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Abstract: Two approximations of the Hessian matrix as limited-memory operators are built
from the limited-memory BFGS inverse Hessian approximation provided by the minimization
code, in view of the specification of the inverse analysis/forecast error covariance matrix in
variational data assimilation. Some numerical experiments and theoretical considerations
lead to reject the limited-memory DFP Hessian approximation and to retain the BFGS one
for the applications foreseen. Conditioning issues are explored and a preconditioning strategy
via a change of control variable is proposed, based on a suitable Cholesky factorization
of the limited-memory inverse Hessian matrix. This factorization is implemented as the
composition of linear operators. The memory requirements and the number of floating-
point operations required by the method are given and confirmed by numerical experiments.
The method is found to have a strong potential for variational data assimilation systems
using high resolution ocean or atmosphere general circulation models.
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Opérateurs de quasi-Newton & mémoire limitée comme
matrices inverses de covariances d’erreur
d’analyse/prévision pour 1’assimilation variationnelle de
données

Résumé : Deux approximations de la matrice hessienne sous la forme d’opérateurs a4 mé-
moire limitée sont construites & partir de ’approximation & mémoire limitée de la matrice
hessienne inverse fournie par le code de minimisation, en vue de servir pour la spécification
de la matrice inverse de covariances d’erreur d’analyse/prévision pour ’assimilation varia-
tionnelle de données. Des expériences numériques et des considérations théoriques aménent
a rejeter ’approximation & mémoire limitée DFP de la hessienne et & retenir ’approximation
BFGS pour les applications envisagées. Les problémes de conditionnement sont abordés et
une stratégie de préconditionnement par changement de variable de controle, basée sur une
factorisation Cholesky de I’approximation & mémoire limitée de la hessienne inverse, est pro-
posée. Cette factorisation est mise en oeuvre sous la forme d’une composition d’opérateurs
linéaires. L’espace mémoire et le nombre d’opérations en virgule flottante de la méthode
sont donnés et confirmés par des expériences numériques. La méthode proposée dispose
d’un fort potentiel pour les systémes d’assimilation variationnelle de données utilisant des
modeéles de circulation générale atmosphériques ou océaniques & haute résolution.

Mots-clé : hessienne & mémoire limitée, assimilation variationnelle de données, covariances
d’erreur d’analyse, covariances d’erreur de prévision
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4 Fabrice VEERSE

1 Introduction

A key issue in variational data assimilation, and also in Kalman filtering, is the specification
of the forecast error covariance matrices and the computation of the analysis error cova-
riances, to take into account the so-called ‘errors of the day’. The main difficulty lies in the
dimension of the corresponding matrices which have typically between 10'° and 10'2 scalar
components.

A variable-storage quasi-Newton minimization algorithm is commonly used to compute
the analysis in variational data assimilation, which approximates the inverse Hessian matrix
as a linear operator using a limited and controlable amount of memory. The approximation
and specification of the analysis error covariance matrix under the form of limited-memory
quasi-Newton operators is still largely unexplored. Fisher and Courtier (1995) studied the
approximation of the analysis error covariance matrix (that is the inverse Hessian matrix
approximation) provided by the variable-storage BFGS minimization code. They introduce
a dynamic scaling which proves useful for estimating the small scales fluctuations of the
analysis error standard deviations as well as approximating the long range analysis error
correlations. They also proposed as a Lanczos method that provided the best approximation
and a randomization method that can be used for preconditioning purposes (Yang et al.,
1996). To the author’s knowledge, there has been no other study of the use of quasi-Newton
operators for approximating analysis error covariances.

The concern of the present paper is rather the approximation as limited-memory quasi-
Newton operators of the inverse analysis error covariance matrix by the Hessian of the
cost function at the minimum. It can thus be viewed as a complement to Fisher and
Courtier’s approach (1995). Our aim is to use in the future this inverse analysis error
covariance operator for specifying the inverse background error covariance matrix of the
next assimilation period. As pointed out by De Mey (1997) this approach is legitimate
whenever the assimilation period is small compared to the local and advective time scales of
the flow, since the ‘errors of the day’ are then well approximated by the ‘errors of the previous
assimilation period’ and their evolution along the assimilation period may be omitted.

Taking this fact into account as well as the relation between the analysis error covariance
matrix and the inverse Hessian at the minimum, two methods are proposed for the specifi-
cation of the inverse error covariance matrices requiring a controlable and limited amount
of storage space. The first one uses the exact inverse of the BFGS approximation of the
inverse Hessian, and requires the inversion of a matrix of reduced dimension. The second
one computes an approximate Hessian matrix using a limited-memory version of the DFP
Hessian update formula.

The relation between the inverse Hessian matrix and the analysis error covariance matrix
is recalled in the following section. The two methods for the limited-memory approximation
of the inverse analysis error covariance matrix are detailed in section 3. The following section
concerns the approximation of the inverse forecast error covariance matrix. The issue of
preconditioning of the minimization is adressed in section 5. The computer requirements
both in terms of memory and number of floating-point operations are given in section 6.
Some numerical expriments are presented in section 7. A discussion of the approach proposed

INRIA



Variable-storage QN operators as inverse error covariance matrices 5

for the specification of inverse analysis/forecast error covariance matrices as well as the
underlying hypothesis is finally given.

2 Inverse Hessian and analysis error covariance matrices

The relation between the inverse Hessian matrix and the analysis error covariance matrix
of 3D variational data assimilation (3D-Var) or 4D variational data assimilation (4D-Var)
at the initial time of the assimilation period is well known (Thacker, 1989; Rabier and
Courtier, 1992; Wunsch, 1996; Gunson and Malanotte-Rizzoli, 1996; Cohn, 1997). However
it 1s believed useful to recall it and give a few comments here. The cases of standard and
incremental variational formulation are distinguished in the next subsections.

2.1 Standard variational formulation

In the standard formulation of 3D-Var and 4D-Var (Le Dimet and Talagrand, 1986) one
determines the control variable xg by minimizing the cost function

J(xo) = Jb(x0)+ Jo(x0)

(x0—x")" B~ (x0 = x") + o (H(x0) —y°) R™! (H(x0) — y°)

N | —
N | —

where

xo is usually taken as the initial state of the atmospheric or oceanic model, but may also
include some boundary conditions or model error terms;

Jp 18 the background penalty cost function;
Jo 1s the observational cost function;
x? is the so-called background field, that is an a priori estimate of the optimal control;

B is the covariance matrix of background (forecast) error;

o

y? is the observation vector which collects all the observations at the analysis time in the

3D-Var case and over the assimilation period in the 4D-Var one;

R is the observation error covariance matrix, which accounts for both measurement and
representativeness errors (see e.g. Lorenc, 1986);

H is the (nonlinear) observation operator which from the control variable computes quanti-
ties equivalent to observations. In the 4D-Var case where the model initial condition is
used as control variable, it includes temporal integrations of the model from the initial
time of the assimilation period to the various individual observation instants.

RR n~3685



6 Fabrice VEERSE

In the above formulation, 7 and ~! denote matrix transposition and inversion respectively.
The Hessian of this cost function is readily found to be

ViJ(x0) = B7'4H'(x0)"R™'H'(xo)

b [ xR (H(xo) —y°) + (H(xo) —y°) RH (x0)]
where / denotes the differentiation. Therefore, when the nonlinearities are negligible the
analysis error covariance matrix B~! + H'(xo)T R™'H’(x¢) of the BLUE (Best Linear Un-
biased Estimator) is well approximated by this inverse Hessian at the minimum (Thacker,
1989). As shown by the derivation of Gunson and Malanotte-Rizzoli (1996), this relation
holds under the assumption of validity of the linearization of the observation operator (the
so-called tangent-linear hypothesis).

Following the work of Le Dimet et al. (1997), it can be stressed that the Hessian matrix
of the cost function at the minimum contains the information on the sentivities of the
analysis. Therefore whenever the nonlinearities cannot be neglected anymore the inverse
Hessian matrix at the minimum can still be expected to inform on the analysis errors, which
is not the case for the analysis error covariance matrix of the BLUE because the underlying
hypothesis does not hold anymore.

2.2 Incremental variational formulation

In the incremental formulation of Courtier et al. (1994) the observation operator is linearized
around a first guess X, initially taken equal to the background field x®. A correction éxg
to the first guess is computed by minimizing the quadratic cost function

J(0x0) = % (xo + dxg — xb)T B! (xo + dxg — xb)
+ % (H (x0) + H'(x0).6%0 — yO)T R~ (H(x0) + H'(x0).6%x0 — y°) .

The first-guess xg is then updated by adding the computed correction, a new quadratic
function is defined by linearizing the observation operator around this updated first-guess.
It is minimized to compute a new correction, and the whole process of updating and mi-
nimization of the quadratic cost function is repeated a number of times to account for the
nonlinearities of the observation operator. The incremental formulation also includes a sim-
plication operator which consists in a change of resolution and/or physics (Courtier et al.,
1994; Veersé and Thépaut, 1998; Laroche and Gauthier, 1998). The present discussion res-
tricts to the above formulation of the quadratic cost function for clarity purposes, but can
easily be generalized to the case involving this simplification operator.
The Hessian of the incremental quadratic cost function 1is

V2T (x0) = B™! + H'(x0)"R™H'(xo)

which would be equal to the analysis error covariance matrix of the BLUE if x¢ would be
the analysis. However in practice xg is the first guess of the last minimization performed

INRIA



Variable-storage QN operators as inverse error covariance matrices 7

and is different from the analysis. Therefore the Hessian matrix of the last quadratic cost
function minimized can be expected to approximate the analysis error covariance matrix
only if the corresponding first guess is not too far from the analysis and the corresponding
computed correction is small. In pratice this condition is likely to be satisfied after a number
of updates, since the jump in the observational term of the cost function due to the first-
guess corrections goes diminishing (see for example the composite cost functions in Veersé
and Thépaut (1998)).

The same restriction holds for the standard variational formulation since in practice the
minimization is stopped after a number of iterations and the gradient is not exactely zero.

3 Limited-memory inverse analysis error covariance ope-
rators

It has been seen in the previous section that the analysis error covariances can be approxima-
ted to some degree by the inverse Hessian at the end of the minimization of the variational
data assimilation. An approximation of this inverse Hessian is built by the limited-memory
quasi-Newton minimization code usually used. The validity of this approximation has been
shown by Fisher and Courtier (1995) who also studied two other methods, namely a Lanc-
zos one and a randomization method. All these methods are useful for obtaining some
information about the quality of the computed analysis.

However it is the inverse covariance matrices that appear in the variational formulations
of data assimilation. Hence it is interesting to build also computationally efficient approxi-
mations of the Hessian matrix to approximate the inverse analysis error covariance matrix.
This approximation could be used for cycling purposes whenever the assimilation period is
short enough for the evolution of the errors to be legitimately omitted.

After the variable-storage inverse BFGS algorithm for the minimization is recalled (§ 3.1),
two methods are proposed for the approximation of the Hessian matrix by limited-memory
quasi-Newton operators in § refqnops.

3.1 Limited-memory inverse BFGS minimization algorithm

In the present study the limited-memory quasi-Newton minimization code M1QN3 from IN-
RIA is used (Gilbert and Lemaréchal, 1989). Tt is based on the Broyden-Fletcher-Goldbard-
Shanno update formula for the inverse Hessian (Broyden, 1969; Dennis and Moré, 1977)

where HY is the updated version of the inverse Hessian H, s = xt — x is the difference
between the new iterate and the previous one, and y = g —g is the corresponding gradient
increment. Here ( , ) is the scalar product with respect to which the gradient is defined and
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8 Fabrice VEERSE

the minimization is to be performed; and u ® v is the linear operator that to a vector d
associate the vector (v,d)u.

In the limited-memory version (Nocedal, 1980; Gilbert and Lemaréchal, 1989; Liu and
Nocedal, 1989) one can afford to store, say, m couples of vectors (s,y). The above update
formula is used for the first m iterations. For the subsequent ones, the following algorithm
is used :

' H} = Dy,
H"' = U(HL, Yo—mtisSkom4i), for0<i<m—1,
Hk = HZI

The starting matrix Dy is diagonal and several formulations have been proposed and tested
by Gilbert and Lemaréchal (1989) and Liu and Nocedal (1989). The M1QN3 minimization
code from INRIA either specifies Dy as the identity matrix multiplied by the Oren-Spedicato
factor (yx,sk)/(yx,yx) (scalar initial scaling mode), or updates Dy using a diagonalized
BFGS formula involving s and yj (diagonal initial scaling mode).

During the minimization only the multiplication of this approximate inverse Hessian
matrix by a given vector is needed and is performed efficiently using a two-loop recursion
proposed by Nocedal (1980), and the corresponding matrices are never formed. Tt is precisely
this aspect that make the limited-memory inverse BFGS algorithm suitable for variational
data assimilation in meteorology and oceanography, as the size of the corresponding matrices
is important (at least 10° x 10°).

3.2 Limited-memory quasi-Newton covariance operators

Using the approximation of the inverse Hessian built by the variable-storage inverse BFGS
method just described, that is the diagonal matrix Dy and the m couples (s,y), two ap-
proximations of the Hessian matrix are built.

Limited-memory DFP covariance operator

It is well known that if in the inverse BFGS update formula
HY =U(H,y,s)

the following interchanges are made:

H — H!
Ht — (HT)™!

s — ¥y

y — s

then the DFP (Davidon-Fletcher-Powell) update formula for the Hessian is recovered (Dennis
and Moré, 1977; Navon and Legler, 1987; Bonnans et al., 1997).

Therefore a limited-memory DFP approximation of the Hessian matrix is obtained by
inverting the diagonal matrix Dy and interchanging the s’s and the y’s. This is easily

INRIA



Variable-storage QN operators as inverse error covariance matrices 9

implemented by using the inverse Hessian matrix-vector product built in the minimization
code and based on Nocedal’s (1980) algorithm.

Limited-memory BFGS covariance operator

Another possibility is to build the exact inverse of the inverse Hessian approximation made
by the minimization code. After minimization, the inverse Hessian approximation has the
following form of a 2m-rank correction to a diagonal matrix:

H =D, + VAVT (1)

where Dy is the final value of the diagonal matrix updated by the limited-memory inverse
BFGS algorithm, and A and V contain respectively the 2m eigenvalues and eigenvectors of
the rank-deficient update matrix. The product of H by any vector is built in the minimiza-
tion code using Nocedal’s (1980) two-loop recursion and is thus available. The product of
Dj, with any vector is straightforwardly obtained. Therefore, the eigen-decomposition of the
rank-deficient update matrix can be obtained using a Lanczos or Arnoldi-type algorithm.

Applying the Woodbury formula to the above expression of the inverse Hessian, one
obtains the limited-memory BFGS approximation of the Hessian matrix:

H'=D;'-D, 'V[A~' +V'D;'V]” v'D; .

The matrix between the brackets is of small size 2m x 2m and can be easily factored under
the classical form LDLT (note that it is not positive definite and therefore it cannot be
Cholesky-factored). This way a limited-memory BFGS Hessian-vector product is obtained.

A refinement of this approach has been proposed by Byrd et al. (1994) and requires
only the Cholesky factorization of an m x m matrix, a 2m forward substitution and a 2m
backward one. However their method is developed for a quasi-Newton method based on the
Euclidean scalar product and their diagonal matrix Dy is a multiple of the identity matrix.

Here the cruder but more easily implemented above approach will be used. But for
operational implementation a generalized version of the method of Byrd et al. (1994) ought
to be considered.

At this point, it is worth noting that both Hessian-vector product operators have been
built directly from the inverse Hessian approximation provided by the limited-memory in-
verse BFGS algorithm at the end of the minimization. Therefore whenever the assimilation
problem is preconditioned by a change of control variable (usually scaling them by the cor-
responding standard error deviations), what is obtained is an approximation of the Hessian
matrix of the preconditioned problem. An approximation of the Hessian matrix can be easily
recovered as explained in Fisher and Courtier (1995).

RR n~3685



10 Fabrice VEERSE

4 Limited-memory inverse forecast error covariance ope-
rators

For the next assimilation, one should use as forecast (background) error covariances the
analysis error covariances evolved from the previous analysis time (3D-Var case) or from
the beginning of the previous assimilation period (4D-Var case) according to the model
dynamics. The extended Kalman filter transports these error covariances using the model
linearized around the current trajectory (the so-called tangent linear model) between analysis
times (3D-Var) or along the assimilation period (4D-Var), and the evolved analysis error
covariance matrix A¥ is:

At =MAMT + Q,

where M and Q are the tangent linear model resolvant and the model error covariance
matrix over the corresponding time period. In the strong formulation of variational data
assimilation studied here, no model error is assumed and A7 is given by

At = MAMT.

At this point, a remark can be made. Approximatingthe analysis error covariance matrix
A by the expression of the inverse Hessian approximation given in (1), one obtains

AT x MD,M” + MVAVTMT. (2)

Now, if the scalar initial mode of the minimization code is used Dy is a multiple of the
identity matrix; and it has been found with some spectral atmospheric models that when
the diagonal scaling mode is used Dy is close to a multiple of the identity (Veersé, 1997).
The first term in the above sum can be written in terms of suitably scaled tangent-linear-
model modes over the corresponding time period, whereas the second term is just a low-rank
correction. The qualitative link between unstables modes and dynamical structure functions
diagnosed by Thépaut et al. (1996) is thus not suprising if the low-rank correction does not
impact much on the most unstable modes.

In the present study, the focus is on flows for which the local and advective time scales
are much bigger that the length of the assimilation period and the transport of the analysis
error covariances can be legitimately omitted. However, from equation (2) a proposal can
be made to approximate this evolution when these hypotheses are not satisfied. The idea 1s
to approximate the tangent-linear model in the first term of the sum by a cheap adaptively
tuned operator, such as a solid rotation around the Earth poles. This operator should be
easily invertible to enable the use of suitably modified versions of the methods proposed in
the previous section.

5 Preconditioning issues

To precondition the variational data assimilation problem, a change of variable is often used.
The inverse background error covariance matrix is Cholesky-factored as B~! = UTU and

INRIA



Variable-storage QN operators as inverse error covariance matrices 11

the cost function is reformulated in terms of Y = U(xq — x”) for the standard variational
problem or xy = U(xy + §xg — x°) for the incremental formulation. For example, the cost
function which is effectively minimized for the standard variational problem is:

T(x) = % Xx+ % (H (U™x+x") =y) BT (H (U +x") =y") . (3)
In the absence of the observational (second) term in the sum, this cost function would be
minimized in one iteration provided a careful choice of the initialization parameters of the
limited-memory inverse BFGS minimization code. This preconditioning strategy is found
to be effective in practice and is used by most meteorological centers performing variational
data assimilations.

Here it is assumed that the transport can be omitted in (2) so that (A*)~! would be one
approximation of the Hessian proposed in section 3 in the absence of preconditioning. When
the above preconditioning is used, substituting B~ by (A*)~! in the standard variational
data assimilation cost function for the new assimilation period yields

XT(H)_1X+ % (H (U_lx+xb) —y")T R-! (H (U_lx+xb) _yo) ) (4)

N | —

J(x) =

where y is defined as before and (H)~! is the preconditioned Hessian matrix approximated
by any of the two methods of section 3 on the previous assimilation period. One realizes
this problem is not well preconditioned anymore, though the minimization can be started
using the approximation of the inverse Hessian H generated during the previous 3D-Var
analysis or 4D-Var assimilation. To precondition it, a Cholesky factorization of (H)~!
would be useful. Powell (1987) showed how the full-memory inverse BFGS update formula
can be implemented using a Cholesky factorization Hy = Z;Z! of the inverse Hessian
approximation. He obtains the following update formulae for Zy :

+ { se/\/skT Yk 1=

Z; T
2 Y: Z; . __
2Tye ) Sk 1=2,...,n

Z;
where z; and z;" are the i-th columns of Zj and Zg41 respectively. Unfortunately it is not
clear how it could be implemented in terms of operators rather than matrices, and the inverse
of Zj which would be needed for the preconditioning change of control variable is not easily
obtained. In the remaining part of this section, it is shown how the Hessian approximations
proposed in section 3 can be Cholesky-factored in terms of cheaply and easily invertible
operators.

The key point is to realize that the expressions of the Hessian approximations proposed
consist in a low-rank (2m-rank) correction to a positive definite diagonal matrix, and the
latter is trivally of the form LDL” with L equal to the identity matrix. Therefore what is
needed is an algorithm for updating this type of factorization whenever a rank-one matrix is
added, which can be implemented as an easily invertible operator and which can be applied
recursively. It turns out that such an algorithm exists and has been proposed by Gill et al.

RR n~3685



12 Fabrice VEERSE

(1974). The reader is refered to their article for the details of the algorithms, but the main
idea is now exposed.
Assume a factorization LODOLOT is available and one wants to modify Ly and Dg to produce
L and D satisfying

LDL” = LyDoLy" + avv”

where « is a scalar (not necessarily positive) and v is a vector.
Define p, M and A by

Lop = v, MAMT” = Dy + app”.

Thus p is obtained by forward substitution, and M and A are the Cholesky factors of a
simple matrix. Hence

LDL” = Lo (Do + app”) Lo™ = Lo (MAM”) LT = (LoM) A (LeM)” .
Therefore the updated Cholesky factors are
L=LyM, D=A.

Gill et al. (1974) show that the lower triangular matrix M is defined by p and another
vector 3 as follows:

1
P21 1
p3fi p3fe 1
M = .
. 1
L a1 Pnfa Pnfn-1 1 i

and give an algorithm for the computation of 7 and A. The matrix M is particularly simple
to invert and the corresponding operator performs a forward substitution. Note also that
this type of operation is usually efficiently implemented on vector and parallel computers.
At this point, it is worth noting that the limited-memory BFGS inverse Hessian ap-
proximation is a low-rank correction to a diagonal matrix (see Eq. (1)). Therefore the
algorithm of Gill et al. for updating Cholesky factorizations can be applied to the inverse
Hessian approximation directly rather than the Hessian approximations proposed in the pre-
vious section. As a result the background error covariance matrix can be Cholesky-factorized
using the composition of 2m forward substitution operators, and the usual background-term
preconditioning of the assimilation problem can be efficiently performed. For our problem,
the 4m vectors p and 3, and the vector A corresponding to the 2m-rank correction to the
diagonal matrix can be precomputed once for all before the minimization is started.
Again, an approximate evolution of the error covariances could be performed by substituting
the tangent linear model in the first term of the sum in equation (2) by a cheaply and easily

INRIA



Variable-storage QN operators as inverse error covariance matrices 13

invertible operator defined in terms of quantities that can be adaptively tuned.

Nevertheless the methods of the previous section for approximating the Hessian matrix as a
limited-memory operator are still useful, e.g. for the approximative computations of analysis
sensitivy patterns whenever the second order adjoint model is not available (Le Dimet et al,

1997).

6 Memory requirements and complexity

Let m and N stand for the number of (s, y) pairs used for the minimization and the dimension
of the control variable respectively.

6.1 Memory requirements

DFP Hessian approximation

The additional memory requirements for implementing the DFP Hessian matrix/vector pro-
duct of section 3 inside the background cost function J° are paramount to the working-space
memory requirements of the minimization code. These are:

e an integer array of dimension 5;
e a real array of dimension 6 N 4+ m if the (s,y) pairs are not stored in memory;

e otherwise a real array of dimension 3N + (2N 4 1)m or 4N + (2N + 1)m according to
the initial scaling mode used.

BFGS Hessian approximation

The additional memory requirements for the BFGS Hessian/vector product of section 3 are:

e areal array of size 2m and a real array of dimension 2mN to store the inverse Hessian
update matrix eigen-decomposition;

e a real array of dimension m(2m + 1) to store the low-rank matrix that is LDLT facto-
rized; plus an integer array of size 2m to handle the corresponding pivots;

e areal array of size N for the diagonal matrix D! if the diagonal initial scaling (DIS)
mode of the minimization code is used;

e areal array of dimension 2m and a real array of dimension N needed locally to perform
the Hessian matrix/vector product.

RR n~ 3685



14 Fabrice VEERSE

Cholesky-factorized BFGS Hessian approximation

The memory requirements for the BFGS Hessian matrix/vector product built from a Cho-
lesky factorization of the inverse Hessian matrix, following the procedure of section 5, are:

e a real array of size 2m and a real array of dimension 2mN to store the inverse Hessian
update matrix eigen-decomposition;

e a real array of dimension N to store the diagonal of the Cholesky factorization;

e a real array of dimension 2mN to store the § vectors of the Cholesky factorization
(the p vectors overwrite the eigenvectors of the inverse Hessian update matrix);

e an array of dimension N is used locally for the multiplication by the lower-triangular
M matrices.

6.2 Complexity

The order of floating points operations needed for the various approximations are summa-
rized in Table 1. Ts is recalled that typical values for m are in the range [3,20] and N is of
order O(10°) to O(10%).

The number of floating points operations (flops) needed for the BFGS inverse Hessian
matrix/vector product is given in Nocedal (1980). The DFP Hessian matrix/vector product
requires just the inversion of the diagonal matrix once for all and swapping the s’s and the
y’s in the two-loop recursion, therefore its complexity order is the same as that of the BFGS
inverse Hessian matrix/vector product, namely O(mN) flops.

The BFGS Hessian approximation of section 3 and the Cholesky factorization of the
inverse Hessian of section 5 both require the eigen-decomposition of the inverse Hessian up-
date matrix. Using a Lanczos algorithm, the cost is dominated by the update matrix/vector
product at each iteration. The update matrix/vector product requires the BFGS inverse
Hessian matrix/vector product plus the substraction of the product of the vector by the dia-
gonal matrix, essentially O(mN) flops. The number of Lanczos iterations needed is found
to be of order O(m). Therefore the inverse Hessian update matrix eigen-decomposition is
roughly O(m?N). This operation has to be done only once per assimilation period.

The BFGS low-rank matrix LDL” factorization requires the computation and packing of
the low-rank symmetric matrix, O(m? N) flops, and its factorization, O(m?3). The complexity
is therefore roughly O(m?N) flops. This factorization needs to be done once per assimilation
period.

The BFGS Hessian matrix/vector product is found to require O(mN) flops. This product
is needed at each iteration of the minimization of the cost-function (4).

The Cholesky factorization of the BFGS inverse Hessian matrix requires m Cholesky
updates using the method C2 of Gill et al. (1974) and (m—1)? /2 forward substitutions. Each
Cholesky updates and forward substituion needs O(N) flops. The complete factorization
therefore require O(m?N) flops. This needs to be done only once per assimilation period.
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Table 1: Order of complexity for the various approximations in floating-point operations

Minimization code:

BFGS inverse Hessian matrix/vector product O(mN)

Limited-memory DFP covariance operator:

DFP Hessian matrix/vector product O(mN)

Limited-memory BFGS covariance operator:

Inverse Hessian update matrix eigen-decomposition O(m?N)
BFGS low-rank matrix LDL” factorization O(m?*N)
BFGS Hessian matrix/vector product O(mN)

Preconditioned limited-memory covariance operator:

Inverse Hessian update matrix eigen-decomposition O(m?N)
Inverse Hessian Cholesky factorization O(m?N)
Inverse Cholesky factor/vector product O(mN)
Cholesky factor/vector product O(mN)
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This factorization is used to implement a preconditioned version of the cost function (4),
via a change of control variable.

The inverse Cholesky factor/vector product is used in the change of control variable. Tt
requires 2m forward substitutions and the division by the positive square-root of the diagonal
matrix, that is O(mN) flops.

The Cholesky factor/vector product is needed in the inverse change of control variable. Tt
requires the multiplication by the positive square-root diagonal matrix and the multiplication
by the 2m lower-triangular M matrices. Each of these multiplications needs O(N) flops.
Therefore the Cholesky factor/vector product requires O(mN) flops. This product is needed
at each minimization iteration during the assimilation process.

7 Numerical experiments

To perform some numerical tests, the 2D atmospheric spectral vorticity equation model and
related variational data assimilation system of Veersé and Thépaut (1998) is used. The
model is written in terms of the stream function. 500 hPa extra-tropical geopotential height
observations from radiosondes are assimilated using a linear balance equation as observation
operator. The observation error covariance matrix R is a multiple of the identity. The
background error covariance matrix is originally specified using a constant error variance
for the stream function and the parametric diagonal correlation spectrum of Courtier et al.
(1993).

The first experiment compares the eigen-spectrum of the Hessian approximations pro-
posed in section 3. The second one assesses the efficiency of the preconditioning via the
Cholesky factorization of the BFGS inverse Hessian operator, described in section 5. The
cycling strategy for the variational data assimilation cannot be assessed with this model, as
it violates the assumptions made on the local and advection time scales of the flow. Finally
some timings are given for the various Hessian approximations.

7.1 Hessian approximations spectra

For this experiment, the standard 4D-Var assimilation of Veersé and Thépaut is repeated
but at a cruder T42 spectral truncation, using the M1QN3 minimization code from INRIA
(Gilbert and Lemaréchal). The eigen-spectrum of the inverse Hessian approximated after
the required 80 iterations of the minimizations is computed via a Lanczos algorithm, and
the corresponding eigen-values are inversed to get the eigen-spectrum of the BFGS Hessian
approximation.

The eigen-spectrum of the DFP Hessian approximation proposed in section 3 is also com-
puted by means of a Lanczos algorithm. For this purpose, the Implicitly Restarted Arnoldi
package ARPACK of Lehoucq et al. (1997) is used, which enables to compute all the eigen-
values and eigenvectors of the Hessian approximations but one. The cruder spatial resolution
enables to compute these almost complete eigen-decomposition with a manageable memory
and CPU-time requirements. Since all but one eigen-pairs are computed, there are 1848
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Figure 1: Eigen-spectra of the DFP and BFGS Hessian approximations

eigenvalues. Note however that the Hessian approximations themselves require at most the
eigen-decomposition of a small 2m x 2m update matrix, and this is affordable even when a
high spatial resolution is used.

Figure 1 show that the limited-memory BFGS and DFP Hessian eigen-spectra are very
close (they are indistinguishable on the figure). The theory of limited-memory quasi-Newton
minimization methods does not allow to expect such a result, both because of the impact
of the limited-memory aspects on the Hessian approximations and because the number of
iterations used to build the BFGS inverse Hessian approximation was small compared to
the dimension of the problem. In addition, such a result may be due to the special form of
the Hessian of the cost function (3), and is indeed a nice surprise.

However to produce this figure, it has been necessary to shift the BFGS Hessian spectrum
to the right by 4 units. This means that DFP produces 4 additional larger eigenvalues,
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Figure 2: Largest eigenvalues of the Hessian approximations

whereas BFGS produces 4 additional smaller ones. These are shown in figures 2 and 3
respectively. The machine epsilon has been used as criterion on the relative accuracy
of the computated eigenvalues (with respect to the true unknown values). Note however
that the computed first DFP eigenvalue is negative, about -0.032, and therefore must be
rejected. The overshoot of the second and third ones looks also suspect. This observation
is consistent with the theory stating that DFP can be expected to develop excessively large
Hessian eigenvalues or, at the least, to have difficulties in reducing large eigenvalues from the
initial Hessian approximation (see e.g. the section 5 of Nocedal, 1992). As for BFGS, the
last computed value is also suspect because ARPACK returns the eigenvalues in monotonic
order and this last value is misplaced.

In the overall a good agreement is found between the spectra of the DFP and BFGS Hes-
sian approximations. However the BFGS approximation is to be considered more reliable
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Figure 3: Smallest eigenvalues of the Hessian approximations
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as this quasi-Newton update formula has self-correction properties of both large and small
eigenvalues and no overshoot of the large eigenvalues values, as evidenced for DFP, is to be
expected (Nocedal, 1992). Moreover BFGS is to be prefered for approximating the analysis
error covariances because of the additional small Hessian eigenvalues that correspond to the
worst estimated directions of the control space during the data assimilation process. In that
sense BFGS is more conservative that DFP, the latter tending to underestimate analysis
errors. Therefore, although the BFGS approximation of section 3 is more expensive to com-
pute than the DFP one, 1t is recommended for the applications forseen.

Another reason why to prefer the BFGS arises from the consideration of starting the minimi-
zation for the new assimilation period using the inverse Hessian approximation generated by
the minimization code at the previous one, z.e. using the warm-start option of MIQN3. It is
certainly advisable then that the Hessian approximation appearing in the background term
of the cost function be the exact inverse of the inverse Hessian approximation from which
the minimization is started. In the numerical tests performed, this property was satisfied to
machine epsilon accuracy by the BFGS approximation of section 3 provided the 2m update
matrix eigenvalues are also computed to machine epsilon accuracy.

7.2 Test of the preconditioning

In the previous experiment, a standard 4D-Var assimilation over a 24h period has been
performed and an approximation of the inverse Hessian has been built by the minimization
code. In this second experiment, different standard 4D-var assimilations are performed over
the next 24h period starting from this inverse Hessian approximation (i.e. using the warm
start option of the minimization code). The triangular spectral truncation is thus kept to T42
and m = 10 (s,y) pairs are used for the limited-memory minimization code. Figure 4 shows
the corresponding cost functions and gradients decrease versus the minimization iterations.
The top row corresponds to the original preconditioned cost function (3). After 80 iterations,
the gradient norm is reduced to 0.289602 x 10~3 its original value. The middle row shows
the results for the modified cost function (4). After 8 iterations, the minimization fails to
find a suitable step length during the line-search. The poor decrease of the observational
cost function J°, as compared to the original cost function one in the top row, may reflect
the poor quality of the background error covariance matrix associated with the violation of
the hypothesis on the time scales with this model over a 24h period. The problem is also
badly conditioned as the gradient norm is only reduced to 0.216167 x 107! its initial value.
The bottom row of the figure corresponds to the preconditioned version of this modified
cost function, based on a Cholesky factorization of the inverse Hessian approximation. The
minimization fails during the line-search after 30 iterations, but the gradient is reduced to
0.223043 x 10~° its initial value, reflecting the efficiency of the preconditioning. However
the final cost function values are close to those of the unpreconditioned case (see Table 2).
But this is consistent with the knowledge that in 4D-Var assimilations the minimization
acts preferentially on the large scales of the control first and that finer and finer scales
are adjusted as the minimization proceeds (Tanguay et al., 1995). The impact of these
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Figure 4: Cost functions (left column) and gradients (rigth column) as a function of the
number of iterations. The original background error covariance matrix B is used in (a) and
(d). The background covariance matrix B is deduced from the limited-BFGS operator of
section 3 in (b) and (e). A preconditioned version of the latter B matrix is used in (c) and
(f), built from a Cholesky factorization of the inverse Hessian approximation.
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Table 2: Modified cost function final values

unpreconditioned | preconditioned

8th iteration 30th iteration
J 0.6462E+04 0.6440E+04
Jo 0.5422E+04 0.5396E+04
Jb 0.1040E+04 0.1044E+04

finer scales is small on the cost function value although they contribute significantly to the
gradient norm.

One difficulty with the modified cost function (either preconditioned or not) is to specify
a convergence criterion or a maximum number of iterations that avoids the failure during the
line-search, before which a large number of unwanted cost function and gradient evaluations
may be performed. For the preconditioned case, a hint may be given by noting that at the
30th iteration the directional derivative, that is the scalar product of the gradient and the
descent direction, is very close to zero (—0.32005 x 1071%). Therefore the failure during the
line-search is likely to be associated with (rounding) errors in the gradient computation (see
the M1QN3 documentation). For this preconditioned modified problem the Hessian matrix
is equal to the sum of the identity matrix and a positive symmetric matrix. Therefore

|(Hg.g)| < |[Hgllllgll < [H][gl* < gl

and the relative precision on the gradient norm ¢, satisfies

H
6 > | { g,g>|’

lIgoll
where gg is the initial gradient. Here [|go|| = 92.851989, taking as a lower bound | (Hg, g) | =
Em & 2.22 x 10716 yields £, > 0.106 x 107°. Since the majoration of |[H|| by 1.0 may be
crude, the value achieved (0.223 x 10~?) can be considered optimal. This suggests to set
safely the relative criterion on the gradient norm as 104/, /||goll-

7.3 Timings

Some timings have been performed to confirm the complexity order estimates of section 6.
The standard 4D-Var assimilation of the first experiment has been redone using the higher
spectral triangular truncation T95. Therefore the number of (s, y) pairs used is still m = 10,
but the dimension of the control variableis now N = 9216. The tests have been performed on
a Sun Ultra-1 workstation (Sparc processor). The average CPU times over 100 realizations
are reported in Table 3.

In the previous subsection the potential of the preconditioned Cholesky-factorized Hes-
sian matrix/vector product for specifying the inverse background error covariance matrix has
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Table 3: Average CPU times in seconds. The operations preceded by (*) need to be perfor-
med only once per assimilation period. The others are likely to be done at each iteration of
the minimization during the assimilation process.

(*) Reading of the inverse Hessian approximation 0.020
*) Inverse Hessian update matrix eigen-decompostion | 5.411
g
*) Inverse Hessian Cholesky factorization 1.466
y
Additional change of variable 0.127
Additional inverse change of variable 0.148
BFGS inverse Hessian matrix/vector product 0.062
DFP Hessian matrix/vector product 0.063
(*) BFGS low-rank matrix LDL” factorization 0.565
BFGS Hessian matrix/vector product 0.052

been evidenced. The execution times reported in Table 3 are consistent with the complexity
order estimates given in section 6. All the operations needed only once per assimilation
period take at most O(m?N) flops and those that need to be performed at each iteration
of the minimization require O(mN) flops. This makes the method pratical for variational
assimilations using high resolution models.
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8 Discussion

This study was motivated by a main difficulty of variational data assimilation methods
in meteorology and oceanography, the specification of the inverse forecast (background)
error covariance matrix. The problem comes from the dimensions of the covariance matrix
(about 10° x 10° for the future MERCATOR operational ocean prediction system) which
prevents from handling it explicitly with current computers, and the lack of knowledge
and information for specifying all the corresponding scalar components. Consequently the
forecast covariance matrix is usually modeled from physical principals as the composition
of invertible linear operators and represents a climatologic information on the forecast error
covariances rather than the true background error covariances. This has been identified as
a major deficiency of current variational data assimilation systems (Tanguay et al., 1997).

However the extended Kalman filter theory states that the forecast error covariance ma-
trix may be taken as the previous analysis error covariance matrix evolved in time according
to the linearized model dynamics. In section 2 it is recalled that the analysis error covariance
matrix can be approximated by the inverse Hessian approximation at the minimum, an ap-
proximation of which is provided by the limited-memory minimization code. The quality
of this approximation has been demonstrated by Fisher and Courtier (1995) for the INRTA
M1QN3 code. Nevertheless a better approximation of the inverse Hessian may be obtained
by using a different formula for updating the diagonal matrix Dy, such as the quasi-Cauchy
proposal of Nazareth et al. (1999).

Restricting the attention to the case where the assimilation period is much smaller than
the local and advective time scales of the flow, the time evolution of the analysis error
covariances may be neglected and the inverse forecast error covariance matrix can be specified
as the Hessian matrix of the previous assimilation.

In section 3 it has been show how two limited-memory Hessian approximations can
be built from the limited-memory BFGS inverse Hessian approximation provided by the
minimization code. The comparison of their eigen-spectra in section 7 as well as theoretical
considerations lead to reject the limited-memory DFP Hessian approximation and to prefer
the BFGS one for approximating the inverse analysis error covariance matrix.

Potential bad-conditioning problems have been anticipated in section 5 and lead to pro-
pose an alternative implementation of the BFGS Hessian approximation based on a Cholesky
factorization of the limited-memory inverse Hessian matrix. This Cholesky factorization is
implemented as the composition of forward substitution operators and triangular linear ope-
rators. The bad conditioning of the problem has been evidenced in the second numerical
experiment of section 7, as was the efficiency of the preconditioning based on the Cholesky
factorization.

The memory requirements and the orders of the number of floating-point operations
(flops) required by the various Hessian approximations have been given in section 6. It can
be seen that memory requirements are controlled by the number m of (s,y) pairs used for the
minimization and make the method feasible for high resolution models. All the operations to
be performed once per assimilation period need at most O(m? N) flops. All the operations to
be performed at each iteration of the minimization during the assimilation require O(mN)
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flops, which is the order of flops needed by the inverse Hessian matrix/vector product built
in the minimization code (Nocedal, 1980). These complexity orders have been confirmed by
some CPU-time estimations in section 7.

The low memory and CPU-time requirements needed to implement the Cholesky-factorized
BFGS Hessian matrix/vector product to specify the inverse background error covariance ma-
trix, as well as the efficiency of the associated preconditioning, make the method suitable
for variational data assimilation systems using high resolution models. The main restriction
comes from the assumption on the local and advective times scales of the flow, that mainly
restricts its applicability to tropical ocean models. However it is possible to generalize the
method by performing an approximate transport of the error covariances, replacing the li-
nearized model M in the first term of the sum in (2) by a cheap and easily invertible operator
that could be adaptively tuned. This requires however the extension of the algorithm of Gill
et al. (1974), for updating the Cholesky factorization, to the case of a more general initial
factorization. Additionally a low-rank model error covariance matrix Q could easily be taken
into account.

The cycling of variational assimilation using this method for the specification of the
inverse background error covariance matrix remains to be assessed with models satisfying
the assumption on the time scales of the flow, such as a tropical ocean circulation model.

The other approximations of the Hessian matrix proposed in section 3 could be used for
other applications than the specification of the inverse forecast error covariance matrix, such
as the computation of sensitivities whenever the second-order adjoint model is not available.
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