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Résolution numérique de cas-tests d’optimisation par
algorithmes génétiques

Résumé : Dans ce rapport, nous présentons la résolution numérique de quatre pro-
bléemes d’optimisation au moyen d’algorithmes génétiques. Les cas-tests correspondent
a deux problémes d’optimisation a un critére et deux autres problémes multicritére.
Dans les quatre cas-tests, les fonctions analytiques que ’on optimise présentent un
grand nombre d’optima locaux. Il s’avére que les Algorithmes Génétiques se révélent
les mieux adaptés a la résolution de tels problémes d’optimisation. Ces quatre cas-
tests font partie de la base de données développée dans le cadre du réseau thématique
européen INGENET.

Mots-clés : Optimisation - Algorithme génétique - Méthode de plus forte descente
- Optimisation multicritére - Critére de non-dominance - Front de Pareto
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1 Introduction

When an analytical function has to be optimized, many criteria can be taken into
account to select the adequate optimizer : is the optimum local or global ? How many
design parameters should be introduced ? What should their type(s) be 7 Are there
constraints or not ? Is the function convex or not 7 Is the function differentiable 7 Is
it a multi-objective optimization ?

There exist a large number of optimizers : deterministic ones as gradient-based
methods, Newton methods, quasi-Newton with interior points methods, one-shot meth-
ods or stochastic ones as Evolution Strategies (ES)! or Genetic Algorithms (GAs).

When a function exhibits a large number of local optima, unless the initial guess
in the deterministic method is very close to the global optimum, the solution may
converge to a local optimum. GAs (and ES) are potentially more robust to avoid this
kind of problem because they operate on a population of individuals (and not a unique
one as for deterministic methods). The population first explores the whole admissible
search space and second, after a consequent number of generations, exploits the best
individuals to converge to the global solution.

In this report, the basic GAs are assumed to be known and many references to the
literature are provided (one can refer to D. Goldberg’s book [4] or to one of our INRTA
report [7]). We present four optimization problems involving analytical functions : two
single objective and two multi-objective problems. The functions present a large num-
ber of local optima and they are very difficult to be optimized by deterministic methods.
These four optimization problems are four test-cases under investigation within the IN-
GENET European thematic network?. The first single optimization problem is solved
with a Hybrid GA (GA coupled with a gradient-based method), the second one is
solved by another Hybrid GA (GA coupled with a hill-climbing method) and the two
multi-objective problems are also solved by GAs, by construction of Pareto fronts.

LES appeared in the 1960s at the Technical University of Berlin, developed by Bienert, Rechenberg
and Schwefel

2INGENET : NETworked INdustrial Design and Control Applications using GEnetic Algorithms
and Evolution Strategies (Industrial and Material Technologies Programme, Brite EuRam IIT)

INRIA
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2 Rastrigin function

2.1 The minimization problem

The goal is to minimize the highly multimodal analytical function, called Rastrigin
function [10]:

F(z)=n+) (2} — cos(2mrz;)) with = (z;)iz1.., € [-5.12,5.12].

=1

Figure 1 depicts the Rastrigin function in the case where n = 2. This function
exhibits a large number of local minima.

Rastrigin function in the 2D case

Figure 1: Rastrigin function for n = 2. The global optimum is located at (z,y) = (0, 0).

The Rastrigin function has been minimized for n = 20, with a Hybrid Genetic
Algorithm.

2.2 The Hybrid Genetic Algorithm

e Binary Coded GA :
A standard GA has been used.

RR n° 3622



6 Nathalie Marco-Blaszka and Jean-Antoine Désidéri

popsiz 50

maximal number of generations | 150
De 0.85
Drm 0.003

binary tournament
1-point crossover
mutation at bit-level
elitist strategy

e The deterministic method :
A steepest descent method has been selected, with a search of the optimal step
at each gradient iteration by a 1D minimization.

Initializing the steepest descent algorithm with the best element of the population
obtained after 150 generations of the GA, eight gradient iterations were found
sufficient to meet the convergence criterion.

2.3 Results

For each gradient iteration, the 1D minimization makes 3 calls to the analytical function
evaluation. So, 50 + 50 x 150 + 3 x 8 = 7574 function evaluations were made.

Figure 2 presents the convergence of the minmum of F' as a function of the number
of generations. The figure also provides a comparison between simple GA with the
Hybrid GA. Of course, for this particular problem, the gradient-based method, here
the steepest descent algorithm, would generally not converge to the global optimum
unless the initial guess is made very close to it.

The optimal solution (z;);=1.., is exactly equal to 0.

3 A Multi-Objective problem

This test-case has been proposed by C. Poloni from the University of Trieste, in Italy
[11]

3.1 The Multi-Objective problem

Let us maximize :

{ Fi(z,y) = —(14 (A= B1)’ + (42 — B,)?)
Fy(r,y) = —(z+3)*—(y+1)° (z,y) € [-7,7]

INRIA



Numerical test-cases by Genetic Algorithms 7
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Figure 2: Convergence history of the Minimum of F, with a simple GA and with a
Hybrid GA.

2 2
with A; = Z a;jsin o + bjcosa; and B; = Z a;j sin 3; + b;; cos f3;

and  a= (‘1)2 ;) - (j :é:;) a=(12 B=( y).

This maximization problem can be solved with or without constraints. The con-
straints are of the following form :

(x—2)*+(y — 2)°

<9
(x+2)?2%+(y+2)?%>9

When the number of parameters is greater than 2, z and y are generalized as
follows :

xrx =

'Mm:

i=1 2 2

T, Y= Z Z; xie[—g,g] n=24,28,16
=241 2

This multi-objective maximization problem is solved by a Non Dominated Sorting
Genetic Algorithm (inspired from [13]).

3.2 Description of the optimizer

A general multi-objective optimization problem consists of a number of objectives to be
optimized simultaneously and is associated with a number of inequality and /or equality

RR n° 3622



8 Nathalie Marco-Blaszka and Jean-Antoine Désidéri

constraints (for a theoretical background, see for example the book of Cohon [3]). It
can be formulated as follows :

Minimize / Maximize fi(z) i=1,---,N

gi(x) =0 j=1,---, M

subject to : { hi(z) <0 k=1,---,K constraints

The f; are the objective functions, N is the number of objectives, x is a p-dimensional
vector whose p components are known as decision variables. In a maximization prob-
lem, a vector z' is partially greater than another vector z> when :

Vi fi(z') > fi(z*) (i=1,---,N) and there exists at least one i such thatf;(z') > f;(z?) .

We then say that the solution ' dominates the solution x*.

Definition of non-dominance for 2 criteria in the case of a mazimization :

{ Maximize  f(z) = (f1(x), f2(z))

such that z € X, the feasible region.

z!' and z? are two solutions to be compared. Then, z' dominates z? iff :

filz") > fi(#®) and  fo(z') > fo(®) or fi(z') > fi(z®) and fo(z') > fo(z?)
The non-dominated individuals define the Pareto front.

Ranking by fronts

GAs operate primarily by selection of the individuals according to their fitness values.
But, in a multi-objective optimization problem, several criteria are assigned and not a
single fitness value. Therefore, to evaluate the individuals, we need to build a fitness
value, called dummy fitness.

After the application of the definition of non-dominance, the chromosomes are classi-
fied by fronts. The non-dominated individuals define front 1 ; among the remaining
individuals, the non-dominated ones define front 2, etc. The worst individuals define
front f, where f is the number of fronts. Once the individuals have been ranked, they
can be assigned the following dummy fitness values :

fi = rank to which i belongs

Let us note that the problem becomes, now, a minimization problem !

INRIA
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Our results in multi-objective optimization are based on the algorithm of Srini-
vas and Deb [13], called the Non-dominated Sorting Genetic Algorithm (NSGA). This
method allows to obtain a representative sampling of solutions all along the Pareto
front (see [8]).

Non Dominated Sorting Genetic Algorithms

The non-dominated sorting procedure requires a ranking selection method which em-
phasizes the optimal points. The sharing technique, or niche method, is used to sta-
blilize the subpopulations of the “good” points.

We use this method, because one of the main defects of GAs in a multi-objective
optimization problem is premature convergence. In some cases, GAs may converge very
quickly to a point of the optimal Pareto set and as the associated solution is better
than the others (it is called a “super individual”), it breeds in the population and, after
a number of generations the population is composed of copies of this individual only !
The non-dominated sorting technique with the niche method avoids this situation be-
cause as soon as a solution is found in multiple copies, its fitness value is increased and
in the next generation, new solutions that are different can be found, even if they are
not so good.

Technical aspects of the method :

1. From an initial population of solutions, one first identifies the non-dominated
individuals. These individuals belong to rank number 1 and they have large
probabilities to be reproduced.

2. Then one assigns the same dummy fitness f; to the non-dominated individuals 7
of front 1 (generally, the dummy fitness f; is equal to 1).

3. To maintain the diversity, the dummy fitness value of the individuals is then
increased (let us recall that the maximization problem has become a minimization
because of the ranking by fronts) : it is multiplied by a quantity proportional to
the number of individuals around it, according to a given radius. If the individual
has a lot of neighbours, there is a lot of similar solutions. Then, the fitness is
increased in order to create some diversity in the next generation.

We call this quantity a niche and it is evaluated as follows :

m; = ;Sh(d(i,j))

where 7 is the number of the individual, M is the number of the individuals
belonging to the current front (or rank).
Sh(d) is the Sharing function, a linear decreasing function of d defined by :

RR n° 3622
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d(i, 5)
Sh(d(l,])) = Oshare
0 if d(i,7) > Oshare

if d(’l,]) < Oshare

Oshare 18 the maximum phenotypic distance allowed between any two individuals
to become members of a niche. It has no universal value ; it is problem-dependent.
d(i, 7) is the distance between two individuals i and j. It can define the Hamming
distance (a genotypic distance, at string-level) or the Fuclidian distance (a phe-
notypic distance, at real-level). Then after the niche has been created for each
individual of the current front, a new dummy fitness f; * m; is assigned.

4. After the above sharing process has been applied, the non-dominated individ-
uals of Front 1 are temporarily ignored from the population. The following
non-dominated individuals define Front 2. One evaluates the minimum of the
quantities f; x m; taken over all chromosomes of Front 1. Then this value is
assigned as an initial dummy fitness to the individuals of Front 2 ; a niche is
evaluated for each of them, and next, new dummy fitness values.

5. This process continues until the whole population has been visited.

6. As all the individuals in the population have now a dummy fitness value, selection,
crossover and mutation can be applied. The flowchart of the method is presented
in Figure 3.

3.3 Results

The number of individuals on the optimal Pareto fronts with and without constraints
are presented in the following table :

Number of variables 2 4 8 16
Individuals on Pareto front 440

without constraints 190 461 404
Individuals on Pareto front 505 442 590 248

with constraints

In the case without constraints, the description of the Pareto front is realized by a
larger number of individuals as the number of variables increases. However, this trend

INRIA
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Initiaize
population
gen=0
/’\
,,/'/ Is N Identify
~ population ~ NO_ | non dominated
. classified 2 individuals
1 Yes Assign a dummy
Reproduction fitness
according to l
dummy fitness -
Apply the sharing
method (niche method|
Assian a nw dury
T fitness
L s

Yes < gen< gen_max?~ | Ignore temporarily the curren\1

- non dominated individuals

T No
[ Stop)
o

Figure 3: Flowchart of the Non Dominated Sorting GA.

is inverted in the case of constraints.

The parameters for the GA are :

popsiz 40
maximal number of generations | 60
Pe 0.9

binary tournament
1-point crossover
mutation at bit-level
elitist front
euclidian distance

On Figures 4(a)-(b), the two analytical functions are depicted for n = 2, function
of (z,y). Figure 5 represents the range of the application (z,y) +— (Fi, F).

3.3.1 Results for the case without constraints

In Figures 6(a)-(b)-(c)-(d), the optimal Pareto fronts are depicted. It took 4880 cost
evaluations for each maximization.

RR n° 3622
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Function F1(x,y)

Function F2(x,y)

(a) Function Fi(z,vy) (b) Function Fs(z,y)

Figure 4: Plot of the two analytical functions, function of (z,y), in the cartesian plane.

0

210 |

20 |

230 |

F2

.40 |

50

-60 L L L L L L
-70 -60 -50 -40 -30 -20 -10 0
F1

Figure 5: Representation of the range of the application :(z,y) — (Fi, F3).

3.3.2 Results for the case with constraints

In Figures 7(a)-(b)-(c)-(d), the optimal Pareto fronts are depicted. It took 4880 cost
evaluations for each maximization.

In both cases, the Pareto fronts are relatively well represented in the (F, Fy) plane,
by virtue of the niching technique.

INRIA
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Multi-criteria optimisation on Poloni functions - Without constraints (n=2) Multi-criteria optimization on Poloni functions - With constraints (n=4)
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Criterion F1 F1
(a) n =2, pm =0.05 and ospere =4 (b) n =4, p, =0.008 and ospare =4
Multi-criteria optimization on Poloni functions - With constraints (n=8) Multi-criteria optimisation on Poloni function - Without constraints (n=16)
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Figure 6: Optimal Pareto fronts when not using constraints.
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4 Keane’s function

4.1 The maximization problem

Let us maximize the following function [6] :

> cos*(x;) — 2 [ cos®(z:)
i=1 i=1

F(z) =

with the two non-linear constraints :

Zaci <7.5n and Ha:, > 0.75

i=1 =1

(%:)i=1..n € [0,10] and n = 20, 50.

Keane’s function is depicted on Figure 8 for n = 2. It exhibits numerous local
maxima.

Keane' s function for n=2

00090 0000 0000 OO0
0000PkibirrONNNNO Www
ORNESRRNROBNNRSRWR RS

1010

Figure 8: Keane’s function for n = 2.

Note that the presence of an absolute value in the definition of the function makes
it impossible to use a gradient-based optimizer.

RR n° 3622
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4.2 The optimizer

A standard GA has been hybridized with a stochastic hill-climbing method (see [2]).
The strategy is the following :

The best chromosome of the current generation is chosen as the starting point for
the hill-climbing method. A parameter is chosen randomly and its value is perturbed
by a small increment in either the plus or minus direction. A new chromosome is
created. If it has a fitness value better than the previous one, the new chromosome
replaces the previous one as the starting search point. If instead the fitness value of
the new chromosome is not better, it is rejected. A new parameter is again chosen
at random. The process continues until all the parameters have been perturbed and
improvement is no longer achieved.

Our strategy was to alternate GA with hill-climbing.
4.3 Results

4.3.1 Case n=20

The parameters for operating the GA were set as follows :

popsiz 80
maximal number of generations | 1000
De 0.9
Pm 0.01

binary tournament
1-point crossover
mutation at bit-level
elitist strategy

niche method op4re 0.34

Hill-climbing starts at the 350" generation and it is applied on the best 10 indi-
viduals. The small perturbation is equal to £ = 0.6. We only succeeded to realize a
moderate improvement, of convergence to Fj,., = 0.796 whereas with the standard GA,
the value 0.76 was achieved. Z. Michalewicz has converged to F... = 0.803553 (see
[9]) and T. Béck converged to Fi,.. = 0.803619 [1].

The optimal parameters are described in the following table.

INRIA
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Figure 9 shows the convergence history of —F' as a function of generations.

z
Ty
Z7
Z10
T13
T16
T19

3.07833

3.11311

2.90499
0.587335
0.410053
0.381690
0.427704

T2
Zs5
Tg
Z11
T14
T17
T20

3.17595

3.00222

2.88128
0.517706
0.483996
0.497847
0.334261

T3
Tg
Tg
L12
Z15
T18

3.05128
3.00749
0.631086
0.483315
0.497608
0.432111

(-F)

4.3.2 Case n =150

-0.2

-0.3

-04 |

-05

-0.6 |

-0.7 |

-0.8 L
0 100

L
200

L
300

1 1
400 500 600
Number of generations

Figure 9: min(—F) for n = 20

The parameters for operating the GA were set as follows :

RR n° 3622

popsiz

maximal number of generations

Dc
Pm

binary tournament

1-point crossover

mutation at bit-level
elitist strategy
niche method op4re

40
2000
0.8
0.006

0.3
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Hill-climbing starts at the 130"* generation and it is applied on the best 5 indi-
viduals. The perturbation is equal to € = 0.5. Our very best result is F},., = 0.796
(with the standard GA, we converged to 0.777). Z. Michalewicz has converged to
Fraz = 0.833 (see [9]) while T. Béick has converged to Fy,., = 0.835. The optimal

parameters are described in the following table.

T
Ts5
Ty
Z13
Z17
T21
L25
T29
T33
T37
Ty
T45
T 49

6.31922
3.28268
3.08870
3.05707
3.02403
2.81879
0.482017
0.447506
0.343749
0.345275
0.411452
0.414413
0.352310

)

T

T10
T14
Z18
T2
L26
T30
T34
T3
T4
T46
T50

3.13035
3.26675
3.01138
2.92855
3.13817
2.90895
0.314611
0.558782
0.486843
0.449402
0.340180
0.433987
0.321609

T3

T

T11
Z15
Z19
T3
Lot
Z31
T35
T39
T43
L7

3.12450
2.96492
3.16188
2.95711
0.438648
0.491447
0.654735
0.591541
0.416858
0.527740
0.422506
0.334957

Ty

T

T12
T16
Z20
T4
T8
T32
T36
T40
T4
T48

3.25429
2.99343
2.99087
3.14631
2.92479
0.694068
0.311840
0.510883
0.632994
0.634498
0.275047
0.566274

Figure 10 depicts the convergence history of —F' as a function of the

generations.
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-0.3

-0.6 [

-0.7 -

-0.8

0

L
200

L L L
400 600 800

L
1000

1
1200 1400 1600 1800 2000

Figure 10: min(—F) for n = 20

number of
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5 Another Multi-Objective problem

This test-case is proposed by D. Quagliarella from CIRA, in Italy [12].

5.1 The Multi-Objective problem
Let us minimize F(z) = (Fi(z), F>(x)) with :

zn:((acz — az)? — 10 cos(2m (z; — az)) + 10) '

Fi(z) = | & - k=1,2

where n = 30, x = (2;)i=1..n € [-5.12,5.12], a3 =0 and ay = 1.5.

On Figures 11(a)-(b), F; and F; are plotted, function of (x,y).

Function F1(x,y) Function F2(x,y)

(a) Fi(z,y) (b) Fy(z,y)

Figure 11: Plots of F; and F} as a function of (z,y), for n = 2.

5.2 Description of the optimizer

The multi-objective minimization problem is also solved by the Non Dominated Sorting
Genetic Algorithm used in section 3.
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5.3 Results
The data of the GA are the following :

popsiz 60
maximal number of generations | 250
Pe 0.9
Pm 0.008
O share 1.5

euclidian distance
binary tournament
1-point crossover
mutation at bit-level
elitist front

On Figure 12 is depicted the evolution of the population during the generations,
toward the optimal Pareto front.

Mult-criteria optimisation on Quagliarella test-case - Evolution of the population
23 T T T T T T

22

21

2k

2 19

18+

17 b

16

15 L L L L L L
15 16 17 18 19 2 21 22

Figure 12: Evolution of the population : 2 x (60 4+ (60 x 250)) = 30120 evaluations.

The optimal Pareto front is plotted on Figure 13.

6 Concluding remarks

GAs are very well suited for the optimization of very complex functionals (describing
a lot of local optima).

Concerning the minimization of the Rastrigin function, our GA converges to the
global optimum, but demands 100000 evaluations. When applying hybridization (GA

INRIA
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Muli-criteria optimisation on Quagliarella test-case - Optimal Pareto front
T T T T T T

155 L L L L L L L L L
155 16 1.65 17 175 18 1.85 19 1.95 2 2.05
F1

Figure 13: Optimal Pareto front with 96 individuals.

+ gradient), the global optimum is found very quickly, demanding only about 7600
evaluations. In the case where it is possible to evaluate the gradient of the functional,
Hybrid GAs are more robust than standard GAs. GAs converge easily near the global
optimum, but next, they are very slow ; then, a deterministic method is applied, more
efficient near the optimum. If the functional is not differentiable, a hill-climbing method
can be used as a deterministic one (see [2]).

In the case of Keane’s function, a simple GA is not found robust enough to converge
to the global optimum. We then have used a Hybrid GA (GA with hill-climbing), but
we did not succeed to achieve the same level of convergence as Z. Michalewicz or T.
Béack (with an evolution strategy). In the case of n = 20 parameters, 210080 evalua-
tions were necessary while for n = 50 parameters, 547540 evaluations were necessary !
Some improvement is then necessary... either for the GA (for example by improvement
of the convergence by a “remainder stochastic sampling” from Goldberg[4] or a “steady
state GA” from Syswerda|14],...) or by a more sophisticated hybridization process.

Concerning multi-objective optimization, the Non Dominated Sorting GA is well
suited for obtaining a uniform Pareto front. It prevents from premature convergence.
An improvement would be to find a value of o444 in a more interactive way (for
instance, it is tuned by hand). D. Goldberg proposes a solution in [5]. Note that
optimizing /monitoring the parameters operating on a GA constitutes a vast subject of
current research.
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