n) (ByT)? |

(72) h = 2T
With this notation, the collision term writes
m _ __Cep Km o
/i 1673(R,T)1/? /hh K™, 7,00, )R (1 = B?) [Viwlrr,
(73)
dvdv.drdr.drdRdw,
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where V. = v, /\/RyT, v, = v — vs.
We introduce the notation

J(H™) ::./im*UﬁangnvhtJRﬁl—Ifﬂthn
(74)
dvdv,drdr.drdRdw.

Taking into account the formulas (44) et (45), and knowing that 3_, H, ,(jc) is a collision
invariant, we deduce that

Cp? 2
75 J» - > J(H® :
(75) i = TomsRpr i)
2
@ _ _ Cp (3) )
(76) 7 = =T {RQTLKEQ ) + 2ukJ(BQk)].

Thus we have to compute the quantities J(H i(m)). Recall that, according to (39), h is
given by
2, .2
h(U,T) = P(UaT) exp <_ (%)) ’

where

s
14 p\/R,T

We introduce now the auxilarily velocities variable. (V,V,), defined by

P(u,7) = |1+ % (HZ,(J?) _ Hé?dij) + H®

Vi+V
v= —

—v— 2
(77) { “i _U +U* -
* = UT V-V

Doing this change of variables in J (Hz-(m)), we obtain

5@ = [ ean (<) eon (~(2EEE)) P, P, )

|Vw| [Hi(m)](v, 7,04, Tx) R (1 — R?) T 7, dvdv,drdr,drd Rdw,

= o5 [[eon (D) e (-1 P p B )

2 2 2

V| [HM™)(YtY 7 YoV 2 ) R3 (1 — R?) 77, dVdVidrdr.drdRdw,
1 2 2
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1 V|2 + |Vi|? 72+ 72 m) VetV V.-V
= a1 e (-AEED)) o (-5 ) 1 P p B )

R3 (1 — R?) 71, dVdV,drdr.drdR,
where

™ = / Vo [H™] doo.
S

In the coordinate system of figure (1), IZ-(m) reduces to

T
vt/

Figure 1:

T 27
(78) ™ = _ / / V| cosd sinf [H™] de df,
7z J0

knowing that in this coordinate system V = (|V],0,0) and w = (cosb, sinf cose, sinf sine).
. (m)y
In the expression of [H;""], given by

(79) [H™] =H™ 0,7 + H™ ., 7)) = H™ (v,7) — H™ (v,,72),

INRIA



The Grad theory to polyatomic gases 23

we calculate the prime’s variables with respect to variables without prime. From expressions

(2) et (3), we deduce
Vi RE

v = 5+ W(V—2|V|cost9w)
(80)
* E
vl = VE - %(V—Q|V|cos6‘w),
7?2 = 2r(1 — R?)E?,
(81) ‘
7% = 2(1-r)(1 - R*E?,
VR 2 g2
p=, T
4 + 2 + 2

To compute [HZ-(m)], we introduce the following notations
§ = (0ij)ijy o = (mizj)ijy TRy = (Tiy; +9:)ij
H® = H])y, B = @), 10 = 1))y,

10 = (1P, Mes = (Myz)),

where z is a vector, M is a matrix and 4,j = 1,2, 3.
According to these notations, we compute [H (2)], whose expression is given by

(82) [H?] = o2 + 02 — 02 — 2.

*

Computing v"? and v? from (80) and v? + v? from (77), we obtain

V2 RE (RE)?

83 2 = 2 4 T (V=2|V]cosOw).Vi + ~—2(V = 2|V|cosfw)?
(83) v 1 +2|V|( |V]cosfw).Vi + e ( |V]cosfw)”,
V2 RE (RE)?

84 2 = 2 _ T (V =2|V]cosOw).Vi + ~—2(V = 2|V|cosfw)?
(84) v, 1 2|V|( |V]cosfw).Vi + e ( |V]cosfw)*,

(85) 'U2+'Uf = w

2
Replacing (83),(84) and (85) in (82), [H(?] is written, after simplifications,

RE)? , V?Z
(86) [H?)] = 2 (|V|2) (V —2|V|cosh w)? — 5
RE)? 1 RE)?
= [2 (|V|3 - 5] Vi42 (|V|3 (4|V|? cos®0w? — 2|V|cosfV @ w).
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Knowing now the expression of [H(?], we can compute I?. Replacing [H(?] by (86) in
(78), we write

®» = _|9

RE)2 1 ) ™ ) 2m
- - 6 sind dedf
VP 2] Vv /% |V'|cosf sin /0 3

(
(RE)

(87) Y

™ 27
/ cos>0 sind / |V |*w?dedd
z 0

(RE)?

+ 4
V]

™ 27
/ cos>6 sinf / V|V ® wdeds.
z 0

To determine this integral, at first we integrate with respect to the variable € and then with
respect to the variable §. Thus integrating with respect to €, we can write

27 2
/ V|V @ wde :|V|V®/ wode
0 0

(88) 2m cosf
=|VIV® 0 = 47 cos V2,
0
2w
/ VI?w?de =
0
cos?0 cosl sinf cose  cosl sinf sine
(89) s : ap o g
= V| cosf sinf cose  sin“6 cos’e sin’6 sinecos(e) | de
0

cosf sinf sine  sin?0 sine cose  sin’0 cos®e

= 7|V|?sin?0 6 + m(2cos?6 — sin0) V2,
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and the expression (87) becomes

(RE)> 1

I® = —op 22— — =2
”[ VE "2

2
] V2|V|/ cosf sinf df
0

27
—87r(RE)2|V|(5/ cos®0 sin>0do
0

(90)
_(RE)?
V]

2
-8 VQ/ (2c0s°0 sinf — cos®0 sin>6)d
0

(RE)®
V]

2w
+167 Vz/ c0s20 sind df.
0

The values of the integrals with respect to 8 are

4 1 4 1
(91) / sinfcosfdf = — —, / sin®0cosf df = — —,

z 2 z 12

T 5 8 i 3 1
(92) sin(6) cos(0)’ df = — 5 sin(6) cos(0)° dd = — 1
Finally, replacing the preceeding integrals in (90), I(®) is written, after simplification
2 |4

(93) I® = ¢ (— E(RE)2 V|6 + |2—|V2) :

To compute I3, we follow the same steps as to compute I?. After some calculation,
[Hi(B)] is given by
[HP] = o (02472 =7) + ol (ol + 7.2 = 7)
(94)
— (P +712=17) — v (o P+ TE=T).

To achieve this computation we introduce the following notations

(95) o=Ligr v =g
2 2
where RE
8 =—, T =V -2(Vw)w.
V]
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Replacing (95) in (94), we can write

@ _ V[Vl

+28%|T)? +2(1 — R)E* — 14

(96) + BT [28V..T +2(1 - R?)(2r — 1)E?]

— (P +712=17) — v (2 + T2 =T).
Moreover, knowing that

v+ 7 =7) + o (P + 72 - T7) =

1

(97) = 7 [P+ VP)Ve + 2. V)V]

+(V* + V)T2 + V. — V)Tf -V,

2 2
and after simplification, (96) is writen
[H®] = 282(V,.T)T +28(1 — R?)(2r — 1)E*T
(98)
Vv Vv
- E(V*'V) - 5(—7’2 +72).

Remplacing T = V — 2(V.w) w in (98), [Hz.(3)] is finally written

' [HP] = 282(VV.)V + 26E%(2r —1)(1 - R3)V — (V-ZV*)V
(99) < - %(7‘2 — 7'*2) VvV - 4ﬂ2(V_w)(V* _w) vV — 4ﬂ2(V*-V)(V.w)w

— 4BE*(2r—1)(1 - R?)(Vw)w

+ 882(Vw)?(Viw)w.

\

To compute I we integrate with respect to e the different terms of (99) which depend
on £. Thus we have

|V |cos?8

27 2m
/ (Vw)wde = / ( sinb cose ) de = 27 cos*0V,
0 0

sinf sine

27 2m cosf
/ (Vw) (Viw)de = / |V|cosV,. | sinfcose |de = 2mcos®d (V..V),
0 0

sinf sine
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27

/O%(V.w)z (Vi-w)w de,

2 cost cost
= |V|?cos?8 / Vi. | sinbcose sinf cose | de,
0 sind sine sinf sine

2w
= |V|?cos?0 /
0

V10820 + Vigsind cos?0 cose + Vigsind cos?0 sine
Vi15in8 cos?0 sine + Viasin20 cos?e + Vissin20 sine cose
Vi15in8 cos?0 sine + Viasin?0 cose sine + Vizsin?6 sin’e

2Vi1c08%0
= 7w |V|%cos?8 | Viasin?6 |,
Vigsin26
2c0s%0 0 0
= 7 |V|%cos?6 0 sin*0 0 Vi,
0 0 sin%0

= mcos?f [sin®0 |V > 6@Vi + (2c0s%0 — sin6) V2RV4] .

Replacing the preceeding integrals in

(100) 1 :/ / [V |cosd sinb[H®)dedd,
z Jo
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the expression of I3 can still be writen
I® = _9x [ 282(V.V,)V + 2BE?(2r —1)(1 — RV —

@ _%(7_2_7—*2)1/]/ sinf cosl db

2

™

+167rﬂ2|V|(V*.V)V/ sinf cos>0de

2

(101)
—8rBE?(2r —1)(1 — R2)|V|V/ sinf cos>0 df

=832V 36V, / s5inf cos®0 db
3

—87Tﬁ2|V|V2@V*/ (2c05°6 sinf — cos>6 sin>6)db.

Using the relations (91) - (92), the final expression of I(®) is

19 = —Z[(VV) + 7 — 72 + 282 (V)] VIV

2
+ 5@%2 VI[IVI*6 + 3V?] V..

This end our part of the computations. Now it is the turn to MAPLE. Before giving the
final results we want to point out that the computation of Hi(m) is not trivial with MAPLE
because of the special coordinate system (1), connected to a particle. We compute now the
integrals with respect to the variables r, R, 7, 7%, V, Vi with MAPLE.

All computations being done, introducing

—327/2 ,
ij = W (784P(R9T) pij + 28 RyTpij prr, + 56 RyTpirpjr, + SiSj) ,
and
- % (%8 p (RgT)zpkk - %0 RyTpupu + 11—7; RyTpri® — % SkSk> ,
we can write, for the second order term,
(102) JH?) = A + B,

INRIA



The Grad theory to polyatomic gases

29

Moreover, for the third order term, we have

3277/2

1 H®y = 227
(103) JUH;™) 60480 p>R,T

RR n~ 3581

(79 Si prk + 1520p S; + 188 Sy, Pik) .



/<

Unit e de recherche INRIA Lorraine, Technopdle de Nancy-Brabois, Campus scientifique,
615 rue du Jardin Botanique, BP 101, 54600 VILLERS LES NANCY
Unit e de recherche INRIA Rennes, Irisa, Campus universitaire de Beaulieu, 35042 RENNES Cedex
Unit e de recherche INRIA Rhéne-Alpes, 655, avenue de I’Europe, 38330 MONTBONNOT ST MARTIN
Unit e de recherche INRIA Rocquencourt, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex
Unit e de recherche INRIA Sophia-Antipolis, 2004 route des Lucioles, BP 93, 06902 SOPHIA-ANTIPOLIS Cedex

Editeur
INRIA, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France)
http://www.inria.fr
ISSN 0249-6399



