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SYSTEME DE VOITURES EN LIBRE-SERVICE :
'UNE METHODE DE REEQUILIBRAGE

Fabrice CHAUVET!, Ahmedou Ould HAOUBA? and Jean-Marie PROTHL. 3 -

R‘ésunié )

De nos jours, les grandes villes doivent faire face -2‘1 des problemes-de transport qui sont cfuciaﬁx
‘pour leur surv1e Une des soluuons qu1 se developpc actuellement dans des pays developpcs est de
" mettre des systémes de voitures electnques ala dlsposmon des usagers pour leur permettre de fa1re ‘

leurs déplacements quotidiens. Dans ce type de }systeme, les voitures stationnent dans des sites o
.. leur batterie est rechargée'. Un client utilise une voiture électriqué pour se déplacer d'un site a

l'autre. Alors, si nécessaire, le méme client pourra utliser une autré voitﬁre pour se dépla?:er Vers un

troisi¢me site, et ainsi de suite. * |

11 est facile de comprendre que le centre de gravité d'un tel systtme change durant la journée.

Ceci impose de transporter, de temps en temps, des voitures-des sites ayant trop de voitures vers'_

ceux qQui n'auront plué assez de voitures dans un futur proche. Une telle action est appelée.
rééquilibrage. Le but de ce papier est de pI’OpOSCI-VUI‘IC méthode de rééquilibrége qui consiste 2
utiliser-uﬁ camion d'une capacité donnée. Ce camion visite les sites suivant un circuit prédéterminé -
et soit decharge des voitures dans des stations qui en ont besoin, soit préleve des v01turcs dans les
- sites ot elles sont en exceés. En fait, cette méthode. analyse I'état de tout le systeme a l'arrivée du
camion dans un site dans le but de prendre une décision.

- Mots Clés

~ Méthode de rééquilibrage, Logistique, Voitures en libre-sc_rvice,lTranspon urbain‘.' :
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POOL OF SELF-SERVICE CARS: °
A BALANCING METHOD

Fabrice CHAUVET!, Ahmedou Ould HAOUBAZ and Jean-Marie PROTH! 3

Abstract

Nowadays, big cities have to face transportation problems which are crucial for their survival.
One of the solutions that is currently spreading in developed countries is to put a pool of electric
cars‘ at the disposal of customers to make local journeys. In this kind of system, cars are parked in
stations where their batteries are recharged. A customer ﬁses an electric car to travel from one
station to another. Then, if necessary, the same customer will later use'another electric car to travel
to a third station, and so on. .

It is easy to understand that the -gravity center of the set of cars changes during the day. This
requires an action that consists in transporting cars from stations having excess of cars to stations
that may run out of cars soon. Such an action is called a balancing action. The goal of this paper is
to propose a balancing method that consists in using a truck of a given capacity. This truck visits
the stations following a given circuit, and either leaves cars in stations when needed or takes cars
from stations where they are in excess. Indeed, this method analyses the state of the whole system
in order to make a decision at the arrival of the truck in a station.

Keywords

Balancing method, Logistics, Self-service cars, Urban transportation.
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1. INTRODUCTION

Putting a pool of electric cars at the disposal of customers to make local journeys is becoming

increasingly popular in big cities. “This kind of sy_sterh leads to the following ir_nprovemehts in the

citizens' environment:

' ~(i) It introduces an additibnal flexibility in the existing transportation ’system by allowi_hg
customers to réacﬁ any location in the_éity.

() It guarantees a cost that is, fof each customer, exactly proportional to the use of the system.
To reach this goal, a plastic card is provided to eaéh c;u'sto:_nér applying for this sgrv_ice, and
this card shohld:be inudduccd in a slot of the electric car to drive it; this allows the sys’tem to
record the exact period the car is used:

(iii) it reduces the pollution in the city, due to the'us’e of electric engines.
(i:v)‘ Ii allows a 24-hour_—a—day service when using modern sdryeillance system;.
‘Numerous studics have been conducted to analyze the behavior of ia pool of self-service cars.
Readers interésted in some of these studies may'refer to [4],[6] and [11] that preéem a in_odel baséd
on a polling system, or to [1] and (5] in‘wh‘ich the system'is modeled as a close nétwork. Anothgr

paper (see [2]), proposes some studies around the optimal control of such a system in the stationary

. case.

Surprisingly, few studies have been devoted to the balancing methods. In our opinion, the most
complete and realistic one has been proposed in [3]. This paper suggests to manage a pool of self-
service cars using the cbncept of favorable state and the cor_lcept of unfzivorable states. The

favorable state is the distribution of the electric cars in the stations that guarantees that the system

can feach a given large horizon with the highest probability; assuming that no balancing action is

conducted. Only one favorable state is selected. An unfavorable state is the distribution of the

i

1

a given short horizon with a large probability, assuming that no balancing action is conducted. The

proposed management consists in triggering a balancing action as soon as the syétem reaches an

3

electric cars in the stations that guarantees that at least one of the stations will run out of cars before -




unfavorable sfate. Balancing the system consists in switching from the unfz;vorable state reached
by the system to the favorable state. The Balancing approach proposed in [3] is twofold. It
consists in computing first the moves of cars to be performed (loaded moves), and then the
trajectories of the trucks used to carry ,thc cars. The first problem is an uncapacitated transportation

problem (see [7]) which can be solved using Hitchcok's algorithm (see [8]). The complexity of

this algorithm is O(K3), where K is the n‘umber'of stations. Starting from the loaded moves, the
computation of the trajectories of the truck(s) is made using a heuristic algorithm. Unfortunately,
this method becomes very complek and requires a large memory size when the random variableé
that generate car requirements in a given station are not independent identically distributed (i.i.d.)
random variables.

The Unceasing Balancing Method (UBM) proposed hereafter uses one truck that visits the
stations following a given circuit. At each station, the truck either lcaveé cars when needed
(éssuming that the truck contains some cars), or takes cars from the station if cars are in excess
(assuming that some capacity is available in the truck) or does nbthing. Thus, when the truck
arrives at a stafion, an evaluation of the state of the system is performed in order to make a
decision. The goal of this paper is mainly to propose an efficient balancing method. It should be
noticed that the order the stations are visited is given. The éhoice of this order is an open problem.

In Section 2, we introduce some useful notations and formulate the prqblem. Secﬁon 3is
devoted to the decision making system (DMS). The evaluation of the method and some numerical

-examples are presented in Section 4. Section 5 is the conclusion.
2. NOTATIONS AND PROBLEM FORMULATION .

2.1. Notations
We denote by K the number of stations, and by p{(i,j) the probability that ¢ customers require a
car during the elementary period [t, t+At) at station i to go to station J, i,j € {1,....,K}. Atis the

length of one elementary period. Typically, Atis chosen between 8 and 12 minutes, depending on

the number of customers and the magnitude of the variations of the demand. The higher the

4
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- We also introduce m

numbcr of customers or the larger the variation of ,thc‘ demand, the sh,oitér "At. _Thé physical

locations of the stations are known. We denote by r; j the number of elementary periods required . -

for,a car to jbin station j starting from station i. Nis the_tofal number of electric cars available in the
s_yﬁtém. ‘ I ' L :
Cis the capacity of the truck used in the UCB (Unceasing ABa]_ar':cing Method). More precisely,

C is the maximal number of elecu'icvcérs that can be carried by the truck.

~ Note that, in most of the existing or ttdrccésted systems, K € [5,10], C e [4,15] and

N e [40,80]. |

The triick visits successively stations .1,. 2, ..., K. dj ,,+1:1 - 1, ..., K-1 (resp. dg,1) is the ﬁ_rﬁe,
expresécd in terms of the numb¢r of elementary periods, required by the truck to mdve from étatioh
ito émﬁon.i+1 (resp. frdm station K to station .. The time required to load or uhload the truc‘k'_ in

the stations is included in this time.

WEe denote by n}’k the number of cars in station i when the th_lck arrives at station i for. the k-th

time and, more generally, by ;" the number of cars in station j-when the truck arrives at station i

for the k-th time.

i

J’k which is the forecasted mean value of the number of cars in station j

&

* when the truck arrives at this station for the first time after its k-th visit.to station i. Indeed:

ik _ ik
ik _ ik_nik . o - 1

where D}'k is the mean value of the flow of cars in station j during the period the truck moves from

station i to station j after its k-th visit to station i. If D}’k > 0, the number of cars that leave station j

exceeds, on the average, the number of cars that arrive. at j during the period mentioned. - If

, D}'k <0, the nilmbef of cars that arrive at j exceeds the number of cars that leave this station. -

As mentioned in relation (1), we are interested in evaluatin'g»D}’k . It is the mean value of the



demand made to station j minus the number of cars which arrive at station j during the time the
truck moves from i to j after visiting i for the k-th time.

According to the notations introduced before:

. Mi,k
_ 2 K +00 K +o0 : ‘
Dif=3 1 Y XvplGh- Y  Yvplg, (i - 2

t=Mj* (h=1,h=j v=0 h=1,h#j v=0

where M{’k 1s the first elementary period that follovyé the k-th visit of the truck to station i and

Miz’k is the elementary period that precedes the next visit to station j. The first. term of the second

side of the equality is the mean value of the number of cars which leévc station j during the period
under consideration, while the second term is the mean value of the number of cars which am've.at
station j during the same period. | |

The value computed by relation (1) is only an evaluation of the mean value of the demand since,
when Gvriting,this equality, it is assumed that a station always contains enough cars to meet the
demand. This is only true when the service ratio, defined hereafter, is close to 1. Nevertheless,
since the goal of the balancing activity is to optimize this ratio, it will be close to 1 if the capacity of
the truck is correctly dimensioned.

42.2. Problem ;‘ormulation

When the truck arrives at stationi e {1,2,...,K}, the decision to be made is either to leave cars
in the station, or to take éars from the station, or to take no aption. This decision should take into
account the following information:

(i) the number of cars in station i when the truck arrives at this station,

(i) the average number of cars that will be in the other stations at the next visit of the truck,

(i) the number of cars required in each station j during the next cycle which starts from this

station after the k-th visit to station i. -We call "cycle starting from station j € {1,2,...,K}"
the sequence j, j+1, ..., K, 1, 2, ..., j-1 of stations visited by the truck.
Information (i) is known when the truck arrives at station i while information (ii) and (iii) should

be forecasted.

.
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When the truck arrives at station i for the k-th time, we know or we compute: -
o .the number nl"* of cars in station i, , ' R

e

¢ the evaluation of m j

for j #1, using relations (1) and (2), -

‘e the average number of cars required in each station j € {1,2,...,K} during the next cycle time

starting from j after the k-th visit of the truck to stationi.” -

'~ We assume that the observation of the system started when the truck arrived at station 1. In this

case: _
If j > i, the average number. of cars required in station j during the next cycle time starting

from j after the k-th visit of the truck to stationiis:

K 'M'%k K +oo - K +o00 ' : _ ‘ ' ;
F= Y1 X XvwGh- X Yvei, i G-,
t=M}* (h=1h#j v=0  h=1,hzj v=0 - : - .
Ifj <i: |
; M%Hl K +oo . K +o0 - .
F=Y { X XvwGm- Y Xvely i - -G
t=MI**! (h=Lh#j v=0 h=1,h#j v=0 o

whqre Mf"k is the first elerflent'z;ry' period that folléws the k-th visit of the truck to sfation j and
M%’k' is the elementary period that precedes the (k+i);th visit to'statijoﬂn‘ j.. Npté thatj- 1 = K if
j = 1. Note also tha& fhcse formulae are similar to formula (2). The only difference is that..station j _
replace station i as a rgfe’rencc.» ' o | |

Weidepote by cX, j = 1,2,....K, k e{ .0‘,1,2,....,C}, the number of cars in the _tm}:k when it
arrives at station j for the k-th time.

The decision to be made when the truck arrives at station i for the k-th time is based on dynamic

programming.

At this point in time, the number of cars transported by the truck when it arrives at station i for
the k-th time is ¢¥ € {0,1,....C}, and the decision to be made can be either to unload
z}‘ € {O,l,...,c}(} cars from the truck, or to pick up -z}( e {1,2,..., g}‘} fror;i station i, where

7



g%‘ = Min(C-—c}‘, n}’k), n;’k being the number of cars in station i when the truck arrives at this

station for the k-th time and C - c}‘ being the remaining capacity in the truck at the same time.

Finally, z}‘ € {—g}‘, - g}( +1,...,0,1,..., c}(}.
Thus, the average number of cars in station i after the next cycle that starts from i after the k-th
visit to i is: |
yi =n}* +2f ~Ef . - @)
Note thati-1=Kifi=1.
The number of cars in the truck when it arrives at station i+1 after its k-th visit to i is:

K kK _k
Civ1 =Cf — % &)

~ Note that, when i = K, relation (5) should be rewritten as:

cfl=ck -2k

assuming that the observation of the system started with the truck arriving at station 1.

Similarly, for j e {1,2,...,K} and j # i, the forecasted average number of cars in station j after

the next cycle that starts from j after the k-th visit to j is:

y§ =mi 425 —Ff if j>i ~ (6-1)
and:
y$ =mbk 4 T _F i < (6-2)
where:
o m}’k is given by relation (1),

. z}‘ is the number of cars unloaded from the truck in station jif z}‘ 2 (O or picked up by the

truck from station j if z}‘ < 0 at the k-th visit of the truck to station j.
Indeed:
k k k k
zje{-gj,—g;+1...,0,1,....cj}

where:

(&

52
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system works on a rolhng horizon bas1s

:rgljf=M_in(C‘—c}‘,m}’k)‘ | o : . o 7

and: ,
ok x jk - ~ " : I o
cf=ci—-zg ifj>i ‘ o o ®) .
‘ s=i - ' ’ ' ’ ’ )
or:
k+l—cl zzs Ezk“ if j<i o S o @

When the truck arrives at station i, we 'compute the sequence ~»Z}(’.Z{(+l’ ,zlf(, z}("'l? ,z}‘fll

" which leads to the minimal value of:

Gk, zKy= Z(yj )2 +Z‘,(yk+1
J=i B !

where Z {z1 , z}‘_,_l, ,z}“’ll} The choice of this cnterxon requires some explanauon The total

s

number of cars in the system is much greater than the capacrty of the truck. Asa consequence 1t is.

unavordable to run out of cars some times in some stations, at least for a lmuted perlod (A for

1nstance) Thus, pushmg to zero the forcasted numbers of cars whrch w1ll be in the stations after

the next cycle guaranties that none of the statlons will be favored at the detriment of others.

: Only z1 is apphed ie. is used to decide if cars should be loaded in the truck or unloaded from

’the truck and to decide the number of cars which are concerned. The same decrslon process is

. apphed when the truck arrives at the next statton and 50 on. ‘In other words, ‘the dec151on making

3. THE DECISION MAKING PROCESS

1kk

At the begmnmg of the process, we know ny

that allow to evaluate D}’k forj= 1,2,....K (see relation'(Z)), ij for j = i, i+1, ..., K (see relation

, -

»Ci > as well as the probabilities of the demands



(3-1)) and F¥* forj =1, 2, ..., i-1 (see relation (3-2)).
J

‘The algorithm is twofold.

a. Forward computation

The cost when arriving at station i with a truck containing c%‘ cars is equal to zero.

o.. We compute g%‘ = Miri{C-—c%‘, n%’k} and we set E; = {-—g{‘, —gf +1,...,0,1,...,

cost associated with the first decision, if the decision is x € E;, is:

. ) .
WG, =(a-F*)" fora=nl*+x

We then set:

u(i,a) = x: this is the decision made if the result is "a" cars in station i,

cf

cc(i,a) = c}‘ - X, which is the number of cars in the truck when it leaves station i.

For x € {0,1,...,C}\E;, we set:

W(i,a) = +eo
u(i,a) = 0
cc(i,a) = c}‘

- B. We consider the case j >i. This only applies if i < K. We compute: '

W(.a)= xe{_c,lidcigl,.i +C}
with

W(-La—x)=teo

when x ¢ {—Min(C ~ e

We set:

u(j,a) = x*

{W(j—l,a— x)+(a—ij)2}

-1,a-x), a—x),...,cc(j—l,a—x)}

where x* is the value of x that leads to the minimﬁrh in (10), and:

cc(j,a) = cc(j-1, a-x*) - x*

10

}.

(10)

(1)

12).

(13)
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Y. When j<iandj> 1, relation (10) should be reevﬁtten as: -
| W(j,é)— xe[_M‘“,m}{W(j'l’?‘ -x)+(a~Ff* ?)‘2} e
under condition (11).
Equalmes (12) and (13) stlll hold
When j =1, relation (14) becomes:

o k1))
W(.l,a)‘-xe(_l::'lm -}{W(Ka x)+( ﬁ*)}

b. Backward computation ‘ :
- Knowing W(i-1,a) for a = 0,1,...,C (or W(K,a) fora = 0,1,...,C if-i = 1), we first compute a* |
- such that: 7 | |

W(i-1a*)= Min W(i-1la)
» - ag(0,1,...C}

Then, forj=i1,..., 1, K, ..., i, we compute: h
a* = a* - u(j,a*) 7
The decision to be made is given by:

u(i,a*) o S o
4. NUMERICAL APPLICATION

We consider the case of four stations. This simple case is presented to illnstrate our }approach.
The distances between the stations \are-given in Table 1. These distances are given in terms of
elementary perlods For 1nstance, a car needs 3 elementary penods to join station 3 startmg from
rstatlon 1, or 30'minutes if one elementary period is equal to 10 minutes. o |
In Table 2 one three-dlmensmn vector is associated with each box. The f1rst (resp. second, th1rd)
element of the vector is the probab111ty that zero (resp one, two) car(s) is (are) required by’
customet'(s)~to go from the 1mt1al station (each initial station corresponds to a row of the table) to

- the destination station (each destination station corresponds to a column). We assume that these

t

11



probabilities do not depend on time.

. Table 1: Distance between stations (the j j values)

1121|314 ‘ g

- The truck visits successively stations 1, 2, 3, 4, 1, 2, ... The distances (in terms of elementary
periods) to be covered by the truck are the same as the distances to be cbvered by the cars, that is 2
elementary periods between two consecutive stations.

Star:ting from the data of Table 2, ‘we obtain the results presented in Table 3. For each station, this
table provides: : | . : kot
e the average difference between the cars that leave the station and the cars that arrive in the station

during one elementary périod. If this numbser is greater than zero, the average number of cafs

that leave the station is greater than the average number of cars that arrive in this station;
¢ the standard deviations of the previous figures

On one cycle, the average ﬂoyvs are eight times the above figures.

The goal is to maximize the service level p which is defined as:

_ Number of demands that are met
Total number of demands

It is assumed that if it is impossible to meet the demand of a customer, then the customer leaves

the system.

12
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Table 2: Probabilities of the dcmari_ds (the pf(i,. )] brobabilities) '

1. 2 3 - 4
| 0.5 (0.4 [0.6]
X 0.5 0.4 0.3
| 0 0.2 0.1
T0.7 | "0.6] | [0.6]
0.3 X. 0.4 10.2{
| 0 | | 0 | 0.2
[0.4]- | [0.4] 0.6]
0.3 0.3 X 0.1
0.3 [0.3] 0.3,
T0.7] | [06] | [0.7
0.3 0.4 0.2 X
[ 0] [ 0] 0.1

Table 3.: Flows of cars

Standard

Station Average f;lbw.

| | - deviation
1 03 O.()’08'_1 |
2 -0.5 (‘).0625»
3 »0.9‘ 0.6561
4 -0.7 0.2401

13



The service level p depends on two parameters, that is the number of cars in the system and the
capacity of the truck. A large number of experiments have been conducted. We always made the
following observation: if the number of cars in the systems remains constant, and if the capacity of
the truck increases, the service level increases to some truck capacity, and then decreases slightly.

Table 4: Optimal solutions

Number of cars | Optimal truck | Optimal service

in the §ystem capacity ratio
10 4 43.5

15 » 4 60.1

20 4 72.0

25 4, 80.1

30 6 86.0

35 6 | 90.6

40 8 94.1

45 10 96.5

50 10 98.1

55 - 10 99.0

60 12 99.5

65 12 99.7

70 R 14 99.9

14

s &

LS



In Table 4, we present the results of the tests made with the prcviousdata._ These results have

Lo

been obtained hy si_mulation:.for each value of the number of cars in the system, we increased the
capacity of the truck until the service ratio stancd decreasihg, and we kept the bcst service ratio.
. The following remarks have been derived from the simulattion of numeroué cxamples where it
- was assumed that the probabilities of car requirements are independent from the time: -

1. When the number of cars'in the system is ﬁxed there exists an optimal capacity of the truck,
 thatis a capacity which guarantees the max1mal service level If the capacity is greater than’
the optimal capacuy, the truck "absorbs" some cars which are no more avarlable for the
customers. » ‘

2. The optimril capacity of the truck increases when the number of cars in the system increases.

3. The optlmal service level, that is the one obtamed when the capacity of the truck is opt1ma1

increases with the numbcr of cars in the systcm

5 5. CONCLUSION

)

In this paper, we studied the efﬁcic'ncy- of .the so-called "Unceasing Balancing Method". The‘
cxamplc presented is rather reahstlc since up to two cars can be required in a system to go to |
another station durmg one elcmentary penod (which is equal to 8 to 12 minutes). |

We need at least 50 cars to reach an acceptable service level. It is exactly the number of catrs
planed for the first implementation in France, which is at work sincc" the bcg‘inniﬁngf January 1998
at Saint-Quentin en Yvelines, near Paris. |

- The bé.lancing method proposed in this pztpcr is acce'ptabk: and could be imﬁroved by tecﬁhg the
different circuits of the truck. We will continue the research by studying another balancing method

where the truck selects the next station to be visited each time it leaves a station. .

L 24
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