
HAL Id: inria-00072980
https://inria.hal.science/inria-00072980

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Efficient Calculation of Jacobians Using Dynamic
Programming

Uwe Naumann

To cite this version:
Uwe Naumann. Efficient Calculation of Jacobians Using Dynamic Programming. RR-3689, INRIA.
1999. �inria-00072980�

https://inria.hal.science/inria-00072980
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  
de  r ech er ch e 

THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Efficient Calculation of Jacobians using Dynamic
Programming

Uwe Naumann

N° 3689

Mai 1999





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, B.P. 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : 04 92 38 77 77 - International : +33 4 92 38 77 77 — Fax : 04 92 38 77 65 - International : +33 4 92 38 77 65

���������
	����������������������	������������� !����	#"$��"%��	�&('�)*	#��+����
,.-���&�-���+�+��/	#&

0*132547698;:<6>=;=@?

A�BDC/E3F�G�HJILK/MDNOFQPSRUTVNSW�NOF/P
F�XYW�Z[P\W�]^P`_bacE�d>RUPSN\eV]^F
fhgiR[jkF�X
Aml
nLfhoqp�r

l
Z[s^s9RVgbX
tuFQgiF/WvBDF/giWvB^F.M>w;xUyVzU{|HJ}~ZUN��/{V{U{QHJx[��s^ZUTUF/_

���%�/�����D�U�U� A�BDFQWvB^Z[NSM�gi]DPSF��h��]DM^tDZUE�F�M�XiZUP���RUg
�
]DXqRUE�Z[XqN\WQ�YNO�>F/gqF/M�XqN\Z�XqNSRUM������L����W�ZUM�d>F�Z[su�
s^PONSF/t�XqR�W�RUE�sD]uXvZ�XqNSRUM9Z[P�TUgvZ[sDB9_�giF�s^gqF�_bF/MVXiNOM^T��VF/W�XiRUg���]DM^W�XqNSRUM^_
NOM~Z[gidDNOXqgvZ[gia�RUgvtuF�gv_�gqF�_b]DPOXqNSMDT�NSM
tDN���F�giF�M�XmRUs>F�gvZ�XiNORVM^_mW�RV]DM�Xi_���RUg�XiBDF�W�ZUPSW�]DP\Z�XqNSRUM7R[�%XqBDF/NOgL�UZVW�RUd^NSZUM#E�Z�XigqN\W�F�_��; hF�gia���F/¡¢ZU]uXqBDRVgi_
B9Z£�UF
PSRcRU¤UF�t�Z�X�XqBDN\_�NOM�XqF/gqF�_kXiNOM^T�_b]^dujkF/W�X�_qR���Z[g�Z[M9t�XqBDF/gqF�NS_�MDR�TUF�M^F�gvZ[PSPOa�ZUW/W�F�sDXqF/t3XiF�giE�NOMDRVPORVTUa
��RVg3tDF/Z[PSNSMDT|¡mNOXqB<XqBDF�_bF!W�RVE�dDNSM^Z[XqNSRUM^_�R[�
XiBDF7��RUgi¡�ZUgit¥ZUM^t¦giF��VF�gv_bF#E3RutuF�_3R[��������A�BDF7E�NOM^N��
E�NS§/Z[XqNSRUM�R[��XqB^F
Mc]DE�d>F�g�R[�¨Z[giN�XiBDE�F�XqN\WmRVs9F/giZ[XqNSRUM^_;giF/e�]DNSgqF�t���RUghXiBDFYW�ZUPSW�]DP\Z�XqNSRUM�RU�>XiBDFYW�RUE�sDPSF�XqF
�VZUW�RUdDN\Z[M�POF�ZUtD_�XiR�Z3W�RUE�sD]uXvZ�XiNORVM^Z[PSPOa#B^Z[gvt�W�RUE�dDNOM9Z�XqRVgqN\Z[P>RUsDXqNSE3NS§/Z[XqNSRUM!sDgiRUdDPSF�E!�

o©M<XqBDN\_3s^Z[s>F�g3¡�F#¡mNSPOPmtuF�_qW�gqNSd9F!Z[MªZ[sDsDgiRVZVWvB�XqR|XqBDF!_qRUPS]uXqNSRUM¦RU�
XqB^F�F�tuTUF�F�PSNOE�NSM^Z�XiNORVM<sDgiRUdu�
PSF�E$NSM!W�RUE�sD]DXiZ�XiNORVM^Z[P�TVgiZUsDB^_«XqB^Z[X�dD]^NOP\tD_�RUM#XqBDF�N\tuF/Z�R[�%RUsuXiNOE�NS§�NSMDT�WvB^Z[NSMDF/t*E�Z[XqgiN�¬*s^gqRutu]^W�Xi_
]9_bNSMDTYtuacM^ZUE�NSW«sDgqRVTUgvZ[E�E�NOM^T�XqF/WvB^MDNSe�]DF�_��%|F�¡mNOPSPctuNS_iW�]9_q_®XqBDF«XqBDF/RUgiaLZUM^tQsDgiF/_qF�M�X%_qRUE�F«XqF/_bX%giF��
_q]DPOXi_hdca�giF�T�Z[gvtuNSMDTYXiBDN\_�Z[sDs^gqR�ZUWvB�NSM�W�RVE3s9Z[giNS_qRUM�¡mN�XiB3RUXqBDF/ghE�F�XqB^Rct^_;��RUg�W�RUE�sD]uXiNOMDT��VZUW�RUdDN\Z[M9_
]9_bNSMDT�Z3E3NSMDNSE�Z[P`Mc]DE�d9F/gmR[�hZ[giN�XiBDE�F�XqN\WLRUs>F�gvZ�XiNORVM^_��
¯~°�±�²i³�´ ��µ��U� p�RVE�sD]uXiZ[XqNSRUM^ZUP¨TUgvZ[sDB®¶uF/tuTVFLF/PONSE�NOM9Z�XqNSRUM®¶DtuacM^Z[E�N\W�s^gqRVTUgvZ[E�E�NOMDT

·«¸k¹\º
»v¼¾½\¿DÀ®Á¨¸�Â Ã%»vÄ£º
»vÅ£Å[Æ�ÇÉÈ�Ê£Ë£¼Ì»�Â ¼¾Å£Í�¼Ì»�Â ÎSÍ



��������7�����������������m"$�3������ 7���
	�	��m"��7��- ���b�*�����/��"®�Q������	��7� ���
�7-%��&�-%��+ + ��������	���)*	#��+��	�����


�� ���� � � � RU]^_�s^gqK�_bF/MVXiRUM^_�]DMDF7MDRV]D�UF/POPSF7ZUsDsDgiRuWvBDF�tuF~W/Z[P\W�]DPmtuF �VZUW�RVdDNSF�MDMDF�_�d9ZU_qK�F�_q]Dg
P�� K�PSNOE�NSM^Z�XiNORVMªtuF�_�Z[gvW�_3tDZ[M^_3PSF�TVgiZUsDBDF!tuF!W�Z[P\W�]^PÉ����� RVdujkF/W�XqNO�LtuF~W�F�XbXiF�E�K�XqBDRutuF!F/_bX�PSZ|E�NOM^N��
E�N\_qZ[XqNSRUM�tu]�MDRUE�dDgiF!tDF~E�]DPOXqNSsDPSNSW/Z�XqNSRUM9_*_qW/Z[P\Z[NSgqF�_3MDK/W�F/_i_qZUNOgiF/_�� P�� ZUW/W�]DE�]DP\Z�XqNSRUM�tuF~P\Z¦�UZVW�RU�
d^NOF/MDMDF�t�� ]DM^F#��RVM^W�XiNORVM¦�UF�W�XqRVgqNSF�PSPSF�� ]DM Z[giTU]DE�F�M�X��5f�RU]Dg3W�F�P\Z NSP���Z[]uX�gqK�_bRV]^tugiF�]DM<s^gqRVdDPOC/E�F
t�� RVsuXqNSE�NS_iZ�XiNORVM7W�RUE�d^NOM^Z[XqRVNOgiFU���®Z3E�K�XiBDRutuF�tuFQP\Z3sDgqRVTUgvZ[E�E�Z�XiNORVM�tuacM^ZUE3N\e�]DF�R[��gqF�P\Z�s9R�_q_qNSdDN��
PSNOXqK�tuF�giK/_qRU]^tugiF�W�FQsDgiRUdDPSC�E�FV�
��´ ��� ² ��� � �7� ILgvZ[sDBDFQtuFQW/Z[P\W�]DP ¶uK�PSNOE�NSM^Z�XiNORVM~tuF/_mZUgiW/_�¶usDgiRUTVgiZUE�E�Z[XqNSRUM#tDa�M9Z[E�NSe�]DFV�



���������
	�����������������
	���� x

���	����
	���"

����� �/� ´ µ�%�[��� ´ �  

!#" ± � � �$���&%�� ´(' ��� � �$� � ' �(�
GD�O� p�B9Z[NSMDF/t~}~Z[XqgiN�¬#fhgiRutu]^W�Xi_ ���Q�Q�L�Q���Q���Q�Q���Q���Q�L�Q���Q�Q���Q���Q���Q�Q�L�Q� �V�
GD� G p�P\ZU_i_qN*)9W/Z�XiNORVMJ���Q�Q���Q���Q���Q�Q�L�Q���Q���Q�Q���Q���Q�L�Q���Q�Q���Q���Q���Q�Q�L�Q� �/�
GD� x �VZUW�RUdDN\Z[M9_�ZV_Yp�B^Z[NSMDF�t7}~Z[XqgiN�¬7fhgqRutu]9W�Xi_7���Q�Q���Q���Q�L�Q���Q�Q���Q���Q���Q�Q�L�Q� ��z
GD� � p�RVE�sD]uXiZ[XqNSRUM^ZUP,+�]DR[XiNOF/M�X
ILgvZ[s^B^_ �Q���Q���Q�Q���Q���Q�L�Q���Q�Q���Q���Q���Q�Q�L�Q� GUx

-/. �D� °10 ��%µ ± !(2

354 �� ° �6���U� � 
#° �  ���/� !87

 0  � ���D� ±(9 . ´ � ��� %�:� ´ � � � µ<; `��� ´`´(= -(>

?,? Å�@8ACBCDCE





���������
	�����������������
	���� �

� � 	��%-�� �!�#�«������	

l
F/_qF/Z[gvWvB�NSM3XqBDF )^F�P\t3R[� ��®� ´ ���u�:��� " ��� ° � ° � �:���D�:� ´ ��� � "�� tDZ�XiF/_hd^ZVWv¤�ZU_���ZUg�ZU_m��{UyU�^¶�¡mBDF/M
l��
	m�U F�M^TUF�gqXY���  F�M^yU���� )^gv_kX�sDgiRUs>RV_qF/t�XqB^FYZ[]uXiRUE�Z�XiNORVM�RU��XqBDF
W/Z[P\W�]DP\Z�XiNORVM3RU��tDF�giNO��Z�XiNO�VF/_;dca�Z
s^gqRVTUgvZ[E NSMQ��RUgiE RU�uXqBDF«d^ZU_qNSWh��RUgi¡�ZUgitLE�RutuFU�;rcNOM9W�FhXiBDF�M�Z
PORUX®R[�u¡�RUgi¤YB^ZV_`d>F�F�M�tuRUMDF«NOMQRVgituF/g¨XqR
E�ZU¤UFm�Y� ��ZU_bXqF�g�Z[M^t3E�RUgiFm¡mNStDF�PSa�Z[s^sDPON\W�ZUdDPSF���_qF�F��Ìp�R�ILgv{D��>ZUM^t�� ���
p�I�{Uy� ���;��� N\_�ZL��ZU_bX«Z[M9t
W�RUMc�UF/MDNSF�M�X�¡�Z£a���RUgmW/Z[P\W�]DP\Z�XiNOMDT�tuNSgiF/W�XiNORVM^Z[P¨tuF/gqNS��Z�XiNO�VF/_�R[���UF/W�XqRVg���]^M^W�XiNORVM^_�TUNS�UF/M7ZV_�W�RUE�sD]uXiF�g
s^gqRVTUgvZ[E�_�M�]^E3F/gqN\W�ZUPOPSa�]Ds�XiR�E�ZUWvBDNSMDFmsDgiF/W�NS_qNSRUM`� � R[XiNSW�FU¶VXqB^Z[X��Y� NS_«W�RUE�sDPSF�XiF�PSa3tDN���F�giF�M�Xh��giRUE
XiBDF�Z[s^sDgqR�ZUWvB�XiR*W�RVE3s^]uXqNSMDT�tuF�giNS�£Z[XqNS�UF�_�M�]^E3F/gqN\W�ZUPOPSa�XqB^gqRV]DTUB!tuNS��N\tuF�t7tDN���F�giF�M^W�F/_/�

A�BDF�W�RUE�sD]uXvZ�XiNORVM�RU�%XiBDF��UZVW�RVdDNSZUM#E�Z�XigqNO¬#RU��Z3�UF�W�XqRVg���]DM^W�XiNORVM

����� ����� �"!#� ��$ �&%('!#)(*��,+-%/. �k���

N\_�F�_q_qF�M�XiNSZUP«NSM¦E�Z[Mca|Mc]DE�F/gqN\W�ZUP�Z[PSTURVgqNOXqB^E�_/�10DRVg�sDgvZUW�XqN\W�Z[P�gqF�ZU_qRUM^_�E�R�_kX�W�]DgigqF/M�XqPSa|Z£��Z[NSPSZUdDPSF
��� _qR[� Xk¡�Z[giF�s^ZUWv¤�ZUTUF/_�s^gqR��cN\tuF�RUMDPSa Xk¡�R Z[s^sDgqR�ZUWvBDF�_LXqR5W/Z[P\W�]DP\Z�XiNOM^T!XqBDF��VZUW�RUdDN\Z[M�E�Z�XigqNO¬|RU�
��Z[X�XqB^F7W�]DgqgiF�M�X�ZUgqTV]DE�F�M�X�2|XiBDF*��RVgq¡�Z[gvt�Z[M^t¥XqBDF�gqF/�UF�gv_qF�E3RutuF�_�¡mB^NSWvB<ZUgqF#d^ZU_qF/t�RVM¥XqBDF
ZUsDsDPSNSW/Z�XiNORVM RU�mXqBDF�WvB^Z[NSM¥gq]^POF�XiR(� NSM�Xk¡�R5tDN���F�giF�M�X�¡�Z£au_��13
R�¡�F��VF�g�¶`XiBDF�WvB^ZUNOM¥gi]DPSF#W�ZUM¥d9F
ZUsDsDPSNOF�tªXqR¦W�RVE�sD]uXiZ[XqNSRUM^ZUP
TUgvZ[s^B^_�R[���UF�W�XqRVg���]DM^W�XqNSRUM^_�NSM Z[Mca<ZUgqd^N�XigiZUgqa¦RVgitDF�g�¶«¡mBDN\WvB�POF�ZUtD_
XiR tDN���F�giF�M�X�RUs>F�gvZ�XqNSRUM9_�W�RV]DM�Xi_���RUg�XqB^F7W/Z[P\W�]DP\Z�XiNORVM¦R[�
XiBDF �UZVW�RVdDNSZUM¥E�Z�XqgiNO¬54;�¦A�BDF7TUF/MDF�gvZ[P
XvZU_q¤~R[�«F76*W�NSF�M�XqPSa~F���Z[PS]^Z[XqNSMDT84¥]9_bNSMDT!Z[M|ZUsDsDgiRVZVWvB ¡mBDN\WvB5N\_L_qRUE�F�XqNSE3F�_LgqF���F�gigqF�t!XqR!ZU_:9<;>=�?@?�A
9>=CB�DFE-;�G,HJILKNM,KLDPOQERKS=TD�NS_hW�RUM�jkF�W�Xq]^gqF�t�XiRLd>F � f;� B^ZUgit¨�;A�BDF���ZUW�X;XqB^Z[X��VZUW�RUdDN\Z[M9_%W/Z[M�d>F
W�ZUPSW�]DP\Z�XqF�t
dca|F�PSNOE�NSM^Z�XiNOMDT~NSM�XqF/gqE�F/tDNSZ[XqF��UF/gbXiNSW�F/_QNSM¥W�RUE�sD]DXiZ�XiNORVM^Z[PhTVgiZUsDB^_�N\_Q¡�F�PSP�¤cMDR�¡mM¥_bNSM^W�F�XiBDF�P\Z�XqF
��{UzVU � _���A�BDF/gqF�ZUgqFQZ3��F/¡¢s9Z[s>F�gv_mdca#��Z[giNORV]^_mZ[]DXqBDRVgi_�XiB^Z�XYE�RUXqNS�£Z[XqF�Z�W�POR�_bF/gmPORcRU¤7Z�XmXiBDNS_
XqRVsDNSW
�¾ILgvlmF/{^�� ¶W� ��N\_q{VyT �53YR�¡�F/�UF/g/¶hXiBDF�giF!NS_�M^R TVF�MDF/giZUPOPSa¦ZUW/W�F/suXqF�t¦XiF�giE3NSMDRVPORVTUa���RUg*tDF/Z[PSNSMDT|¡mNOXqB
XiBDF/_qFQW�RVE�dDNSM^Z�XiNORVM^_�R[�%XqBDF���RVgq¡�Z[gvt#ZUM^t�gqF/�UF�gv_qF�E�RutuF/_�RU�;����¶9_bR3��Z[g��

XZY

XZY

X�[

X�[

X]\

X]\

X_^

X_^

X�`

X�`

X]a

X]a

0�NSTU]DgiF��
bc+-dfe@gh.

o©M RU]Dg�Z[s^sDgqR�ZUWvB!¡�F�F�¬us>F/W�X�XiBDF��VF/W�XqRUgY��]DM^W�XqNSRUM(� XiR#d>F3_q]^WvB~XiB^Z�X
N�XYW/Z[M#d>FQtuF/W�RUE�s>RV_qF/t*NSM�XqR�Z3_bF�eV]^F�M^W�F�RU�®��]DM^W�XqNSRUM^_cij��� ��k�� �mln!#� �
XqB^Z[X7XvZ[¤VF|Zª�UF/W�XqRVg�oqp"� ��k�ZU_�XqB^F�NSg!ZUgqTV]DE�F�M�X7ZUM^t giF�Xi]DgiM Z<��ZUPO]DF
r *sit+_ou.i� |F W�Z[PSPY_q]^WvB ��]DM^W�XqNSRUM^_�° � ° � ° � ��� � �.o©M�E�RV_bX�W�ZV_bF�_�XqBDF
�UF/W�XqRVg¨��]DM^W�XqNSRUMv� NS_®TUNS�UF/M�ZV_`Z
W�RUE�sD]uXiF�g`sDgiRUTVgiZUE ¡mgiN�XqXqF�MQNSM�_qRUE�FhBDNSTUBu�
POF/�UF�P®sDgqRVTUgvZ[E�E�NOM^T�P\Z[MDTV]^Z[TVFL_q]^WvB~ZU_xw�RUgzyQ{V|C}C|h~
�¨�;A�BDNS_Y_bs>F/W�N*)9W/Z�XiNORVM
R[��� NS_~W/Z[PSPOF�t °�� � � %�u�:� ´ � � ´ ®�:� � °�NO��NOX!W/Z[M d>F�dDgiRU¤UF/M tuR�¡mM@NOM�XqR
Z|_qF/e�]DF/M^W�F*RU��_iW�Z[P\Z[g3ZU_i_bNSTUM^E3F/M�Xi_�RU�mXqBDF���RUgiE�+R� �s�/.�����*�i��V+-����._�S�����
d�a ZV_q_qNSTUMDNSMDT�XiBDF�gqF�_b]DPOX�RU�«F��VF�gia!F�PSF�E�F�M�XiZUP���]DM^W�XiNORVM8i���XiB^Z�XQRuW�W�]Dgi_�NSM
XqBDF sDgiRUTUgvZ[E XqRªZ<]DMDN\e�]DF5NSM�XqF�giE�F/tuN\Z�XiF ��Z[giNSZUdDPSF����U��3YF�giF8���5NS_#XqBDF
NOM^tDF�¬ _bF�X#R[��XiBDF|ZUgqTV]DE�F�M�Xi_�RU��i��5ZUM^t�¡�F|tuF�MDRUXqF NOXi_�W�ZUgituNSM^ZUPONOXka<dca
� ��� ��� rcNOM9W�F~RU]^g3RVdujkF/W�XqNS�UF7NS_3XiR¥W�Z[P\W�]^PSZ[XqF7XqBDF W�RUE�sDPSF�XiF~�VZUW�RUdDN\Z[M<R[�LZ
TUNS�UF�M �UF�W�XiRUg���]DM^W�XqNSRUM�¡mBDN\WvB¥W�RUM9_bN\_kXv_�R[��XqBDF�s9Z[gqXqN\Z[P�tuF/gqNS��Z�XqNS�UF�_�R[��XqBDF
� tDF�s>F�M^tuF/M�X7��Z[giN\Z[dDPSF/_n�
��e �7�7� e<� $���� ¡mN�XiB giF/_qs9F�W�X#XiR<F�ZUWvB RU�QXqBDF��NOM^tDF�s>F�M^tuF/M�X���ZUgqN\Z[dDPSF/_��P�
e �7� � eZ� �C��� NOX3N\_���]^M^tDZ[E�F/MVXvZ[P�XqR ZU_i_b]^E3F#XqBDF��RUPSPOR�¡mNSMDTfb

���/� ��¢¡®��� ´ �<�¤£��¦¥ 	�§T¨�� ����¨7§���©«ª8��¬ 	���� ����ªh¬ 	��F¨ �Z ��§�¨ �>¬ ���®�ª ���7¬ 	�����¯
¨-° �F¨�¯�± ��²c³7ª8��¬ 	�����´]µJ¶T·
¬-¸C¨�¨>©N¨ �m¨ �P¬ ��©f�ª ���7¬ 	����Q¹vi��º´«»(*�¼
e�½he �7�7� e@¾W¿ � ¶&���<¨nÀÁ¨>©�©Â¯
¨-° �¤¨�¯� ���,¹����m¨x°ÄÃC¨@¯ ��� �
ª �,¨��f¬

?,? Å�@8ACBCDCE



y �ÄÀÁ¨��
��ª � ���(�

���¤¯m¸���§�¨�����	��P¬-© � �����f¬ 	��fª8��ªC¹�� ���J¬ 	���©®¯V¨ �C	�§���¬ 	�§�¨J¹

� �<��� 	
	 � �
i��V+R��
C.�
������  ��� Áp����

�Z�¬R¸h¨ 	����<¨J¹��Q¨ �>¬ 	�§T¨���� ��ª �m¨ �P¬R¹ ���(¹����m¨ �F¨ 	*��¸h±�����¸ �:��¯�� ��� � � � � À 	�¬-¸x� � � � � � ���
A�B^F~gqF/PSZ[XqNSRUM�d9F�Xk¡�F/F�M XqB^F ��Z[giNSZUdDPOF�_�NSM�Z�TVNO�VF�M�F���ZUPO]^Z[XqNSRUM�giRU]uXiNOMDF W/Z[M�d>F �cNS_q]^Z[PSNS§�F/t dcaªZ
tDNOgiF/W�XqF/t<ZUW�auW�PON\W*TVgiZUsDB���� *s+��Áe��,.�¡mBDN\WvBªW�RUM�XiZUNOM^_�Z[PSP�NOMu��RVgqE�Z[XqNSRUM¦MDF/F/tuF�t¥XiR5d>F!ZUdDPSF*XqR
W�RUE�sD]uXiFhXqB^F�F�M�XqgiNSF/_¨RU��XiBDF��VZUW�RUdDN\Z[M`�®0DgiRUE M^R�¡|RVMQ¡�Fh¡mNSPOPVgqF���F�g®XqR�����ZU_¨XqBDF � ´ �¢¡ ®�/�u��� ´ � � �
' ���Q¡�� ��ZUPS_qR � ²�' ���Q¡�� ���@ F ¡mNSPOPYtDNS_bXqNSMDTU]^NS_qB�d9F�Xk¡�F/F�M`� ��� �   � E�NOMDNSE�Z[Pv� NSM^tuF�s>F�M9tuF�M�XZ ¶
! � � ":� NSM�XqF�giE�F/tuN\Z�XiFQZ[M^t � � � #n� E�Z[¬uNOE�Z[Pu� tuF/s9F/M^tuF�M�X<®�UF/gbXiNSW�F/_ b

 �%$�� ���F� e � �7� eZ� ��& e " �%$ � � e �7� � eZ�(' & e # �)$ �('+* � e �7� � eZ�('+* $ & �
A�B^F�giF�F�¬uNS_bXi_hZ�tuNSgqF�W�XiF/t3F/tuTVF�+,�e�»f.®W�RVMDMDF�W�XqNSMDTQZL�UF/gbXiF�¬����¨¡mNOXqB�ZL�UF/gbXiF�¬����mNSM-��� NO�¤���
tuNSgqF�W�XqPSa
tDF�s>F�M^tD_�RUM ���YNSMj�����Y_3Z[d>R��UF*¡�F#_qF�Xm���(�/.f�>�XqR|d9F#XqBDF!_qF�X�RU�
NOM9tuNSW�F/_�R[�YZUPOP�sDgiF/tuF�W�F/_i_qRUgv_
� _q]^W�W�F/_i_bRVgi_Z�RU��Z7�VF�gqXqF�¬��������mW/W�RVgituNSMDT�XqR ��_q_q]DE�suXqNSRUM��V�O�3PSZUd9F/PS_ � �<�q¶%gqF/sDgiF/_qF�M�XqNSMDT�XqBDF�PSRuW�Z[P
s9Z[gqXqN\Z[P¨tuF�giNS�£Z[XqNS�UF�_�¶DZUgqF�Z�XqXiZUWvB^F/t#XqR*Z[PSP¨F/tDTUF/_�+0�e�»f. p1� �

X Y

X Y

X [

X [

X \

X \

X ^

X ^
X `

X ` X a

X a

0�NSTU]DgiF�Ghbc+<¼
eZdf.

|F
ZUgqF�PSR�RV¤cNOMDTL��RVg«ZLE3F�XqBDRut3R[�>XqgvZ[M9_k��RVgqE�NSMDTLXqBDF
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Z[dDPSF/_#NOM�XiBDF ]DM^tDF�giPOacNSMDT¦F���ZUPO]^Z[XqNSRUM�sDgiRUTVgiZUE ��¡mBDN\WvB�N\_�F/e�]DNS��Z[PSF�M�X*XqR
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WvB^Z[NSM~gq]^POF3Z[sDsDPSNSF/t7XqR#F���Z[PS]^Z�XiNORVM~gqRV]uXqNSMDF�_
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