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Abstract: In this paper we extend the technique provided in [6] to allow the
determination of lower bounds on the broadcasting and gossiping time required by
the so-called “restricted” protocols. Informally, a protocol is (i, 0)-restricted at a
given processor if every outgoing activation of an arc depends on at most ¢ previous
incoming activations and any incoming activation influences at most o successive
outgoing activations. Examples of restricted protocols are those running on bounded
degree networks or systolic.

We thus derive improved lower bounds on the broadcasting time in several well-
known networks, such as Butterfly, de Bruijn and Kautz graphs.

Moreover, we derive the first general lower bound on the gossiping time of d-
bounded degree networks in the directed and half-duplex cases. Improved lower
bounds on gossiping are also obtained for Butterfly, de Bruijn and Kautz graphs.

Finally, as a corollary we obtain the same lower bounds on s-systolic protocols
obtained in [6].

All the results are also extended to other communication models, such as c-port
and/or postal and optical.
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Bornes inférieures du temps de diffusion de protocoles
contraints

Résumé : Nous généralisons les techniques introduites dans [6] afin de minorer le
temps de diffusion et d’échange total de protocoles satisfaisant certaines contraintes.
Intuitivement un protocole est (i, 0) contraint si un message émis dépend uniquement
des 7 derniers messages regus et si un message recu influence au plus les o envois
suivants. Cette contrainte est utile car elle apparait a la fois dans le cas des protocoles
systoliques, et des protocoles fonctionnant dans des réseaux de degré borné.

Les résultats sont appliqués afin de déterminer de nouvelles bornes inférieures
pour la diffusion et 1"echange total dans des réseaux «classiquesy. Nous retrouvons
aussi les résultats de [6] et prouvons la premiére borne inférieure non triviale sur le
temps de 17échange total dans les réseaux de degré borné.

Enfin nous montrons comment la technique introduite peut s’appliquer a des
modéles de communication divers (modéles postal ou optique)

Mots-clés : Diffusion, Echange total, Réseaux de degré borné, protocles systoliques
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1 Introduction

Broadcasting (one-to-all) and gossiping (all-to-all) are well known communication
primitives to disseminate information in communication networks. Such problems
have been extensively investigated in recent years for many different networks and
under a large variety of models. A survey of the main related results can be found
in 8,7, 4, 11, 9, 10]

We consider first the basic model, called whispering or processor-bounded, where
at each communication round each processor can have only one active incident link,
i.e. the set of the active links forms a matching. Active links are used at the
corresponding processors to deliver the items known till that communication round
to their neighbors. If the network can be modeled as an undirected graph, for
gossiping it is possible to further distinguish between two different cases: the half-
duplex mode, in which active links allow the transmission of messages only in one
direction, and the full-duplex mode, in which messages can travel in both directions
simultaneously. Clearly such a distinction is meaningless for broadcasting, as there
is always a single item traveling around and it traverses each link only once and in
one direction.

Starting from the basic whispering model, several generalizations can be defined.
First, it is possible to relax the constraint that at each communication round only
an incident link is activated, thus allowing at most ¢ > 1 active links. This model is
called c-port. Moreover, in the postal model it is assumed that the communication
time can be slower than one time step, so that when items are sent through an active
link, they will be available at the arriving processor only after a number of rounds
6 =2 1. On the other hand, in the optical model communication time is faster than
processors speed, so that when items arrive have to wait a fixed number § > 0 of
steps before they can be sent to other processors. Notice that the above models are
orthogonal in the sense that it is possible to have ¢-port also in the postal and optical
cases. Finally, it is possible to establish some bounds on the lengths of the messages,
i.e. on the number of items that can travel simultaneously on a link. However, all
the results shown in this paper assume no bound on the messages length.

A more detailed and exhaustive description of the various models together with
the corresponding results can be found in [8, 7, 4, 11, 9, 10, 2]

Let us now consider the whispering model. The best lower bounds on the
broadcasting time are as follows. Let the parameter d be defined for undirected
graphs as the maximum degree minus one and for directed graphs as the maximum
out-degree. Then for bounded-degree networks in [16, 3] it has been proved that
the broadcasting time b(G) of a graph G of n vertices with parameter d satisfies
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4 M. Flammini and S. Perennes

b(G) > e(d)logn, where e(2) = 1.4404, e(3) = 1.1374, e(4) = 1.0562 and for large d
e(d) = (1 + (loge)/2¢) (from now on all logarithms are assumed in base 2).

For Butterfly and de Bruijn networks better lower bounds have been obtained
by using their structure in [13] and recently improved in [18, 17]. For example in
[18] it is proved that for undirected Wrapped Butterflies 5(W BF(2,D)) > 1.7621D
(= 1.7621log n) and b(W BF(3,D)) > 2.0002D (=~ 1.26191og n), while for undirected
de Bruijn networks b(DB(2,D)) > 1.4404D (= 1.4404logn) and b(DB(3,D)) >
1.8028D (= 1.1374log n).

Concerning lower bounds on gossiping, in the half-duplex mode there is a general
lower bound of 1.4404logn for all graphs of n vertices [5, 15, 14, 19], this bound
being attained for complete graphs.

Such lower bound has been generalized in [6], where it has been shown that any
s-systolic (i.e. periodic with period s) gossip protocol in the directed and half-duplex
modes for any graph takes at least g(s)(logn) time steps, where g(s) = 1/(log 1/X)
and ) is such that \/pLs/2J () - \/p[s/ﬂ (A) =1, with p;(A) = A+ A3 4 -+ 4+ A\¥~1
for any integer 7 > 0. Moreover, improved lower bounds on the gossiping time of
s-systolic protocols are provided in the directed, half-duplex and full-duplex cases
for Butterfly, de Bruijn and Kautz networks.

Other results concerning specific networks can be found in [4, 12, 7, 11].

In this paper we extend the technique provided in [6] to allow the determination
of lower bounds on the broadcasting and gossiping time required by the so-called
“restricted” protocols. Informally, a protocol has input restriction ¢ at a given pro-
cessor if the items delivered during any outgoing activation have been communicated
to the processor during at most ¢ of the previous incoming activations. Similarly, the
protocol has output restriction o at the processor if the items received during any
incoming activation will be delivered by the processor using at most o successive out-
going activations. A protocol with input restriction ¢ and output restriction o is called
(i, 0)-restricted. For instance, the broadcast protocols running on d-bounded degree
networks are (1,d)-restricted, the gossip protocols on d-bounded degree networks
(00, d)-restricted and the s-systolic gossip protocols (i, o)-restricted with i + 0 = s.

We derive the first general lower bounds on the broadcasting and gossiping time
of restricted protocols. In particular, every (i, 0)-restricted protocol for broadcasting
or gossiping in the full-duplex mode takes at least b(i,0)logn time steps, where
b(i,0) = 1/log1/)) and A is the solution of p,(A) = 1, with p;(A) = A+ A2+ + N
for any integer j > 0.

Similarly, in the directed and undirected half-duplex cases, every (i, 0)-restricted
gossip protocol takes at least ¢(7, 0) log n time steps, where ¢(i,0) = 1/(log1/\) and
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A is the solution of \/pi(A) - v/Po(A) = 1, with pj(A) = A+ A3 +--- + A% 7L for any
integer j > 0. For ¢ and o going to infinity, as a simple corollary this yields the
general lower bound independently proved in [5, 15, 14, 19| for all graphs and any
(unrestricted) gossip protocol.

As a consequence, by exploiting the fact that every protocol for a graph with
parameter d (defined as above) is (0o, d)-restricted, we derive the first general lower
bound in the directed and half-duplex modes on the gossiping time of networks with
fixed parameter d. This gives 1.5728 for d = 2, 1.4829 for d = 3, 1.4555 for d = 4
and so forth.

For broadcasting and full-duplex gossiping our results for fixed parameter net-
works coincide with the lower bounds coming from broadcasting [16, 3]. However, if
more information about the network topology is known, new lower bounds can be
determined for many relevant interconnection networks, such as Butterfly, Wrapped
Butterfly, de Bruijn and Kautz networks.

Similarly, improved lower bounds for specific topologies such as Butterfly, Wrapped
Butterfly, de Bruijn and Kautz networks are obtained for directed and half-duplex
protocols.

Notice that, since as remarked above s-systolic gossip protocol is (i, 0)-restricted
with i + 0 = s, as a corollary we obtain the same results in [6].

All the results are extended to other communication models, like the c-port and
the postal ones. Here new bounds are obtained also in the systolic case.

Even if in this paper we consider only a limited number of networks, our results
have wide applicability and give a general framework allowing the determination
of improved lower bounds for other graphs by exploiting very general topological
properties.

The paper is organized as follows. In the next section we introduce the notation
and necessary definitions. In Section 3 we give some useful facts and properties on
protocols, matrices and norms. In Section 4 we give the above mentioned lower
bounds on the number of steps needed for broadcasting and full-duplex gossiping.
In Section 5 we provide the lower bounds on the gossiping time in the directed and
half-duplex cases both for general and specific networks. In Section 6 we extend all
the results to the c-port and or postal models andand finally, in Section 7, we give
some conclusive remarks.

2 Notation and Definitions

Let us first introduce some useful notation and definitions.
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6 M. Flammini and S. Perennes

We model the network as a digraph G = (V, A) in which vertices represent
processors and arcs communication links.

Definition 2.1 A broadcast (resp. gossip) protocol of length t for G = (V, A) is a
sequence (Aq,..., As) of t subsets Ay, ..., A C A subject to the following conditions:

1. each A;, 1 <i < t, is a matching in G (i.e. no two arcs in A; have a common

endpoint),

2. for a given root verter x € V (resp. for any vertex x € V') and for any other
vertex y € V, there exists an “informing” path P(x,y) = (xo,21,--.,x;) with
I <t, g =z and x; = vy, and a sequence of positive integers ji,...,J such

that 1 < j1 < ...<ji <t and for every i, 1 <i <1, (z;_1,2;) belongs to Aj;.

Informally, each A; represents the set of arcs which are active at the communi-
cation round ¢. If an arc (x,y) is active at a step 4, then at the beginning of step
i + 1 vertex y knows all the items known by z at the beginning of step i¢. Then, in
order for the sequence of the subsets A; to be a broadcast (resp. gossip) procedure,
starting from the chosen root x (from any vertex x), for any other vertex y there
must exist a direct path from x to y whose arcs are activated in a proper sequence
so that at the end of the protocol y knows the item of . We call such a path the
informing path from z to y and denote it as P(z,y).

If we restrict our attention to symmetric digraphs, then the above definition cor-
responds to half-duplex protocols. In order to obtain the full-duplex case, it is suffi-
cient to weaken the condition on active arcs by saying that at every communication
round any two active arcs (z,y) and (z',y’) are such that either {z,y} N {z’,y'} =0
or z = y' and y = a2, that is either they don’t have a common endpoint or they
are opposite. Clearly such a distinction is meaningless for broadcasting, as there is
always a single item traveling around and it traverses each link only once and in one
direction.

We call (z,y,7) an activation of (x,y) during round ¢, i.e. when (z,y) € A;, and
we denote as Act({A1, ..., As)) or simply Act the set of activations of the protocol, i.e
Act = {(z,y,1) | (z,y) € Ai,1 <i < t}. Then we can see an informing path P(z,y)
of the protocol from x to y as constituted by the ordered sequence of its activations,
ie. P(x,y) = ((xo,21,51),(x1,22,52), .., (X1—1,21,71)) With ¢ = x, &y = y and
1<ji<...<j<t

Let P({(A1,...,A;)) or simply P be the set of all the information paths of the
protocol. Then the protocol performs a broadcasting from a given root x € V if P
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Lower Bounds on the Broadcasting and Gossiping Time of Restricted Protocols 7

contains at least an informing path from x to any other vertex y € V. Similarly, for
gossiping there must be at least one path for any possible pair of vertices x,y € V.

Given any activation (z,y,:) € Act incoming at a vertex y € V, in some cases
not all the successive outgoing activations (y, z,j) from y depend on (z,y,1), i.e.
carry items that have been communicated to y through (z,y,7). It is then possible
to define a dependence function D : Act — 24° such that, for any (x,y,i) € Act,
D(z,y,i) C {(y,z,j) | —i} is the subset of the successive activations outgoing from
y that depend on (z,y,1)..

Starting from D, let Pp C P the set of informing paths in P that respect D, i.e.
such that if ((xg,x1,j1), (x1,22,72), .-, (xi-1,21, 1)) € Pp then forany h, 1 < h <,
(Zh, Zhs1s Jhe1) € D(Th—1, Th, Jn)-

Definition 2.2 A dependence function D is feasible for a broadcast (resp. gossip)
protocol (A1, ..., As) if given the root x € V (resp. for any verter x € V'), given any
other vertex y € V, there exists at least an informing path P(x,y) from x to y in
Pp.

Hence, D is feasible if respecting its dependence relationships does not increase
the broadcasting (resp. gossiping) time.

Definition 2.3 A broadcast (resp. gossip) protocol (Ai,...,As) is (i,0)-restricted
at a given vertex y € V if it admits a feasible dependence function D that satisfies
the following two conditions:

1. for any outgoing activation (y, z,j) € Act fromy |{(z,y,?)|(y,2,j) € D(z,y,9)}| <
T

2. for any incoming activation (z,y,i) € Act iny |{(y,z,j)|(y,2,i) € D(z,y,i)}| <
0.

Informally, if the protocol is (7, 0)-restricted, then every outgoing activation de-
pends on at most ¢ previous incoming activations and every incoming activation
influences at most 4 successive outgoing activations.

In order to prove the lower bounds, we now introduce the notion of delay digraph
of a restricted protocol.

Definition 2.4 A delay digraph DG(A; ..., At), or simply DG, of a (i,0)-restricted

protocol (A1, ..., A) for G is a weighted digraph DG = (Act, A") with A" = {((z,,1), (v, 2,7)) |
(3?, Y, Z) € Act, (yv Z,]) € Act, (yv Z,]) € D(.CL', Y, Z)} and weight function 6(($a Y, Z)a (ya Za])) =
j—i.

RR n° 3612



8 M. Flammini and S. Perennes

In DG, given two activations (x,y,7) € Act and (y, z,7) € Act, 6((x,y,1),(y,2,7)) =
J — i is the delay encountered by an item passing (x,y) at time 4 to cross (y, z) at
time j, and according to the dependence function D, delays are represented only
between dependent activations.

Definition 2.5 Given a weighted digraph G = (V, A) with weight function § : A —
N7 and a positive real number \ < 1, we denote as MS () the |V| x |V| matriz such
that MG (N)zy = M@V if (z,y) € A, else ME(N\)y,y = 0.

The key property of the matrix M “()\) is that, for any positive integer ¢, (MG()\))Z v =

>y M, where m is the number of dipaths of ¢ arcs from x to y in G and l1,...,Ln
their respective lengths. Then, if x # y and there exists a dipath of length at most
[ from z to y having no more than ¢ arcs, as 0 < A < 1itis Yr_; (MG()\));,y >\

The matrix MP%()\) is called the delay matriz of G with respect to the (i,0)-
restricted protocol and is denoted simply as M (\).

3 Preliminaries

In this section we introduce some basic properties and facts that will be used in the
following sections.

First of all, let us give some examples of (7, 0)-restricted protocols. The first
one concerns bounded degree networks. In fact, let the parameter d be defined for
undirected graphs as the maximum degree minus one and for directed graphs as the
maximum out-degree. Then the following lemma holds.

Lemma 3.1 Ewvery protocol for a network with fized parameter d at each verter is
(00, d)-restricted.

Proof. The claim derives by observing that an item of information needs to traverse
a given arc only once. Since at any vertex y € V for every activation (z,y,¢) there
are at most d successive activations of the type (y,z,j), j > 4, corresponding to
different arcs, then it is possible to put in the dependence set D(x,y,4) the at most
d elements obtained by the first activation of the any arc leaving y (clearly except
(y,x)), maintaining in Pp at least one informing path between each pair of vertices
having an informing path in P. O

Another example is constituted by the s-systolic protocols, i.e. with A; = A;4;
foreach 1 <7<t —s.

INRIA



Lower Bounds on the Broadcasting and Gossiping Time of Restricted Protocols 9

Lemma 3.2 Ewvery s-systolic protocol at each vertez is (i, 0)-restricted withi+o < s.

Proof. Given a vertex y, let [ and r be respectively the number of incoming and
outgoing activations during a systolic period. Since a period contains s activations,
then [+7 < s. Analogously as in the previous lemma, since for any activation (z, v, %)
there are at most r successive activations of the type (y, z,7), j > %, corresponding to
different arcs, then it is possible to put in the dependence set D(x,y, ) the r outgoing
activations that are within the next systolic period. This maintains in Pp at least
one informing path between each pair of vertices having an informing path in P.
The lemma follows by observing that o = r and that by construction each outgoing
activation belongs to the dependence set of the [ incoming activations belonging to
the previous systolic period. Hence : =l and i +o0o=1+1r = s. O

Notice that in bounded degree networks it is not possible to bound the input
restriction. In fact, if there are different activations of an incoming arc, then any
successive outgoing activation might depend on all the incoming activations, because
each might carry different items. Even if this is true also for systolic protocols, by the
periodic fashion if we bound the input restriction as shown in the previous lemma,
this guarantees that the proper information paths are maintained, and are all the
ones in which any two successive activations along each path are distant at most s
steps. Notice also that in case of broadcasting the input restriction ¢ is equal to 1,
since for each vertex y € V there is only one incoming activation (z,y,i) € Act. In
fact, if there is more than one, it is possible to maintain in Act only the first one
without increasing the broadcasting time.

As we will see in the following sections, better lower bounds can be determined
when some information about the topology of the network is known. More precisely,
this is possible if the network contains a large number of faraway vertices.

Definition 3.1 Given two positive real numbers « and l, a digraph G = (V, A)
has an {a,1)-broadcast separator if there exist a root vertex x and a subset of vertices
Vi CV such that mingev, distg(z,y) = l(logn)(1—0(1)) and |V,| > 204egn)(1=0(1)),

An analogous definition can be given for gossiping.

Definition 3.2 Given two positive real numbers « and l, a digraph G = (V, A)
has an (a,l)-gossip separator if there exist two subsets of vertices Vi C V and

Vo C V such that mingey; yewydista(z,y) = l(logn)(1 —o(1)) and min(|Vi],|Va|) >
2al(logn)(1—o(1)).
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10 M. Flammini and S. Perennes

Notice that by definition « -1 < 1. Moreover, an (q,l)-gossip separator for G
implies the existence of an («, [)-broadcast separator.

Many well-known interconnection networks admit good separators, like for in-
stance Butterfly, de Bruijn and Kautz graphs.

Lemma 3.3 [6/
There ezists an {(a,l)-separator with

1. a = (logd)/2 and |l = 2/(logd) for Unwrapped Butterflies BF(d,D) of degree

d and dimension D;
2. o= (logd)/2 and | = 2/(log d) for directed Wrapped Butterflies W BF(d, D);
3. a=2(logd)/3 andl = 3/(2log d) for undirected Wrapped Butterflies W BF(d,D);

4. a=logd and l =1/logd for undirected de-Bruijn networks DB(d, D);

5. a=logd and | =1/logd for undirected Kautz networks K(d, D).

We conclude the section by recalling some useful definitions and properties about
matrices that are well-known in linear algebra (see for instance [1, 6]).

Let R™ be the set of all column vectors of m real elements. A real function
| | : R™ — R is called a norm if | X| > 0 for every X € R™, |X| = 0 if and only if
all the m components of X are equal to 0, |[aX| = abs(a)|X]| for every a € R and
X € R™ (abs(a) being the absolute value of a), and finally | X + Y| < | X| + |Y] for
all X,Y € R™.

For any integer d > 0, the d-norm of a vector X € R™ is defined as |X|q =
(Z;”Zl abs(mj)d> 1/d. The d-norm || M| of an nxm real matrix M is sup xegm | x|,50 %.
|X|2 and ||M]|2 are the Euclidean vector and matrix norms, respectively, while
| X|oo = mazll abs(z;) and [|M|[ec = maz]_, (Z;":l abs(mijj)) are called vector
and matrix maximum norms.

For every matrix M with non negative real elements, the Euclidean matrix norm
satisfies the following properties:

L [|M]|[a > 0;
2. ||[M]|lg=0= M = 0;
3. Ya € R, ||[aM]||q = abs(a)||M||a;

INRIA



Lower Bounds on the Broadcasting and Gossiping Time of Restricted Protocols 11

4. M >N = ||M|la > [[N|la;

5. [[M + Nlla < [|M]la+ ||Nla;

6. |MNlla < [[M]la-IN]la;

7. if N is obtained from M by row and column permutations, ||N||s = ||M]|4;

8. if M is everywhere null except in k subblocks Mj, ..., M} not sharing any row
or column, then ||M||s = maz¥_,||M;]|a-

Definition 3.3 Given an m x m real matriz M, a non null column vector X € R™
is an eigenvector for M with eigenvalue e if M X = eX. The spectral radius p(M)
of M 1is the mazimum absolute value of an eigenvalue of M.

The spectral radius of a matrix M is related to the Euclidean norm of M. In
fact, ||[M||s = \/p(MT - M), where M7 is the transpose of M, and if M is symmetric
||M|]2 = p(M). Moreover, for any natural matrix norm, that is defined from any
vector norm |X|" as supxegm | x|10 %, [|M]|" = p(M).

Given an m X m matrix M, a non null column vector X € R™ is a semi-
eigenvector for M with semi-eigenvalue e if M X < eX.

Lemma 3.4 [6/
Given an m X m non negative matriz M and a strictly positive semi-eigenvector
X € R™ of M with semi-eigenvalue e, p(M) < e.

4 Lower Bounds for Broadcasting

In this section we provide new lower bounds on the broadcasting time of the (i, 0)-
restricted protocols. As already remarked, without loss of generality we can assume
that ¢ = 1, since there is only one incoming activation at each vertex. Moreover, we
implicitly assume o > 1, otherwise each vertex except the root can inform at most
another vertex. This means that at each step at most two new vertices can know
the item of the root, thus yielding at least n/2 steps, where n is the total number of
vertices.

In this section, for the sake of brevity, | | and || || will denote the vector and
matrix norms of the maximum, i.e. | | =| |oc and || || = || ||oo-
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12 M. Flammini and S. Perennes

Theorem 4.1 Let (A1,...,A:) be a (1,0)-restricted broadcast protocol for a digraph
G = (V,A), o> 1. Thent > b(1,0)(logn) — O(loglogn), where n = |V|, b(i,0) =
m and X is any positive real number such that po(\) < 1, with p,(\) = A+ A2 +
SNl

Proof. Consider the delay digraph DG = (Act, A’')* and let m = |Act| < tn/2
(every node in G can have at most ¢ activated incident arcs, one per round). By the
properties of M()), if z is the root vertex of the protocol, there exists an m x m
boolean matrix IV satisfying the following conditions:

e for any vertex z € V of G with x # y, there exist exactly two vertices (x,y,i) €
Act and (w, z,j) € Act such that the corresponding element of N in the row
of (z,y,1) and column of (w, z,j) is equal to 1;

o M(A\)+ M) +---+ M) = NN.

The above conditions state that for any non root vertex z of G there must exist
two activations (x,y,7) € Act and (w, z,j) € Act whose distance in DG is at most
t, i.e. such that the item of z, starting from the communication round ¢ in which
it traverses (z,y), steps through arc (w, z) after at most ¢ rounds. Clearly, since all
weights in DG are at least equal to 1, any dipath in DG from (z,y,i) to (w, z,j) of

length at most ¢ is constituted by at most ¢ arcs.
By the norm properties,

IM(A) + M(A) + -+ + M(N)|| > [|A'N|| = AN,
therefore
MO+ MO + -+ [[MO)][F = [IMO)]]+ IMA)?]] + - + [[M(VY]| >

IM(A) + M(A)? +--- 4+ M) = AY|N]|.
But

M) = mazi_y Y mij <A+ A2 4 X0 < po(N),
j=1

as there are at most o entries different from 0 in each row of M, each correspond-
ing to a different power of A. In fact, each row is associated to an activation (y, z,4)
incoming at z, while the at most o entries (z,w, j) in the row that are different from
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Lower Bounds on the Broadcasting and Gossiping Time of Restricted Protocols 13

0 correspond to the successive activations outgoing from z that are influenced by
(y,z,1), each at a different round j.
Moreover,

V]| = maafy Y niy >
=1

since there are (n — 1) entries equal to 1 in N, distributed on the most ¢ rows
corresponding to the activations (z,y,7) outgoing from the root.
By the choice of A, ||[M(A)|| < po(A) <1, and

t 2 [[MOI + MO + -+ MW" = NN,

: (log |[N|[)—(log?) ~, (logn—1)—2(logt)
that is t > Tog 17\ > .

(log1/X)
The claim then follows by observing that if ¢ = w(logn) the above inequality
trivially holds, while if ¢ = O(log n) then 2(log t) = O(loglogn). O

As an application of the previous theorem and of Lemma 3.1, general lower
bounds can be obtained for bounded degree networks that coincide with the ones
provided in [16, 3]. However, if more information about the separating properties of
the network is known, by refining the above theorem tighter bounds can be deter-
mined.

Theorem 4.2 Let (A1,...,A:) be an (1,0)-restricted gossip broadcast protocol for a
digraph G = (V, A) with an {«,!)-broadcast separator. Then t > b(1,0)(logn)(1 —
o(1)), where b(1,0) = mazy| p,(n<1! (%) and po(A) = A+ A2+ \°.

Proof. Consider the delay digraph DG = (Act, A’) and let m = |Act| < tn/2.
Moreover, let d = minyey,distq(z,y) and ¢ = |V,|), where x and Act are the root
vertex and the set associated to the («,)-broadcast separator of G.

Similarly as in the proof of Theorem 4.1, there exists an m X m boolean matrix
N satisfying the following conditions:

e for any vertex z € V,, of G, there exist exactly two vertices (z,y,47) € Act and
(w, z,7) € Act such that the corresponding element of N in the row of (x,y,1)
and column of (w, z, ) is equal 1; all the other elements are null;

e MA)T L4+ 4+ M(N)! = XIN.
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14 M. Flammini and S. Perennes

The above conditions state that for any vertex z € V,, of G, there must exist two
activations (z,y,i) € Act and (w,z,j) € Act whose distance in DG is at most ¢.
Moreover, as x and z are at distance at least d in G, any dipath in DG from (x, vy, 1)
to (w, z,j) contains at least d — 1 different arcs.

By the norm properties,

M) 4+ MO > [IAN|| = AN
Again, [|[M(N)|| € po(A), and ||N|| = maz!_, djeinij > ¢, since there are
c entries equal 1 in N, distributed on the at most ¢ rows corresponding to the

activations (z,y,¢) outgoing from the root.
Therefore,

MM IO > IO HHIM )24+ M| >

~—

o

M)+ MON)2 4+ MO 2 X

N

Finally, for every A such that p,(A) < 1, [|[M(A)]| < po(A) < 1, and

(t—d+2)[MWN)||*" > Xe/t,
that is

log ¢) — (d — 1)(log [|M(M)[|) — (logt — d + 2) — (log )
(log1/X)

. >

al(logn) — l(logn)(log || M(A)|]) — o(llogn) — (logt — d + 2) — (logt)

(log 1/ g
! (%W) (log n)(1 — o(1)).

In fact, if t = w(llogn) the above inequality trivially holds, while if ¢ = O(llog n)
it derives directly by observing that (log t—d+2)+(logt) = O(logt) = O((log!logn)).
O

By applying Theorem 4.2 and Lemma 3.3, the following lower bounds for But-
terfly, de Bruijn and Kautz networks can be determined.

Corollary 4.3 The lower bounds on the broadcasting time for BF(d, D), W BF(d, D),
WBF(d,D), DB(d,D) and K(d,D) in Figure 1 hold.
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Lower Bounds on the Broadcasting and Gossiping Time of Restricted Protocols 15

ours previous

b(BF(2,D)) | 22104 | 2 (diam.)
b(BF(3,D)) | 1.5203 | 1.2618 (diam.)
b(BF(4,D)) | 1.2938 | 1.0058 [16, 3]
b(BF(5,D)) | 1.1837 | 1.0014 [16, 3]

WWBF(2,D)) | 2.2200 | 1.7621 [18]

b(WBF(3,D)) | 1.5244 | 1.2619 [18]
bWWDBF(4,D)) | 1.2957 | 1.0058 [16, 3]
bW(WBF(5,D)) | 1.1847 | 1.0014 [16, 3
b(WBF(4,D)) | 1.1047 | 1.0058 [16, 3
b(WBF(5,D)) | 1.0433 | 1.0014 [16, 3
b(K(2,D)) | 1.3042 | 1.1374[16, 3
b(K(3,D)) | 1.0433 | 1.0254[16, 3

Figure 1: Some lower bounds for broadcasting. ¢ > b(G)(logn)(1 — o(1)). The
unlisted cases coincide with those in [16, 3], except for Wrapped Butterflies and de-
Bruijn with d = 2,3 for which better bounds are given in [18]. “diam.” stands for
diameter.

Notice that in the above corollary we have made use of gossip separators since
broadcast separators can not yield better values of o and [. In fact, in all the cases
a1l =1 and [ -logn coincides with the diameter up to a negligible additive factor.

5 Lower Bounds for Gossiping

In this section we provide lower bounds on the gossiping time of the (i, 0)-restricted
gossip protocols. We consider only the directed and half-duplex cases, since in the
full-duplex mode the results coincide with those for broadcasting. We give both
lower bounds holding for any network and refined ones that exploit the separating
properties.

As an application, new lower bounds can be determined for bounded degree
networks, both for general and specific topologies.

For the sake of brevity, in this section | | and || || will denote the Euclidean vector
and matrix norms, ie. | | =] |2 and || || = || ||2-

Similarly as for broadcasting, the following lemmas hold.
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16 M. Flammini and S. Perennes

Lemma 5.1 [6/

Let (A1, ..., Ay) be an (i, 0)-restricted gossip protocol for a digraph G = (V, A), s > 2.
Then t > g(i,0)(log n) — O(loglog n), where n = |V|, ¢(i,0) = m and A is any
real number such that 0 < A <1 and ||[M(N)|] < 1.

The following lemma can be used for digraphs admitting good separators.

Lemma 5.2 [6]
Let (Ay,...,Ay) be an (i,0)-restricted gossip protocol for a digraph G = (V, A) with
an (o, l)-separator. Then t > g(i,0)(logn)(1 — o(1)), where

; a— (log||M (A

As a direct consequence of Lemma 5.1 and 5.2, the problem of deriving lower
bounds on the gossiping time is reduced to the determination of the norm of the
matrix M () associated to (i, 0)-restricted gossip protocols. While this task is more
and less trivial in broadcasting with the norm of the maximum (this is why we
incorporated it directly in the proof), it is more difficult for the Euclidean norm. We
now show how this can be accomplished by means of successive simplification steps
performed on M ().

Observe first that, by the properties of the matrix norm, the value of ||M())|] is
not affected by any row or column permutation of M(\). By the definition of DG,
for every vertex x of the initial graph G, all vertices (y,x,¢) in DG can be connected
only to vertices (z,z,j) in DG and to no other vertex of DG. It is then possible
to permute the rows of M(\) in such a way that for every z all vertices (y,x,j) in
DG correspond to adjacent rows and all vertices (z, z,j) to adjacent columns. The
resulting matrix is everywhere null, except in disjoint subblocks M (), ..., M, (X)
such that for any ¢ # j blocks M;(A) and M;(A) have not any common row or
column. Informally, each subblock M;(\) corresponds as above to a vertex z of
the initial graph G and reports the delays between its incoming and its outgoing
activations.

By the properties of the matrix norm ||M(\)|| = max;||M;(N)||, hence in the
remaining part of this section we concentrate on the determination of each ||M;(A)||.

As already observed, each M;(\) expresses the local protocol occurring around a
fixed vertex x in G. Every row of M;(\) corresponds to an incoming activation of x,
that is to a vertex (y,z,j) in the delay graph DG, and every column corresponds to
an outgoing activation of x, that is to a vertex (x,y,j) of DG.
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Lower Bounds on the Broadcasting and Gossiping Time of Restricted Protocols 17

We implicitly assume that at each round an arc incident to x is activated. In fact,
any local matrix not satisfying this property can be obtained from one in which the
property is satisfied (which corresponds to a complete local protocol at vertex x) by
deleting the rows corresponding to the removed incoming activations and the columns
corresponding to the removed outgoing activations. This can not increase ||M;()\)||
and, since in order to apply Lemma 5.1 and 5.2 we are interested in determining
upper bounds for ||M;(\)||, it does not affect the correctness of our proof. Moreover,
we assume that the protocol locally at x starts with an incoming activation and ends
with an outgoing activation, since this corresponds to delete initial columns of Os
and final rows of 0s in M;(\), again without affecting its norm.

In order to describe the properties of M;(A), we first point out that a proto-
col locally at the vertex x is characterized by two sequences of positive integers
(([j)j=g1k}> (1) j=1..%})- In fact, starting from the first incoming activation at
round 1, the protocol locally at = has l; successive incoming activations (from round
1 to round [ ), then r; successive outgoing activations, then again /y incoming activa-
tions and ry outgoing activations, and so on until the last [ incoming activations and
. outgoing activations, where k is a suitable positive integer such that k£ < [t/2].
Clearly Z§:1 lj+r; <t

Definition 5.1 Given the couple of sequences ((1j)j={1.k}, (75)j={1.-k}) associated
with the local protocol at verter x, the incoming (resp. outgoing) activation block j
is the set of the successive incoming (resp. outgoing) activations corresponding to l;

(resp. rj).

Hence for instance the incoming activation block 1 corresponds to the first [y
incoming activations, block 2 to the next I incoming activations, ..., and block k& to
the last [, activations.

Since permuting the rows and columns of M;(\) does not affect ||M;(A)||, we can
assume the following ordering of the rows and columns of M;(\):

- rows occur in order of incoming activation block and inside each block in reverse
order of round. So for instance the first row corresponds to the /;-th incoming
activation of block 1 and row /1 to the first one;

- columns occur in order of outgoing activation block and inside each block this
time in order of round. Hence column 1 is associated to the first outgoing
activation of block 1 and column r; to the last one.

By construction, M;(\) can be divided in k? blocks Bi1,..., By such that By ;
corresponds to the incoming activation block h and the outgoing activation block j
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18 M. Flammini and S. Perennes

pY )\2 )\4 )\5 )\8 )\9 )\10 )\14
)\2 )\3 )\5 )\6 )\9 )\10 )\11 )\15
0 0 [ X A2 X A& AT [l
0 00 O Xx X X[\
0 0|0 0 ]A X |8
0 0 0 0 0 0 0 A
0 0 0 0 0 0 0 A2
0 0 0 0 0 0 0 A3

A0 X 0 A X 0|0

0 M |X 0 |X 0 Ao

0 0l Xx X0 X X]o

0 O 0 0 A 0 A3 0

0 O 0 0 0 A 0 A8

0 O 0 0 0 0 0 A

0 O 0 0 0 0 0 0

0 O 0 0 0 0 0 A3

Figure 2: Two examples of M;(A\) with [ =2, r1 =2,ls =1,ry=2,1l3=2,7r3 =3,
l4 =3, 74 =1, ..., where we have emphasized blocks B; ; with 1 <,j < 4. The first
matrix correspond to an unrestricted protocol, while the second to a (3, 4)-restricted
one (at most 4 non null entries per row and 3 per column).

and is given by the intersection of the associated rows and columns (see Figure 2).
If j < h then By, ; has all entries equal to 0, since each incoming activation in block
h influences only the successive outgoing activations, i.e. in the outgoing activation
blocks from h to k. Moreover, in each block By, ; with j > h any entry is different from
0 if the incoming activation associated to its row influences the outgoing activation
associated to its column, according to the dependence function D. In fact, only such
delays are represented in the delay graph. Two examples of M;()) can be found in
Figure 2.

The following vectors and matrix operations can be used to suitably express
M;()) and its semi-eigenvectors.

- A is the column vector whose components are 1, A, ..., ML
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OO OO0 OoOIo0oo —-=
OO OO OO0~ O
SO OO O =
O O OO oO|I=oc o
OO OO RO =
O OOl OO =
OO OO HHEO
= O = OO O

Figure 3: The restriction matrix D; associated to the (3,4)-restricted protocol of
Figure 2 (at most 4 entries equal to 1 per row and 3 per column).

- given two column vectors X and Y respectively of h and j components, X Y
is the vertical concatenation of X and Y, i.e. the column vector of h + j
components such that the first A components coincide with the ones of X and
the last remaining j components coincide with the ones of Y;

- given a column vector X, X7 is the row vector obtained by transposing X;

- given two a x b matrices A and B, AQ) B is the componentwise product op-
eration of A and B, i.e. the matrix whose element at row h and column j is

h,j - bn,j-

By construction M;(A) can be expressed as the componentwise product D; &) N; ()
of two matrices D; and N;()\) constructed as follows.

D; is a boolean matrix in which each element is equal to 1 if and only if the cor-
responding element in M;(A) is non null, that is if the outgoing activation associated
to its column belongs to the dependence set of the incoming activation associated
to its row. Since the protocol is (i, 0)-restricted, then there are at most o elements
equal to 1 in each row and at most ¢ in each column (see Figure 3).

N;(A) can be seen as the local matrix around vertex x in which there is no input-
output restriction, that is every incoming activation influences all the successive
outgoing activations (like for instance the first matrix of Figure 2). .

For any integer j, 0 < j < k, let sl; and sr; be defined as Z;;i l; and ZZ;% T,
respectively (hence slp = srg = 0). Then By, ; is given by the intersection of rows
from slp_1 41 to slj and columns from sr;_; + 1 to srj. Moreover, if h < j, given
any two integers a and b such that sl +1 < a < sl and srj_1 +1 < b < sij,
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h.j bp.i+1 h.j i—1
dslh_l-l—l,srj_l-l—l)\ hs dslh_1+1,s7‘j_1+2)\ Bt dslh_l-l—l,srj)\ hoi FT3
p.i+1 p.i+2 bh.j i
dslh_1+2,srj_1+1)\ hoj F dslh_1+2,s7‘j_1+2)\ Bt e dslh_1+2,srj)\ hoi 73
Sp.j+ln—1 Sp. i+l Sp. i+l i—2
dsl,,,,srj_ﬁ-l)\ h,jtin dslh,srj_1+2)‘ hjtin dsl,,,,srj)‘ h,jtintr;

Figure 4: Block By, j in M;(\).

the element of M;(\) at row a and column b (hence belonging to By, ;) is equal to
da,b)\‘sh,f )\a*Slh—lfl)\b*S’"j—lfl, where 0, ; is the number of rounds between the last
activation of the incoming activation block h and the first activation of the outgoing
activation block j, that is 6, ; = 1 if h = j, otherwise 6, ; = 1 + Z;;}l(rg +lg41) =
srj — srp—1 + slj41 — sl + 1 (see Figure 4)

In the particular case in which all the d, 3 of D; are equal to 1in By, ;, then By, ;
can be suitably expressed as By, j = A% Alh (AT )7

Let A = (A1 -Ap) Ny (A2 A5,) Ny oo s (AR A ) and © = (A1 Ay ) N\
(A"2 - Ag) N\ oo N\ (A"F - Ay ), where z), = Z;’;ll(rg —lg41) = srp—1 — sl + sly,
1< h <k (thus 1 =0).

The vectors A and © thus defined have the particular property that if we multiply
each column b of M;(\) by the b-th element of A, then any row a contains different
odd powers of )\, multiplied times the a-th element of ©. This means that the sum of
all the elements of row a, which is equal to the a-th element of the vector M;()) - A,
is at most equal to the a-th element of © multiplied by p,()), as there are at most
o non null entries per row (see Figure 5).

Similar considerations hold multiplying the a-th column of M;(\)T by the a-th
element of ©, so that the b-th element of M;(\) - © is at most equal to the b-th
element of A multiplied by pi(\).

Therefore it is possible to prove the following lemma.

Lemma 5.3 [[M(A)[| < v/pi(A)v/Po(A), where for any even positive integer j, the
polynomial p;(\) = A+ X3+ -+ \¥ L,
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by A3 N N\ 20 AL\ )15 1 < poo()\)

)\2 )\4 )\6 )\8 )\10 )\12 )\14 )\16 A < )\poo()\)
0 0 A A A AT a0 A < Ao (A)
0 0 0 0 XA A X AT ... A < Apoo(N)
0 0 0 0 A x X A8 ... o= < A2ps(N)
0 0 0 0 0 0 0 A .. A < Apoo(A)
0 0 0 0 0 0 0 A .. A2 < A2poo(N)
0 0 0 0 0 0 0 A .. A3 < Mpoo(N)

1A A A2 a2 N8 A | =AT

Figure 5: M;(A) of the unrestricted protocol of Figure 2, with the vectors A (trans-
posed) and ©, where all entries of column b in M;(\) have been multiplied by the
b-th element of A. On the right there is an upper bound on the sum of the elements
of each row in the new matrix.

Proof. By Lemma 3.4, it is sufficient to show that A is a semi-eigenvector of
M;(M\)T - M;()\) with semi-eigenvalue p;(A)po()), so that ||M(N)|| = maz;||M;(\)|| =
mazi/p(ME T 3N < /)oY,

By definition, if b is any integer such that sr; 1 < b < sr; for a suitable j > 0,
that is column b in M corresponds to the outgoing activation block j, then the b-th
element of the semi-eigenvector A is equal to \b=5Ti-1=1. \sri—1=sljtsh — \b—slj+sh—1
Similarly, if a is any integer such that sl;_1 < a < slj, that is row a in M corresponds
to the incoming activation block j, then the a-th element of vector © is equal to
Aa—sli—1=1. ysrj—1=sli+sh  Thys, the a-th element of M - A (i.e. the product of row

a of M and A) is equal to

ST
)\afsljflfl( § da,b)\)\bfs'rjfl71/\bfslj—|—sl171+
b:s’r‘j_l—l—l
STj41
§ da b/\srj7srj_1+slj+1fslj—|—1)\bfsrjfl)\bfslj_,_l—ksll71 4o
b
b=sr;+1
ST
§ : da b)\srk,l—sr]-_l—I—slk—slj—l—l)\a—srk,l—l)\b—slk—l—sll—1) —
b)
b=sry_1+1
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ST
)\a,slj_l . )\srj_lfslj—ksllfl( § da,b)\bfsrjflfl)\bfs’rjfl_*_
b:s’r‘j_l—l—l
STj+1
§ da bASijs’l‘j_l—Fslj_Flfslj /\b,srj,1)\b,57-j_1,slj+1+slj I
)
b=s7;+1
ST
§ : da b)\srk,l—srj_l—l—slk—slj )\b—s'rk,l—lAb—srj_l—slk—I—slj) —
b)
b=sry_1+1
ST
)\aflfslj_l . )\srj_lfslj—ksll E daybA2(b*3"’j—1)*1 <
b=sr;j_1+1

Aa—slj_l—1)\3Tj_1—slj—|—sl1—1po()\)’

since at most o elements d, ; with fixed a are equal to 1, and thus M-A < p,(A)0©.
Similarly, the b-th element of M7 - © (again with srj—1 < b < sr; for a suitable
j > 0) is equal to

slq
)\b—STj_l—l(E da,b/\a_l)\srj_1+31j_8ll+1>\a_1+
a=1
slo
§ : da’b)\afsll71)\31'_,',1731"14»31_7'7sl2+1Aaflfsl1 )\srlfsl2+sll_+_
a=sl1+1

sl;
NI Z da b/\a—slj_l—l)\)\a—l—slj_l )\srj_l—slj—l—sll) —

a=sl; 1+1
sl
)\b—srj_l i )\srj_l—slj—l—sll—l(z dayb/\Z(a—l—slj—sll)—l_l_
a=1
sla sl;
Z da,b)\2(a+sljfslzfsl1)fl 4o Z da’b)\Z(afslj,l)fl) <
a=sl1+1 a:slj_l—l—l

)\b—slj—i—sll—lpi()\)’
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param. d 2 3 4 5 6 7 8 9
g(d) 1.5728 | 1.4829 | 1.4555 | 1.4459 | 1.4425 | 1.4412 | 1.4407 | 1.4405

Figure 6: General lower bound for different values of the parameter d. t >
g(d)(logn) — O(loglogn). For limited d no previous lower bounds known (except
the ones inferred from broadcasting in [16, 3]), while for d = co the value coincides
with the one in [5, 15, 14, 19].

since at most 7 elements d,; with fixed b are equal to 1.
Thus, MT - © < p;(A\)A and

MY M-A < po()‘)MTQ < pi()‘)po()‘)Aa

hence the lemma. O

>From Lemma 5.1, Lemma 5.2 and Lemma 5.3, the following theorems hold.

Theorem 5.4 Let (Ay,...,A;) be an (i,0)-restricted gossip protocol for a digraph
G = (V,A). Thent > g(i,0)(log n) — O(loglog n), where n = [V, g(i,0) = ozi7xy

and X is a positive real number such that \/pi(A\)\/po(N) = 1.

Theorem 5.5 Let (Ai,...,A;) be an (i,0)-restricted gossip protocol for a digraph
G = (V, A) with an («a,l)-separator. Thent > g(i,0)(logn)(1—o0(1)), where g(i,0) =

max 1 a—(log \/pi(A)/po(N))
A /Pi)V/Po(N)<1 (log 1/X) .

As a consequence of Theorem 5.4, Theorem 5.5, Lemma 3.1 and Lemma 3.3, new
lower bounds can be determined for general and specific network topologies.

Corollary 5.6 Let G = (V, A) be a digraph with fized parameter d > 1. Then
any directed or half-duplex gossip protocol for G takes t > g(d)(logn) — O(loglogn)
steps, where n = |V|, g(d) = m and )\ is a positive real number such that

VPooV/Pa(A) = 1.

Some numerical bounds arising from Corollary 5.6 are listed in Figure 6.

CO}'ollary 5.7 The lower bounds on the gossiping time of any protocol for BF(d, D),
WBF(d,D), WBF(d,D), DB(d,D) and K(d, D) in Figure 7 hold.
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period oo ours previous
g(BF(2,D)) 2.4200 | 2.4193 [6]
9(BF(3,D)) 1.7889 | 1.7788 [6]
g(WBF(2, D)) 2.4280 | 2.4193 [6]
g(WBF(3,D)) 1.7825 | 1.7788 [6]
g(WBF(4,D)) 1.5895 | 1.5876 [6]
g(WBF(5,D)) 1.5071 | 1.5060 [6]
g(WBF(2, D) 1.9770 | 1.9750 [6]
g(WBF(3,D)) 1.5544 | 1.5538 [6]
g(WBF(4,D)) 1.4591 | 1.4589 [6]

| 9(DB(2,D)) and g(K(2,D)) | 1.6375 | 1.5876 [6] |

| 9(DB(2,D)) and g(K(2,D)) | 1.5965 | 1.5876 [6] |

Figure 7: Some improved lower bounds for specific networks. Values have to be
multiplied times (logn)(1 — o(1)). The unlisted entries coincide with the ones in
Figure 6 or in [6].

6 Extensions and Generalizations

We now briefly sketch how our results can be extended to other models. In all the
cases our lower bound technique can be used as well, with the difference that the
norm of the matrix associated to the protocol is different. Even if we don’t show
numerical values, all the results for general and specific topologies can be extended
by using the new norm.

Let us consider first the c-port model. In this case the condition that only one
incident arc can be active at each round is relaxed by admitting at most a given
number ¢ > 0 of active arcs.

For broadcasting and (thus full-duplex gossiping) it means that given any incom-
ing activation at a given vertex, then there are still at most o outgoing activations
influenced, where o is the output restriction. However, not all such outgoing acti-
vations have a different delay, since up to ¢ of them can belong to the same round.
Hence, if 0 = ¢ c+ 7, then [|[M(\)||oo < A+ A2+ 4+ AT+ rAITL

Similar considerations hold for the directed and half-duplex gossiping. Here
each row can contain at most ¢ equal entries and the same holds for each column.
By the (i, 0)-restriction, a completely analogous argument shows that ||M(\)|| <
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V(A + A3+ + X261 4 A26F 1 /(ed + A3 + - + eA2% 1 4 7, A20 1 where
t=¢q;-c+r;and o=gq,-Cc+ T,

In the postal model there is an additional integer parameter § > 0 such that, once
a given item has been sent through a link, it will be available at the arriving vertex
to be sent on another link only after § rounds (hence § = 1 in the basic model). This
means that an incoming activation cannot influence the outgoing activations before
the next ¢ rounds and thus all the entries of M () are either 0 or A* with x > §. By
completely analogous observations it is then easy to see that both in broadcasting and
in directed and half-duplex gossiping (also under c-port) it is sufficient to multiply
the basic norm by \°~!.

Notice that using the above norms new lower bounds can be obtained for all the
restricted protocols and thus for the bounded degree and also systolic ones.

7 Conclusion

In this paper we have provided new lower bounds for restricted broadcasting and
gossiping protocols. As a consequence new lower bounds have been determined for
bounded degree networks in the general case and for specific topologies. Moreover
as a corollary we obtain the same results for systolic protocols in [6].

Another example of restricted protocols are the “memoryless” ones, where fixed a
given number of steps § > 0, every vertex remembers only the items received during
the previous ¢ steps. This means that an incoming activation influences at most
0 successive outgoing activations and an outgoing activation depends on at most §
previous incoming activations, i.e. the protocol is (8, §)-restricted.

We believe that memoryless protocols are not just an artificial example of re-
stricted protocols, but they might be useful to improve the lower bounds for bounded
degree networks. In fact, it seems that in this case the input-output restriction is a
too local property to allow the determination of the best possible lower bound, that
we conjecture to be the one corresponding to a (d, d)-restriction. Locally at each
vertex it is possible to establish only a (0o, d)-restriction, but it seems that the best
dissemination time is achieved when the vertices have an equal alternance of input
and output activations, so that in the average also the input restriction is low. A
way to limit the input activation is that of resorting to more global properties. We
conjecture in fact that in a network with fixed parameter d memoryless protocols
with § = d are able to reach the optimal time up to a negligible additive factor. If
this is true, then the better lower bounds for bounded degree networks can be easily
accomplished.
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