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The P'ERT,'Problem with Alternatives:
Modelisation and Optimisation

Fabrice CHAUVET* and Jean-Marie PROTH?* *™ **

ABSTRACT |
Managernent. of -projects often requires decisions éonceming the choice of alternative -
activities. 'The completion time of the whole project (i.e. the makespan) is computed
subsequently._ In this paper, we aim at selecting the activities and comptjting the makespan
simultaneously. This problem is referred to as PERT Problem with Alternatives (PPA). The
corresponding model is similar to a conventional PERT: graph; except that two types of nodes

 are introduced to represent either the choice between activities, or the fact that a set of activities

should be completed before starting a subsequent set of activities. In this paper, we analyse the
PPA and we propose a pseudo-polynomial algorithm to solve it. '
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Probléme PERT “avec Altérnatives_:
Modélisation et Optimisation !

Fabrice CHAUVET* et Jean-Marie PROTH* et

RESUME \

La gestion de projet demande souvent que soient choisies les activités a exécuter dans un °

ensemble d’activités équivalentes. La durée requisc pour exécuter le projet, c’est-a-dire le

. "makespan"”, est calculée 2 partir de ce choix. Dans cet article, nous cherchons a sélectionner les

ac_tivitéS et a calculer le makespan simultanément. Nous appelons ce problémevProbléfnc PERT
avec Alternatives (PPA). Le modele correspondant 2 ce probléme est similaire au graphe PERT

~ conventionnel, excepté que deux types de nceuds sont utilisés pour représenter soit le choix

entre plusieurs activités alternatives, soit le fait qu’un ensemble d’activités doit étre terminé
avant qu’un autre ensemble d’activités puisse commencer. Dans cet article, nous analysons le

PPA et proposons un algorithrhé pseudo-polynomial pour le résoudre.

MOTS-CLEFS o ‘
Modgle PERT, Plus court chemin, Activités alternatives, Makespan.
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1. INTRODUCTION

In this paper we introduce and analyze PERT networks modeling projects with alternative
operations. Recall that any PERT network is a finite directed graph G in which arcs represent
_ activities, or operations, and nodes represent events, that is, -starting and ending points of
activities. jahd i denote respectively the origin and the ending node of arc (j,i), The length of
each arc is given; it is assumed to be either a positive or negative rational number, or zero.

In the traditional PERT models (see, for instance, [8, 9, 12, 13]), all activities are assumed
to be of the and-type when the goal is to find the longest path. An arc (j,i) represents an and-
type activity if all the activities represented by an arc (j',i) (whose ending node is i) must be
completed before any activity represented by an arc (i,k) (whose starting node is i) can begin.

However, in many practical cases, a project may include, along with the and-type activities, |

another type of activities known as alternatives, or or-type activities. An arc (j,i) represents an
or-type activity if at least one activity represented by an arc (j',i) (whose ending node is i) must
be completed before any activity represented by an arc (i,k) (whose starting node is i) can
begin. There are many real-life applications in manufacturing, communication and logistic that
are modeled by means of networks with alternative operations (see, for example, [1, 4-7, 10-

11]).

The type of project management problem presented in this paper is referred to as PERT .

Problem with Alternatives (PPA). Given a project containing both and-type and or-type
activities, with two fixed nodes denoted respectively by s (start) and f (final), the problem is to
find the earliest starting time of each one of the activities so that the completion time (i.e. the
makespan) of the entire project is minimum. The mathematical model of this problem is a
combination of the classical PERT (longest path) problem and the routing (shortest path)
problem.

Not much have been done to date for efficiently solving scheduling problenis with alternative

activities. Dinic [4] described a polynomial-time.algorithm for solving the PERT Problem with

Alternatives (PPA) on a bipartite graph with arcs of (strictly) positive lengths. This algorithm

has been extended (see [2]) to find the minimum makespan for any graph (not necessary
bipartite) with (strictly) positive arc lengths. In [2], several well-solvable cases of the problem
and a powerful decomposition algorithm running in polynbmial time are presented. This
algorithm 1is applicable for solvving many real-life problems. Other approaches as integer-
programming, heuristic and branch-and-bound have been studied to treat alternative activities in
network systems. Kusiak and Finke [7] were apparently the first who studied a problem with
alternative process plans. Thcy proposed an integer mathematical programming model to
measure the total cost. Nasr and Elsayed [10] considered the problem of minimizing the mean
flow time in a machining system with altenative routings and developed a decomposition
method for solving the mixed integer formulation of the problem. Wilhelm and Shin [15]

-
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effectively applied a linear programming model and examined the influence of alternative
operations on the performance of flexible manufacturing systems. Ahn, He and Kusiak [1] and
Gere [5]. demonstrated that scheduhng manufactunng systems taking into account
s1mu1taneously alternative process plans and alternative operations permit to increase the
throughput rate by a better utilization of scarce resources; -these authors developed heuristic

algorlthms for scheduling alternative operations and studied the effect of alternative operations
on the performance of schedules generated by different heuristic rules. Iwata, Murotsu and

- Oba [6] pr0posed a branch-and-bound technique to determine a minimum total -production time
" in a flexible system with alternative operations. A branch-and-bound algorithm was developed

also by Pan and Chen [11] to minimize the makespan'in a two- machine flowshop with
alternative operations. In an early paper by Stecke and Solberg [14], a simulation expenment 1s

conducted for the real- time control of an FMS with, alternatlve operatlons

The present paper is devoted to PERT Problem with Alternatives (PPA) represented by'
graphs whose arc lengths are rational and of any sign. We will focus on the analysis of its

- properties. Notice that the optimal solution is neither defined by the longest path (as in the

PERT/CPM models with and-type activities) nor by the shortest one (as in the routing
problem) but rather recursively as a combmatlon of paths of the both types. |

We introduce the formalisation of the problem in Section 2. Some basic dcﬁnmons are
given in Section 3. In Section 4, we describe the properties of a feasible solution -and an
algorithm to obtain such a feasible solution. In Section 5, we give a neccssaxy and sufficient -
condition for a solution to be opnmal and denvc an algomhm to obtam the optimal solution.

Ve

Section 6 is the conclusron

~2. PROBLEM FORMULATION

N otattons

Let G=(V,E) be a PERT network that is, a finite directed graph, where V is the set of
nodes and E the set of arcs... "The network describes a project in which arcs represent activities -
and nodes represent events (i.e. starting and ending points of the project activities). Without

" loss of generality, we assume that graph G is connected (otherwise, we could process each one

of its connected component independently). The lengths I(e) of arcs ecE are given. Each arc
length is assumed to be a rational constant (posmve negative or zero). A posmve arc length
denotes the duration of the activity correspondmg to the arc. An arc of positive (respectlvely
negative) length I(j,i) ending with an and-node i (respectively or-node i) means that event i will

occur not sooner than [(j,i) units of time after event i occurs. Notice that events i and j may

‘ belong to different activities. An arc of positive (respectively negative) length [(j,i) ending with

an or-node i (respectively and-node i) means that event i must occur at most /(j,i) units of time '

after event j.
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As mentioned in introduction, we consider PERT networks with two types of activities, that
is or- and and-activities. Corresponding to these two types of activities, two kinds of nodes are
introduced in the corresponding network model. In the remainder of this paper, the ending

nodes of or-type activities are called or-nodes, and the ending nodes of and-type activities, and-

nodes (see Figure 1).

T, TA
a - / |
Tp }‘

(a) Since T, and T, are or-activities, at least one of

the activities T, or T, must be corﬁpleted before

T.and T, start. The ending node of T, and 7, is

an or-node.

t. b, ic and 7, being the starting times of

activities T,, T,, T, and T, respectively, the

following inequalities must be satisfied:
t2min{t,+I(T,); t,+I(T,)}, and
t2min{t,+I(T,); t,+(T,)}.

(b) Since T, and T, are and-activities, both
activities T, and T, must be completed before T,
and T, start. The ending node of T, and T, is an
and-node.

t,, t,, 1. and t, being the starting times of

activities T,, T,, T, and T, respectively, the
following inequalities must be satisfied:
t2max (t,+I(T,); t,+I(T,)}, and

t2max {t,+I(T,); t,+I(T,))}.

Figure- 1. An or-node and an and-node.

We assume that there is only one node without predecessors, called the start node of the
project and denoted by s. (Notice that if there are several nodes having no predecessor, it is
always possible to add one new_srart node and connect this node with the nodes having no
pfedecessors with arcs of zero length). Usiﬁg a similar argument, we assume that there is only
one node without successors, called the ﬁnal node of the project and denoted by f. Node s
represents the beginning of the project while node f represents its end. We also assume that
there exits a (directed) path from node s to any node in the graph.

The set of or-nodes (respectively and-nodes) is denoted by R (respectively A);
V={s}URUA. Notice that node f belongs to either R or A. Let us denote by Pred(i) the set of
predecessors of node i, where ie RUA: Pred(i)={j/ je V, (j,i)e E}. If there are several arcs
starting from the same node and ending at an or-node (respectively an and-node), the arc of the
lowest (respectively greatest) value is the only one which will be considered. Finally, we can
assume, without loss of generality, that there exists at most one arc between any two nodes.

A parameter 1, is associated with each node i. If i is an and-node, ¢, is an upper bound of the

completion times of all the activities represented by arcs whose ending node is i. If i is an or-
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node, £ is an upper bound of the completion time of at least one activity represented by arcs

whose ending node is L. 'Wlthout loss of generahty, we assume that the project starts no sooner
than time 0, i.e. t>0 ' ' '

Modellsatlon ‘
‘ Our goal is to find, for each node i, the times ¢, such that

t.> min {z,+1(G,D} if ieR] - -
P jePred(iyt ! ~(J )} :

t, > max {tj+l(j,i)} if ieAl

f jePred(i)

and such that the completlon time of the entire project (i.e.. the time 7, a551gned to node f) is
mlmmum This opt1mal solution is provided (see [2]) by solvin g the following problem Pieo:

Problem Ppep g : minimize Zt ‘ .
er ) ' - ’ ) ) . '

su‘bject to

0o - if i=s

L o : .
min {r; +1(j,i)} if ieRp o (Swe)

IV |v

L

g jePred(i)

| t. 2 {t +1(j,l)} if ieA

' jePred(:) .
A set {1,},., which sansfles (Speg) 18 @ feasxble solution of PINEQ The optimal solution of
called earliest times solution, is unlque (see [2]) and is also the unique optimal solution of
the associated problern Prq defined as follows:” ‘

Problem PEQ : minimize z t;

e . ' ' N
subJect to - ) ,
;=0 | i i=s . _
t = +l if R c - S
Rt ,e%}ﬂt){t U, z)} if ie | | | (. EQ) |
t, = max {t +l(jl)} if ieA '

jePred (i)

Smce the two problems P ~eq and Py have the same optlmal solutlons if one of them has an

. optlmal solution, we focus on PEQ and'we present the proprieties of the fea51ble and the optimal

solutions of Py, and some algorithms to obtain these solutions. |

At the end- of the computation of the optimal solutions, some arcs 'ending with an or-node
can be deleted since they represent an activity ‘wich will not be performed.. For example,
assume that {z,},_, is the optimal solution of problems Py and Pro. In'this case, if node f is

N
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an and-node then all the opérations (i,f) ending with f must be pérformed. - Otherwise, f is an

or-node and at least one operation (jf) such that ¢, = min {¢, +/(j, f){ must be performed.
f o jepredipyl ] J P

3. SATURATED ARCS, NODES AND CIRCUITS

" Definitions 1
Recall that a (directed) path is a sequence of different arcs {e,,e,,...;e,} of E such that the
end node of e, is the oﬁgin node of e,,, for each k=1, 2, ..., g-1. A path is a circuit if it
begins and ends with the same node (i.e. the end node of ¢, is the origin node of e)).
Since there exists only one arc between two nodes, ‘it is possiblev to define a path (resp. a
circuit) either by a sequence of arcs, or by a sequence of nodes. A circuit whose length is equal
to zero, is called a null-circuit. A circuit whose length is strictly positive (resp. strictly

negative) is called a positive circuit (resp. negative circuit).

An arc (j,.i,), where j, and i,denote respectively the origin and the ending node of the arc, is
called samrated by a solution {t,},., '
t, = min {¢; +1(j,] if i,eR
if £, =1, +1(jy.i,) and if - t“’. _ f;;;b’{{; N l((j ,°)} o ; ‘
o = Jnax yf; Jsko )} - if iy €A
A node is called saturated by a solution {,},., if there exists a saturated arc which ends with
thisnode. A solution feasible to Py, saturates all the nodes of the graph.

A path is called saturated if all the arcs belonging to this path are saturated.

By adding sequentially the latter equations alohg the path, we obtain the following property:
for any path P ={(i),1);(i15)5. 5P 0,, )} saturated by a solution {t},.,, we have

i —n'q‘,

9 .
L= 21( iy iy ). If the saturated path is a circuit , the length of a such saturated circuit
k=1 ) .
- must be equal to zero since, in this case, ¢, -, =1, =, = 0.

ti
7

Lemma 1
If there exists a feasible solution of Py, such that there is no saturated path from node s to

some other nodes, then there exists a saturated null-circuit in G.

Proof .

Let {1,},., be a feasible solution of Py, for which there is no saturated path from node s to
some other nodes. Let us denote by /CV the set of all such nodes. Since {7}, is a feasible
solution of Py, for any node i of V, there exists a node jePfed(i) such that the arc (j,i) is
saturated. Since there is no path saturated by solution {¢,},., from node s to any node of 1,

there is no saturated arc from a node of V/I to a node of I. Thus, for any node i of /, there
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existsje.Pred(t' ) such that the arc (j,i) is saturated. ‘Beginning with node i,e I, and scan’nihg

- the nodes of I one after another in this way, we obtain a saturated path whose nodes belong to )

I, say {(zp,lp,) (i, pz) Qe pigse- S0,0)) in which i\—i because the set | is: finite. The
sequence A (Ul )3l 0)s- 3(,.101,)} 1s a circuit in Wthh all arcs are saturated Thus, the .

length of this saturated ¢ircuit is equal to zero (see above). - QED

The lengths are indicated near thé corresponding

@ n;% 2 s : : arcs and the saturated arcs are thick-lined. A
! - ‘ feasible solution is given by the numbers located .

under the nodes. For the given feasible solution
of Pgq, there is no saturated path from node s to
" nodes 3, 4 and 5, while two nodes, 3 and 4

constitute a null-circuit. .

Figure 2. Tlustration of Lemma 1.

Theorem 1 (Importance of null czrcuzt)

If there exists a feasible solution of PEQ which does not saturate any null-circuit in G, then:
1) this feasible solution is the unique fea51b1e solutlon of PEQ, '
(ii) it is optimal for Py, and Ppgq, and

(iii) there exists a path, saturated by this solution, from node s to any other node of G.
Remind that the length of any saturated path from node s tonode fis cqual to the makespan.

Proof ‘

(i) To prove that a feasible solution of Py, which does not saturate any null- circuit in G i is the
unique feasible solution of Pgo, we assume that two different solutions {(t.}iev and {x;},.v,
feasible to Py, exist. Thus, there exists i,€ V such that x; #1, . We assume that; |

x, >t : . ' (1)

(1f not, it is always p0551ble to rename the two solutlons sothat x, >1,). We then construct

backwarc_i a directed path whose ending node is i,. For k=0, -1, -2, ..., we select i, such
that: S : 4 _ '
1, =t +I(i, i) if i isanor-node,and | @)
x, =x,  +1(i,i,) if i;is an and-node. _ 3) |

Since(; }‘EV and {x},., are fea51ble solutions of ‘P, all the nodes are saturated and lk ;

always exists. <



The properties of this path are the following:

e We have x;, >1, for any £<0. 4)
e The difference x;, —1, increases as k decreases,
thatis x, —¢t,  2x, —t, forany k<0. ' )]

These properties are proved hereafter. For k=0, we have x;, >1,. Assume that property 4)

holds -for k0. We prove that, in this éase, property (4) also holds for k-1 and
X: -1 2 x,-l -tik .

fa-y -1
If i, is an or-node, then:

t, = ]_ng‘idrb.){t S+ 10,00} =1, +10, i) (see relation (2)), and

X, = jgjﬂm{x G, )} S x, + 1G4, (since (x,) oy is feasible for Pr).

Thus, since x, >t, ,we have x, >t andx, -t 2Xx -1 .
k k k-1 k-1 k-1 1 k

iy iy
If i, is an and-node, then: -

x, = jerpxggxm{x ;+1G, i)} =x, , +1(i,,,i,) (seerelation (3)), and

f, = jgr%){t, +10,i)} 2 1, +1( .1, (since {1}, is feasible for Pe).

Thus, since x, >t,,we have x, >r, andx, —f 2X, —1L,.

Finally, properties (4) and (5) hold, whatever the type of node i,, for k<0. Hereafter, we
use the above properties to derive the existence of at least one null-circuit which is saturated by
both solutions. ’ ’

The path under consideration is constructed on the finite set of nodes V. As a consequence,
there exist two indexes k,<k <0 such that i, =i, . In other words, the backward construction

of the path leads out onto a circuit. In this circuit, according to property (5), we have:

O<x, —t, <x, -t <..<x -t <x - =x —f . As a consequence, these
A ! -1 k-1 kg4l ko +1 1y 2 u N

differences are equal to each other, and:

0 < xih - ti'l = xiq—l- - till-l =...= xix;ﬂ e t‘-kz*l = x‘..z — tigz =A. (6)

In other words, the restriction of the solutions to the nodes of the circuit are derived from
each other by adding the same value to each component of the solution.

Let us consider two consecutive nodes of the circuit, say i,, and i,. We have just proved
that: x, -1, =x, —r . Thisleadsto: 1, —1, =X, —X

by bgy e’

If i, is an or-node, then: 1, —1, =1(i,_;,i,) (see relation (2)) and thus x; -xiH'= 10

[
If i, is an and-node, then: x;.—x; =1(i,_,,i,) (see relation (3)) and thus 7, -, = 1(iy_»i).
In both cases, the arc (i,_,,i,) is saturated by boths solutions. Such a saturated circuit is a null-
circuit.

Thus, this null-circuit is saturated by bothé solutions. )
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Thrs contradicts the hypothesrs of the Theorem and (1) 1s proved 1f a feasrble solution of Py,

- does not saturate any null-circuit, then this solutron is unique.

- (i1) Accordlng to our premise, graph G does not contain any saturated null-circuit, and the
feasrble solution of Prq is umque Thus, it is: optrmal to Py, It is-also optimal to Ppg, as
shown in [2]. , '

(m) According to Lemma 1, there ex1sts a saturated path in graph G from node s to any other
node. . R o : » - QED

As a consequence of Theorem 1, if the g‘raph‘ does not contain any. null-circuit, a feasible
solution of PEQ is the unique feasible solution of Py, and is optimal for Pg,and Py,

Def' nition 2
- There exists a saturated path from the node s to each node This set of saturated paths from -

v

node s is called a samrated arborescence. This concept generahzes the concept of the shortest'

path tree for the shortest path problem (3]

_ The . solution (indicated by the numbers

null-circuit are saturated by this solution.

According to Theorem 1,itis optimal.

Figure 3. Tllustration of Theorem 1. .

Corollary 1 ‘
If there exists two feasible solutions {z,},., and {x }iev Of Pgq, then:

(i) the graph G contams at least-one null-circuit éo saturated by the two solutions, and
(n) there exrsts A, > 0 such that any node i of éo satisfies the condmon |x —1. | =

Pro 0 f
Point (i) i is mentloned in (7) wh11e pomt (i1) 1s obtalned by 1nequahty (5) completed by (6)
- QED

located under the nodes) is feasible to0 Pgg- No . © '
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and or and
node 4 - node 3 3 node 5

6 8 11

(a) The solution {0;1;8;6;11) given by the numbers located  (b) The solution {0;0;3;1;6} given by the numbers located
under the nodes is feasible for Pgg. under the nodes is feasible for Pg,,.
The two solutions (a) and (b) are different. According io Corollary 1, there_ exists a null-circuit saturated by the two
solutions. This circuit is the one made with nodes 3 and 4.

Figure 4. Illustration of Corollary 1.

4. PROPERTIES OF THE FEASIBLE SOLUTION OF P,

The goal of this section is to establish pfoperties which lead to:
e a characterization of a feasible solution of Py,

e an algorithm to reach a feasible solution in the most general cases.

Theorem 2 (Characterization of a feasible solution)
Assume that one of the two following conditions is satisfied:
(i) There exists a set of negative circuits C'= {@—,@2‘ ,...,6; } in the graph such that any arcs

(j,i) which ends with an and-node i of one circuit of C’, belongs to a circuit of C,
(ii) There exists a set of positive circuits C'= {@,*,é; vl } in the graph such that any arcs
" (j,i) which ends with an or-node i of one circuit of C", belongs to a circuit of C.

In this case, the problem Py, has no feasible solution.

Proof _

(1) Assume that condition (i) is satisfied and that there exists a feasible solution {t,},.v tO
problem PEQ. Thus, for any and-node i of one circuit of C, there exists je Pred(i) such that the
arc (j,i) is saturated by {z,},., and (j,i) belongs to a circuit of C". As a consequence, we can
select backward a circuit "€ C such that, if & ={ipi,»....i,=i,} then, for any ke (1,2,...,n}:

t, =t, +(i,,i,) if i, is an and-node (see condition (1)), and

g, <t +G,0) if i isan opnodc (by definition of Pry).

By summing left-hand sides and right-hand sides of these equalities and inequalities for the

FOY
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nodes of @, , we obtam

o=t < L+ ZI(zk b)) Wthh is 1mp0551ble since the length of & is strictly negative.
k=1
(i1) Usi'ng_ the same arguments as in (i), we can show that (ii) holds. , S QED
. Remarks - _ . .

Algorithm 1 which is presented at the end of this section, ends either by finding a feasible
solution of Py, or by finding a set of circuits for which at least one of the conditions of the
Theorem 2 is satisfied: It follows that if the problem Py, has no feasible solution, at least one
of the conditions of the Theorem 2 is satisfied. .

These two conditions are the generalisation of the cx1stence of negatlve circuit in routmg
problems (which included only. or-nodes), and of the ex1s_tence of positive circuit in the
PERT/CPM models (which included only and-nodes). |

Consider ¢, the negative circuit made with

nodes 2, 4, 6 and 3, and ¢; the negative circuit

’ 4 - made with nodes 3 and 6. Arcs (3,6) and
I 1 (4, 6) are the only arcs ending with an and-node
| “belonging to ¢, and &,. Both of these arcs

o belong to one of the circuits@, and €.

According to Theorem 2, the problem Pgq has

node 6] . no feasible sblution.

5 - The - solution (indicated by the numbers
- located under the nodes) is not feasible t0 Pgq
since node 3 is a non-saturated node (Because of

the doted arc).
| ~ Figure 5. Iustration of Theorem 2..

.Construction of an initial solutton

We denote by G=(V,E’), the subgraph composed w1th the set 'of arcs E'CE, but Wthh
contams all the nodes of the initial graph G=(V,E).

Let E,be a subset of E such that G= (V Ey) does not contain any dlrccted cyclc and such that
there exits a (directed) path from node s to any node in G(V,Ey). Such a subset of E exists -
since we assumed that there exits a (directed) path from node s to any node in G(V,E).

~To obtéin the optimal solution of problems PEQ._associated'with G(V,E,), it is possible to use
the breadth first search (BFS) which marks the nodes of the network progressively step by step
(see [3]). ‘Nodes are labelled using relations (Sg,)- Since the length§ of arcs are rational, all the
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components of {t°} are rational. Let g be the greatest common divisor of the lengths of arcs.
p t eV q gr g

Then, q is also a common divisor of the components of {t‘.o}iev. The optimal solution {t‘.0 }ieV of

problems Py, associated with G(V,E,) is not necessary feasible to P, associated with G(V,E).
This solution {tf’ }iev is feasible to the following problem Pyz,: -

Problem Py, : minimize [Z (t - jerggl(‘){t. + I(j,i)}) 2 (/ emm?ﬁ.){t + l(J,z)} -t )]

ieR

subject to

0 if i=s
.2 min {r, +1(j,D} if iR 3 (Specz)

jePred(i)

t < {t +1(j,l)} if ieA

! jEPred(l)

=~
i

:

Ko

Algorithm 1, which will be presentcd at the end of this section, consists in teducing the

value of the or-nodes i for which #’ > 2112 ){t +1(J, l)} and increasing the value of the and-
JjePred(i

nodes i for which ¢} < max {t- +I( j,l)}. These values are be modified step by step and, at

JjePred (i)
each step, the solution obtained still satisfies (Siygq,)- Lemma 2 describes some specific
properties of a subset of nodes KV and of a solution satisfying Siygq,. These properties allow

us to improve the solution under consideration.

Lemma 2
We consider a rational soluuon {1,},cv satisfying SINEQz and we assume that there exists KCV

(K is strictly included in V) such that:
(i) for any saturated or-node i€ K|, there exists a node je K such that the arc (j,i) is saturated,
i.e. ;= min {tj +1(j,i)},

j€Pred (i)
(i1) for any saturated and-node ie K, it does not exist a node je V/K such that the arc (j,i) is

saturated ie. t,> max {t +l(j,l)}
jePred(i)

(iii) for any saturated or-node ie V/K, it does not exist a node je K such that the arc (j,i) is

saturated, i.e. £, < min {t. +l(j,i)}, and
je€Pred(i)

(iv) for any saturated and-node i€ V/K, there exists a node je V/K such that the arc (j,i) is

saturated, i.e. ¢, = max {¢, +[(j,i)}.
! je}’red(i){’ G )}

If these conditions are satisfied, then there exist an infinite number of rational solutions

satisfying Syygq, Which saturate all the nodes saturated by {#,};cy-
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e any saturated node is the end pomt ofa saturated arc whose origin is in the same subset,

13

<@mummm. Necessary saturated arc

<= = Optional saturated arc

All non- -saturated arcs are opuonal for the definition of K and are not represented in the figure. Properties (1) to (1v) _

can be summanzed as follows

. the only saturated arcs which cross the boundarles of K are those which either ends in K with an or- -node, or ends-

~in VIK w1th an and-node (these saturated arcs are optional).
Flgure 6 Definition of the subset K.

Proof ,
Let {t },EV the solution under consideration whxch sattsfles Smeqz- The basic idea behind the

~ proof’ presented hereafter is to use the relative independence between the restriction of the

solution to the nodes belongmg to K, and the restncuon of the solution. to the nodes belongmg h
to V/K. We denote by: '
A; (respectively R;) the set of the saturated and-nodes (respectwely or-nodes) and

Ay (respectively Ry;) the set of the non-saturated arid-nodes (respectively or-nodes).

G

N

We-consider: , L . : o
[ . - Cif A;nK =@ or Pred(isticA;nK)/K=0
Bk =1 min{ max {t, —t -1(j, z)}} otherwise. - B
ieAgnK | jePred(i)/ K

According to property (ii), we have t; +l(] z)<t Vl € A mK Vje Pred(z)/K

" Thus, AMK >0.

We also consider:

(400 . if R/K=@ or Pred(ist.icR/K)NK =0
ARS/K = . - . ’ . » : ' '
/ igsllr}( {]_Efr’retdl(gnl({tj +1(j,1) »t‘-}} other\vlse.. . A

According*to'prope'rty (iit), we have: tj +I(j0)>1, VieR /K, Vje Pred(i)h K.
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Thus, ‘Az« >0.

We then consider: :
oo : if 3jeK st >t +1(j,0)
Rusnk = V

min { min {ti -t —l(j,i)}} otherwise.
icRysK | jePred(i) J .

By definition of the non-saturated or-nodes, we have: Ag x> 0.

Finally, we consider:

oo . if JeV/K stt <t +I(.0)
Aasix =9 min { max {t; +1(j, i)—'ti}} otherwise.
icAns /K | jePred(i)

By definition of the non-saturated and-nodes, we have: A, > 0.

We set A= min{A ank s D g Byt By K} >0. A is rational since the components of
{t,},.vand the lengths of arcs are rational.
If se V/K, we claim that, for any rational ae]0;A] and a#+eo, the solution {t(0)},cvs
defined as follows, satisfies S;ygq, and saturates all the nodes saturated by {7},
()=t —o if ieK
{t‘.(a)=t‘. if ieV/K.

The explanation is straightforward.

Similarly, if se K, we claim that, for any rational Se]0;A] and f#+eo, the solution

{{B)} v, defined as follows, satisfies Sineqz and saturates all the nodes saturated by {2}y

L=t if iekK .
{zi(ﬁ) =1 +p if ieV/K.
QED
" Remark

As a consequence of the Lemma 2, if there exists {7}, feasible solution of Pg,, and a set
of nodes K< Vsuch that properties (i) to (iv) hold, then Py, has an infinite number of feasible

solutions. Moreover, according to the definitions of A and {z()},., given in the proof, if.

se K, then {z},., is not optimal to Py, ‘since the solution {z(c)},., is better. Furthermore, if

A =+ then there is no optimal solution of Py, since it is possible to decrease {t,}, ¢ to -oo.

If g, the greatest common divisor of the lengths of arcs, is a common divisor of the
components of {z,},_,, then it is also a common divisor of A and of the components of the
solutions {z(a=A)},., and {t(B=A)},.y- ‘

Assume that {t},_, is a solution satisfying Siyzq,- If we want to reduce (resp. increase) the |

ny

RY)

Pl
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values (¢}, of the nodes of a set LV . in order to obtain another solution satisfying SiNEQ2
which saturate all the nodes already saturated by {£};ev» we will show that we must reduce
* (resp. increase) the values of all the nodes of a larger set, called L (resp: L,). These new sets
are introduced hereafter. ' ‘

Deflmttons 3

For any set of nodes L, we deﬁne L, as the smallest set such that:

(al) Ifiel, then zeL,,re LDL .

(bl) If ieR and if the starting node _] of at least one 'saturated arc (j, z) belongs to L I then
ielL,. ‘

(c)IfieA and if the startmg node j of all the saturated arcs (j,i) belong to L,, then ieL,.

‘For a set of nodes L, we define L, as the smallest set such that: -
(a2) If i i€ V/L, then ze L, ie. L,DVIL. '
(b2) If ie R and if the starting node j of all the saturated arcs (j,i) belong to L,, then IEL
(c2) If ic A and if the starting node j of ar least one saturated arc'(j,i) belongs to L,, then
i€L,. | N o
~We can obtain L, (resp. L2) from L (resp. VIL), using a breadth first search (BFS) on the .
subgraph composed with the saturated arcs of E, knowing the feasible solution at hand.
Startlng from L (resp. V/L) the nodes satisfying condrtlons (b1) and (cl) (resp. (b2) and (c2))
are added one after the other until no more node can be added. The resultmg subset is L, (resp.
L,). Lemma 3 precises the properties that a set L must satisfy in order to be able to modify the
 values of the nodes of L, (or L,) derived from L. . o ' '

Lemma 3 .

Assume that there exists a solution {r,},., satisfying SiNEQ2: :

(@) If L isa set of nodes satisfying properties (i) and (ii) of Lemima 2 by replacing K by L,
then L, (where L, is defmed by (al) (bl) (c1) satrsfres properties (i) to (iv) of Lemma 2 by .
- replacing K bylL,

(b) If VIL is a set of nodes sat1sfy1ng propertles (m) and (iv) of Lemma-2 by replacing V/K
by V/L, then V/L (where L, is defined by (a2), (b2), (c2)) satisfies propertles @G) to (iv) of '
- Lemma 2 by replacing K by V/L,. '

As a consequence if VIL, ¢@ or L,#, then there exist an infinite number of solutions
satisfyin g SINEQ2 which saturate all the nodes saturated by {t} EV(see Lemma 2)
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Proof

(a) Let L be a set satisfying properties (i) to (ii) of Lemma 2 and L, the subset derived from
L. | | |

If an or-node ie L, is such that the starting node j of a saturated arc (j,i) belongs to L,, node i
. would be added to L, according to (b1) of Definitions 3. Thus, the nodes of L, satisfy property
(iii) of Lemma 2. '

Moreover, if an and-node i¢ L, is such that the starting node j of any saturated arc (j,i)
belongs to L,, node i would be added to L, according to (c1) of Definitions 3. Thus, the nodes
of L, satisfy property (iv) of Lemma 2. By construction (see (bl) and (cl)), the nodes of L,/L
satisfy properties (i) and @ii) of Lemma 2. Finally, the nodes of L,=LUL,/L satisfy properties
(i) to (iv) of Lemma 2. ’

(b) Using the same arguments as in (a), we can show that (b) holds. QED

Remark
IfL, =V (or L,=V), we cannot apply Lemma 2 since L, (resp. L,) should be strictly included

in V for Lemma 2 to apply. -
" ] The solution (indicated by the numbers located
,5}3"1 .' %g , . under the node§) satisfies (Sygqz). Node 2. is non-
¢ "o L1 '_ saturated because of arc (1, 2).
0 2 ' The set of nodes L={2} satisfies the two first
1 - . 3 properties of Lemma 2. The set of nodes
1 2 1 %

and saturates all the nodes saturated by {4} ;. s

Figure 7. lllustration of Lemma 2 and 3.

Definitions . .

We consider a solution {1,)};ev satisfying Sppoo Let Ry (respéctjvely R,) be the set of non-
saturated (respectively saturated) or-nodes. Let R, be the set derived from R by applying
(al) to (c1) of Definitions 3. ‘

-Since R, satisfies properties (i) and (it) of Lemma 2, R, satisfies properties (i) to (iv) of

L,=K={2, 3, 5} derived from L, satisfies the four
properties of Lemma 2. Thus, for any ae [-1; 0],

the solutions ({f(e)};.; s defined by {£,=0;

and —1 or and
node 4 , node 3 : t=2+0; t;=3+0a; t=1; t;=4+0} satisfies (Sngq)

fou
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-Lemma 2 (see Lemma 3). Furthermore, s¢R vs- As a consequence of the definition of. R NS.2 |

and since node s has no predecessor, s& Ry ,. Thus, we can apply Lemma 2 to decrease the
values of the nodes belonging to Ry, using the solution {7(@=A)},., (see proof of Lcrhma 2). -
Let Ay (respectively A) be-the set of non-saturated (respectivcly satur_atéd) and-nodes non-
saturated. Let Ay, be the set derived from Ay by applying (a2) to (c2) of Definitions 3. |
Since A, satisfies properties (i) and (11) of Lemma 2, A, satisfies properties (i) to (iv) of |
Lemma 2 (see Lemma 3). Furthermore, s& A ys,. As a consequence of the deﬁmtlon of Ays,

".and since node s has no predecessor, s& Ay;,. Thus, we can apply Lemma 2 to increase the

values of the nodes belonging to Ay , using the-solution {£,(f=A)},.y (see proof of Lemma 2).

Lemma 4 shows that if applying. Lemma 2 to R, (respectively A,;,) we obtain A = e,
then the problem Py, under consideration has no feasible solution.’ "

» Lemma 4 | ‘
~ Assume that there exists a solutlon {z, },EV satisfying Sj\gqo-
(a) If there exists a set Ry, derived from R satisfying the following propertles
® no arc (j,i) starts from j& Ry, andr ends with and-node i€ Ry; ,
o for any i€ R\, there exists (j,i) starting from je Ry, such that-ii>tj+l( J,i),
then there exists in Ry, a set of negative circuits C'= {@',@; A } such that any arcs (j,i) -

which ends with an and-node i of one circuit of C", belongs to a circuit of C.

' (b) If there exists a set Ay , derived from A, s Satisfying the following properttes
® no arc (j,§) starts from je Ay, and ends with and-node ig A 25"
o for any ie ANS, there exists (/,i) startmg from je Ays, suchi that L+l )
then there exists a set of positive circuits C*= {@1 &, } in the graph such that any arcs :

(j,i) which ends with an or-node i of one circuit of C*, belongs to_a circuit of C*.

In both caSes,_accofdihg to Theorern 2, the problem P, has no feasible solution.

“Proof ) ' | - N

(a) Assume that there exists {1}, satisfying Sz, and a set R,s, derived from Ry
satisfying the two properties (a) of Lemma 4. , : L

Let R,’VS,Rf,S,‘ R be the smallest disjoint- subsets of Ry = such - that -

" Rys=R\s UR U...U R} and that, for any 1<rsSn and any ie R}, there exists (j,i) starting

from je Ry, which satisfies £>1+I(j;i), where Rys, is derived from Rs. According to the

second condition of (a), we know that this partition is p0551ble
Consider a subset RJ. For any ie R’ there exists (j,i) starting from je Rj,such- that

L _],l) By construction of R}s, there exists in Ry, a saturated path from a node of Ry, to
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Jj€ Rys,. Thus, there exists, in Ry, a circuit which includes arcs saturated by {7} ..y, and at
least one arc (j,i) satisfying £>t+1(j,i). Let € be such a circuit. For any arc (j,i) of this circuit
&', we have t-1<I(j,i) and there exists at least one arc for which ¢-1,</(j,i). It follows that Ry,
contains a negative circuit ¢” which includes an arc (j,i) satisfying ¢>£;+1(j,i). Moreover, there
exists a path P_, from ¢ to any or-node ke’ Ry which includes either arcs (j,i) satisfying
1>1:+1(j,i), or saturated arcs. ‘ -

Two cases are poss1ble
First case. There exists Ryg, such that the predecessors of any and-node i of the negauve

circuit &', belong to Ry;,. Let C be the set of the negatlve circuits in Ry, intersecting &’.

this case, for any predecessor j of an and-node i of a circuit & in C, there exists a saturated
path P,_,; from ke Ry toj. Thus, arc (j,i) belongs to a negative circuit in C made with paths
P_, and P,

s

arc (j,i), and a path included in £.

—j?
Second case. For any subset Rys,, there exists a predecessor j & Rys, of an and-node i,
(r#q) of the negative circuit & . In this case, there exists a negative circuit made with arcs
similar to (j,,i,) and paths included in ¢” and joining i, to0 j,. Finally, it is possible to obtain in
Ry, a set of negative circuits C” such that any arcs (j,i) which ends with an and-node i of one
circuit of C°, belongs to ;1 circuit of C.
(b) Using the same arguments as in (a), we can claim that (b) holds. QED

Construction of a feasible solution of P, :

First step. We start building the solution {z,},., optimal to the problem Py, associated with
G(V,E,), where E,is a subset of E such that G=(V,E,) does not contain any directed cycle, and
such that there exits a (directed) path from node s to any node in G(V,E;). The solution {z,},.,

satisfies (S o,)- Then, the algorithm proceeds in two other steps.

Second step. The algorithm modifies the solution{z,},., in order to saturate the non-
saturated or-nodes. The idea of the algorithm is to decrease the values {;} of the nodes i which
belong to Ry, derived from Ry, and to adjust R, , by adding or removing nodes adequately.

If R, = then all the or-nodes are saturated by the solution. Otherwise, since R, satisfies
the properties (i) and (ii) of Lemma 2, R, satisfies the properties (i) to (iv) of Lemma 2 (sée
Lemma 3). Furthermore, s& Rys. As a consequence of the definition of R, and since node s
has no predecessor, s& R,,. As in the proof of Lemma 2, we.define A and, for ae]0;Al,
{z{@)},.y- According Lemma 4, if A =+ then there is no feasible solution to Pg,

If A # +o0, by definition of A, the solution {z,(a=A)},., saturates one. arc (j,i) which was not
saturated by solution {z,},.,. Four cases are possible to adjust R};,s_,, according to its definition:

‘o this arc (j.i) starts from j& R, and ends with and-node i€ Ry,: this and-node i must be
removed from Ry,

e this arc (j, z) starts from je RNS , and ends with or-node ig R: this or-node i must be added

-



i

19

‘ tORNSI’_' S _ ‘ , : o

e this arc (j,i) starts from j& Ry, and ends w1th ieR ws' thlS or-node i must be removed from
Ry and Ry, or - o - :
e this arc (j,i) starts from Jje Rst and ends with ig ANS thls and—node i must be added to

-

Ry;, (and removed from Ayg).
“In both cases, we derive a new set Ry, from R, by applymg (al) to (c1) of Deﬁmtrons 3
taking into account the arcs saturated by solutlon {t(oc—A) Viev- '

For each set Ry ;, we define a solution {t,},.,. Since the number of non-saturated or-nodes

decreases and since the value min {z; -1, = 1(j, ;)} strictly decreases at each modification of
iR JEPred(i) ' .

'

the solutlon the algonthm converges to a fea51b1e solutlon of PEQ, if any.
Since all the non- saturated or-nodes belong to R\s&R s, and since all the and-nodes of Rys

are. saturated, we have: A mR vsa=ANR s 1, Rg/R s =R/R s, RNsnRNSJ_—RNS and

Apns/Rys ,=Ays. These simplifications will be used in the notations of steps 2.4 to 2.8 in -

Algorithm 1.~

Third step. The algorithm modifies the solution in order to saturate all the and-nodes. The
idea is to increase the values {z,} of the nodes i whrch belong to Ays, (where Ay, is denved

from Ay by applying (a2) to (c2), to the set of the.non- saturated and—nodes) Then, Ay, 1s'

ad]usted by adding or removing nodes adequately, similarly as in the second step.

Algortthm 1 - Construction of a feas:ble solutzon of PEQ
Input data:

G=(V,E) is the graph under con51derat10n :
Output data: - . : _ | N
{t,}.v» is a feasible solution to PEQ, if any.

1. Construction of an initial solution’ satfsfying (SIN‘EQZ)
1.1. Select Eo,a subset of E,-such that G=(V,E,) does not contam any directed cycle, and
such that there exits a (directed) path from node s to any node in G(V,E).

1.2. Compute {t},.y, the opnmal solutron of problems PEQ associated with G(V EO) B

using a breadth first search.
2. Saturation of the. or-nodes ,
7 2.1. Let R, be the set of the or-nodes whrch are not saturated by {t}icv
© 22.If R =@ then goto step 3. - '
2.3. Derive Ry, from Ry by applying:/
‘(al) If ie Ry, then zeRNS,

(b If leR and if the stamng nodej of at least one saturated arc (] [) belongs to R,

then ie Rst '
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(c1)Ifie A and if the starting node j of all the saturated arcs (j,i) belong to Ry ;, then

i€ Rys ;. ,
400 if ANRy, =@ or Pred(ist.ie AN Rys))/ Rys, =9
2.4. Set A =
ANRys) M - _ ] 3
2in{, i, Jumu =100} openvise

4oo  if R/Ry, =@ or Pred(ist.ieR/Rys)) " Rys, = %)
2.5. Set = '
_ Ariks; =) min { min  {r, ¥1(j,) - t,.}} otherwise.

i€R /[ Rys,; | jePred(i)PRys;

+oo  if JjeRyg, st >t +I1(),0)

2.6.Set A, = ’ '
. Rys i i —t. =], i

_ mm{jglrmi) Lt i j,l)}}‘ othe§w1se.
{+oo if 3jeV/Rys, stt<t;+I(j.D)

ieRys

- 2.7. Set AA}C =
icAys

2.8.Set A= min{AmRstAR/RNs.,;A

jePred(i)

min{ max {tj +l(j,i)—t‘.}} otherwise.

‘A }>0.

R NS ANS

2.9. If A =+ then there is no feasible solution of Py, End. .
2.10. Set t; =t,— Afor i€ Ry, .
2.11. Goto step 2.
. Saturation of the and-nodes :
3.1. Let A, be the set of the and-nodes which are not saturated by {z,},.-
3.2. If A= then {1,},., is feasible to Pg,. End.
3.3. Derive Ay, from A, by applying:

(a2) If ie Ay, then i€ Ay,

(b2) If ie R and if the starting node j of all the saturated arcs (j,i) belong to Ay, then

i€ Ayg,- ’
(c2) If ie A and if the starting node j of at least one saturated arc G,i) belongs to A s,
then i€ Ayg,. | » ‘
oo if AfAy, =D or Pred(i st.i€AlAys,) NAys, =9

Aldnsy = min{ max {t,.—tj—l(j,i)}} otherwise.

i€Af Ays 3 | jEPred(DNAns s

3.4. Set A

too  if RAAy, =D or Pred(ist i€ R Ay,)/ Ay, =D
Frhss = min { min  {¢; + j,i)—t,.}} otherwise.

i€ERNAg 2 | jEPred(i)/ Ays 2

3.5. Set A

7 oo if Fje Ay, st >t +I0),0)
36.Set A, = :
Rus min{ min 3¢ —t; = I( j,i)}} otherwise.
ieRys | jePred(i) .

oo if Fje Ay, st <t 10
37.8Set A, ={ ., . o
Ans mm{ max {tj +l(j,L)—-t,}} otherwise.
i€Ays | jEPred(i) :
3.8. Set A=min{Ay a1 pong, 5 BrgiBa, > 0-

3.9. If A =+ then there is no feasible solution of Pg,. End.
3.10. Set 1, =1, + Afor i€ Ay,.

3.11. Goto step 3.

)

-
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Proposmon
The complexity of the previous algonthm is O[(l V‘ + ED W Lq] where |Vl and 1E1

represent respectively the number of nodes and arcs, q is the greatestcommon divisor of the

- lengths of arcs and L = > Y lUo.io)| is equal to the sum of the: lengths of the arcs.

g€V joePred(iy)

Proof . :

* Using a breadth first search (BES), it is possible to find a subset E, of E such that it does not
contain any directed cycle, and such that there exits a (dtrected) path from node s to-any node.
Thus, step 1.1 is computed in O V| { £ ).

The breadth first search (BFS) marks the nodes of ‘the network step by step (see [3])
Nodes are .labelled using the relations ( SEQ) _Thus, step 1.2:is computed in
ol vl+lgh=odlvI+IED. » | -

It is possible to find the non- -saturated nodes by looking at all the arcs. Thus steps 2.1 and
3.1 are computed in O(| v+ H).

" Steps 2.2 and 3.2 are computed in O(1).

Applying (al) to (c1) to the subgraph limited to the saturated arcs, we derive R~s | from Rys.
Applying (a2) to (c2) to “the subgraph limited to the saturated arcs, we derive Ay, frorn Ays

-Thus, steps 2. 3 and 3.3 are computed in O( VI + E]).

Steps - 2 4 t0 2.7, and-3.4 to 3.7 are computed in’ O(l Vi +H ) since it is sufficient to look at
the arcs one end of which belongs to Ry, O Aygs.

Steps 2.8 t0 2.9, and 3.8 to 3.9 are computed in O(1).

Steps 2.10 and 3.10 are computed in O Rys 1 )+0d Ay )00 V).

4Let qbe the/greatest common divisor of the lengths of arcs. ¢ is a common divisor of the
components of the initial solution {z,},.,, computed at step 1.2, and is also a common divisor of
the components of all the new solutions {t.}icv computed’at steps 2.10 and 3.10 (see Lemma 2).

Since the criterium of Pjygq,, which is 2(1‘ — min {t +1(J, 1)}) 2( max {t,. +1(j,i)}—t‘-),:
i€A

= jePred(i) je Pred (i)
strictly decreases it decreases by a value greater or equal to 1/g, at each step. It there exists a |
feasible solution to PEq, the criterium is lower bounded by 0. Thus steps 2.11 and 3.11 are
performed at most O(Zq)-times, where Z is the value of the criterium for the initial solution
computed at step 1.2. Since each component ¢, of the initial solution is equal to the length of a

‘ path from s to node i, we have for ~any (11)eE |t = —l(j,l)|<22 ZII(jo,to)] and

W€EV  jo€Pred(iy)

S ZSAVY, Y [HUgsdp)- Tt follows that steps 2. 11 and 3.11 are performed. at most’

weY jo€Pred(y) \
O( V| Lg)-times, where L is equal to the sum of the lengths of the arcs of G.

Finally, the algorithm requires O[d vl +| H) ¥ .Lq) operations. : .QED ‘



22

Remark
According to Theorem 1, if there is no null-circuit in the graph, the feasible solution to Py,
provided by Algorithm 1 is optimal.

5. PROPERTIES OF THE OPTIMAL SOLUTION

The goal of this section is to establish properties which lead to:
e a characterization of the optimal solution,
e an algorithm to reach the optimal solution in the most general cases.

Definition 4
A null-circuit #Zis said to be and-saturated if Zis saturated and if there exists a saturated
path ending with an and-node of ¢ which do not contain arcs belonging to a saturated null-
circuit and which starts from either node s, or a nQde of another and-saturated null-circuit.
- The set of and-saturated null-circuits can be obtained iteratively from the above definition.
Note that there exists a saturated path from node s to any node of ar and-saturated null-

circuit.

Theorem 3 (Necessary and sufficient conditions for optimality)

A feasible solution of Py, is optimal if and only if the following conditions are satisfied:
- (i) there is a saturated path from node s to any node of G, and

(i) any saturated null-circuit is and-saturated.

Proof
(a) A feasib[e solution of Py is not optimal if one of the two conditions (1) and (i) is not
satisfied.
Assume that there exists a feasible solution of Py, for which condition (i) and/or (ii) is not
satisfied. Let N be the set nodes such that it does not exist a saturated path either from node s
or from a node belonging to an and-saturated null-circuit, to such a node. By definition of N,
' the only saturated arcs (j,i) such that je V/N and ie N, end with an or-node i which belongs to a
null-circuit. According to the definition of Py, (see Section 2), whatever ie N, there exists je N

such that (j,i) is saturated. As a consequence, N satisfies the properties (1) and (ii) of Lemma 2.

Thus, if N, is derived from N by applying (al) to (c1) of Definitions 3, N, satisfies the
properties (i) to (iv) of Lemma 2 (see Lemma 3). Furthermore, s N. As a consequence of the
definition of N, and since node s has no predecessor, s¢ N,. According to Lemma 2, we
conclude that a feasible solution of Py, for which condition (i) and/or (ii) of Theorem 1 is not
. satisfied is not optimal. '

(b) If a feasible solution of Py, satisfies the two conditions (i) and (ii), it is optimal.

&

w)
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Assume that there exists a feasible solution {1}y Of Py, for which the two conditions (i) and -

(ii) are satisfied. Accordmg to condition (ii), we can number the p null-circuits saturated by this

solution from 1 to p such that: ' T N .
for any saturated null-circuit A (1=n<p), there exists a saturated path 2, ending with an and—

node of £, which does not contain drcs from another saturated null-circuit and which starts
from either node s, or from a node of and-saturated null-circuit belonging to ¢Z,, where 1<m<n.."

We set O=(s}). The solution {z, =0} ={z}

1s E_:qual to the optimal solution to problem
P restricted to the set O,. Let also 0,be 0,=0,,02,U¢,, for 1<n<p. ' | '

Assume that the solution {ti}‘.E 0 is equal to to the optimal solution to problem Py, restricted’
: -1 ) } -

to O,,. Another solution to the restriction of problem Py, to O, better than {t‘.}‘,e o> Wil

 saturate a null-circuit ¢, according to Corollary 1. If we consider the Testriction of this new
solution to ¢, it will be obtained by. decreasing the values {t}., by 4,20 (see Corollary 1).

Since the solution {ti};e cannot be decreased and smce the only null-circuit which appears in

0,/0, ,is ¢, the values {t‘.}‘. of the nodes of £, would be decreased by A, >0. Itis the case

“in particular for the value of the and-node belonging to. £, at which the saturated path P,, ends.
It follows that the values {z,},_ of all the nodes of the saturated path 2, would be decreased by

a positive value. Since the first node of the path 2, belongs to O, , and since we assume that
{t‘.}‘,E 0. . 1s the optimal solution to problem Py, restricted to O, , it is impossible to decrease its
. n-1 - A - -

value. Hence, the solunoh {ti}ieo,,
0 .

n°

Thus, recursively, we prove that the solution {t‘.}‘.E o 1s equal to the optimal solution to

is equal to the optimal solution to problem Py, restricted to

problem Py, restricted to O,, for 1<n<p. Since there is no null-circuit which belorigs to

. G(V/O ) and since there is a saturated path from s to any node of V/O (see condition (i)),
accordmg to Theorem 1, the solution {t } 1s equal to the the optimal solutlon to problem Pg,.

Remarks

As a consequence of the Theorem 3, if there is no path in the graph from node s to-some

nodes in G, there is no opnmal solution to PEQ. This condition is assumed in this paper.

In the optimal solution, thelength of the saturated path between node s to node f is equal to-

~ the makespan.




24

The feasible solution (indicated by the numbers

located under the nodes) of Pgy is optimal,

according Theorem 3.

Figure 8. Illustration of Theorem 3.

Construction of the optimal solution of Py, starting from a feasible solution

Assume that (1,},_, is a feasible solution of Py,. It can be obtained by applying Algorithm 1.
Let N be the set of nodes such that it does not exist a saturated path from either node s or a node
belonging to an and-saturated null-circuit, to any node of N. Let N, be the set derived from
from N by applying (al) to (cl) of Definitions 3 taking into account the arcs saturated by
solution {z},.,. Let N,=V/N,. The idea of the-algorithm is to decrease the values {z,} of the
nodes i which belong to N, and to adjust N, by adding or removing nodes adequately.

IfN ,=® then N= and, according to Theorem 3, {1,},., is the optimal solution to Py, and
also t0. Pyrq- Otherwise, as seen in the proof of Theorem 3, N, satisfies the properties (i) to
(iv) of Lemma 2 and s¢ N,. We define both A and, for ae ]0;A], {,(@)} .y, as in the proof of
Lemma 2. Any of these solutions is better than {z,},., regarding problem Pg,. Moreover, if
A = +oo then there is no optimai solution. '

If A#+eo, by definition of A, the solution {z(@=A)},., saturates one arc which was not
saturated by solution {z,},.,. This arc either starts from a node of N, and ends with an or-node

of VIN,, or starts from a node of V/N,and ends with an and-node of N,. In the first case, we

derive a new set N, from N by applying (al) to (c1) of Definitions 3 taking into account the
arcs saturated by solution {z(a=A)},.,. In the second case, for at least one and-node of N N
there exists a saturated path starting either from node s or from a node belonging to an and-
saturated null-circuit, and ending with this and-node. These and-nodes can be removed from
N,. Moreover, the set of nodes obtained by applying (a2) to (c2) of Definitions 3, on the set
VIN, taking into account the arcs saturated by solution {z(a=A)},., can be removed from N,.

For each set N, obtained along the algorithm, we consider the previous solution {z,(a=A)},.,
as the new initial solution {t.)..,- Since the solution is strictly better at each modification of the
set N,, the algorithm converges to the optimal solution, if any. :

Since all the nodes are saturated, we have: A =0 and A;,NN =ANN,. We have also

o,

=

(L4}



25
Rys=D and RJN =RIN,. ‘These simplifications will-be used in the notations of steps 4 to 6 in -
Algorithm 2. | | i '

Algbi'ithm 2 - Constructio/n’ of the optimal solution of Pg,
Input data: = '
G=(V,E) is the graph under consideration
{#,};cv is a feasible solution of Py, obtained by applylng Algonthm 1.

Output data: ~
{1} v is the optimal solution of PEQ, if any. '

1. Let N be the set nodes such that it does n'ot exist a saturated path from' either node s or a
" node belonging to an and-saturated null-circuit, to such a node. '
2. If N=@ then {t,},., is optimal for Py, and also to Py, End.
- 3. Derive N, from N by applying: -
- (al) If ie N, then ieN,, i.e. NDON.
(b)) If ieR and if the starting node j of' at least one saturated arc (j,i) belongs to N,
- then ieN,. : : ' -
(c1) If ie A and if the starting node j of all the saturated arcs (j, i)- belong toN,, then
ieN,. : \ ‘ :
3. If N=OD then (z;},., is optirnél foriPE>Q and also to Pygo. End.

[+0 ~if ANN, or Pred(ist.i€e ANN,)/N,isempty
4. Set AAnN = . .. ) .
| ;grl\%,{jeprr?d%/rv,{t‘ -t -I( Js z)}} | otherwise.

. 400 if R/N, or Pred(is.t.i€ R/N,)N Nyisempty
3. Set Brrm, = {ig};nl{jehn}%&Nl{tj‘+l(j, i)—t‘-}} oth'erwisej
6. Set A=.min{AMM;AR-/N‘}>O. ' _
T:If A=+oo then there is no optimal solution. End.
8.Sett,=t,—Afor ieN,.
9. Goto vstep 1.

Proposmon _ g ‘
The complexxty of the previous algorlthm is O[(I W 4 E| N 1% .Lq], where |Vl and |

represent respecnvely the number of nodes and arcs, ¢ is the greatestcommon divisor of the
lengths ofarcsand L= Y |I(j Josi )| is equal to the sum of the lengths of the arcs. "

W&V~ jo€Pred(iy)

_Proo f
Itis p0551ble to fmd in O(I VI + £ ) the fully connected components of the subgraph limited

to the saturated arcs (see [3]). Each component corresponds to either an umque node which
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does not belong to a saturated null-circuit, or a set of nodes which belong to a saturated null-
circuit. Using a breadth first search (BFS) from node s (see [3]) in the subgraph restricted to
the saturated arcs, we find the set V/N of nodes such that it exists a saturated path from either
node s or a node belonging to an and-saturated null-circuit, to such a node. Note that if a
saturated path, starting from either node s or a node belonging to an and-saturated null-circuit,
ends with an and-node i, any saturated null-circuit which contains i is and-saturated. Thus,
step 1 is computed in o( I+ &).

Steps 2 to 5 of Algorithm 2 are similar to steps-2.2 to 2 5 of Algorithm 1. Steps 6 to 8 of
Algorithm 2 are similar to steps 2.8 t0 2.10 of Algonthm 1. Thus, steps 2 to 8 of Algorithm 2
can be computed in O( VI H £). .

Let we denote by g the greatest common divisor of the lengths of arcs. ¢ is. é common
divisor of the components of the feasible solution {,},., computed by Algorithm 1, and is also

a common divisor of the components of all the new solutions {z,},., computed at step 8 (see

Lemma 2). The criterium of Py,, which is Zt , strictly decreases by a value greater or equal
eV

to 1/q at each change of the solution. Thus, step 9 is performed at most O[(Z,-Z)q]-times,
where Z, is the value of the criterium for the solution at the beginning of Algorithm 2 and Z is
the value of the criterium for the optimal solution, if any. Since each component #; of a solution

computed by Algorithm 2 is equal to the length of a path from s to node i, we have for any
eV, <Y Y|l and ZeD<2VIY, D liGosip)|- It follows that step 9 is

i€V jo&Pred(iy) LeV  joePred(iy)
performed at most O( VI Lg)-times, where L is equal to the sum of the lengths of the arcs of G.
Finally, the aIgorithm requires O[d v+ H )[ Vi .Lg] operations. : QED

6. CONCLUSION

In this paper, we proposed a new type of graphs to handle project management where a new
type of activities have to be taken into account, that is alternative activities. We showed that a
possible approach consists in finding a feasible solution which is then improved step by step
until the optimal solution (if any) is reached.

The most important aspect of this paper, in terms of research, is that it provides results
. which permits to handle graphs including arcs of any rational value, and null-circuits. Further
research will consist in working on the complexity, the goal being to define if a strongly
polynomial algorithm exists for this problem.
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