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Particle filter (50 particles)
obs. variance 2, resampling thresshold .3, coefficient .5
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Particle filter (10 particles)
obs. variance 2, resampling thresshold .15, coefficient .7
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Particle filter (200 particles)
obs. variance 2, resampling thresshold .5, coefficient .45
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szMPYQC�RP� Y]OZMTO]C*Y MPY��¢R�LJLJRT��Y��h¦�C�{�C*S8C*bZMPOQCWMrOQbdM*cdC*_*O]R�b]\�RT�zO]?ACW�RfbQC*SA��B^R [ C*LIYQOdMTbQO]HJSA{�MTO � � ) �5) � �b � k �54 1 � �&2 � 6L) k �54 1 6 � 6 � �5)�6 654 � ��� �&� \lHJC*L [ HJSA{�m�t�t YQOZMPOQC*Y"£ÙC*`I_*LJK [ HJSA{"O]?AC
HJSAHJOQHNMTL�R�S8C�¥UMPOUHJSIOQCVbQ��MTLt8� tfm#MTXzMPbQO���¦�C�OQ?8C*S�bQC*OdMTHJS�R�S8L�\!OQ?ACrL�MPYQO�DltftrYQOZMPOQC*Y�OQR�M&��R�H [ O]?ACWO]bZMPSAYQHJOQRfbQ\�XA?zMPYQC���>�?AC�HJSAHJO]H�MPL
XzMPbQO]H�_VL�CVY HJS�OQ?ACWMPszRT�fC7�zLJO]C*bQY�MTb]C�YQHJB-XALJ\ [ bZM&��S�bdMTS [ RfB-LJ\r�¢bQRfB OQ?AHJY [ MTOZMrszMPYQC���>�?8C�YZMTB^C [ MTOZM
szMPYQC#HJY MPLJYQR�KAY]C [ OQR�XzCVb��¢RfbQB�MPS-C*B^XAHJbQHJ_�MTL8R�bQO]?AR�{fR�SzMPLA�1KASA_*O]H�RfSAY#£�� �#³�¥�MTSzMPLJ\lY]HJY�uTO]RU_*RfSAYQO]bQKA_VO
O]?ACUHJSAHJO]H�MPL%MTSzMPLJ\lY]HJY�C*bQb]R�b#_*RT��MTb]HNMTSA_*C!B�MTO]bQHJ`�HJS"OQ?8C F �<e��+�hL�O]C*b�£NO]?ACUHJSAHJO]H�MPLYQOdMTOQC�HJY�OQ?AC�B-C&MTS
RP� OQ?AC!YQOZMPOQC*Y!H�S
O]?AC [ MTOZM�shMTYQC&¥*��³8R�b�B-RfbQC [ C*OdMTHJL�R�S
OQ?8H�Y � �#³ B-CVOQ?AR [ u8YQC*C!�¢R�brC*`�ia<?zMTB ���
��
 �^£Qv&n�n�wPsz¥*���rSALJ\"O�� R~�zbQY]O � �#³�MPbQC�bQCVOZMTHJSAC [ u%\IHJC*L [ HJSA{-M^bZMPSA�"O���R
B�MTO]bQHJ`�W>�?8H�Y#HJY#HJS"LJH�S8C
��HJOQ?
O]?ACr�§MT_*O�O]?zMTO�O]?ACU�,R�bQCVSA��MTOQO]bZMP_*OQRfbW?zMPY [ HJB-C*SAY]HJR�S�RT�7MTshR�KAOWx8�Êt�yA�

³�HJ{�K8bQC"v�XALJRfOQY�O]?AC�gr�"F � RT��OQ?8C-XzMPbQOQHJ_*LJC~�zLJOQC*b���HJO]?�v�tAu�m�t MTS [ xft�t^XzMTb]OQHJ_*LJC*Y&�">�?AC�b]Cd�
YdMTB-X8L�HJSA{#O]?AbQC*Y]?AR�L [ MTS [ O]?ACW_*RIC �-_VH�CVSlO � ��?AHJ_d?-_*RfSlO]bQRfL�Y�OQ?AC#MTB-RfKASIO�RT�%XhC*bQO]KAbQszMPOQHJR�S�£NY]C*C#OQ?AC
C*S [ RP��Y]C*_*OQHJRfS x8�Jv�¥�?zM&�fCWshC*C*S
_d?AR�Y]C*S"O]RUshC���v&m�MTS [ �ÊoAuh�Êk�MTS [ �ÊmUMPS [ �Êm�MPS [ � DImAuTb]C*YQXhC*_*O]HJ��C*LJ\I�
>�?ACVYQC�_d?ARfH�_VC*YW?zM&�fCWshC*C*S"RfsAOZMPHJSAC [ O]?AbQRfKA{�?
O]bQHNMTLJY�OQR�R�s8OZMTHJS
M�{fRlR [ XzC*b¡�¢R�b]B�MPSA_*C#RT��OQ?ACr�zLJOQCVb��
¦�CrB�KAYQO7B^C*SIOQHJR�S�OQ?hMTO�OQ?AHJY�XzC*b¡�¢R�b]B�MPSA_*CWHJY��IKAHJOQCWY]C*SAY]H�s8L�CrOQR�OQ?AC#_d?ARfH�_VCWRT�%O]?AC*Y]C�OQKAS8H�S8{�XzMTbdM&�
B^C*OQC*b]Y���° szM [ _d?AR�HJ_*Cr_*R�KAL [ bQC*Y]KALJO HJS�M;B�KA_d?�� RfbQYQCrXzCVb��¢RfbQB�MPSA_*CrOQ?zMPS-��?zMPO7HJY b]C*XzRfbQO]C [ ?AC*bQCf�
�,H��fC*��HJYQC�shC*OQO]C*b�XhC*b��¢RfbQB
MTSA_*C�_VR�KAL [ szC
MT_d?AHJC*��C [ ��H�O]?�YQRfB-C�R�OQ?8C*b�_d?AR�HJ_*CVY�u�YQHJSA_VC-��C�?zM&��C*S � O

&�&�Í�'�(�)+*�,
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Ensemble filter (10 members)
obs. variance 2, forgeting factor 1
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Ensemble filter (10 members)
obs. variance 2, forgeting factor .8

³�HJ{�KAb]C�xA��gW�"F � RP��OQ?8C�C*SAY]C*B�sALJC��zLJO]C*bW��HJOQ?
MTS [ ��HJOQ?8R�KAO��¢R�b]{�C*O]OQHJSA{��§MP_*OQRfb

O]bQHJC [ �fC*bQ\
?zMPb [ OQR��zS [ R�KAO�O]?AC�shC*YQOrR�SACVY�� �rsAYQC*b]��C�OQ?zMPO�OQ?AC!?AHJ{�?AC*brOQ?AC!SlK8B�szC*b�RT�7XzMPbQO]H�_VL�CVY�u
O]?ACU?8H�{f?AC*brOQ?AC�OQ?Ab]C*YQ?8R�L [ MPS [ O]?ACULJRT��C*bWO]?AC�_*RIC �-_VH�CVSlO � Y]?AR�KAL [ shC�uhYQHJSA_VCUb]C*YZMPB-XALJHJSA{���R�KAL [
shC�SAC*C [ C [ L�CVYQYWRP�¢OQCVS�MTS [ ��HJOQ?
LJC*Y]YWXhC*bQO]KAbQszMPOQHJR�S SAR�HJYQC�M [A[ C [ uzMPYWOQ?8C�YQC*OrRT�7XzMPbQOQHJ_*LJC*YrszCV_*R�B^C
[ CVSAYQC*b&�"��LJC�MTb]L�\IuO]?AC��zLJOQC*b!XzC*b¡�¢R�b]B�MPSA_*C�H�B^XAbQRT�fC*YiMPY�OQ?8C�SlK8B�szC*brRT��XzMTb]OQHJ_*LJC*Y�HJSA_VbQC�MPYQC*Y&u7sAKAO
HJO�MTLJYQR
YQCVC*B-Y�OQR�szC^LJC*YQY [ C*XhC*S [ CVSlO�RfS�OQ?AC
_d?ARfH�_VC-RT��OQ?8C MPszRT�fC�OQKAS8H�S8{"XzMTbdMTB^C*OQC*b]YUMTY���C*LJL§�
³8R�b�OQ?AC#XAb]C*YQCVSlO�X8bQR�s8L�CVB�uhv�t#XzMPbQO]H�_VL�CVY�YQC*C*B OQR�shCiO]?ACWLJRT��C*b�szRfKAS [ MPS [ mft�XhMTbQO]HJ_*LJC*Y B^HJ{�?IO�szC
SACVC [ C [ OQR
R�sAOdMTHJS�M^bQC&MTYQRfSzMTs8L�\ {�RIR [ XhC*b��1R�bQB
MTSA_VCU��HJOQ?8R�KAO&u M~�zS8C�OQKASAHJSA{^RT��OQ?AC�b]C*YZMPB-XALJHJSA{
O]?AbQC*Y]?AR�L [ MPS [ _*RIC �-_*HJC*SIO��

³�HJ{�K8bQC�x XALJR�O]YUO]?AC"gW�"F � RT�#OQ?AC
C*S8YQC*B�sALJC~�zLJOQC*b���HJOQ? SAR �¢R�b]{�C*O]OQHJSA{ �§MT_*O]R�b�MTS [ ��HJOQ?�M
�¢RfbQ{fC*OQO]H�S8{"�§MP_*OQRfb"�ÊwA� �rSAC
_�MPS�YQCVC"OQ?zMPO�OQ?AC^�¢RfbQ{fC*OQO]H�S8{
�§MT_VOQR�b�HJB^XAbQRT�fC*Y�B�MPbQ�fC [ LJ\"OQ?8C
�zLJOQC*b
XhC*b��1R�bQB
MTSA_VC���°rYiHJOr_�MTS�szC�Y]C*C*S�HJS"O]?AHJYiX8L�RfOiMPS [ MPLJYQR-HJS"X8bQC*�IHJR�KAY�MPS [ Y]KAsAY]C*�IKAC*SIO�XALJR�O&uhOQ?AC
�zLJO]C*b�YQRfB-C*O]H�B^C Y]C*C*B^Y�OQR�L�RfYQO�OQbdMT_d�-RP��OQ?8CWOQb]KAC�Y]\lY]OQC*B YQOdMTO]C�uA_�MPKAYQHJSA{�M!YQK [A[ C*S
sAKAbQY]O�RT��L�MPbQ{fC
C*b]bQRfb-£N��C�YQKAY]XzCV_*OUO]?AHJY#?zMTXAXhC*SAY!��?AC*S�OQ?8CUY]\lY]OQC*B¤Y]OZMTO]C�C*SIOQC*b�M-Y]OQb]R�SA{"S8R�SALJHJSAC�MPbQHJO�\-b]C*{�HJR�Sh¥*�
>�?AC�K8YQC��¢RfbQ{�CVOQOQHJSA{r�§MP_*OQRfb7?AC*LJX�OQR#bQC [ KA_*CrOQ?AC�XhC�MT��RT�hOQ?AC*Y]CWsAK8bQYQO]Y MPS [ B�M&\WCV��C*S�XAb]C*��CVSlO�OQ?8C*B
�¢b]R�B�?hMTXAXhC*SAHJSA{h��e�S�O]?AHJY�YQC*S8YQC�YQC*SAY]C�HJO�C*SA?zMPSA_*C�O]?ACr�zLJOQC*brYQOdMTsAHJLJHJO�\l�

³�HJ{�K8bQC-k XALJR�OQY!OQ?AC"gW� F � RT�WO]?AC
C*SAYQCVB�sALJC��zLJOQC*b���HJOQ?�m MTS [ m�t
C*S8YQC*B�sALJC�B^C*B�szCVbQY�u�OQR
HJLJLJKAYQO]bZMTO]C"OQ?8C"C+�C*_*O
RT��OQ?8C"YQHJ�*C"RP��OQ?AC"CVSAYQC*B�s8L�Cf��e�O-_&MTS�shC"YQCVC*S�OQ?hMTO-O]?AC
�zLJO]C*b [ RIC*Y^SAR�O
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Ensemble filter (5 members)
obs. variance 2, forgeting factor 1
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Ensemble filter (50 members)
obs. variance 2, forgeting factor .8

³�HJ{�KAb]C�kA�7gW� F � RT��O]?AC�C*S8YQC*B�sALJC �zLJOQC*b���HJOQ?"m�MPS [ mft�C*SAYQCVB�sALJCWB-CVB�szC*b]Y

&�&�Í�'�(�)+*�,
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2nd order particle filter (5 particles)
obs. variance 2, forgeting factor 1
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2nd order particle filter (5 particles)
obs. variance 2, forgeting factor .7

³�HJ{�KAb]CiDh��gr�"F � RT��OQ?AC!YQC*_*RfS [ Rfb [ C*b�XhMTbQO]HJ_*LJCW�hL�O]C*bW��HJO]?�MTS [ ��HJO]?AR�KAO��¢RfbQ{�CVOQOQHJSA{���MT_*O]R�b

XhC*b��1R�bQB���C*LJL%��HJO]? m~C*SAY]C*B�sALJC#B-C*B�shC*bQY&���rYQHJSA{-M!�¢RfbQ{�CVOQOQHJSA{���MT_*O]R�b [ RlCVYQS � OW?8C*LJX%��e�S
�§MT_VO�OQ?AC
�zLJO]C*b�XzCVb��¢RfbQB-Y�Y]R�B^C*��?zMTO�� RfbQYQC!��H�O]?�M!�¢RfbQ{fC*OQO]H�S8{��Ên!R�b#� w8uIOQ?zMPO�HJY ��?I\-��CW_d?ARfYQC�O]R�YQ?ART� OQ?AC
b]C*YQKALJOr��H�O]?-SAR!�¢RfbQ{�CVOQOQHJSA{!�§MP_*OQRfb���²WRfO O]?zMTO�OQ?8CiCVSAYQC*B�s8L�C#��MTLJB
MTS!�zLJOQC*b�£ÙOQ?ACr�zb]YQO���CVbQYQHJRfSz¥�?zMTY
MPL�Y]R�szCVC*S�Y]OQK [ H�C [ sI\ ���fC*SAYQCVS�£]v�n�nfo�¥�HJS�O]?AC�_*RfSIOQC*`IOWRP�7OQ?ACU�,R�b]C*SA��B^R [ C*L�uAMTS [ ?AC�?hMTY�SARfOQC [
O]?zMTO�{�RIR [ bQC*Y]KAYQLJO�_�MTS�shC-RfsAOZMPHJSAC [ KAY]H�S8{ [ RT��S�OQR�MTshR�KAO-v&t
C*SAY]C*B�sALJC�B-CVB�szC*b]Y�� �WRT��C*��CVb�u
Y]H�B�K8L�MPOQHJR�SrbQC*Y]KALJOQY�HJS ����CVSAYQC*S"£]v�nfn�o�¥�_�MPSASARfO�b]C�MTLJLJ\#szC�_VR�B-XhMTbQC [ ��HJOQ?�R�KAb]Y�shC*_�MPKAYQCr?AC�KAYQC��¢K8L�L
RfsAYQC*b]��MTO]H�RfSAY�£NsAK8Oi��HJO]? M~L�MPbQ{fC*b#OQHJB-C#HJSIOQC*b]��MTL�szCVO�� C*CVS�OQ?AC*B
¥#MTS [ S8R�O#XzMTb]OQb]H�MPL�R�sAY]C*bQ��MPOQHJR�SAY
MPS [ szC*Y]H [ C*YW��C#KAYQC!OQ?ACUMPSzMTLJ\IYQHJY�YQ_d?AC*B^C�MTY�HJS ��KAbQ{fC*b ��
� £]v�n�nfw�¥V�

³�HJ{�K8bQC�D^XALJR�OQY#O]?AC gr�"F ��RP� OQ?8CUY]C*_*R�S [ Rfb [ C*br�zLJO]C*b#��H�O]?�MTS [ ��HJOQ?ARfKAOr�¢R�b]{�C*O]OQHJSA{��§MP_*OQRfb��
�rC*bQC�MT{IMTHJS-O]?ACUC � C*_VOiRP�7OQ?AHJY��§MP_*OQRfbWHJY [ bZMPYQO]H�_fu MPY�HJO�XAbQC*�fC*SIOQY#OQRIR�LNMTb]{�C#�hL�O]C*bWCVbQbQRfbWO]R�?zMTXAXhC*S
MPbQR�K8S [ OQ?8C�B-H [A[ LJC�RP�<O]?AC�C*`IXhC*bQHJB^C*SIO���³�H�{fKAbQC�m�XALJR�OQY�O]?ACUgr�"F ��RP��OQ?8H�Y �zLJOQC*br��HJOQ? [ H�� CVbQC*SIO
SIKAB�shC*bQY!RT� XzMPbQO]H�_VL�CVY�u�D"MTS [ v�t^b]C*YQXhC*_*O]H��fC*LJ\lu�O]R
YQ?ART� OQ?8C�C+� CV_*OURP� O]?AHJY#SlK8B�szC*b&����KAbQHJR�K8YQLJ\lu
HJSA_*b]C�MTY]HJSA{�OQ?AC#SIKAB�shC*b�RT��XhMTbQO]HJ_*LJC*Y��¢bQRfB�m!OQR"v�t [ RIC*Y]S � O�YQC*C*B OQR�HJSA_VbQC�MPYQC#�zLJO]C*b�XzCVb��¢RfbQB�MPSA_*C��
e�O]Y�XzCVb��¢RfbQB�MPSA_*C�MTO-v&t�XzMPbQO]H�_VL�CVY�YQC*CVB-Y�C*�fC*S�YQLJHJ{�?IO]L�\
��R�b]YQC���¦ H�O]?�B^R�b]C�XzMTb]OQHJ_*LJC*Y&u%O]?AHJY#�zLJOQC*b
shC*?zM&�fC*Y7�IKAHJOQC7Y]HJB-HJLNMTbhOQRWO]?AC�C*SAYQCVB�sALJC��zLJOQC*b&u�MTY�C*`IXzCV_*OQC [ uIYQHJSA_*C�OQ?AC�_*RfS [ HJOQHJR�S#O]?zMTO�OQ?8C [ bdM&��HJSA{
HJY�Y]C*_*R�S [ Rfb [ CVbUC*`AMP_*O MPS [ OQ?8C�_*R�SAY]OQbdMTHJSIOQY�H�B^XALJC*B-CVSlO]C [ sI\�OQ?AC^YQC*_*RfS [ Rfb [ CVbUXzMPbQO]H�_VL�C~�zLJOQC*b
��R�KAL [ OQ?8C*S"shC;MPXAXAb]RT`lHJB
MTOQCVL�\�YZMPOQHJY��hC [ sI\-O]?AC�C*SAY]C*B�sALJCr�zLJOQC*bWMPSI\l��M&\I��� KAO�O]?AC�XhC*b��1R�bQB
MTSA_VC

vQw�&(vQx
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2nd order particle filter (10 particles)
obs. variance 2, forgeting factor .7
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2nd order particle filter (4 particles)
obs. variance 2, forgeting factor .5

³�HJ{�KAb]C;m8��gr�"F � RT��OQ?AC!YQC*_*RfS [ Rfb [ C*b�XhMTbQO]HJ_*LJCW�hL�O]C*bW��HJO]?�MTS [ ��HJO]?AR�KAO��¢RfbQ{�CVOQOQHJSA{���MT_*O]R�b

&�&�Í�'�(�)+*�,



xft

RP�%szRfOQ?��zLJOQCVbQY MPO m�t#XhMTbQO]HJ_*LJC*Y�uP�¢R�b�C*`AMTB-X8L�Cfu�HJY7Y]OQHJLJLzMTshR�K8O7OQ?AC�YdMTB^C MPY7OQ?zMPO7RT�%O]?AC�YQCV_*R�S [ R�b [ C*b
XzMPbQO]H�_VL�CVY��zLJOQCVb���H�O]?
R�SALJ\-m!XzMTb]OQHJ_*LJC*Y��

¦�C [ RfS � O%?zM&�fC MrYQK8bQCWCV`lX8L�MPSzMTO]HJR�S�RP� O]?AC MPszRT�fC7�hS [ HJSA{z��°�XALNMTKAY]HJsALJC RfSAC HJY7O]?zMTO�O]?AC�YQC*_VR�S [
Rfb [ C*b#XzMPbQO]H�_VL�C!�zLJOQCVbiMTO#m�XzMPbQO]H�_VL�CVYi?hMTYiMPLJB-R�Y]O MPOQOdMTHJSAC [ HJOrB�MT`IHJB�KAB _�MTXzMPsAHJLJH�O�\I��e�S [ C*C [ uOQ?8H�Y
�zLJO]C*b�uhMTY�� C*LJLMTY�O]?ACWC*S8YQC*B�sALJCr�;MPLJB�MTS!�zLJOQCVb�uA_VR�bQb]C*_*O�O]?AC�MTSzMPL�\IY]H�Y�YQOdMTO]CiHJS-M�
�M7H ����W ��ZI�szMPYQC [
RfS Mr{lMPHJSUB
MTOQb]HJ`W_*RfB-XAKAO]C [ �¢bQRfB OQ?AC�Y]C*_*R�S [ R�b [ C*b7Y]OZMPOQHJYQO]H�_VY7R�SALJ\I�>�?AC�KAYQC�RP�,MrB^R�bQC�XzMTb]OQHJ_*LJC*Y
B
M&\iHJB^XAbQRT�fC7OQ?ACWMP_*_*KAbdMT_*\�HJS�C*��MTLJKzMPOQHJSA{rOQ?AC*Y]CWY]OZMTO]HJYQOQHJ_*Y&u�s8KAO7OQ?8C��zLJOQC*b7Y]OQHJLJLA?zMPYQS � O�C*`IXALJR�HJO7MTSI\
RfOQ?AC*b!SAR�SALJHJSAC�MPb#_Z?hMTbZMP_*OQCVbQHJYQO]H�_VY-£N?AHJ{f?AC*b�Rfb [ C*b!B-R�B�CVSlO]Y�u8YQ?zMPXzC�RP� O]?AC-MTSzMPLJ\lY]HJY [ C*S8YQHJO�\lu����&�Z¥V�
��\�_*R�SIO]bZMTY]OUO]?AC-XhMTbQO]HJ_*LJC��zLJOQCVbUO]?AC*R�b]C*OQHJ_�MPLJL�\�_�MPS�MTO]OZMPH�S�OQ?8C-R�X8OQHJB�MPL�XhC*b¡�¢R�b]B�MTS8_*C���?AC*S OQ?AC
SIKAB�shC*b�RT�iXhMTbQO]HJ_*LJC*Y�{�RIC*Y�OQR�HJSI�zS8H�O�\I��²WRfOQC-O]?zMTO�O]?AC�#QbdMTSA��_VR�S [ HJO]H�RfS�$-HJS�O]?AC
YQC*_*RfS [ R�b [ C*b
XzMPbQO]H�_VL�C~�zLJOQC*b�bQCV�lK8H�b]C*Y�OQ?hMTO !�� � u%O]?zMTO�HJY�R�S8C-SAC*C [ Y-MTO�LJC�MPYQO�m
XzMPbQOQHJ_*LJC*Y&�">�?AHJY�HJY�szCV_�MTKAY]C
O]?AC�bZMPSA�
RT� O]?ACU{IMTHJS"B
MTOQb]HJ`�H�Y�v^£¢MTY#O]?ACURfsAYQCVbQ��MTO]HJR�S"HJYiM^Y]_�MTLNMTbd¥WMPS [ O]?AC�_*R�SAY]OQbdMTHJSIOiB
MTO]bQHJ`
HJY�RT�7bdMTSA�
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