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Convergence d’une méthode multigrille algébrique basée
sur le concept d’aggrégation lissée
II: Extension & une formulation de type Petrov Galerkin

Résumé : Nous donnons une borne sur la vitesse de convergence d’une méthode multigrille
algébrique de type Petrov-Galerkin. Dans cette méthode, les opérateurs de prolongements
sont construits en utilisant le concept d’aggrégation lissée tandis que les restrictions sont de
simples opérateurs d’aggrégation. L’analyse de convergence est réalisée en montrant que ces
méthodes peuvent étre interprétées comme des méthodes de Ritz Galerkin en redéfinissant
les opérateurs de prolongements et de lissage. L’estimation du taux de convergence dépend
seulement d’une propriété d’approximation faible valable pour les opérateurs d’aggrégation.
Pour une équation elliptique scalaire du second-ordre, on montre que cette propriété est
vérifiée en utilisant des hypothéses simples sur la géométrie des aggrégats.

Mots-clés : Multigrille, éléments finis, volumes finis, aggrégation, agglomération
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1 Introduction

Smoothed aggregation algebraic iterative methods, introduced in [12, 13] and further
developed in [14, 15, 16, 17], have proved to be very efficient iterative methods for solving
symmetric positive definite linear systems arizing from the finite element discretization of
elliptic boundary value problems.

The smoothed aggregation based coarsening is performed in two stages. First we form
small disjoint clusters of the fine-level degrees of freedom called aggregates. In the simplest
case, each aggregate gives rise to a one column of the tentative prolongator; the column
is created by restricting the vector of ones onto the aggregate. Such a procedure can be
viewed as a piecewise constant coarsening in a discrete sense. The resulting prolongators
have reasonable approximation properties, but their range contains high-energy vectors. For
this reason, the first stage is followed by smoothing the range of prolongator by a Jacobi-type
smoother.

Abstract convergence bounds for the variational smoothed aggregation multigrid method
have been established in [17]. The variational framework however, calls for coarsening by
a factor of 3 in each spatial direction. If the more usual coarsening by 2 is performed, the
fill-in of coarse-level matrices gradually increases and the method becomes expensive both
in terms of storage and computational complexity.

For a certain class of problems, such a limitation on the coarsening ratio is an inconvenient
obstacle ([4, 9, 5, 6, 8].) Moreover, on the technical front, many of existing software packages
use integrated multigrid solvers that perform standard coarsening by the factor 2. This
makes difficult to change these solvers by more efficient smoothed aggregation ones.

In [4], we show that the smoothed aggregation method can be extended to any coarsening
ratio, including even ones, by the choice of carefully selected smoothing polynomials.
However, the resulting methods do not fit in the classical variational framework. The
objective of this paper is to provide a convergence theory for these methods. This is done
by showing that these methods can be interpreted as Ritz-Galerkin methods using modified
transfer and smoothing operators.

For the sake of simplicity, we restrict our considerations to scalar second order elliptic
problems discretized so that all degrees of freedom have the meaning of nodal function
values. The abstract results (Theorem 3.1 and Lemma 4.3) however, do not rest on such
a restriction. Treating more general elliptic problems and discretizations require more
sophisticated tentative prolongators as described in [17].

The paper is organized as follows: In section 2, we present the iterative algorithms
that we are to analyze, show that they can be interpreted as Petrov-Galerkin methods and
define the tentative prolongators that will be used in the sequel. Section 3 reinterprets the
Petrov-Galerkin algorithms as Ritz-Galerkin ones and shows that the modified smoothing
operators used in this interpretation keep the smoothing properties of the original ones.
Section 4 defines the smoothing polynomials used in the definition of the final prolongation
operators, while in Section 5, we verify the assumptions on the tentative prolongator for
discrete problems coming from the discretization of scalar elliptic problems.

RR n° 3683



4 Janka & Vanek € Guillard

2 Petrov-Galerkin MG method

We consider solving a linear system
Ax=b 1)

where A is a symmetric positive definite n; x n; matrix and b is a vector of IR™. We call
IR™* the finest level and pose A; = A .The generation of the coarselevels I = 2,..., L is done
by first specifying full rank prolongation matrices P} 1 of dimension n; X n;41 and positive
semidefinite prolongator smoothers S; = s;(A;) where s; is a non-negative polynomial on the
spectrum o (A4;) of A;. For the time being, we do not specify the definition of the prolongator
smoother S;, we just note that its role will be to enforce the smoothness of the coarse-space
functions. The coarse level matrices are defined by:

Avpr = (Plyy) TSPy, A = A (2)

On each level I, we assume the existence of linear smoothing operators or preconditioners
R, : IR™ — IR™ that transform an approximate solution x' into an improved one by:

x! — (I — RlAl)Xl + Rlbl

and we call K; = I — R;A; the associated error propagation operator. Inversely, given
S1 an error propagation operator, we will associate to it the preconditioner N; defined by
N =(I- Sl)Al_l, if A; is invertible or N; = (I — Sl)Al‘" with Az+ being a pseudoinverse of
A; if this matrix is not invertible.

Using this notation, a multilevel method can be written down as follows:

Algorithm 2.1 Perform x «— MGFT%(x,b), where MGFY = MGFYY and MGFC(.,-), I =
1,...L—1 is defined by:

Pre-smoothing: Perform x! « (I — RjA;)x' + R;b!, where R; : IR™ — IR™ is the given
smoother preconditioner.

Additional pre-smoothing: Perform one iteration of the smoother with the error
propagation operator S;.

Coarse grid correction:
e Set b+t = (PL,,)T (bt — Aix),

e if I+ 1 =L, solve Ai11x'*! = b by a direct method, otherwise set x'+!' =0
and perform v iterations of x'*1 — MGEG (x+1,b"*1), where v > 0 is a given
cycle parameter,

e correct the solution on level | by x' — x' + 5P}, x'*1.

Post-smoothing: Perform x! «— (I — RF A;)x! + RI'bl.

INRIA
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Assume the matrix A; = A has been obtained using the conforming finite element
discretization of the following scalar elliptic problem:

findu eV : a(u,v) = f(v) forallveV, (3)

where a(,-) is a bilinear form on the function space V and f(-) € V1.

We show now that Algorithm 2.1 corresponds to a Petrov-Galerkin method. To this end,
let us denote by II the one-to-one mapping that associates any u € IR™* to a finite element
function defined by u = Y"1, u,;}, where {¢;} is a finite element basis. For all levels [ > 1,
let us introduce the spaces M; C M; = span{¢’}} and N; C M, defined by:

M; = RangellS,P}S,P;...5 1P,

4
N = RangelIP}P?...P/". )
It is easy to see that the bases of these spaces are recursively generated by the relations:
et o
o =@)TS | (5)
I+1 1
Pnrts D,
and
i Vi
: =R | (6)
141 1
mi41 ng

where we have put ¢} = ¢j;j = 1,...,n1. Further, by comparing (5) and (6) with (2), it
follows that for every level,

Ar = {alef, ¥5)} 21 (7)
Hence, one can see that the correction step in Algorithm 2.1 can be alternatively written as:
find uiy1 € Migr: aluigr,vi41) = (bigp1,vip1)  for all vy € N1, (8)

where bj41 = 1'[P21 o Pll 4_1bl"'1 and thus corresponds to a Petrov-Galerkin approximation

with basis functions ©™;j = 1,...,n;41 and test functions /55 =1, nygs.

As the prolongator smoothers are by assumption, only positive semidefinite, the shape
functions <p§; j =1,...,n; are not guaranteed to be linearly independent. Therefore the
coarse-level matrices A;, | > 1, can be singular. On the other hand, by (2), the nullspaces
of $1 P} ... S 1P/~ and A; coincide and therefore (8) has a unique solution

/ 1
IS, Py .. -SzPlHAﬁlb +1

independent of the choice of a pseudoinverse Alt_l.

RR n° 3683



6 Janka & Vanek € Guillard

Remark 2.1 The additional pre-smoothing step allows the algorithm to be rewritten as o
variational (Ritz-Galerkin) multigrid method, which is easier to analyze (see Sect. 8.). Since
S1 = s1(Ar) where si(z) is a polynomial verifying s;(0) = 1 (see Sect. 4), the action of the
preconditioner N; = (I — Sl)Al+ can be implemented without requiring the computation of
the pseudoinverse Az+-

The definition of the tentative prolongator P} 41 uses a partition (disjoint covering) of
the set {1,2,...,n;} of degrees of freedom on the level I. For the time being, assume the
aggregates {C!}1%" are simply disjoint clusters of degrees of freedom that are close in a
certain sense (e.g. coupled by nonzero entry of the matrix A®, a being a small integer.)
More specific assumptions on the aggregates will be given in Sect. 5.

Once the partition {Cj};”:ll of the set of degrees of freedom on the level [ is specified,
we can create the n; X njy1 tentative prolongation matrix by

1if ieC}
else 0.

(Pl = { ©)
The abstract convergence estimate in [17] depends on the range of composite tentative
prolongators

P'=p)...P', R" - R™ (10)

and it deteriorates as the maximum of condition numbers cond((P!)T P!) increases. To
avoid this problem, we will modify the construction of the tentative prolongators in such
a way that (Pl)TP! = I for every level [ > 1. More general construction of tentative
prolongators can be found in [17].

Since the columns of P/, ; are orthogonal, we can orthonormalize them without changing
the range of the resulting composite prolongators using the following diagonal scaling
procedure:

Forli=1,...,L-1do
— create the diagonal niy1 X niy1 matric D = (PL )T P,

«— P!

_ l
set P, (i

1 D12 gnd, if the level | + 2 exists, set PHFY — D1/2pttl

1+2 1+2
end do.

The scaling procedure as it is written above requires all unscaled tentative prolongators to
be available at the same time. To avoid this need, (9) and the scaling can be reorganized as
follows:

Algorithm 2.2 (Scaled tentative prolongator) Let k! € IR™ be a vector of ones or,
more generally, k' to be a discrete representation of a unit function aside from the essential
boundary conditions (see Remark 2.2.)

Forl=1,...,L—-1do

INRIA
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1. Create the partitioning {C}} of the set {1,... ,m} and set niy1 = card{C}}.
2. create the ny X i1 matriz Pl by

ki if ieC}
else 0,

(Plyy)ij = {

3. create the diagonal niyy X niyq matriz D = (P}, )T P!, ,,
4. set P! P! D~ 1/2 k!*! = diagD'/2.

+1 = 441
end do

As the product of orthogonal matrices is an orthogonal matrix, it holds that

(PHYTP =BT (PP .. P = (PP =1Vl =2,... L (11)

Remark 2.2 Assume the matriz A; has arized through the discretization of a scalar
elliptic problem using P1 or Q1 finite element basis functions {¢;} that are scaled so that
ll@ill< = 1. Then the vector of ones represents a unit function in the sense that

o14+...+¢pn, =1 on Q™

where Q™ consists of all elements not adjacent to the part of the boundary where an essential
boundary condition is imposed. In general, the Algorithm 2.2 requires the vectors k' such
that

ny
Zk}cp,- =1 on Q™. (12)
=1

For problems with highly varying coefficients or problems discretized on strongly irregular
meshes, it usually pays off to use a scaled matric

Ay =D;'"?4, D% D, = diag4,

in the place of the original stiffness matrix Ay. As the scaled matriz A'1 corresponds to a
scaled finite element basis

w;:a;”Q@i, 1=1,...,n1, (13)

one has to replace k' satisfying (12) by a scaled vector
() = (ary "k, a3 7h, a2 k)T

? U ming

to enforce (12) for {¢;} and (k') .

RR n° 3683
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3 Abstract estimates

We use prolongator smoothers S; that are positive semidefinite polynomials in A4; and
therefore

Aipr = (PL) APy, = (8PP )T Al(S P Piya), 1=1,...  L-1. (14)

Hence, the procedure (2) can be viewed as a variational coarsening given by smoothed
prolongator :

MPiy, M, =8} (15)

First, we show that the entire Algorithm 2.1 can be perceived as a variational multigrid with
prolongators MlPll+17 l=1,...,L—1, as follows:

Algorithm 3.1 Perform x «— MG®%(x,b), where MGRY = MGRS and MGEC(.,-), | =
1,...L—1 is defined by:

Pre-smoothing:
Perform x! « (I — RjA;)x! + R;b! followed by one iteration of the smoother with
error propagation operator M; (see Remark 3.1.)
Coarse grid correction:
o Set bt = (MPL )T (bl — Ax!),

e if l+1 =1L, solve Ay1x'™! = b'*! by a direct method, otherwise set x'+' =0
and perform v iterations of x'*1 «— MGEG(x"*1,bl+1), where v > 0 is a given
cycle parameter,

e correct the solution on level | by x' — x'+ M P} x'*1.

Post-smoothing:
Perform one iteration of the smoother with error propagation operator M; followed by

x! « (I - RTA)x' + RI'bl.
Remark 3.1 More precisely, Algorithm 8.1 uses a pre-smoother of the form
x! — (I - RA)X + R, x — Mx' + (I — M)A b,
where the symbol T denotes the pseudoinverse. The above smoother can be rewritten as

x' — K, x'+Rbl, where (16)
K, = M(I-R4), R =I-K)Af. (17)

INRIA
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Lemma 3.1 Algorithms 2.1 and 3.1 are equivalent.

Proof: First, consider the case where the matrices A; are invertible. By well-known
arguments, the error propagation operators EFY and EEC of the algorithms MGFC and
MGES are

EFY = (I- R A){I — SiPLall — (BLD) AL (PLa) T A Si(I — RiAy,
Ef® = (I-RIA)MATI - MiP{ [T — (BS) AL (MiPl) T AR MI(T — RiAr)
forl=1,... ,L—1 and
EPG = ERCG = . (18)
1/2
1

Assume Eﬁ_(f = Eﬁg for some positive | < L. Using M; = S / , elementary manipulations

give EFS = ERY . By induction, it follows that EFY = EEY on every level, which completes
the proof.

Now let us consider the case where the matrices Ay, 1 = 2,...,L are singular. If both
Algorithms 2.1 and 3.1 use the Penrose-Moore pseudoinverse on the coarsest level, it is
sufficient to realize that

Range A;;1 = Range (M;P/,;)" A, = Range (P/,;)" 4,S;.

Then the inverses of Ajy1 in EIPG, E,RG can be understood as inverses on Range A1 and
the proof holds without any further change.

If the coarsest solvers are general pseudoinversions, (18) has to be replaced by
Range (E/'Y — EfY) C Null4, (19)
forl=L. Since for nj41 € Null4; 4
SiP} 41, MiP}niy1 € Null4,

19) holds by induction on every level. Since Al 18 regular, E =F and the p’f‘OOf 18
1 1
completed.

In the rest of this section, we prove an abstract convergence estimate for Algorithm 3.1.
Define the smoothed composite prolongator I} : R™ — IR™ by

Il = MyP} ..M P, It =1, (20)
and the hierarchy of coarse Hilbert spaces Vp, C V3 C ... C Vi = IR™ by

V.= (Range I}, |- |l : u min{||x||gn: u=1Ix}). (21)

RR n° 3683
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Note, that from (14) and (15) it follows that A; = (I})T AI}, and

||Illx||A = ||x||l4, forallx e R™, (22)
llul|a 1%l 4

ax = max = o(A). 23

uevi ||ull; xe R || x| gm o(A1) (23)

We define the symmetrized smoother preconditioners

R = (I-KK)Af, (24)
R = (I-KK)A{, (25)
(I— (I — RFA)(I - RAN)AF, (26)

where * denotes the adjoint operator with respect to A;—scalar product. Note that for R;
understood as a mapping from V; — V, i.e.

Ry, :I'x, x € R™ — IlRx,
the definition of || - ||; gives

=1
||vau||l

ip ZVi by R 2
aev min (K| Range 4.), 7

where the symbol | denotes the restriction.
Our estimates use an abstract convergence result as proved in the monography [1].
Using (23), (27) it can be written in our notation as follows:

Lemma 3.2 (Bramble [1], Theorem 8.3). Assume there are linear mappings Q; : V1 —
Vi, Q1 = I and constants ¢y, co > 0 such that

|Quulla < callullaVaeVy, I=1,... L, (28)
C
1@ = Quuli £ ———|ufaVYueW,i=1,...,L-1. (29)

Veo(A)

Further, assume that there are constants Cr > 0 and 6 € [0, 2), independent of the level,
such that

A

1
% 0(Ar)’
(RjAu, RAjn),, < O(RyAu,u)s Yue R™. (31)

/\min(R; | Range A; ) (30)

Then Algorithm 3.1 satisfies

1
|[A='b — MG(x,b)||a < (1 - c_) |[A™'b —x||a Vx eV,
0

INRIA
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where

2
0 L-1
=11 — | = 32
co <+01+C2CR 2_0> 5d (32)

The direct application of the previous lemmma to our AMG method consisting in treating
the spaces V; as analogues of finite element spaces is very problematic for the following

n

reason: The natural basis of our coarse space V; = Range I} is {I}el}™,, where e! is the

i—th canonical basis vector of R™. As the matrices M; = S, /? are dense in general, It is
dense as well. Thus, the support of the continuous analogue of the basis function I, lleé is the
entire computational domain. The verification of (28) and (29) is usually performed by using
the standard Finite Element approximation theory and relies heavily on local geometrical
properties of the finite element bases. These properties are here difficult to establish due to
the non-local nature of the coarse space basis functions.

In contrast to this, the geometrical properties of the spaces of disaggregated vectors P!x,
x € IR™ are very clear due to the fact that the aggregates are disjoint on each level. The
following abstract result proved in [17] allows to verify (28) and (29) using separately the
conditions on the ranges of the composite tentative prolongators P and on the prolongator
smoothers S;. For the scaled tentative prolongators P! and prolongator smoothers being
polynomials in the matrices A;, it can be written down as follows:

Assumption 3.1 Let S; = s;(4;), I=1,... ,L—1 be polynomials in the matrices A; such
that 0 < S; < I and (PH)T P! =1 on every level. Further, let A, > o(A;) and

Q:V1—-R™, [=2,...,L

be given linear operators. Assume for some C1,Cs,Cs > 0 and all

l=1,...,L-1
~ 02
lu—PYQuufRe < X—jllulli, Vue v, (33)
02
I—SY%|2., < 22 |x|%, Yxe R™ 34
II¢ VxR < Q(Al)ll [I4, (34)
Q(Alsl) S C‘%)\l. (35)

Note that the prolongator smoothers enter the assumption through the scaling by A on
the right-hand side of (33). By making A; small, the prolongator smoothers make the
approximation condition (33) easier to satisfy.

Lemma 3.3 Under the Assumption 3.1, for every u € Vi, the mappings

lela Ql:IllQl7 l:277L

RR n° 3683
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satisfy
|Quulla < c|lulla, VIi=1,...,L, (36)
with ¢y =1+ CsCyi(1-1), and
1@ = Qir1)ulli < cao(A) ™2 ||lulla, Vi=1,...,L-1 (37)
with c2 = Cy + C2||Qi]|a € C1 + Cacy.

Proof: To make this paper self consistent, we give below a version of the proof of lemma
3.3. A proof using more general assumptions than assumptions 8.1 can be found in [17].
Throughout the proof we use the symbol u to denote an arbitrary finest level vector and we
omit the quantification “Yu € IR™”.

If (33) holds for some linear operators Q:, it holds also for Q; such that PllQl,
l=2,...,L are projections onto Range P! orthogonal with respect to IR™* —inner product.

Hence, we can assume that PllQl are such projections without loosing the generality. Then,
setting Q1 = I and P! = I, the assumption (33) gives

(P! Q= Pl Que)ullems  =N(I= Py Qura)ullfems —II(1 = P Qu)ul o (38)
2
< S lualf, (39)

as the decomposition
(I-P41Qu)u=(I—-P'Q)u+ (P'Q - P 1Qis1)u

is orthogonal. Since Aryy = (PL,)"SIAIPl, I}y, = IllSll/zPll+1 and S; commutes with A;,
the assumptions o(S;) <1 and o(Si14;) < C?g)\l give:

1Qus1ulla = [T} Quyrulla = ||511/2le+1Qz+111||A1 (40)
15, (P1 Quis — Qo+ 5, Quull 4,

1/2 ~ ~ 1/2 A
< ISPl Qe = Qulla, + 115 Quulla,
31/2( /3 ~ A
< CsN1(@ - PlyyQu)ullme: + 1 Quulla,.
As (PNTP' = I, we have ||P!u||gni = ||u|lg~ and the previous inequality together

with (88) and (22) yields

1Quirulla < CsX (A Q= Py Qi )ullmes + [1Quulla, < CsCrllulla + [|Quull 4

Now (36) follows by induction using Q1 = I.

INRIA
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Let us prove (87). From the definition of Qi, the identity I}, = IllSll/2Pll+1, the
definition (21) and the assumption (84) we have

Qi = Que)uli = 1@ = 5Py Quen)ully < 1@ = 572 Plyy Quin Jull e
15(Q1 — Pty Quar)u+ (I — 5% Qrul| e
15%(@1 = Py Qi )ull e + 1 = S7%)Qrul| g
15;72(@1 — Py Qrin)ull e + Cao(A) ™21 Quul] 4. (41)
Using (Pll)TPl1 =TI and o(S;) < 1 again, gives

157%(Q1 — Pl1 Quin)ull e < (@1 = Py Quen)ullmee = 1PHG1 — Py Qui)ullmes
The last inequality together with (41), (36) and (38) completes the proof of (37).

IN A

The following lemma, translates the assumptions (30), (31) on the pre-smoothers of the
Ritz-Galerkin Algorithm 3.1 into the requirements on the simpler pre-smoothers of the
original Petrov-Galerkin Algorithm 2.1.

Lemma 3.4 For every level | =1,... ,L—1 it holds that
_ 1 —
)\min RI ange > min {—, )\min R } . 42
(R]| Range 4,) = (A (Ry) (42)
If, in addition, R; is symmetric positive definite, commuting with A;, the inequality in
(31) holds with
0 = max{1, o(RAi)}. (43)

Proof:  We start with proving (42). Using S; = MZ2, the commutativity of A; and M,
definition (24) and remark 3.1, we get

R, = [I-M(I-R{A)I - RA)MAS
= (I-S)A} +M[I—(I-RIA)I - RA)A M,
(I - S)AS + MiRiM; > (I — S)AS + Amin(R2) S
where for two symmetric positive definite matrices A and B, the notation A > B means that
A — B is a symmetric positive semi-definite matriz. Hence, by the spectral mapping theorem
and using S; = s1(A;), where s; is a polynomial,

xT(I - S)Afx _ xTSlx>

Amin(R]| Range 4,) > min ( + Amin(R1)

x€ Range A; XTX XTX

> min{l‘f”“usl(tnmn(m) [tea(Ar), t#0

v

}
min {1_75’(” + 51D min(R)) | £ € 0(Ay), t £ 0} .

RR n° 3683



14 Janka & Vanek € Guillard

As si(t) €[0,1] for t € [0,0(A1)] (see the forthcoming lemma 4.2), the last estimate is a
convexr combination of 0(A;)™1 and Anin(R;), completing the proof of (42).

Let us prove (48). By (17), it follows that
R;Al =1—- M+ MRA;.

By assumption, R; is symmetric positive definite and it commutes with A;. Hence, taking
into account that M; = sll/ 2(A1), the product RjA; is both symmetric and A;—symmetric.
As si(t) € [0,1] for t € 0(A1), R, A; is also positive semi-definite and (31) is satisfied with

0= Q(R;Al)

Further,
RiA; <1 — M;+ o(RiA)M;,

and by the spectral mapping theorem

'A) < min {1— s/ 1/2 ADY.
oAy < min {187 (1) +s, " (D)o(Ridr)}

Now, the proof of (43) follows from the same conver combination argument as the proof of

(42).
Now we are ready to prove the abstract convergence theorem for the Algorithm 2.1.

Assumption 3.2 (Smoothing property) Assume the preconditioners Ry, I =1,...,L-1
of the pre-smoothers in the Algorithm 2.1 are chosen so that

_ 1
)\m'n Rl 2 2 7 AN 44
and either
1. each Ry, l=1,...,L—1 is a symmetric positive semi-definite matriz commuting with

A; such that o(RjA;) <6 <2, or
2. (381) is satisfied for

R, =(I-K)Af, K|=(I-RA)S'".

Theorem 3.1 Under the Assumptions 3.1 and 3.2, it holds for the Algorithm 2.1 that

1
|A=1b — MGPC(x,b)||4 < (1 - 5) |A='b —x|[4 Vx € Vi,

INRIA
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where
[ 0 2L 1
C= 2+0501(L—1)+max{1,CR}(01+02+010205(L—1)) m:| ﬁ:O(LS).

Here, C1,C5,Cs,Cg and 0 are the constants from the Assumptions 3.1 and 3.2.

Proof: In the view of Lemma 3.1, it is sufficient to verify the assumptions (28), (29),
and (30), (81). The assumptions (28) and (29) are verified in Lemma 8.8, the smoothing
properties (80) and (81) follow from Lemma 3.4.

4 Prolongator smoother

This section specifies suitable smoothers S; using the Assumption 3.1 as a guideline. Our
objective is to construct the smoothers that

a) minimize the available estimates \; > o(4;) on the right-hand side of (33) in order to
make (33) easier to satisfy,

b) satisfy the constraint (34) with a reasonable constant Cy independent of o(A4;).

Because of b), we restrict our considerations to the case of polynomials s; such that
51(0) = 1. The following lemma clarifies the dependence of the spectral radii ¢(4;) on the
prolongator smoothers and gives the upper bounds A; > o(4;).

Lemma 4.1 Let A\; > o(A;). Then,
Noi=MCE > 0(4), I=1,...,L,

where Cg is defined as in (85).

Proof: The statement holds by definition for l = 1. Assume it holds for some | > 1. Then
by (2), (35) and (11),

(AlSlPll+1x7 Pll+1x)lR"l

P! x||%n
- 2 1Pyl
x€IR™1+1 ||X||1Rnl+1

o3

Q(Al+1) = < ng\l = ng\l

As C%X\; = Ay, the proof follows by induction.

With Lemma 4.1 in mind, we choose S; = s(\; ' 4;), where s is a polynomial of a given
degree minimizing

max p(z)z subject to p(0) = 1. (45)
z€[0,1]

RR n° 3683
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More precisely, in section 5, we will show that the tentative prolongators verify :

C%(d+1)%

Ju— P! Quulffen, < =45
1

[l

and thus the possibility to verify assumption 33 will rely on the fact that we can construct a
prolongator smoother such that X; ~ A;/(d + 1)2¢=1). The following lemma will show that
it is indeed possible. For polynomial smoothers of even degree, the results (49) and (50)
have already been established in [16].

Lemma 4.2 Let P, be a set of polynomials of degree n such that p(0) =1 for all p(x) € Pn.
Then for any integer n > 0, there is a unique polynomial s(x) € Py, such that

PPy (xrél[%ﬁ] P (x)x) - mrél[%ﬁ] s(@)e. (46)

The polynomial s(x) is given by

, 2
11 (l—ﬁ) -(1—2) foroddn=2r+1

s(z)=q 71 E (47)
11 (1 - ﬁ) for even n = 2r
k=1 Tk
where the roots i of s(x) are in both cases given by
1 2k k
rk=§(1—cosn—_i_7r1>=sin2n—fl, k=1,...,r (48)
In addition, the polynomial s(x) satisfies
(@) - (49)
max s(z)r = ———
z€[0,1] (n+1)2
0<s(z) < 1, x € [0,1] (50)
1 2
1—s2@)]? < (5 + 7{—2) (n+1)%z,  Vzel0,1] (51)
Proof: Let us consider a polynomial wny1 of degree (n + 1) such that
n = - i n = n 1 ’
e w +1() L pin L w +1(%) = wppa(1)
Then, denoting ||wnt1|lco = rr[laicl] |wnt1(z)|, we can write the following:
re|[—1,
C ”wn+1”oo - wn+1(1 - 237)
$(2)r = gnya1(2) = 3 ( ) ; (52)
2 ”wn+1||oo

INRIA
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where ¢ = m[ax]qn+1(x). Because of the constraint s(0) = 1, we also have
z€([0,1

Wi (1)
— — n+1
1= q'ln+1(0) - c||wn+1||oo

And hence
_ lwnt1lloo
w;+1(1)
If we want to minimize ¢ to satisfy (46), we have to choose wny1(x) to be an arbitrary

multiple of a Chebyshev polynomial of degree (n + 1). Let us choose such a multiple that
|wntilloo =1, then

c
(@) = o () = (1~ a1 - 20), )
where
() 1 1
¢c= max ¢, = = .
selon " T W M) T (it 1)2

This proves (46) and (49).

The polynomial q,y1(x) vanishes at the points x where wy11(1 — 22) = 1, that is where
1—2z = cos(2kn/n +1). In the case n = 2r, the value k = 0 gives the simple oot of ¢n41
ro =0, while k = 1,...,r yield double roots given by (48), whereas in the case n = 2r + 1,
there are two simple roots of gny1, 7o =0 and rry1 =1, fork =0 and k = r+1, respectively.
The values of k =1,...,r give again double roots as in (48).

For proving (50) we use wny1 in (52); we will show that

1 —wpy1(l —22) <1

0< ,
23:11);_'_1(1)

Vz € [0,1].
Since wnt1(z) € [—1,1] for x € [—1,1], the lower bound is obvious. After a substitution
1 — 2z = Z the upper bound becomes

wn+1(‘i‘) Z 1+w;+1(1)(‘%_1)7 vz‘e [_171]7

which is the well known fact that a graph of the Chebyshev polynomial lies above its tangent
at & = 1.
Now, we will prove (51). First, define

§(z) = s'2(z)(1 = 2)'/?  for odd n = 2r +1
- 31/2(96) for even n = 2r

In the proof of (51) we will need the fact that for any integer n > 0 the graph of §(x) for
x € [0,1] lies above its tangent at x =0, §(0) =1, ie:

1430z <3(z), =zel0,1]. (54)

RR n° 3683



18 Janka & Vanek € Guillard

Note, that 3(x) behaves polynomially for x € [0,71], where r1 is the smallest root of s(x).
Also, 3(xz) > 0 for z € [0,1] and
(-7
k=1 Tk

where ¥ =1 + 1 for odd n, ¥ = r for even n, and the additional root r.41 = 1.

The argument in (54) then follows from the fact that §"(x) > 0 for x € [0,71], ie. §(x)
is in this interval convex. }

By differentiating (x) we get §'(0) = — 35 _, 7.+ Employing the estimate sinx > 2g,

2

x € [0, %], the standard sum Y -, k=2 = %=, and using (54) and (50) we can prove (51):

8(x) = :

[1—s'2@)? <201 - s'/2(@)] < 2[1 - §(2)] < —28'(0)2

continued in case when n = 2r + 1 by

. ~ 2 1 1~ 1

IA
S
DO | =
+
Do | =
(]
T =
N——
=
+
—
S
8
A
/N
Do =
+
ol
N——
=
+
—_
e
8

—25'(0)r = (i %) z < % (i ki2> (n+1)%z < 71T—2(n +1)%2,

k=1 n+1

which concludes the proof.
The construction of the prolongator smoother S; is summed up in the following algorithm.
Algorithm 4.1 (Prolongator smoothers) For a given level I, the matriz A;, the

estimate A\; > 0(A1) and the degree of the prolongator smoother d define the prolongator
smoother S; as follows:

1. Get the estimate p(A;) > o(A;) and set

_ (. p)
A; = min {Q(Az),m} .

2. Set S; = s(\ ' A;), where s is the polynomial of the degree d given by (47).

L X1/(d 4 1)20-1) s the estimate provided by Lemma 4.1, 4.2.

INRIA
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The proof of the following statement follows directly from Lemma 4.1 and 4.2.

Assumption 4.1 Let the tentative prolongators Pll+1 be constructed by the Algorithm 2.2
and the prolongator smoothers S; are polynomials of the degree d defined by Algorithm 4.1.
We assume that there exist linear mappings

Q:R"™"—-R" |=2,...,L
such that
Ca(d+1)-1
VA1

holds with a constant Ca > 1 independent of [.

lu = P Quullgns < lulla Vue R™, 1=2,... L (55)

Lemma 4.3 Under the Assumption 4.1, the Assumption 3.1 holds with constants

c;=C Cy = 1+7r—2(d-|-1) d C—L
1=04 2=\ 5T T, e s =0t

5 Model example

Let Q ¢ RP, D = 2,3 be a bounded domain, 75, a quasiuniform finite element mesh on €,
and V;, a P1 or Q1 finite element space associated with 7,. For convenience, we assume that
the zero Dirichlet boundary condition has been imposed in all boundary nodes for functions
in V,, and the scaling ||¢;||= =1, i=1,...,n1.

Our goal is to solve a second order scalar elliptic problem

find u € Vi, such that a(u,v) = (f,v)r2q) for every v € V4,
where a(-, ) is a bilinear form on H'(f) satisfying
clulfigy < a(u,u) < Clulf g (56)

for every u € H(Q).

Assume the tentative prolongators have been constructed by Algorithm 2.2, the
prolongator smoothers are polynomials of the degree d defined by Algorithm 4.1 and the
pre-smoother preconditioners R; satisfy Assumption 3.2 (e.g. R = o(A4;)7'1.)

For each aggregate C!, define the composite aggregate C! to be the aggregate C! understood
as the set of degrees of freedom on the level 1, i.e.

Cl={j : (PHY;i #0}, I=1,...,L-1,i=1,...,n.

We assume that the composite aggregates satisfy the following geometrical assumptions: For
each aggregate C! there is a ball U! C IR? such that:
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20 Janka & Vanek € Guillard

1. all degrees of freedom contained in composite aggregate CN’f are located within U},

2. diam U! < C(d +1)!"'h, where h is the characteristic meshsize of 75, d is the degree
of the prolongator smoother and C' is a positive constant independent of the level,

3. there is an integer constant NV independent of the level such that every point x €
belongs to at most N balls U!. (Overlaps of balls {U}}, are bounded.)

The analysis consists in verification of the Assumption 4.1 and uses the Lemma 4.3 and
Theorem 3.1 to carry out the convergence estimate.

The weak approximation property (55) depends only on the range of P! and the scaling
performed inside the main loop of the Algorithm 2.2 does not change Range P!. Therefore,
we can carry out the estimates for the nonscaled tentative prolongators as defined in (9)
without loosing generality.

The key tool for our verification is the following scaled Poincaré-Friedrichs inequality:
For a ball U ¢ R”, U’ C U and every function € H*(U) it holds that

lu = pllL2y < C diam Ulu|gipy, p= / u dx. (57)
U

With (57) in mind, we define Q;, I = 1,...,L as follows: Let II : R™ +— H'(IR") be
the mapping that for x € IR™ returns ) .\, z;p; extended by zero outside Q2. We set

Qu=w', where w! =/ ITu dx.
Ui

1

As P! is a nonscaled composite prolongator, (Plw!); = w! for j € C! and,

nj ni
[u— PllQlu“2 = Z [u— Pllwl”l22((}!) = Z flu— wé”?z«j;)v (58)
i=1 Y=t ’
where || - |21y 1 x € R™ = [ cen z2. Using the quasiuniformity of 7, the well-known

equivalence of the discrete and continuous L?—norms, (57) and the fact that TTu vanishes
outside 2 we get

)2 -D 12 -D/ 1. 1\2 2
||u—wi||l2(é£) Ch ”Hu_wi”L?(Ume) < Ch™"(diam U;) |Hu|H1(Uil)

= Ch™"(diam U;)’|Iu|71 ying)-

Substituting the last estimate into (58), using the bounded overlaps of U}, diam U! <
C(d + 1)!1h, the uniform equivalence (56) and the well-known estimate o(A4;) < ChP2
we get (55) with \; = ChP~2.

Now, Lemma 4.3 together with Theorem 3.1 gives the estimate

1
|A~'b — MGPC(x,b)|l4 < (1 - @) |A~'b — x4, forall x,be R™
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with a constant C independent of L, h, and (2.
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