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J�KML�NPO�QBR SUTVNXWMY[Z]\^TV_a`bO�\c_ade\fT[NPTVg^Z]\fT[_h`
i OjglkIgl\fL�NPO�gnm�_aNPdMYVOpoUO�g

q�rf_�stO�\vu.ZhTVNwZ]`
xcZhdMdD_art\ i OjrfO�myKeO�rfmyKeOz`|{F}a~a�a��R ��ZhT����h�a�	R }hQPd�Zh�aO�g

���;���5���M�h��� J�KMO"d�ZhdDO�rBTVg i Op�a_h\fO i \^_�\fKMO i O�rfT��]Z]\^TV_a`�_h�cZ]`�O��(m�TVO�`�\P`9WMNPO�rlT[m�ZhY
gfmyKMO�N(O ��_hr0\^KeO���O�rfr��t��Z�oU�0O�YVY'gtkUgt\^O�Nb�¡ ¢O £¤O��aTV`�£�k�gl\fW i kITV`M�B\^KMOX����¥¦x�TVO�N(Zh`M`
dMrf_a£eY[O�Nb�� ¢O�_a£e\^ZhT[`
ZBrlO�glWMYV\c_h�+O§oeTVgl\fO�`Mm�OXZ]` i WM`MTV¨9WMO�`MO�gfgc��_ar.Y[Zhrf�aO i Z]\yZU��J�KMO�`
�©O i Op�aO�Y[_ad�ZBKMTV�aK
_ar i O�r�xc_IO gl_aYV�hO�rcZh` i O§oeKeT[£MT�\cgf_aYVWe\fT[_a`eg�T[`/��� i Zh` i«ª � i glT[N�WU�
Y¬Z]\fT[_h`Mg
­«®�¯±°l²B³ ��´��h� ��Z�oI�0O�YVY+gtkIgl\^O�N
µ|�jO�rfr�Op¶±O�m�\5µe¨IWMZhgfTVY[TV`MO�Zhr�glkIgl\fO�N
µ|K9kIdDO�rl£¤_aYVTVm�T�\·kaµ
¸ _ i WM`M_��"gf_aY��aO�r�µDxc_IO�gf_hYV�hO�r�µ�¹�Y[ZhNPO�`�\^Z]\^TV_a`
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��� ����� � � ¥ Zh`Mgbm�O/d�Z]dMT[O�r�`M_aWMg
dMr���glO�`�\^_a`eg«WM` gfmyK���N(Z `9WMN���rlT[¨9WMO O��(m�Zhm�O
d¤_aWer0Y[ZXr���gf_aYVWe\fT[_a` i W�glkIgl\fL�NPO i O ��Z�oI�©O�Y[Y'Z��hO�m Op¶±O�m�\���O�rfr����c_aWMg0m�_aNPNPO�` ��_a`Mg
d�Zhr�NP_a`�\^rfO�rvY"!ÑO§oUT[gt\^O�`em�OBOp\vY"!ÑWe`MT[m�TV\�� i W«dMrf_h£MY[L�NPO i O�xcTVO�N(Zh`e`�d¤_hWMr i O��hr^Zh` i O�g
i _a`M` ��O�g�µedMWMTVgÉ`M_aWMg i ���hO�YV_adMdD_a`Mg0WM`"glmyK ��N(Z i ��m�O�`9\fr��ng#!ÑZhdMdMWekaZh`�\�gfWer0WM`(gf_hYV�hO�WMr
i Ovx�_IOh�$�c_aWMg©NP_a`�\frf_a`Mg i O�g0r���gfWMY�\yZ]\fg i OngfTVNXWMY[Z]\fT[_a`"O�`"We`MOvOp\ i O�WUo i T[NPO�`MgfTV_a`Mg
i !ÑO�gfd�Z]m�Oh�
% ³ ��� ° ��& � �/� SIkIgl\fL�NPO i O(��Z�oI�©O�Y[YÆµ+O�¶¤O�\	��O�rlr�µ%glkIgt\^L�NPO(¨9W�ZhgfTVYVT[` ��ZhTVrfOhµ+K�kId¤O�rt�
£¤_aYVTVm�T�\'�hµ�gl_aY��aO�Wer i O ¸ _ i WM`M_��Dµ�gf_aY��aO�WMr i O�x�_IOhµe¹�Y[ZhNPO�`�\^Z]\^TV_a`
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J�KMO i _aN(ZhTV`�_h�c`M_a`7YVT[`MO�ZhrB_adU\^TVm�g TVgPZ��aO�rtk7Zhmp\^T��aO�_a`MO
Z]` i T[`��h_aYV�hO�gwZhm�\fTV�IT�\^TVO�g
_h�'dMK�kIgfTVm5Z]Y±NP_ i O�YVY[TV`M�MµIOpoUdDO�rfTVNPO�`�\yZ�\^TV_a`Mg�µeNwZ�\^KMO�NwZ�\^TVm5ZhYDZh`�Z]YVkIgfTVg.Z]` i `9WMNPO�rlT[m�ZhY
gfTVNXWMY[Z]\^TV_a`WVÆgfO�OYX[ZUµ��]\���_hr�T[`Mgt\yZh`em�O7^§�ÉSU_aNPOcT[`�\^O�rfO�gl\^TV`M�XZhdMdMYVT[m�Z]\^TV_a`MgÉm5Z]`"£DO���_hWM` i
T[`
\^KMO i _aN(ZhTV`Mgc_h��Y¬ZhglO�rlg�µDdMrf_adMZh��Z]\fT[_a`�\fKMrf_aWe�aK«_hde\^TVm	¹M£¤O�rfgcZh` i«i O�glT[�a`«_h�F_hde\^TVm
i O��ITVm�O�g�µUTV`�\^O�r^Zhmp\^TV_a`Mg¡£¤Op\·�©O�O�`wY¬ZhglO�rlg¡Zh` i dMY[ZhgfN(Zhg���_arFTV`Mgt\yZh`Mm�Oh�FJ�KeOc£MZhgfTVm�NP_ i O�Y
T[gB\fKMO«��Z�oI�©O�Y[Y �`_0Y[_ImyK NP_ i O�YÆµÉ��KeT[myK@T[gP£�Z]gfO i _a`�\^KeO�T[`�\^O�r^Zhmp\^TV_a`@£¤Op\·�©O�O�` \fKMO
O�YVO�m�\frf_aN(Zh�h`MO�\fT[m=¹�O�Y i Zh` i Z]\f_aNPg"��T�\^K _a`MO�rlO�gl\bgt\yZ]\fO/Zh` i _a`MO=O§oUm�T�\^O i gl\^Z]\^O]�
�n_a`MOp\^KMO�Y[O�gfg+gf_aNPOÉdMKMO�`M_aNPO�`M_hY[_a�hT[m�ZhY�NP_ i O�Y[g+ZhrlO¡dMrf_adD_aglO i T[`j\^KeOÉYVT�\^O�rfZ]\^WerfOh�ba `MO
�aO�rtk
WMgfO i TVg�\^KMO	��O�rlr�N(_ i O�Y.c

d�egfihkj
l�mon�prqts
d�eguwvxj	lymongz�qts V���^

��TV\fKb\fKMOjm�_a`Mgt\^T�\^We\fTV�hO�Y[Z5��g{c
frqt|~}�z
u,qt��}
p�hG�b��hG�b�b�
�b����q�����p�� ��p
dy�e�� �b�Jh����7���=��d�eg�b��hG�����b��q���p

V ª ^
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nO�rlOhµ;Zh` i T[` \^KMO(rfO�gl\�_h�©\fKMOwdMZhd¤O�rXZ]Y[gl_Mµ f µ p µ z Zh` i u i O�`M_h\^O(rfO�gfdDO�mp\^T��aO�Y�k
\^KMOPN(Zh�a`MOp\^TVm(¹MO�Y i µ+\fKMOPO�YVO�mp\^rfTVmP¹�O�Y i µ�\^KMO(N(Zh�a`MOp\^TVm(TV` i Wem�\^TV_a` Zh` i \^KMOPO�YVO�mp\^rlT[m
i T[gldMY[Zhm�O�N(O�`�\5� �b� TVg \^KeO(YVTV`MO5Zhr�dD_aY[ZhrfTVg^Z�\^TV_a` Zh` i �b��� T[g \fKMO `M_a` YVT[`MO�Zhr�dD_aY¬Z]rfT �
g^Z]\fT[_a`±�.J�KMTVgvTVgc\fKMO�NP_ i O�Y%�0O���TVY[Y�gt\^W i kbTV`«\fKMO�glO�¨9WMO�YÝ�c�«_hrfO	dMrfO�m�TVgfO�Y�kaµ'Zh` i ��_ar
rfO5Z]gf_a`Mgc_h��glT[NPdMYVTVm�T�\·kaµ±glT[`em�O��0O��©Zh`�\v\f_(��_Im�Wegn_a`b\^KMO	`M_a`«Y[TV`MO�ZhrnOp¶±O�m�\fg�µ|�©O	��T[YVY
ZhY[gl_(ZhgfglWMNPO	\fK�Z]\ �b����
 �
J�KeO¢N(ZhTV` m�Y¬Z]gfgfTVm5Z]Yj�©Z5k \^_ i O5Z]Y ��TV\fK \^KeO�gfO NP_ i O�YVg«TVg�\^_@d¤O�rl��_arlN Z�\·�©_

\^TVN(O§�·glm5ZhYVO=Zh`�Z]YVkIgfTVg�� J�KMO«�ÆZ]gl\"\fT[NPO«gfm5Z]Y[O�£DO�TV`M� \fT[O i \^_ \^KMOb��rfO�¨IWeO�`Mmpk _h� \fKMO
O�YVO�m�\frf_aN(Zh�h`MO�\fT[m��©Z5�aO]µvZh` i \^KMO�gfYV_�� _a`eO�£DO�TV`M� \^TVO i \f_¢\fKMO��]ZhrfT[Z]\fT[_a`eg"_h� \fKMO
O�`��aO�Y[_adDO�_h�0\^KMO(�.Z5�hOh�bJ�KMT[g��aO�`eO�r^Z]Y[Y�k Y[O�Z i g�\f_�`M_h` YVT[`MO�ZhrXSUmyKMrf_IO i T[`M�hO�rBO�¨IWMZ��
\^TV_a`Mg����#YV_h\v_h�F�0_ar��«Zhgv£DO�O�` i _a`eO�\^_"�aTV�hOBZ"derfO�m�T[glOBN(Z]\^KeO�N(Z]\^TVm5Z]Y;NPO5Zh`eT[`M�w\^_
\^KMO�gfO ��_arlNwZ]Y±ZhgtkIN(dU\^_h\fT[m�O§oMZ]`MgfTV_a`Mg�����WMrt\^KMO�rfNP_arfO]µÑTV`�\^KeO�m5ZhglO _h�;��Z�oI�0O�YVYQ_©YV_UmyK
glkIgl\fO�N
µFZ�rfO�gfWMY�\�_h�©O§oUT[gt\^O�`em�O�Z]` i We`MT[¨9WMO�`MO�glgXK�Z]g	£DO�O�` _a£U\yZhTV`MO i VÆglO�O X��7\�^§���vg
�ÆZhrjZhg��©O��9`M_�� \^KeO�rfOPTVg�`e_bglT[NPTVY¬Z]r�rlO�gfWeYV\j��_ar�\^KeOw��O�rfrjNP_ i O�YÝ���·`/\^KMO i _aN(ZhTV`
_h��`9WMNPO�rfTVm5Z]Y'NPO�\^Ke_ i g�µM�©Ovm5Zh`
NPO�`�\^TV_a`�\fKMO �©_hr��(_h��¥v_a`�Z]\�V�X Q�\�^���KMTVmyK«dMrlO�glO�`�\^g
Z ��� i ¹M`MTV\fO"�a_hY[WMNPO
NPO�\fKM_ i £MZhgfO i _h`7Z�xc_IO�gl_aYV�hO�rPZh` i Z ª ��¥ ¹M`MTV\fO�O�YVO�NPO�`�\
N(Op\^KM_ i Zh` i \^KeO �©_ar���_h�+J�Z���_��aO V�X���~o\ ^©Zhrl_aWM` i ZX¹�`eTV\fO i TV¶¤O�rlO�`Mm�O	NPOp\^KM_ i �¡J�KMO
\^_adMTVm�_]� \^KMTVg"dMZhd¤O�r"TVgw\f_ i O��hO�YV_ad Zh` i dMrfO�gfO�`�\
Z]` O��(m�TVO�`�\�`9WMNPO�rfTVm5ZhY glmyKMO�NPO
\^_bgfTVNXWMY[Z]\^O(\^KMTVg	dMKMO�`e_aNPO�`M_a` O��aO�` ��T�\^K�WM`egl\^rlWMm�\fWMrfO i NPO�glKMO�g��bSUO�mp\^TV_a` ª ��T[YVY
dMrfO�gfO�`�\Xgf_aNPO(NwZ�\^KMO�NwZ�\^TVm5ZhYÉrfO�gfWMY�\^g�µ;NP_agl\fYVk/��rl_aN \^KeO(�ITVO���dD_aT[`�\X_h��K�kId¤O�rf£D_aY[TVm
glkIgl\fO�NPg��«SUO�m�\^TV_a`�}
��T[YVY¡dMrfO�gfO�`9\X_aWMr	`9WMNPO�rfTVm5Z]Y0glmyKMO�NPO"��KMTVmyK�TVg�£�Z]gfO i _a` \fKMO
xc_IO"gl_aYV�hO�rBO§oI\^O�` i O i \^_�\fKMTVr i _ar i O�rX£9k Z=���vSMu�� \^O�myKe`MT[¨9WMObZh` i _a`7Z�}�� gl\fO�d
xcWM`e�aOp�·�jWU\f\yZ glmyKMO�NPOh�. ¢O���T[YVY�O�` i WMd«��T�\^Kbgf_hN(O	`9WMNPO�rlT[m�ZhY�rlO�glWMYV\fgvTV`¢��Zh` i�ª
gfd�Z]\fT¬Z]Y i T[NPO�`MgfTV_a`Mg��
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  O�m�_a`MglT i O�rv\fKMO���_aYVYV_���TV`M��NP_ i O�YÆ���%Op\�G �gp=H�f�� £DOBZI��Zh�arfZh`M�aT[Zh`'�� ¢OBgfWedMd¤_hgfO
\^K�Z]\
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T[g�gl\^rlT[mp\^Y�k m�_a`��aO§o ��T�\^K rfO�gld¤O�m�\B\f_ p V� ¢O�ZhglgfWMNPO(\^K�Z]\�\^KMO�rfO(OpoUTVgl\^gPZbd¤_hgfT�\^T��aO
i O�¹�`eTV\fO NwZ�\^rfT o � gf_�\fK�Z]\ \fKMO gfO�m�_a` i i O�rfT��]Z]\^T��aO _]� JR� � p�� �L � TVg��arfO�Z]\^O�rv\^KeO�` � µ
��_ar�ZhYVY p ^§�ÉJ�KeO�`
�©O i O�¹M`MO	\fKMOjO�YVO�mp\^rfTVm i T[gldMY[Zhm�O�N(O�`�\ u £�k

u,q d G
dyp qKJ�� p �

SU_X\^KeO�
vZ]N(TVY�\^_a`MT[Zh`�� �gu�H�f�� qiu � p v G � p�H�f�� TVg.Z�m�_a`��aO§o�O�`MO�rl�hk"glT[`em�O�T�\.TVg.Z�«_arfO�ZhW i W�ZhY±��We`Mm�\fT[_a`b_h� G V�gfO�O X��5QMµed'�¡Q�~o\'��_ar�TV`Mgt\yZh`Mm�O7^§�0J�KMTVgnZhNP_aWM`�\^g�\^_
J������ �L �	��s�
<J������ �L �Qh � � J�� �g��� �L �	�ts�
���m ��� s

J�KMOXm�_a`��aOpoUT�\·k�_]�F\^KMO	O�`eO�rf�]k«TVNPdMYVT[O�gn\^KMZ]\n\fKMOj��WM`Mm�\fT[_h` u��gp9� T[gcT[`��hO�rl\fT[£eY[O]�� ¢O
ZhY[gl_PrfO�gt\^rlT[mp\v_aWerfgfO�YV�hO�gc\^_PgfWMdDO�r��·¨9W�Z i r^Z]\fT[mjO�`eO�rf�hT[O�g���
®������ � ��³������ ����� ���! �����" �D���	�$# ����"&%('*)+# ���]�,# � � �.-	��� �0/��	�
�21 �¡� � �����$#3�4# "65�-]�
� �87<�!#��9# ���: � H	;,��� � � � v�� ;�� � � � < d�=*
 � � �~hkd�=>
 �9;Y�L � � � v.;��bv��9
 � � �bv?
 �9;Y���2@A��s� �B# �C#��D/��E# �������O���

d!F=�=�= 
 � � �]�$G H6G H6G���H!IKJMLNHPOQJ6I,RSOTJNUWVYXZI,J � � G �
  O rlO�N(Zhr��w\^KMZ]\.��T�\^K�\^KMTVg i Op¹�`MT�\^TV_a`'µ�O��hO�rtk���WM`Mmp\^TV_a`�_h��\^KMO \·kIdDO � � � �\[P] H/� � s
T[g�gfWed¤O�rt�·¨9W�Z i r^Z]\fT[m]�¡J�KMT[gcYVO5Z i g�\f_ J � � ��� �L � � s �SI_(\fKMO	��Z�oI�0O�YVY�gtkUgt\^O�N��©O	m�_a`egfT i O�r���rfT�\^O�g c^ d�eguwv j
lym�n�frq�s

d�egfihkj
lym�n�p"� uB�.qis VÆ} ^
  OjN(Z5k�rfOp��rfT�\^O	TV\�TV`�Z `M_h`«m�_a`MgfO�rl�]Z]\fTV�hO	��_arlN c_,d eguwvxj
lym�n�frqts

d egfiht� dyudyp ��`!a�j
lym�n�u,q�s V�Q ^

nO�rlOhµM�0O�TV`�\^rl_ i Wem�Ocb

q dyu
d�p q d � �

dyp � q J�� �edgf h J�� � � pih p V ��^
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J � # �Y� � � #��3� �! ���� �y� � "�� � � �9# /��E#3� #��g��� � "��B�b�B#3��� # �Y����� �0� #g����� � � �"�����%� #��3� �O�\/O�B���
�b�B#3��� # � ���
���	�
�D���������6����	� � � � " c
Y[Op� \�\^_P\^KMOjrfO�Z i O�r�����É® � � ��� � ��� �	�7�	�`�	���Z# ��� 1 �O��� #��E# �������H� ��/��	� - ���E#3�R� � � �	�����"�	� ��# �]��-]� � �	�7�	�`�	��	� � � � " c
�·` i O�O i \fKMOjglkINX£D_aY%_h�+\^KMOjgtkUgt\^O�N TVg�c

� q < d F s Fs F
b `!a @ � < s F �����v ����� s F @ VÆ~ ^
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2−rarefaction
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